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Abstract

Let H be a subgroup of a finite group G. We say that H is S*-quasinormal in G if there
is a normal subgroup K of G such that HK <G and H N K < Heq, where Hge denotes
the subgroup of H generated by all those subgroups of H which are S-quasinormally
embedded in G. In this paper, we investigate the influence of S*-quasinormal subgroups

on the p-nilpotency of finite groups. Some recent results are extended and generalized.

1. Introduction

Throughout only finite groups are considered. Terminologies and nota-
tions employed agree with standard usage, as in Robinson .

Recall that two subgroups H and K of a group G are said to be per-
mutable if HK = KH. The subgroup H of G is said to be S-quasinormal
in G if H permutes with every Sylow subgroups of G, i.e., HP = PH for
any Sylow subgroup P of G. This concept was introduced by O.H.Kegel
in ] and has been studied widely by many authors, such as B, ] An
interesting question in theory of finite groups is to determine the influence
of the embedding properties of members of some distinguished families of
subgroups of a group on the structure of the group. Recently, Ballester-
Bolinches and Pedraza-Aquilera M] generalized S-quasinormal subgroups to
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S-quasinormally embedded subgroups. The subgroup K of G is said to be
S-quasinormally embedded in G provided every Sylow subgroup of K is a
Sylow subgroup of some S-quasinormal subgroup of G. Using this concept,
a series of meaningful results on the structure of finite groups have obtained,
for example [1-3, 15-16]. As a development, we introduced the following new
concept.

Definition 1.1. Let H be a subgroup of a group G. We say that H is S*-
quasinormal in G if there exists some normal subgroup 7' of G such that
HT <G and HNT < Hger, where Hg. is the subgroup generated by all the
subgroups of H which are S-quasinormally embedded in G. We call Hg.
the SE-core of H in G.

It is easy to see that all normal subgroups, quasinormal subgroups, S-
quasinormal subgroups and S-quasinormally embedded subgroups are all
S*-quasinormal subgroups. However, the following examples show that the
converse is not true in general.

Example 1.2. For any simple non-abelian group G, there always exists a Sy-
low subgroup which is S-quasinormally embedded in G. So is S*-quasinormal
in G.

Example 1.3. Suppose that G = Sy, the symmetric group of degree 4. Take
the subgroup H =< (12) > . Then H is S*-quasinormal in G, but not S-
quasinormally embedded in G since H and every subgroup of G with order
6 containing H can not permute with every Sylow subgroup of G.

A primary subgroup of a group G is a subgroup of prime power order.
The property of primary subgroups has been studied extensively by man
scholars in determining the structure of a finite group. For instance, Hall|10]
in 1937 proved that G is solvable if and only if every Sylow subgroup of G
is complemented in G. Srinivasan@] in 1980 stated that G is supersolvable
if every maximal subgroup of the Sylow subgroups is normal in G. In 2000,
Wang
Sylow subgroups is c-supplemented in G. In this paper, we continue these

| proved that G is supersolvable if every maximal subgroup of the

work and characterize p-nilpotency of finite groups with the assumption that
certain subgroups of prime power order are S*-quasinormal in G.
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2. Preliminaries

For the sake of convenience, we firstly cite some known results in the
literature which will be useful in the following.

Lemma 2.1 (@], Lemma 2.1). Let H and K be subgroups of a group G.

(1) If H 1is S-quasinormal in G, then H is subnormal in G.

(2) If both H and K are S-quasinormal subgroups of G, then both H N K
and < H, K > are S-quasinormal subgroups of G.

Lemma 2.2 (E], Lemma 2.5). Suppose that a subgroup H of a group G is
S-quasinormal embedded in G, P is a Sylow p-subgroup of H. If Heex = 1,
then P is S-quasinormal in G.

Lemma 2.3 (ﬂa], Lemma 2.2). If P is an S-quasinormal p-subgroup of a
group G for some prime p, then Ng(P) > OP(G).

Lemma 2.4 (ﬂ], Lemma 2.6). Suppose that N is a normal subgroup of a
group G and H < K < G. Then:

(1

) HseG < H.

(2) HseG < HseK'

(3) HseGN/N < (HN/N)se(G/N)-
(4)

4) If (IN|, |H|) = 1, then HsegN/N = (HN/N)qe(c/n)-

We often need the following lemma in our proofs.

Lemma 2.5. Let H be a subgroup of a group G.

(1) If H is S*-quasinormal in G and H < M < G, then H is S*-quasinormal
m M.

(2) Let N <G and N < H. If H is S*-quasinormal in G, then H/N is
S*-quasinormal in G/N.

(3) Let ™ be a set of primes, H a m-subgroup of G and N a normal
7'-subgroup of G. If H is S*-quasinormal in G, then HN/N is S*-
quasinormal in G/N.

Proof. By hypothesis, there exists a subgroup K of G such that HK 4G
and H N K < Hgeqr.
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(1) Then HMNK)=MNHK<M and HNK < Hgeg < Hgepr by Lemma
2.4. Hence, H is S*-quasinormal in M.

(2) We know that (H/N)(KN/N) < G/N. By Lemma 2.4, we get that
H/N N KN/N = (HN K)N/N < HeoN/N < (HN/N)yo@n) =
(H/N)se(c/ny- So H/N is S*-quasinormal in G//N.

(3) Since (|G : K|,|N|) = 1, it is easy to see that N < K and (HN/N) -
(K/N) < G/N. Thus (HN/N) (K/N) = (H N K)N/N < Hy.cN/N =
(HN/N)se(a/ny by Lemma 2.4. Therefore, HN/N is S*-quasinormal in
G/N.

Lemma 2.6 (ﬂﬁ], Lemma 2.3). Let G be a group and p a prime number such
that p" T 1 |G| for some integern > 1. If (|G|, (p—1)(p> —1)...(p"—1)) =1,
then G is p-nilpotent.

Lemma 2.7 (ﬂﬂ], Lemma 2.7). Let G be a group. If A is subnormal in G
and A is a p-subgroup of G, then A < O,(G).

Lemma 2.8 (ﬂa], A, Lemma 1.2). Let U,V and W be subgroups of a group
G. The following statements are equivalent.

(D) UNVW =UNV(UNW).

(2) UVNUW =UVNW).

3. Main Results

Our first result is to unify and improve the results of B], B] and ] on
the p-nilpotency of a group.
Theorem 3.1. Let G be a group and p be a prime number such that (|G|, (p—
D(p? —1)...(p" — 1)) = 1 (integer n > 1.) If P is a Sylow p-subgroup in
G and every n-mazximal subgroup of P is S*-quasinormal in G, then G is
p-nilpotent.

Proof. Assume that the statement is false and let G be a counterexample
of minimal order. We proceed the proof by the following steps.

(1) By Lemma 2.6, |P| > p"*!, and thus every n-maximal subgroup P, of
P satisfies that P, # 1.

(2) G is not a simple group.
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According to the hypothesis, P, is S*-quasinormal in G. By the def-
inition of a S*-quasinormal subgroup, there is a normal subgroup 71" of G
such that P,7 9 G and P, N T < (P,)seq- Suppose that G is simple. If
T =1, then 1 # P,T = P, <G, which is a contradiction. If T" = G, then
1< P,NT =P, < (P))sec- We can write (P,)sec¢ =< U|U is a nontriv-
ial S-quasinormally embedded subgroup of G contained in P, > . Let U
be an arbitrary S-quasinormally embedded subgroup of G contained in P,.
Then there is an S-quasinormal subgroup K of G such that U is a Sylow
p-subgroup of K. Since G is simple, we have Ko = 1, By Lemma 2.2, U
is S-quasinormal in . From the arbitrariness of U and Lemma 2.1, P, is
S-quasinormal in G, so P, = 1, in contrary to (1).

(3) G has a unique minimal normal subgroup N such that G/N is p-nilpotent,
moreover ¢(G)=1.

From the above we can see that the group G/N satisfies the hypothesis
of the theorem which shows that PN/N is a Sylow p-subgroup of G/N.
By Lemma 2.6, we may take |[PN/N| > p"*!. Let M, /N be a n-maximal
subgroup of PN/N. Then M,, = M,,NPN = (M,,NP)N = P, N. Obviously,
P, is a n-maximal subgroup of P. According to the hypothesis, P, is S*-
quasinormal in G. Therefore, there is a normal subgroup 1" of G such that
P, T <G and P, NT < (Pn)seq- Furthermore, we can see that TN/N <
G/N,M,/N-TN/N = P,N/N-TN/N = P,TN/N<G/N.If NnP,T =1,
then NNP,=NNT=1,NNP,T=(NNE)NNT).If NnP,T #1,
then N < P,T. Since P, "N = PN M, NN = PN N is a Sylow p-
subgroup of N and [N : NNT| = |NT :T| < |P,T:T|,(|[N: NN PB,|,|N :
NNT|)=1,(NNP,)(NNT)=N =NNP,T. By Lemma 2.8, b, NNTN =
(P, NT)N, and thus P,N/N "TN/N = (P,NNTN)/N = (P, NT)N/N.
Hence M,,/NNTN/N = P,N/NNTN/N = (P,NT)N/N < (P,)secN/N <
(PuN/N)ge(/ny by Lemma 2.4. Thus M, /N is S*-quasinormal in G/N. As
a result, the factor group G/N satisfies the hypothesis of our theorem. The
choice of G yields that G/N is p-nilpotent. As a consequence, the uniqueness
of N and ®(G) =1 are clear.

(4) 0p(G) = 1.

If Oy (G) # 1, then G/O, (G) is p-nilpotent according to step (3), so is
G, which is contrary to the choice of G.
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(5)0,(C) = 1.

If O,(G) # 1, according to step (3) N < O,(G), there exists a maximal
subgroup M of G such that G = NM and N N M = 1. Since O,(G) N M is
normalized by N and M, hence by G, the uniqueness of N yields N = O,(G).
Clearly, P= PNNM = N(PNM). Since PNM < P, there exists a maximal
subgroup P; of P which contains P N M, and hence P = NP;. Pick an n-
maximal subgroup P, of P contained in P;. It follows by the hypothesis that
there is a normal subgroup T of G such that P, T <G and P, NT < (Py,)seG-
Let U be a nontrivial S-quasinormally embedded subgroup of G contained
in P,. Then there is an S-quasinormal subgroup K of G such that U is
a Sylow p-subgroup of K. If Kg # 1, then N < Kg < K, so N < U <
(Pn)sec < P, < Py. Consequently, P = NP, = P;, a contradiction. Thus
we have K¢ = 1. Furthermore, by Lemma 2.2, U is S-quasinormal in G.
From the arbitrariness of U and Lemma 2.1, (P, )seq is S-quasinormal in G.
By Lemmas 2.3 and 2.1, OP(G) < Ng((Pp)se) and (P,)sec is subnormal in
G. By Lemma 2.7, we have P, NT < (P)seq < Op(G) = N, so P, NT <
(P)sec < PANN. Furthermore, P,NT < (P,)C., = (P) 4" = (P)E, <
(PPN N)Y = PANN < N. It follows that (P,)%, = PPN N = N or
(P)Sq =1.1f (P,)%, = PLNN = N, then N < P, a contradiction. If
(P)%o =1, then P, NT = 1 and so |T,| < p". It follows that T is p-
nilpotent by Lemma 2.6. Let T}, be the normal p-complement of 7', then
Ty 9 G, we get Ty = 1 by step (4), and thus 7" is a normal p-subgroup
of Gand T < P,T < Op(G) = N.If T # 1, we get T = P, T = N, so
P, < T, namely, P, NT = P, = 1, a contradiction. If T' =1, then P, <G,
so N < P, < Py, a contradiction. Now it is clear that (5) holds.

(6) End of the proof.

If NN P < ®(P), then N is p-nilpotent by Tate’s Theorem([11,1V,4.7]).
Therefore, N,y < G. It follows that Ny < Op(G) = 1. Moreover, N is a
p-group, then N < O,(G) = 1, a contradiction. As a result, there exists a
maximal subgroup P; of P such that P = (P N N)P;. Take a n-maximal
subgroup P, of P contained in P;. By the hypothesis, there is a normal sub-
group T of G such that P,T <G and P,NT < (P,)sec- Let U be a nontrivial
S-quasinormally embedded subgroup of G contained in P,,. Then there is an
S-quasinormal subgroup K of G such that U is a Sylow p-subgroup of K.
If Ko #1,then N < Kg < K, so UNN is a Sylow p-subgroup of N. We
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know UNN <P NN < PNN and PN N is a Sylow p-subgroup of NN, so
UNN =P NN = PNN. Consequently, P = (PNN)P, = (PPNN)P, = P,
a contradiction. Hence Kg = 1, U is S-quasinormal in G by Lemma 2.2.
From Lemma 2.1 and the arbitrariness of U, (P, )scq is S-quasinormal in G,
and thus (P,)seq is subnormal in G by Lemma 2.1. It follows from Lemma
2.7 that (Pp)sec < Op(G) = 1, so |T,| < p", therefore T' is p-nilpotent
by Lemma 2.6. Similarly, we have T}y = 1 and so T" = 1. It deduce that
P, <G,N < P, < P, a contradiction. This completes the proof.

Theorem 3.2. Let G be a group and p be a prime number such that (|G|, (p—
D(p? —1)...(p" — 1)) = 1 for some integer n > 1. If G has a Sylow p-
subgroup P such that every n-mazimal subgroup of P not having a p-nilpotent
supplement in G is S*-quasinormal in G, then G is p-nilpotent.

Proof. Assume that the theorem is not true and G be a counterexample
of minimal order. Then we claim that every n-maximal subgroup of P is
S*-quasinormal in G. Otherwise, then P has a n-maximal subgroup P, by
the hypothesis, and P, has a p-nilpotent supplement 7" in G. Let H be a
minimal non-p-nilpotent subgroup of G containing P. Then H is a minimal
non-nilpotent group by ([11, IV,5.4]). Therefore by ([22, Theorem 3.4.11]),
we get to know that H has the following properties:

(1) |H| = p“q®, where p and ¢ are different primes;

(2) H = HpH,, where H), is a normal Sylow p-subgroup of H (We may
suppose that H, = P without loss of generality) and H, is a cyclic
Sylow g-subgroup of H;

(3) Hp/®(H,) is a chief factor of H.

Because G = P,7,H =HNP,T =P,(HNT)= P, L, L =HNT.If
L = H, then H is contained in 7" and thus G = P,T = T is p-nilpotent, a
contradiction. As a result, L < H and L is p-nilpotent. Let L = L, x L.
Clearly, L is a Sylow g-subgroup of H and L, = H,NL = H,NHNT =
H,NT. Claim that L, =1 and L, € ®(H,) = ®. If L, = 1, then L is a p/-
group, so P, is a Sylow p-subgroup of H, a contradiction. If L, C ®(H,), a
contradiction also happens. Next we consider the quotient group H/®. Since
Ly < Nu(Lp), Lg®/® < Np/o(Lpy®/®). Besides, since H,/® is elementary
abelian, L,®/® = H,/®. Consequently, L,®/® < H/®. As L,®/® # 1
and H,/® is a chief factor of H, L,®/® = H,/®, so we can get L, = H).
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This suggests that L = H. This contradiction exposes that every n-maximal
subgroup of P is S*-quasinormal in G. It follows from Theorem 3.1 that G
is p-nilpotent. This is a final contradiction.

Remark 3.1. The assumption that (|G|, (p —1)(p?> —1)...(p" — 1)) =1 in
Theorems 3.1-3.2 can not be removed. For instance, we consider G = As and
p = 5. In this case, since every maximal subgroup of Sylow 5-subgroup of G
is 1, every maximal subgroup of Sylow 5-subgroup of G is S*-quasinormal
in G. However, G is not 5-nilpotent.

If we remove the hypothesis (|G|, (p — 1)(p* —1)...(p" — 1)) = 1 in
Theorem 3.1, we can prove the following result.

Theorem 3.3. Let G be a group and P be a Sylow p-subgroup of G for some
p a prime of |G|. If Ng(P) is p-nilpotent and every mazximal subgroup of P
not having a p-nilpotent supplement in G is S*-quasinormal in G, then G is
p-nilpotent.

Proof. It is easy to see that the theorem holds when p = 2 by Theorem 3.2.
So it suffices to prove the theorem for the case when p is odd. Suppose that
the theorem is false and let G be a counterexample of minimal order. We
proceed via the following steps. With the same arguments to those used in
the proof of Theorem 3.2, we first have the following claim (1).

(1) Every maximal subgroup of P is S*-quasinormal in G.

(2) Op(G) = 1.

If L =0,(G) #1, then PL/L is a Sylow p-subgroup of G/L. Let T'/L
be a maximal subgroup of PL/L. Then T' = P; L for some maximal subgroup
Py of P. It follows from (1) and Lemma 2.5 that P;L/L is S*-quasinormal
in G/L. Besides, Ng/r(PL/L) = Ng(P)L/L (see [22, Lemma 3.6.10]) and
therefore it is p-nilpotent. As a result, G/O,/(G) satisfies the hypothesis. It
follows that G/L is p-nilpotent and so is G, a contradiction.

(3) If M is a proper subgroup of G containing P, then M is p-nilpotent.
As Nj;(P) < Ng(P), Nay(P) is p-nilpotent. By (1) and Lemma 2.5, it

is easy to see that M satisfies the hypothesis. By the minimality of G, M is
p-nilpotent.
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(4) G = PQ is soluble and 1 # O,(G) < P, where @ a Sylow g-subgroup of
G with q # p.

Since G is not p-nilpotent, by a result of Thompson[20, Corollary], there
exists a non-trivial characteristic subgroup T of P such that Ng(T') is not
p-nilpotent. Choose T" such that the order of T is as large as possible. Since
Ng(P) is p-nilpotent, we have Ng(K) is p-nilpotent for any characteristic
subgroup K of P satisfying 7' < K < P. Now, T char P < Ng(P), which
gives T' < Ng(P). So Ng(P) < Ng(T). According to (3), we have that
Ng(T) = G and T = O,(G). Now, applying the result of Thompson again,
we have that G/O,(G) is p-nilpotent and therefore G is p-solvable. Then
for any ¢ € 7(G) with g # p, there exists a Sylow g¢-subgroup of @ such
that PQ is a subgroup of G by [9, Theorem 6.3.5]. If PQ < G, then PQ is
p-nilpotent by(3), contrary to the choice of G. Therefore, PQ = G, as we
wished.

(5) There is a unique minimal normal subgroup N in G such that G = N M,
where M is a maximal subgroup of G, and N = O,(G) = Cg(N).

Let N be a minimal normal subgroup of G. It follows from (2) and (4)
that N is an elementary abelian p-subgroup, and N < O,(G) < P. We can
see that G/N satisfies the hypothesis. The minimal choice of G yields that
G/N is p-nilpotent. As a result, the uniqueness of N and N &« ®(G) are
evident.

(6) [N] = p.

Clearly, P = N M), where M, is a Sylow p-subgroup of M. Let M, < P,
where Pj is a maximal subgroup of P. If P, = 1, then |N| = |P| = p. We may
assume that P; # 1. Evidently, N £ P;. By(1), there is a normal subgroup
K of G such that PLK <G and P, N K < (P))sec. Let U be a nontrivial
S-quasinormally embedded subgroup of G contained in Py, and then there is
an S-quasinormal subgroup 1" of G such that U is a Sylow p-subgroup of 7T
It follows from (5) and N £ P; that we get N < P;K and K # 1. Therefore,
N < K. If NNnP; =1, then |[N| =p from P = NP;. Assume NN P, # 1. If
Ta #1,then N <Tg <T,so N <U < P, a contradiction. If T = 1, then
U is S-quasinormal in G by Lemma 2.2, so is (P} )seq from the arbitrariness
of U and Lemma 2.1. As PINK < (P1)sec < Op(G)NPy = PINN < PINK,
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PN K = PN N. On the other side, OP(G) < Ng((P1)se) by Lemma 2.3.
Thus 1 < NN = PINK < (P)%, = (P)23D? — ()P, < (PINN)P =
Py NN < N. By the minimal normality of N, (Pl)feG = P NN = N, which
is a contradiction. Thus (6) happens.

(7) The final contradiction.

From (6), Aut(N) is a cyclic group of order p — 1. If p < ¢, then NQ is
p-nilpotent by ﬂﬂ, 10.1.9] and (6). Therefore, Q@ < Cg(N) = O,(G), which
is a contradiction. Consequently, we may assume that ¢ < p. According
to (5), M = G/N = Ng(N)/Cg(N) is isomorphic with some subgroup of
Aut(N). Thus @ is a cyclic group. It follows that G is g-nilpotent and so
P Q@G. Moreover, G = Ng(P) is p-nilpotent from the hypothesis. The proof
is now completed.

References

1. M. Asaad, On maximal subgroups of finite group, Comm. Algebra, 26 (1998), 3647-
3652.

2. M. Asaad and A. A. Heliel, On S-quasinormal embedded subgroups of finite groups,
J. Pure Appl. Algebra, 165 (2001), 129-135.

3. M. Asaad, A. A. Heliel and M. Ezzat Mohamed, Finite group with some subgroups of
prime order S-quasinormally embedded, Comm. Algebra, 32 (2004), 2019-2027.

4. A. Ballester-Bolinches and M. C. Pedraza-Aguilera, Sufficient conditions for supersol-
ubility of finite groups, J. Pure Appl. Algebra, 127 (1998), 113-118.

5. W. E.Deskins, On quasinormal subgroups of finite groups, Mathematische Zeitschrift,
82 (1963), 125-132.

6. K. Doerk and T. Hawkes, Finite solvable Groups, Walter de Gruyter, Berlin-New York,
1992.

7. W. Guo, A. N. Skiba and N. Yang, SE-supplemented subgroups of finite groups, Rend.
Sem. Mat. Univ. Padova, 129 (2013), 245-263.

8. X. Guo and K. Shum, On c-normal maximal and minimal subgroups of Sylow p-
subgroups of finite groups, Arch. Math. 80 (2003), 561-569.

9. D. Gorenstein, Finite Groups, Harper and Row Publishers, New York, 2000.

10. P. Hall, A characteristic property of soluble groups, Proc. Lond. Math. Soc., 12 (1937),
188-200.

11. B. Huppert, Endliche Gruppen I, Springer, Berlin, 1967.



2016] ON S*-QUASINORMAL SUBGROUPS OF PRIME POWER ORDER 369

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

O. H. Kegel, Sylow-Gruppen und Subnormalteiler endlicher Gruppen, Math. Z, 78
(1962), 205-221.

C. Li, Finite groups with some primeary subgroups ss-quasinormally embedded, Indian
J. Pure Appl. Math, 42 (2011), 291-306.

S. Liand Y. Li, On S-quasinormal and c-normal subgroups of a finite group, Czechoslo-
vak Math. J., 58 (2008), 1083-1095.

Y. Li, Y. Wang and H. Wei, The influence of m-quasinormality of maximal subgroups
of Sylow subgroups of a finite group, Arch. Math., 81 (2003), 245-252.

Y. Li, Y. Wang and H. Wei, On p-nilpotent of finite groups with some subgroups
m-quasinormally embedded, Acta. Math. Hungar, 108 (2005), 283-298.

D. J. S. Robinson, A Course in the Theory of Groups, New York, Springer-Verlag,
1982.

P. Schmid, Subgroups permutable with all Sylow subgroups, J. Algebra, 207 (1998),
285-293.

S. Srinivasan. T'wo sufficient conditions for supersolvability of finite groups, Israel J.
Math., 35 (1980), 210-214.

J. G. Thompson, Normal p-complements for finite groups, J. Algebra, 1 (1964), 43-46.

Y. Wang, Finite groups with some subgroups of Sylow subgroups c-supplemented, J.
Algebra, 224 (2000), 467-478.

F. Xie, W. Guo and B. Li, On some open questions in theory of generalized permutable
subgroups, Sci. China Series A, 39 (2009), 593-604.

L. Zhu and L. Miao, On F,-supplemented primary subgroups of finite groups, Turk.
J. Math., 36 (2012), 67-76.



	1. Introduction
	2. Preliminaries
	3. Main Results

