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Abstract

We derive the expressions of harmonic non 4+ holomorphic maps of Riemann surfaces.
We study the relationship between leaf-wise harmonic maps and harmonic maps. We
investigate the Gauss-Bonnet theorem for leaf-wise harmonic maps of manifolds with 2-

dimensional foliations.

1. Introduction

The theory of harmonic maps between Riemannian manifolds were first
established by Eells and Sampson [11] in 1964. Afterwards, there are two
reports by Eells and Lemaire ﬂﬁ, | about the developments of harmonic
maps up to 1988. Chiang and Ratto also studied harmonic maps in B]-ﬂa]
Harmonic and biharmonic maps of manifolds with Riemannian foliations
were investigated by Eells and Verjovsky ﬂﬁ], El Kacimi and Gomez ﬂﬁ],
Konderak and Wolak ﬂﬁ], Chiang and Wolak ﬂ], etc.

In this paper, we derive the expressions of harmonic non £ holomorphic
maps between Riemann surfaces in Theorem 2.2. In section three, we study
the relationship between leaf-wise harmonic maps and harmonic maps of fo-
liated Riemannian manifolds. In the 1980s, Connes B] and Ghys ﬂﬁ] studied
the Gauss-Bonnet (type) theorem for compact manifolds with 2-dimensional

foliations. Based on Theorem 2.2, we are able to construct a non-trivial
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Fi-harmonic measure on the domain globally so that we can prove Gauss-
Bonnet (type) Theorem 4.1 for a leaf-wise harmonic map between compact
manifolds with 2-dimensional foliations without singularities on leaves, which
generalize the main theorems in ﬂg] and ﬂﬁ] (cf. Corollary 4.2). If a leaf-wise
harmonic map between compact manifolds with 2-dimensional foliations is
with isolated singularities on some leaves, then we can not define a har-
monic measure globally. Therefore, we study the Gauss-Bonnet theorem for
a leaf-wise harmonic map differently using usual measure by considering the

stationary indices of the singularities.

2. Harmonic Maps of Riemann Surfaces

Let f: M — N be a C? map between two Riemann surfaces M and
N with Riemannian metrics g and h. With respect to isothermal local
coordinate systems (U, z) and (V,({) on M and N, respectively, the given
metrics are represented as ¢ = Adz ® dZ and h = pud( ® d¢ for some \ €
C>®(U) and p € C°(V) with A > 0 and g > 0. Let D C M be a relatively
compact domain. The Dirichlet energy functional Ep : C?(M, N) — R is
given by

1
Eo(f) = 5 [ 11 do,

where ||df]| : M — [0,+00) is the Hilbert-Schmidt norm of df and dv, the

canonical volume form on (M, g). Locally,
12 = A" (o f) { o + s}

where w = (o f. Also if 2 = x + 4y, then dvy; = Adz Ady on U. A map
f € C?(M, N) is harmonic if for any relatively compact domain D C M and
any smooth 1-parameter variation {f;};<c C C?(M, N) with supp(V) € D

d
a7 {E(ft)} = =0,

where V' is the infinitesimal variation induced by {fi} ;<. (i-e. V) = (dpoF)
(0/0t)(p,0) for any p € M and F' : M x(—¢,¢) — N is given by F(p,t) = fi(p)
for any p € M and |t| < €).
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Let V and V¥ be the Levi-Civita connections of (M, g) and (N, h),
respectively. Let hf = f*h (or f~'h) and V/ = f~1V¥ be the Riemannian
bundle metric and connection in the pullback bundle f~'7T'(N) — M induced
by h and V. For X € X(M) we denote f, X € C(f~'T(N)) the section
given by (f.X)(p) = (dpf)X, for any p € M. The second fundamental form
of fis

Br(X,Y) =VLLY — £,VxY, XY € X(M).
The tension field of f is 7(f) = trace, (8f) € C(f~'T(N)). Locally
2
T(f) = Br(Xa, Xa),
a=1

where X; = A\~129/0z and Xy = \~1/20/dy. The first variation formula
(cf. ﬂﬂ]) is

d
Do == [ WV 7)) dv,.
D
Hence, a map f € C%(M, N) is harmonic if 7(f) = 0, i.e. locally

ez + (o )™ (o fleopwaws = 0 (2.1)

on U (the domains U and V of the local charts are tacitly chosen such that
f(U) c V). Both the Dirichlet energy and harmonicity are known to be
conformal invariants. We shall need the following lemma (cf. ﬂﬁ, Iﬂ]) to
prove Theorem 2.2.

Lemma 2.1. Let f : M — N be a harmonic map between two Riemann
surfaces. Then the (2,0) component of f*h is a holomorphic quadratic dif-
ferential on M locally given by

Q=¢dz®dz = w,W,dz ®dz. (2.2)

Moreover, ¢ = 0 if and only if f is £ holomorphic. If fis harmonic non +
holomorphic, then ¢(z) # 0 and the zeros of w, and wz are isolated of finite
order.

Proof. Differentiating ¢ = Aw, w,, one finds

¢E = )\w Wz W, W, + )\wwzwzwz + )\szwz + )\wzz Wy,
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where A = po f and w = (o f. It may be rewritten as ¢z = w, H +
w, H, where H denotes the left hand side of (Z1). It is clear that f is +
holomorphic if and only if ¢ = 0. Recall that a function F' : D — C defined
on an open neighborhood D C C of the origin has a zero of infinite order at
z=01if F(z) = o(|z|™) as z — 0 for all m > 0. If w, and wz have zeros of
infinite order, then ¢ = o(|z|™) as z — 0 for all m > 0. Therefore, ¢ = 0,
and so f must be a + holomorphic map. Otherwise, if f is harmonic non +
holomorphic, then ¢(z) # 0 and the zeros of w, and w; are isolated of finite
order. O

Theorem 2.2. If f : M — N is a harmonic non + holomorphic map

between two Riemann surfaces, then

w(z) = A2+ o(|z|™) for some A € C\ {0} andm > 1, or (2.3)
w(z) = BZ" + o(|z]") for some B € C\ {0} andn > 1, or (2.4)
w(z) = C2F + D7" + o(|2|*) for some C, D € C\ {0} andk > 1. (2.5)

Proof. Let p € M and let (U, z) and (V, ¢) be the isothermal local coordinate

systems on M and N such that p € U, f(U) C V, z(p) = 0 and ((a) =0

where a = f(p). Since f : M — N is harmonic and g, h are analytic, f is
1)

analytic (cf. ﬂﬂ . Therefore, we may expand w = ( o f in a power series

w(z) = Z aij2'7,  (a; € C), (2.6)
i,j=0

which converges in a neighborhood of z = 0. We first have agy = 0 (due to
((a) = 0). Because w,,wz and w,z are analytic (as w is analytic), and w,
and wz have isolated zeros of finite order by Lemma 2.1, we may choose a
sufficiently small neighborhood of p (denoted again by U) such that it avoids

all zeros of w, and wz. Then we can rewrite [2.1)) as

(mo f)_l (o fleof = —waz/ (wowsz) (2.7)

onU. As p~! ¢ is analytic at a, it may be expanded in a power series

— e _E
e =3 buctC (b € C), (2.8)
k=0
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which converges in a neighborhood of ¢ = 0. We assume that the complex
coordinate ¢ on the codomain of v = ' p is chosen such that &(v(a)) = 0,
it implies that bgy = 0. Substituting (26 and ([Z7) into ([2.8]), it yields to
ajp = 0. If ajg # 0, ap1 = 0, then w(z) is in Z3)); if a9 = 0,ap1 # 0, then
w(z) is in Z4) ; if a19 # 0, agy # 0, then w(z) is in ZA). If a9 = apr =0,
then we derive ag; = aj2 = 0 by ([Z7), and w(z) can be expressed in ([2.3]),
24) or [23), etc. O

As a corollary to Theorem 2.2, it was shown by Eells and Wood ] as
follows.

Corollary 2.3. If f : M — N is harmonic non + holomorphic between

Riemann surfaces, then

w, = EZ" Y4 o(|]z]™h), for some m > 1 and complex number E # 0;

ws = F2" Y4 o(|z]" 1), forn>1 and F # 0.

3. Leaf-wise Harmonic Maps

Let F be a foliation on a Riemannian n-manifold (M, g). Then F is
defined by a cocycle U = {Uj, fi, gij }ier modeled on a g-manifold Ny such
that

(1) {Ui}ier is an open covering of M;
(2) fi:U; — Ny are submersions with connected fibres;

(3) gij : No = No are local diffeomorphisms of Ny with f; = g;; f; on U;NU;.

The connected components of the trace of any leaf of F on U; consist of
the fibres of f;. The open subsets N; = f;(U;) C Ny form a g-manifold
N = IIN;, which can be considered as a transverse manifold of the foliation
F. The pseudogroup Hy of local diffeomorphisms of N generated by g;; is
called the holonomy pseudogroup of the foliated manifold (M, F) defined by
the cocycle U. If the foliation F is Riemannian for the Riemannian metric
g, then it induces a Riemannian metric g on N such that the submersions
fi are Riemannian submersions and the elements of the holonomy group are
isometries.
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Let ¢ : U — RP x RY, ¢ = (¢%,¢%) = (z1,...,2p,Y1,-..,Y,) be an
adapted chart on a foliated manifold (M, F). Then on U the vector fields

8%17 e a%p span the bundle T'F tangent to the leaves of the foliation F, the
; d ) 9 2
equivalence classes of By Byg denoted by Byrr o By Shan the normal

bundle N(M,F) = TM/TF, which is isomoric to the subbundle TF*.
23].

We study the relationship between leaf-wise harmonic maps and har-

Please see more details about foliations in ﬂﬁ,

monic maps between foliated Riemannian manifolds as follows.

Theorem 3.1. Suppose that (M, Fi) and (Ma, F2) are two foliated Rie-
mannian manifolds such that Fi is minimal and Fo is totally geodesic. If
fo(My, Fi) = (Ma, F) is leaf-wise harmonic and transversally harmonic,
then f is harmonic.

Proof. Since the definitions of transversally harmonic map and harmonic
map are local, we consider open subsets U; C M; and Riemannian submer-
sions ¢; : U; — U;, i = 1, 2, such that the foliations on U; are fibres of the
submersions ¢; : U; — U; and f(U;) C Us. Then there exists the unique
map f : U — Us such that

Ul#Uz

"l a

0, -1 0,

Diagram 3.1.

commutes, where the vertical maps are Riemannian submersions. A map
f o (My, Fi) — (Ma, F2) between two foliated Riemannian manifolds is
transversally harmonic if and only if f : U; — U, is harmonic locally (cf.

(18, ).

On a manifold M with a foliation F, we can have another topology
and smooth structure to take as open subsets of the set M open subsets of
leaves (cf. @]) Then the leaves of F are connected components in this
topology and the set M carries a differentiable structure compatible with
this topology; we denote this manifold by Mxz. Moreover, a smooth map
f i (My, Fi) = (M, F,) is foliated iff it induces a smooth map f : Mz, —

A

Mz,. The map f is leaf-wise harmonic if 7(f) = 0.
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If X is a vector tangent to a foliated manifold, denote H(X) and V(X)
the orthogonal to and tangent to the leaves, respectively. Let B; denote the
second fundamental form and H; denote the mean curvature vector fields of
leaves of F;, i = 1, 2, respectively. In Diagram 3.1, considering the vertical
maps ¢; and ¢, are Riemannian submersions, we can apply ﬂﬁ] (eq. (6.10))
and obtain

7(f) = 7(f) + tracerr, f*By — f.H1 + 7(f). (3.1)
Since F7 is minimal and F> is totally geodesic, the second and third terms
vanish. If f is transversally harmonic (7(f)? = 7(f) = 0) and leaf-wise
harmonic (7(f)V = 7(f) = 0), then it implies 7(f) = 0. (W

In particular, if f : (M, F1) — (Ma, F2) is leaf-wise harmonic and
transversally harmonic between two manifolds with 2-dimensional foliations
such that /7 is minimal and F3 is totally geodesic, then f is harmonic.

We review a small part of the main results of Garnett , ], which
is useful to study Gauss-Bonnet type theorem. Let F be any foliation on a
compact manifold M equipped with a Riemannian metric g on its tangent
bundle. We may assume that F and the Riemannian metric are of class C.
We can use the Laplace operators of the leaves to construct a global operator
A7 defined on functions u : M — R that are C? along the leaves:

A]:’U,(IL’) = AL(I)U\L(I) (a:), (32)

where L(z) is the leaf through z and Ay, is the Laplace operator of the
Riemannian manifold L(x) with respect to its Riemannian metric induced

by g.
Definition 3.2. A measure pu on (M, g) is called F-harmonic, if for every

continuous function u : M — R which is C? along the leaves, the integral
[ AP udp s zero.

Theorem 3.3 (ﬂl_AI, IE])

(1) A compact foliated manifold (M, g) always admits a non-trivial F-harmonic

measure.

(2) A measure p is F-harmonic if and only if in any disintegrated open set, p
can be disintegrated as a transversal sum of leaf measure, where every leaf
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measure is a positive harmonic function times the Riemannian volume
of the leaf.

(3) The measure on M obtained by combination of a transverse invariant
measure and the volume along the leaves is always F-harmonic. These
special F-harmonic measures are “completely invariant measures.”

(4) Suppose that p is an F-harmonic measure such that for p almost every
point x, the universal covering space L(z) of L(z) has no non-constant
positive harmonic functions. Then p is completely invariant.

Notice that the positive harmonic function changes by a positive mul-
tiplicative constant when one changes the distinguished open set. Also, the
harmonic functions are constants if and only if the measure p is the combi-

nation of a transverse invariant measure and the volume along the leaves.

4. Gauss-Bonnet Theorem

Let f: (My, F1,9) — (M, Fa, h) be a foliated map between two foliated
Riemannian manifolds. When both foliated Riemannian manifolds M; and
Ms are considered as disjoint unions of leaves, the definition of a leaf-wise
harmonic map in section two is equivalent to the following definition of a leaf-
wise harmonic map between two manifolds with 2-dimensional foliations. A
map [ : (My, Fi,9) = (Ma, Fo,h) between two foliated Riemannian man-
ifolds is a leaf-preserving map if it has the property that df (T'F;) C T'Fs.
A map f: (M, F1) = (Ma,F2) is a leaf-wise harmonic map between two
manifolds with 2-dimensional foliations, if f : (My, Fi1 — (Ma, F2) is a
foliated leaf-preserving map between two manifolds with 2-dimensional foli-
ations which sends a 2-dimensional leaf Ly of /7 into a 2-dimensional leaf Lo
of Fo, as f restricted to each leaf, still denoted by f : L1 — Lo, is harmonic.

Suppose that M; and My are disjoint unions of leaves. Let f : (M, F1) —
(Ms, F2) be a leaf-wise harmonic map between two compact Riemannian
manifolds with 2-dimensional foliations, which sends a 2-dimensional leaf L
of 1 into a 2-dimensional leaf Ly of F5, as f restricted to each leaf, still
denoted by f : L1 — Lo, is harmonic. The Jacobian J = §(|wz|2—|w5|2) ofa
harmonic map f : L1 — Lo may be positive, or negative, or zero by Theorem
2.2. A point p € D is a singular point iff the Jacobian .J vanishes at p. A
point p is a stationary point iff w, = wz = 0 (since df (x) = w,dz+wzdz = 0,



2016] LEAF-WISE HARMONIC MAPS OF MANIFOLDS 351

z is the local coordinate of p). When J is zero, f may have isolated singulari-
ties (i.e., isolated stationary points), or non-isolated singularities. Wood [24]
studied the singularities of harmonic maps between surfaces, and Smith [22]
constructed a harmonic non 4+ holomorphic map from a torus into a sphere,
which exhibited collapsed lines. We shall not consider this degenerated case
here. From now on, we assume that f : L1 — Lo is a harmonic map with

isolated stationary points.

Since f : My — Mo is a leaf-preserving harmonic map with isolated sta-
tionary points, the pull-back metric on a pull-back leaf L(x) C f~1L(f(x))

1S

f*h = Awsw,dz? + Mw,wsdzdz + Mwsw,dzdz + Mwswsdz>

= [Mw,w, + )\(|wz|2 + |’U)5|2|) + )\wgwg]da:2 + [2i w,w, — 2i wzws|dxdy
= Awaw, 4+ M|w.|® + [ws]?) — Mwzws]dy? (4.1)
[2Re ¢(2) + M|w,|? + |wz|?)]da? — 4Im ¢(2)dxdy
+[=2Re ¢(2) + M|ws|* + [ws[*)]dy?,

where Re¢ and Im¢ are harmonic functions on L(z) — S, and S = {z €
L(z)|lw, = wz = 0} is a set of finite isolated stationary points (L(z) is

assumed compact).

Theorem 4.1. Suppose that f : (M, F1,9) — (Ma, Fa, h) is a leaf-wise har-
monic map between compact manifolds with 2-dimensional foliations (i.e. man-
ifolds foliated by Riemann surfaces) without singularities on leaves. Denote
by k(x) the Gauss curvature of the pull-back leaf through x with respect to
the pull-back metric g1 = f*h. If the set of spherical leaves is harmonic
measure-negligible, then f/@(a:) dp 1is non-positive.

Proof. The given map f : (M1, F1,9) — (Ma, F2,h) is a leaf-wise harmonic
map between compact manifolds foliated by Riemann surfaces without sin-
gularities on leaves. Let h be the restriction of the Riemannian metric to
TF,, the pull-back metric g1 = f*h does not vanish (S = ()) on the pull-
back leaf L(x). It follows from (I]) that (1) if the restricted map of each
full-back leaf is holomorphic (resp. anti-holomorphic), then (I reduces to
g1 = f*h = Mw.|?dzdz (vesp. Aws|?dzdZ) which is Riemannian and hermi-
tian on each pull-back leaf L(x) of F;. (2) If the restricted map of each leaf
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is harmonic non f+holomorphic, then by Theorem 2.2, g = f*h is Rieman-
nian, but not necessarily hermitian on each full-back leaf L(x) of F;. We
can use the Laplace operators of the pull-back leaves to construct a global
operator A7 defined on functions u : M; — R that are C? along the leaves:

AP u(z) = Apeyu(@) L), (4.2)

where L(x) is the pull-back leaf of F; through z, L(f(x)) is the leaf F;
through y = f(z), and Ay, is the Laplace operator of the leaf L(z) (viewed
as a Riemannian manifold (L(z),g1)). By Theorem 3.3, there exists a non-
trivial F1-harmonic measure p on M; with respect to ¢;, and so f A udp
is zero, or equivalently,

/AL(z)wL(x)(l“)dﬂ =0, (4.3)

for every continuous function u : M; — R which is C? along the Fi-leaves.

Let k(z) be the Gaussian curvature at x of the pull-back leaf L(z)
through = with respect to the pull-back metric gy = f*h. The technique
is to change the pull-back metric conformally along the pull-back leaf of
JF1 to generate a new metric of constant negative curvature, which can be
fulfilled by a well-known fact that the harmonicity of f between Riemann
surfaces is conformally invariant by Eells-Sampson ﬂﬁh Recall that the pull-
back metric g1 = f*h is Riemannian and non-vanishing on the pull-back leaf
L(z) through . By the uniformization theorem, there are three possibilities:
(a) L(z) is a sphere; (b) the universal covering space L of L is conformal
equivalent to the Euclidean plane R?; (c) the universal covering space L of
L is conformal equivalent to the Poincaré disc D?. One can divide M; into
three Fi-saturated sets: My = By U By U Bs, where By (resp. By, Bs) is the
set of points such that L is conformally equivalent to S? (resp. R?, D?). For
simplicity, one may assume that either L is conformally equivalent to R? for
p-almost every x or Lis conformally equivalent to D? for p-almost every .
Since the set of spherical leaves is measure-negligible, one can write p as po
on By plus p3 on Bs. If one shows that f K dus and f K dug are non-positive,
then the theorem follows by linearity. Firstly, if i(w) is conformal equiva-
lent to R? for p almost every z, then the proof of the theorem is similar to
Connes’ proof @], since the harmonic measure p is completely invariant by
Theorem 3.3 (4).
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Secondly, we show that if L(z) is conformal equivalent to D? for u al-
most every x, then the theorem holds. Note that the conformal equivalence
between L and D? is unique up to the isometries of D?. Moreover, the pull-
back of the Poincare metric of D? is a well-defined metric on L which is
invariant by the covering transformations of the covering L — L. Therefore,
there is a unique smooth function u : L — R such that the metric exp(2u)g;
is complete and has curvature —1. If g7 = f*h is a metric on a surface L
with curvature k(z), then it is known that the curvature x;(x) of the metric
exp(2u)g; is given by

k1 = exp(—2u)(k — Au), (4.4)

where u : L = R is any smooth function, and A is the Laplace operator with
respect to the metric g;. In @], it showed that: Let B C M; be a closed
JFi-saturated set of non-spherical leaves, and let v : B — R U {—o0} be a
map. If L is conformally equivalent to D?, U|L(z) is the unique function so
that exp(2u| L(x))gl‘ L(z) 18 complete and has curvature —1. Then u is upper
semi-continuous and smooth along leaves of F;. Furthermore, the gradient
V71 along the leaves is bounded on B.

Thus we have —1 = exp(—2u(z)(k(z) — AT u(x)), if we apply (@) leaf
by leaf to the above defined function w. It implies that s(z) = AMtu(z) —
exp(2u(z)). This formula holds p almost everywhere, since we assume
that u(z) # —oo almost everywhere (if L is conformally equivalent to R2,
u(x) = —o0). Note that u is upper semi-continuous and bounded on B,
and so exp(2u(z)) is a positive bounded function on B. Therefore, A7 is
also bounded since & is a continuous function. Hence, exp(2u) and A”1 are
p-integrable, and we arrive at

/mdu:/Aﬂudu—/exp(Zu)du < /Aflud,u,

where u is continuous and smooth along the leaves. Consequently, the inte-
gral [ AT dy is zero (since p is a Fj-harmonic measure), and we conclude
the result. O

In particular, take f as an identity map id : (M, F) — (M, F) in
Theorem 4.1 such that F admits a transverse invariant measure. Then
the following corollary (1) is a main theorem obtained by Connes in @]
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Similarly, let f be an identity map id : (M,F) — (M,F) such that M
admits a F-harmonic measure. Then (2) is a main theorem proved by Ghys
@], which generalizes Connes’ theorem since a transverse invariant measure

is a special F-harmonic measure by Theorem 3.3.

Corollary 4.2. (1) Let F be an oriented 2-dimensional foliation on a com-
pact manifold M which admits a transverse invariant measure. Denote by
k(z) the Gaussian curvature of the leaf L(x) through x. If the set of spherical
leaves is transverse invariant measure-negligible, then [ kdp is non-positive.
(2) Let F be an oriented 2-dimensional foliation on a compact manifold M.
Choose a Riemannian metric on the tangent bundle of F such that p is an
F-harmonic measure. If the set of spherical leaves is p-negligible, then [ kdu

1S Non-positive.

Suppose that f : (My,F1) — (My,Fs) is a leaf-wise harmonic map
between compact manifolds with 2-dimensional foliations (Riemann surfaces)
with isolated stationary points on some leaves (assumed compact). Then
the pull-back metric g1 = f*h vanishes at finite isolated stationary points on
some pull-back leaves. Therefore, we can not define an F7-harmonic measure
1 on My globally with respect to g1. In this case, we deal with the Gauss-
Bonnet formula using usual measure differently from the preceding case. We
consider the restriction of f to leaves (Riemann surfaces), still denoted by
f L1 — Lo, is harmonic. Let D be a compact smooth domain bounded by
a piece-wise smooth curve  in the leaf L1, z be a local coordinate at a point
p € D, and w be a local coordinate at the image point a = f(p). In terms
of the local coordinate w = re'®, let h = Adwdw be a hermitian metric on
Ly. Set A = p? and

O = —d¢ + (0 — 9)logp. (4.5)
Then we have d© = k2, where ) = % w2dw A dw is the area element, and

i) 0?logp
w2’ Owodw

k= —( (4.6)

is the Gaussian curvature with respect to the hermitian metric h = p?dwdw

on Lo.
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Proposition 4.3 (ﬁ]) If f : D C L1 — Lo is a harmonic non + holo-
morphic map between compact Riemann surfaces of Jacobian J > 0 (resp.
J < 0) with isolated stationary points, then

21x(D) +A® + 27 ;(n(pi, a)—1) = /f(D) kA, (4.7)

where x (D) is the Euler characteristic of D, n(p;,a)—1 (resp. —n(p;, a)+1),
i=1,...,n, are the stationary indices of f. (Note that if f: Ly — Lo is £
holomorphic, then f is automatically of J > 0 (resp. J < 0) with isolated
stationary points and (A7) holds (cf. ﬂ, Iﬂ])

Recall that f : (M, F1) — (Ma, F2) is a leaf-wise harmonic map be-
tween compact manifolds foliated by Riemann surfaces of Jacobian J > 0
(resp. J < 0) with isolated stationary points on some leaves. We consider the
restriction of f to compact Riemann surfaces, still denoted by f : L1y — Lo,
is harmonic. Let p1,...,p, be a set of finite isolated stationary points of f
at a point a in a leaf Ly of F5. (1) If p1,...,p, all lie in the same pull-back
leaf L; C f —1Ly for some j, we consider the harmonic map restricted to
the pull-back leaf f : D; C Lj — Lo of J > 0 (resp. J < 0) with isolated
stationary points. Thus by Proposition 4.3 we have

2mx(D;) +A® +27T;(n(pi7 a)—1) = /f(Dj)mQ, (4.8)

where D, is a compact smooth domain bounded by a piece-wise smooth curve
7; in the leaf L;. (2) If p1,...,pp lie in some different pull-back leaves, say
Ly,...,Ly, such that p1,...,pp, € L1,...,Pnpt1,---,Pn, € Ly, we assume
that each pull-back leaf is a compact Riemann surface without boundary.
Then by Proposition 4.3 we have

2nx(L;) +27ws(Lj) = / kQ,j=1,...k, (4.9)
f(Lj)

where s(L;) = 317 (n(p;, a)—1) (resp. 317 (—n(p;, a)+1) is the stationary
indices of f in L;. Thus we obtain

27 Z X(Lj)+ 27 Z s(Lj) = Z / K. (4.10)

LjeF LijeF LjeF F(Lj)
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Theorem 4.4. Suppose that f : (M, F1) — (Mo, F2) is a leaf-wise har-
monic map between compact manifolds with 2-dimensional foliations of Ja-
cobian J > 0 (resp. J < 0) with isolated stationary points on finite compact
leaves. (1) If the stationary points lie in the same pull-back leaf L; for some
j, then (L) holds. (2) If the stationary points lie in some different compact
pull-back leaves L+, ..., Ly without boundaries, then

2nx(F1) + 2ms(Fr) = Z K€, (4.11)
Lj€f1 f(Lj)

where x(F1) = ZLjefl X(Lj;) and s(Fy) = ZLjefl s(Lj).

In the above theorem, if L; is an nj-sheet covering of Ly and [ L) Q=
2mn;x(Le), then [@I0) yields to

X(Lj) + S(Lj) = TLjX(LQ). (412)

Suppose that F; and F3 have finite compact leaves, and a leaf L; € 77 is an
n;-sheet covering of a leaf Ly € F5, then we obtain

X(F1) +s(F1) = D nix(La). (4.13)
L]'Efl
References

1. S.-S. Chern, Complex analytic mappings of Riemann surfaces, Amer. J. Math.,
82(1960), 323-337.

2. Y.-J. Chiang, Developments of harmonic maps, wave maps and Yang-Mills fields into
biharmonic maps, biwave maps and bi- Yang-Mills fields, Birkhaduser, Springer, Basel,
in the series of “Frontiers in Mathematics,” xxi+399 pages, 2013.

3. Y.-J. Chiang, Harmonic maps of V-manifolds, Ann. of Global Anal. and Geom.,
8(1990), No. 3, 315-344.

4. Y.-J. Chiang, Spectral geometry of V-manifolds and its applications to harmonic maps,
Proc. of Syms. in Pure Math., Amer. Math. Soc., 54(1993), (Part 1), 93-99.

5. Y.-J. Chiang, Harmonic maps and biharmonic maps between Riemann surfaces, Global
J. of Pure and Applied Math., 9(2013), No. 2, 109-124.

6. Y.-J. Chiang and A. Ratto, Harmonic maps on spaces with conical singularities, Bull.
Soc. Math. France, 120(1992), No. 3, 251-262.



2016] LEAF-WISE HARMONIC MAPS OF MANIFOLDS 357

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.
23.
24.

25.

26.

Y. J. Chiang and R. Wolak, Transversally biharmonic maps between foliated Rieman-
nian manifolds, Internat. J. Math., 19(2008), No. 8, 981-996.

A. Connes, A survey on foliations and operator algebras, in “Operator Algebras and
Applications”, Proceedings of Symposia in Pure Math., Amer. Math. Soc., 38(1982),
Part I, 521-628.

J. Eells and L. Lemaire, A report on harmonic maps, London Math. Soc., 10 (1978),
1-68

J. Eells and L. Lemaire, Another report on harmonic maps, London Math. Soc.,
20(1988), 385-524.

J. Eells and J. H. Sampson, Harmonic maps of Riemannian manifolds, Amer. J. Math.,
86(1964), 109-164.

J. Eells and A. Verjovsky, Harmonic and Riemannian foliations, Bol. Soc. Mat. Mex-
icana., 4(1998), No. 3, 1-12.

J. Eells and J. C. Wood, Restrictions on harmonic maps of surfaces, Topology,
15(1976), 263-266.

L. Garnett, Foliations, the ergodic theorem and Brownian motion, J. of Func. Anal.,
51 (1983), 285-311.

L. Garnett, Statistical properties of foliations, in “Geometric Dynamics,” Lecture
Notes in Math., Springer, Vol. 1007, 294-299, 1983.

E. Ghys, Gauss-Bonnet theorem for 2-dimensional foliations, J. Func. Anal., 77(1988),
51-59.

A. El Kacimi and E. Gallego Gomez, Foliated harmonic maps, Illinois J. of Math.,
40(1996), 115-122.

J. J. Konderak and R. Wolak, Transversally harmonic maps between manifolds with
Riemannian foliations, Quart. J. Math., 54(2003), No. 3, 335-354.

P. Molino, Riemannian Foliations, Birkhauser, Basel, 1988.

M. Mostow, Continuous cohomology of spaces with two topologies, Mem. AMS, 7
(1976), no.175.

J. H. Sampson, Some properties and applications of harmonic mappings, Ann. Scient.
Ec. Norm. Sup., 11(1978), No. 4, 211-228.

R. T. Smith, Harmonic mappings of spheres, Amer. J. Math., 97(1975), 364-385.
Ph. Tondeur, Geometry of foliation, Birkhduser, Basel, 1997.

J. C. Wood, Singularities of harmonic maps and applications of the Gauss-Bonnet
formula, Amer. J. of Math. 99(1977), No. 6, 1329-1344.

H. Wu, The equidistribution theory of holomorphic curves, Annals of Math Studies,
no. 64, Princeton University Press, Princeton, New Jersey, 1970.

Y. Xin, Geometry of harmonic maps, Prog. in Nonlinear Diff. Equations and Their
Applications, Birkhduser, Vol. 23, 241 pages, 1996.



	1. Introduction
	2. Harmonic Maps of Riemann Surfaces
	3. Leaf-wise Harmonic Maps 
	4. Gauss-Bonnet Theorem

