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Abstract

We present the analysis of convergence of the locally inertial Godunov method with
dynamical time dilation applied to a canonical initial data set which is arguably the simplest
initial data that creates a point of shock wave interaction in General Relativity. New
applications include the analysis of convergence in the presence of new boundary conditions
which enables one to test the validity of the Einstein constraint equations numerically in
new Lipschitz continuous space-time metrics. The numerical method, introduced in [14,
15], is an algorithm for simulating general relativistic shock-waves in spherically symmetric
spacetimes, and the analysis here rigorously establishes claims made in authors’ PRSA
article |15].

1. Introduction

In this paper we supply the proof of the convergence theorem, stated
without proof, in Section 3 of authors PRSA article |[15]. It provides con-
ditions for convergence of the locally inertial Godunov method with dynamic
time dilation, the numerical method for computing shock-wave solutions of
the Einstein-Euler equations in Standard Schwarzschild Coordinates (SSC),
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the topic of [15]. The analysis gives convergence of the residual assuming a
total variation bound uniform in time, a result perfectly suited to the simu-
lation because the total variation bound is easily demonstrated numerically.
The convergence theorem here together with the simulation in |14] are the
basis for [15], arguably the first careful simulation of a point of shock-wave
interaction in General Relativity (GR). The point of departure for this work
is 2], but new features must be addressed because the conservation laws
are coupled to equations for the metric, and the initial data set imposes new
boundary conditions different from those addressed in |2]. Thus the standard
connections between the Glimm scheme and the Godunov scheme do not ap-
ply directly. In particular, the analysis here is general enough to apply to
the GR initial data set introduced in [14,15], obtained by matching a critical
(k = 0) Friedman-Robertson-Walker (FRW) spacetime in self-similar vari-
ables, to a static Tolman-Oppenheimer-Volkoff (TOV) spacetime, Lipschitz
continuously at a given time in SSC coordinates. The resulting simulation
produces gravitational metrics that are only Lipschitz continuous C%! at
shocks, and C%! solutions of the Einstein equations only solve the Einstein
equations G = kT weakly, not strongly. Thus convergence is no mute point
in light of the fact that second derivatives of a C%! metric contain delta func-
tion sources, and a convergence proof is required to rule out the possibility
that delta function sources appear in the curvature tensor G, (even though
it is second order in metric derivatives), and hence the fluid stress tensor
T, as well. The numerics in [15] also establish the consistency of imposing
two boundary conditions, one on the FRW side and one on the TOV side,
even though the numerical method involves first order ODE’s in the metric,
making two boundary conditions appear over-constrained. The convergence
theory here thus anchors the numerical verification of the Einstein constraint
equations in [15].

Metrics that are only C%! at shock waves do not admit locally inertial co-
ordinate frames within the smooth C?! atlas of coordinate transformations,
and it is an open problem as to whether locally inertial coordinate systems
can be reached within the larger atlas of C!'! coordinate transformations.
The C1! atlas admits Jacobians J that can be only Lipschitz continuous
as well, and so such transformations hold the possibility that a transformed
metric g = JT gJ 7T could be in C1! even though ¢ is only C%!. If the met-
ric cannot be so smoothed from C%! by a coordinate transformation within
the C1! atlas in a neighborhood of a point p, then we call p a reqularity
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singularity. It is an open problem as to whether regularity singularities can
be created by shock wave interaction in GR, [9]. In celebrated work from
the 1960’s, Israel proved that a metric Lipschitz continuous across a smooth
shock surface can always be smoothed from C%! to C'! by the C! trans-
formation to Gaussian Normal Coordinates in a neighborhood of the shock
surface. But since Israel’s work, it has been unknown whether such coordi-
nate transformations exist at general points of shock wave interaction. The
first step forward since the Israel result for smooth single shock surfaces was
established in a nontrivial new proof by Reintjes, (announced in |8]). The
proof establishes that such coordinates exist at points of shock wave interac-
tion exhibiting the properties of the shock interaction simulated in [14, [15].
Thus the proof given here which establishes the convergence properties of
the locally inertial Godunov method used in the simulation in [15], is impor-
tant in anchoring the mathematics which has established this first extension
of Israel’s theorem. Moreover, the proof is interesting in its own right. In
particular, to establish the consistency of the method, the proof must ac-
count for an interesting leading order cancellation between errors arising
from discontinuities of the metric at the boundaries of the grid cells that
impose the Riemann problem step of the fractional step Godunov method,
with corresponding errors arising from the ODE step, c.f. (L3]). Whether or
not regularity singularities exist in more complicated points of shock wave
interaction, where either the symmetry of the space-time is broken, or the
wave interactions are more complicated, remains an open problem. The is-
sues regarding the conjecture of regularity singularities will be set out in the
forthcoming paper [|9]. For brevity, we refer the reader to [15], |§] for an in-
troduction to the methods described in this paper, and [15] for the notation

we assume at the start.

Our theorem here applies to a spherically symmetric gravitational metric

in SSC
dr?

2 _ _ 2
ds® = —B(r,t)dt +A(r,t)

+1r2dQ? = g;;da'da?, (1.1)

where r is the radial variable, dQ is the line element on the unit sphere, and

we write

A = (A, B),
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to denote the two components of the metric in vector form. In [2], the
Einstein equations for a perfect fluid in SSC are shown to be equivalent to

the system of equations

U + f(A7u):c = g(A,u,x),

A’ = h(h,u, ), (1.2)

where u = (T2, T}) are the so called Minkowski energy and momentum
densities, c.f. [15,2]. The main conclusion of the theorem stated and proved
below is that a sequence of approximate solutions (uaz, Aaz) — (u, A) gen-
erated by the locally inertial Godunov scheme with dynamic time-dilation
starting from explicit initial boundary data defined in [14, [15], must con-
verge to a weak solution of the Einstein-Euler equations (I2)) under the
assumption that the approximations are bounded with bounded oscillation.
The theorem reduces the proof that a numerical approximation really rep-
resents an exact solution containing no delta function sources in the cur-
vature tensors, to the two things most easily established: namely, that the
numerical simulation converges without oscillations. The proof here is a
modification of the Groah and Temple argument used for the locally inertial
Glimm scheme [2], with several differences. First, in the theorem here, we
allow variable time steps, and address a different boundary value problem
which includes both right and left boundary data which reflect the limited
extent in space of a computer simulation. Both the Glimm scheme and the
Godunov methods employ Riemann problem approximations, but the Go-
dunov method employs averaging rather than random sampling at each time
step. The theorem proved here assumes convergence and a total variation
bound, (it is still an open problem to prove such bounds analytically, but for
our purposes here, it is easy to verify these bounds numerically), while the
Groah and Temple theorem establishes both bounds by an argument using
wave strengths to bound the total variation of waves in the Riemann problem

step, followed by an application of Helly’s theorem to prove convergence.

There are two main parts to the proof. The first is to show the disconti-
nuities in the metric A along the boundary of Riemann cells are accounted

for by the inclusion of the term

A" -Vaf(Ay, i,z (1.3)
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in the ODE step [15]. The second part is to prove the jumps in the approx-
imate solution ua, along the time steps are of order Ax. We reiterate that
Groah and Temple [2] did not assume, but proved, the convergence and to-
tal variation bounds which we take as assumptions here. For our purposes,
the assumed convergence and total variation bounds are natural assump-
tions that can be verified numerically. In particular, our main theorem is
perfectly suited to the numerical simulation of points of shock-wave inter-
action in [14, [15]: Once one establishes convergence and a total variation
bound numerically, the theorem here imply convergence of ua, to a weak
solution of the Einstein equations. For the shock wave interaction problem
created in [15] from initial data obtained by matching an FRW metric to a
TOV metric at fixed time, the boundary data consists of the values of these
metric solutions restricted to the two boundaries. The Einstein constraint
equations then imply the consistency of imposing the two conditions. We
refer the reader to [15] for details and numerical printouts.

Again, we refer to [15] for the construction of the initial data, and the
notation we employ in the convergence proof below.

2. The Convergence Theorem

The main theorem of this paper is the following:

Theorem 2.1. Let up,(t,z) and An,(t, ) be the approximate solution gen-
erated by the locally inertial Godunov method starting from the initial data
uaz(to, ) and Aaz(to,x) for tg > 0. Assume these approximate solutions
exist up to some time teng > to and converge to a solution (upz, Aaz) —
(u,A) as Ax — 0 along with a total variation bound at each time step t;

TV (i) a2 (£, )} <V, (2.1)

where T.V.p,, - Jiuax(ts, )} represents the total variation of the function
uaz(tj, ) on the interval [Fmin, Tmax). Assume the total variation is indepen-
dent of the time step t; and the mesh length Ax. Then the solution (u,A)
is a weak solution to the Einstein equations (1.26)—(1.29) in [2].

Proof. Suppose we have approximate solutions (uaz, Aaz) obtained by the
locally inertial Godunov method that satisfy the hypothesis of the theorem.
Having a total variation bound at each time ¢; places a total variation bound
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on the inputs to all the consisting of Riemann problems posed at that time.
In [2], Groah and Temple show a total variation bound on the inputs implies
a total variation bound on the solution Riemann problems at any time ¢ such
that t; <t < t;11. By the self similarity of the solution to the Riemann
problem, this result also implies a total variation bound for any space coor-
dinate within the Riemann cell. Specifically, we have the following bounds,

which supply our starting point here:

TVoia g ai{uac(t, )} <V, (2.2)
and
TV, g {vac(, )} <V, (2.3)

for any = and ¢ within the Riemann cell R;;.

All the functions f, G, and g derived in [2] are smooth, and it is the
metric that is only Lipschitz continuous. The smoothness of these functions

is used throughout this proof.

Let T' = teng — to be the overall time of the solution, and for each mesh

length Az define the minimum time length
At = min{At;} (2.4)
J

as the minimum over all the time lengths defined in [15]. By definition,
this time length is proportional to the mesh length, At « Az, implying
O(At) = O(Ax), and there exists a constant C' bounding all the time lengths,
At; < CAt for all j. Throughout this proof, let C' be a generic constant
only depending on the bounds for the solution in [tg, tend] X [Fmin, "max]- This
variable is created to unify all the time steps, and more importantly, used to

calculate the maximum number of time steps needed to go from tg to teng.

We now follow the development of Groah and Temple in [2]. Recall
from [15], uBP (¢, ) denotes the collection of the exact solutions in all the
Riemann cells R;; = R; % (tj,tj41), R; = (xj—1,;), for the Riemann problem

of the homogenous system

ug + f(Ayj,u), = 0. (2.5)
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So ulP (¢, x) satisfies the weak form of this conservation law in each Riemann

cell

// { quSOt Aij,uﬁf)%}d:pdt
+/R {qu(tj—H’x)SO(tj—i-l, ) ’LLAx(t+ )gD(tj,:L')}d;L'

+ [ LAl )t
—f(Aij, ull (8 wi1))p(t, wi) } dt, (2.6)

where ¢ is a smooth test function with Supp(¢) C [to,tend) X [a,b] for a <

Tmin < Tmax < 0.

Remember from [15], (¢, up) denotes the solution to the ODE

Therefore,

t
(t, up) = up + / {g(Aij,0(& uo), x) — A’ -V f(Aij, 4(& u), )} dE.

" (2.8)

Also, recall from [15] ua, denotes the approximate solution obtained using

the fractional step method. Since our fractional method takes the Riemann

problem solution and feeds it into the ODE step, ua, is defined on every

Riemann cell R;; as

una(t,x) = uBE(t,x) / {9(Asj, a(€ — t;,ufP(t, 2)), 2)
9 ,
O (Agie — 1R () A e (29)

This expression implies the error between the approximate solution and the
Riemann problem solution is on the order of Ax; a fact that is repeatedly

used throughout the proof.

Define the residual € = e(uaz, Aaz, @) of ua, and A, as the error of
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the solution in satisfying the weak form of the conservation law (L2) by

e(uaz, Ana, ¢ (2.10)
Tmax end
/ / (st~ F(Ane use)ps — 9(Ane, ure )¢} dedt—I, — Iy
i= :—1:1
Z/ { UAz Pt — (Aij’uAr)%_Q(Aijaqu,x)SO}dl'dt_]l_]%
i=1,j
where

n+1

Tmax
I E/ UAL to, x)dx = Z/ UAL to, x, (2.11)
Tmin

and

tend
I2 = / {f(AZ,J?qu(t? r—i_un))('p(trr—;in)
to
F (A s (o) o (F, o) bt

=Z/ {7 uaalt )l )
(A usa (b ) ) (o) . (2.12)

The expression Zi ?J;l denotes a double sum where the index ¢ runs across
all the spatial gridpoints, and the index j runs across all the temporal grid-
points. Recall from [15], n is the number of spatial gridpoints, and there are
n + 1 Riemann cells. Our goal is to show (uaz, Aaz, ¢) = O(Az) because
if the approximation converges (uaz, Aaz) — (u,A) as Az — 0, then the
limit function satisfies the condition of being a weak solution to the Einstein

equations in the limit e(u, A, ¢) = 0.

Substituting (2.9) into (2.I0) gives us

1=n+1

{ 'LL IQO Az,UAx)S%_g(AZ7UA:cax)SO
221:] // Az ¥t — J J
—Pt /t [g(Aljaﬂ(g tj, un x(t7x))7x)

of ]

~9A (A, 0(€ —t,uRkE (t, x))) - Al | de}dadt — I — . (2.13)
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Define

t

Bhto) = [ lo(Au (e bl a).a)
0 /

0T (Al — 1 R ) AN dE (214)

Plugging the weak form of the conservation law (2.6)) of each grid rectangle

into (2.13]) gives us

i=n+1

€= Z // {elf (Aij,ulY) = f(Aij, unz)]
i=1,j Rij
—9(Aij, ung, x)p — @il (t, x) } dadt
i=n+1
= 3 [ Bl — B et da
i=1,j /T
1=n+1
b= Y [ S )l
i=1,5 71
—f(Aij,uﬁg(t,xi_l))go(t,xi_l)} dt. (2.15)
Note
| f(Agj,uil) = f(Aij,unz)| < CAL, (2.16)
which implies
i=n+1
> // eulf(Aij, ull) — f(Aij, ung))dadt
i=1,5 Rij
9 T
< Cllgllo At*Ax AL (n+1) = O0(Ax), (2.17)

where the number of time steps is proportional to 7//At and the number of
space steps is O(1/Ax) [15].

Since uﬁf(t;r,x) = up.(t

; ,x), the following sum is rearranged to be-

come

i=n+1

-1 — Z /R{uﬁi(t;l,x)w(tﬂl,m)—uﬁi(tj,x)gp(tj,x)}dx
i=1,; Y
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=3 [ {uaelt) ) — B2 0 oty )

‘7#0 mlﬂ
Tmax
= Z/ t]7 UAm(t;_,l') _qu( ) )}dl’
rmln
Tmax
+Z/ olty,2) {uaalty o) —uE (5, 2) } da, (2.18)
J#O rmln

where the term wua.(t;,2) is added and subtracted to isolate the jump
in the solution ua, across the time step t;. We define this jump e; =
El(uA:w AAZ‘7 SO) as
Tmax
El (qu‘a AASC; Z/ t]7 x uASC(t;_7 IL') - uASC( I )} d.’]}' (2]‘9)
]750 Tmin
and this definition allows us to rewrite (2.I5) as

1=n+1

e= OAz)+e+ Y // {—9(Aij, upz, ©) — i1} (t, @) } ddt
1=1,7
—1—2/ qu(tj_,:L") uii( , )}daj
‘]750 Tmin

i=n+1

- Y / {F( Ay uBE (,2))p (2, 32)
1=1,7

—f(AZ-j,qu(t,xi_l))go(t,xi_l }dt (220)

But the last sum is rearranged to cancel the boundary conditions as follows:

i=n+1
—Ir— Z / {f AzyauAgc (t,x:))o(t, 2) — f(Aij’Uglgj(taiﬂi—l))@(taiﬂi—l)}dt
1=1,7
_ 5 / {F (A1 (b 20)) — £ (Al (8 20)) } ot )t
i=1,j

30 [ LA a0) = (A s (b))} el o)
j J

+Z {f(An+17'au§I;(taxn+1))
s
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_f(An+1,j7UAI(t7xn+1))}Qo(uxn-i-l)dt? (2'21)

where

3 /R {F(ALj P (1 00)) — F(Ady, une(t, 20))} ot 30)dt
j J

T

< |lpll o CAE? <E> = O(Ax), (2.22)

and similarly

E /I; {f(An-H,j? Ugf (t7 ‘TH-H)) - f(An+1,j7 UAz (t7 «Tn-i-l))} Sp(tﬂ xn-i-l)dt
j J
— O(Ax). (2.23)

Note that the resulting double sum in ([2.21]) lost a term, resulting in only n

terms.

To simplify the Il-lj term, we add and subtract a term deviating from it
by an order of Az, use integration by parts on the new term, and with the
result add and subtract another term to reduce the expression further. To

this end, let

1=n+1 t
e = 2 Y R R G L
0
~g(Auy, (6 ~ b3, uE (1, 2), ) — o1 (Aig6(€ — 1, ulD (6 ) - A,
+3—£ (Aij, (€ =t uly (t,2))) - Ay, } ddadt. (2.24)

From the total variation bound on the Riemann problems and the smooth-

ness of f, this term is bounded by

i=n+1 .
Iasl < 3 / / lorll / C TVia, ,my (una(-1t))} dédadt
i=1,j Rij t

< el CAPAZ Y TVpy i e {uaa (1)}
J

T
cv ||90t||OOA:EAt2—

At

IN

= O(Az?), (2.25)
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and the above procedure reduces the term to

// ol t:nd:z:dt

1=n+1

~Ls Y // got/ {o(Ay, € — tj,uE (€,2)), 2)

1=1,7
0
O (Agy (e — t,uBE (€,2))) - A, ) duds

~OA
i=n+1 tit1
= - > /{ tivi, ™ /t [9(Aj, 0(€ — tj,uRl (&, 2)), z)
i=1,j J
0 /
aj; (Al 1y, (€ 0))) - Al ]
—/tm (A, unes ) — 2L (Ass uns) - Al Jde b da
. ©wlg ijy WAz, L oA ijy WAz Az
1=n+1 tjt1
= Z /{ (tjs1,x /t [9(Ayj,a(€ —tj,ulkl (tj1,2)),2)
i=1,5 J
gji (Aggtl€ ~ b0 tgi0,0)) - Ab) b+ Tk T, (220)
where
1=n+1 tjt1
I = ;1:]/ { (tjiv1, /tj [9(Asj, (€ — tj,ukl (tj1,2)), 2)
_g(Aijya(g - tj7uAm (5733))7$)
0 /
O (A ie ~ ty, uBl b1, 0) - AL,
0
+ o (A€ — 10D (60) - Al de | o (2.27)
and A o
= ) // [ (Asj une, #) = 5 (Adj ung) - A’M} dzdt. (2.28)
i=1,j

Again by smoothness and the total variation bound, we have

i=n+1
L] < ol >, C TV g {uns(-t))} AxAt

i=1,j
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IN

lelloo CAZALY “T.Viy o {una(- 1)}
J

T
¢l CVATAL

Substituting ([2.21]) and (2.26]) into ([2.20]) along with using (2.9)) as an identity

leaves us with

= O(Ax). (2.29)

i=n+1

c= 0D te - Y / / wg—i(Aij,uAm)'A’Amdwdt (2.30)
R;;

=15

1=n
+ ) / oty xi) { f(Aigry, uly (t20) — f(Agy, ufl (t2:) } dt.
i=1,j 7

The second sum represents the jump in the flux function f, resulting from
the discontinuities in the metric A, and the first sum is the addition to the

ODE step (2.7) specifically designed to cancel these jumps in the flux.

To see how the cancelation works, we perform a Taylor expansion on the
test function, and we add and subtract terms deviating by order Az. The
first sum in (Z30) is expanded as

1=n+1
Of (A ,
i;j //Rz-j (’Da—A(A”’uAI) Agdxdt
i=n+1 8]"
i:l’j Ri]' 6A
1=n+1
0 0
i=1,j J i
i=n+1
8f RP /
+ / cpa:,-,t/ {_ A uRDY Al
i:zl;jRj( )Ri 5A(]A) A
_g—j;(Aija ull (wi,t)) - A’Am} dxdt
i=n+1 8f
C3 ] e |, {ngea
Z=Zl:] R]-( )Ri OA( i A (@0r1)) - Aa



230 BLAKE TEMPLE AND ZEKE VOGLER [March

e m9f Az
4 / (i t) / O (Ana(w+ 22 1), uBP (2,1)) - Ay ddt
R o OA 2

i=15 V1

+ O(Ax). (2.31)

From the smoothness of f, each of the first three sums in equation (2.37]) are
O(Az) for the following reasons: the first sum is order Az from the ODE
step in the definition of the approximate solution ua, (29, the second
sum is order Az? by the total variation bound on solutions to the Riemann
problems, and the third sum is order Ax by the Lipschitz continuity of the
metric A. After these bounds are established, (2.31]) reduces to

i=n+1

of
Z‘ //Ri]- goa—A(A,-j,qu)- '\ pdxdt

i=1,j
1=n+1 z;
S / oaint) [ 2 (Anale+ B8 1) (1,1)) - Aly,dudt
. . DA 2

i=1,j
+O(Ax)
! o of Az
- Z / go(a;,-,t)/ a—(AAx(m—i-7,tj),u§1;(xi,t))dmdt+O(Am)
i=1,5 71 zi OF
i=n+1

= > /R ot i) { F(Airr g uhy (twiy)) — f(Ag, ull (8 2iq) } dt
i=1,5 /1
+ O(Ax). (2.32)
Plugging this result ([2.32]) into (2.30]) gives us
e = 0an) e =Y [ el (FAna ol )
;IR

—f(Ant1j,ully (t2n1)) } dt, (2.33)

where one term remains due to the mismatch in the number of terms in the

spatial sum. Clearly, this last term is O(Ax).

So the residual boils down to

e(upg, Arz, ¢) = €1(uaz, Aag, @) + O(Ax), (2.34)
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hence all that remains to show is

L Z /rmax o(tj,x) {um(t;r,x) - qu(t;,x)} dv = O(Az). (2.35)
j#0 7 min

To estimate €1, we break up the sum by each time step ¢; and define

E{ E/ @(t],x) {qu(t;_ax)_uAI( ’ )}d(l)

min

= Z/ o(t;, =) um(tf,ﬂf) —uag(ty )}d:c (2.36)

and x;_ =z, 1.

with z;4 =« i1

i+3
Recall from [15], the approximate solution for the new time step tj is

computed by the Godunov step, using averages at the top of each Riemann
cell R;;. In particular, the solution at each new time step, is

uas(t], @) = Aty — tj-1,a(t;), ) (2.37)
where

i) =5 [ ok (2.38)

To finish the proof, a lemma is needed, which is proven at the end.
This lemma states that the difference between the solution of the ODE step
starting at the cell average minus the solution starting at a state along the
top of the Riemann cell, is bounded by the total variation of the Riemann
problem.

Lemma 2.1. Let qu represent the solution of the Riemann problem in the
Riemann cell R; j—1 and tua.(t) denote the average of the Riemann problem
solution across Riemann cell. Let 4 be the solution obtained by the ODE
step 2.7) and ¢ be a smooth test function. Then the following bound holds:

Ti4
/ {a(tj_tj—l’aAr(tj)v T)— ’[L(t — - 17qu(t]7 ’x)}(p(tjvl‘)dl'

< Clello AzAt TV g, o0 {una(ts; )} (2.39)

for some constant C' > 0.
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Using Lemma 2] (2.30]) is rewritten as a solution to the ODE step (2.7)
to obtain the bound

5{ — Z/ o(tj, x) {u ti—1,u(ty), x)—a(t; —t;— 1,qu(t],x }da:
< CHSOHOOA‘TAtZTV[xl_,xl_‘_}{uA};(Jt])}
= Clglloo AzAt TV.pp g {ukE (1)} (2.40)

By the total variation bound on uaz(t;,-), the residual is bounded by

T
€1 S ZC HCPHOO AmAt T'V[Tminmmax}{ugf(.’tj)} S CEA‘TAtV = O(A‘T)
j#0
(2.41)
Therefore, ¢ = O(Az), as claimed. This completes the proof of Theorem

2.1l once we supply the proof of Lemma 2.1 O

Proof of Lemma [2.1. We use the following preliminary result: given a
function defined on a set of points, the difference between the average value
of the function, and its value at any other point is bounded by the total
variation of the function on the set. We record this in the next lemma:

Lemma 2.2. Let u(x) be a function on the set [x;—,x;y| and
1 [
u= N /IL u(x)dx (2.42)

be the average of u on this set. Then we have

a—u@)|< s [ule) —u(e)] < TV e {u()}) (243)

x1,L2€[x4,x;41]

Now recall the solution to the ODE step has the form:
ity — tj-1, ul (15, 2),2) =k (1, 2) / G(Ay, ufP(t, ), 2)dt. (2.44)

Substituting this into ([2:39)) gives

T4
/ {a(tj_tj—l’aAr(tj)v )_u(t — - 17qu(t]7 x)}(p(tjvl')dl'
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[ sty — o)

—l—/tj (G(A4j,upz(t), x) — G(A,-j,uﬁg(t,x),x))dt} o(t;, x)dx

j—1

Ti4
/ {tinz(t;) — uks (tj,2)} o(t;, x;)dx

Tiq t;
+/ {G(Aij, uns(ty), v)—G(Asj, ukl (tj,),2) } dt o(t;,2;)dx
x; t

. -1

+ O(Az?), (2.45)

where the test function in the first term is approximated by a Taylor expan-
sion. By the definition of the average u, the first term is zero. Thus, by the
smoothness of G, the bound ([239) follows from

Ti4
/ {a(ty = tj—1,Uas(ty), ) — Aty — tj-1,uly (b, @), 2) } o(t;, x)dx
Tj—

< Cligllos AzAt — sup {|tas(t;) — B (t;, 2)[}
T; <X $i+
<C H@Hoo AzAt T'V[zi_,zi+]{uAI(tj7 )}7 (2’46)

where Lemma is used to bound the difference between the average and
any state in the solution to the Riemann problem. This completes the proof
of Lemma 21l and therefore the proof of our main result, Theorem [2.1], is
complete. O

References

1. J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm.
Pure Appl. Math., 18 (1965), 697-715.

2. J. Groah and B. Temple, Shock-wave solutions of the Einstein equations: Existence
and consistency by a locally inertial Glimm Scheme, Memoirs of the AMS, Vol. 172,
No. 813, November 2004.

3. S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Spacetime, Cambridge
University Press, 1973.

4. P. D. Lax, Hyperbolic systems of conservation laws, II, Comm. Pure Appl. Math., 10
(1957), 537-566.



23

10.

11.

12.

13.

14.

15.

16.

4 BLAKE TEMPLE AND ZEKE VOGLER [March

. W. Israel, Singular hypersrfaces and thin shells in general relativity, Il Nuovo Cimento,
XLIV B (1966), No. 1, 1-14.

D. Nelson and M. Choptuik, Ultra-relativistic fluid dynamics, arXiv:-qc/9904052v1 20
Apr 1999.

T. Nishida, Global solution for an initial boundary value problem of a quasilinear
hyperbolic system, Proc. Jap. Acad., 44 (1968), 642-646.

M. Reintjes and B. Temple, No regularity singularities exist at points of general rel-
ativistic shock wave interaction between shocks from different characteristic families,
Proc. R. Soc. A, (to appear).

M. Reintes and B. Temple, The Scattering of Gravity Waves by the Hypothetical Struc-
tures of regularity singularities, (in preparation).

J. Smoller, Shock Waves and Reaction Diffusion Equations, Springer Verlag, 1983.

J. Smoller and B. Temple, Global solutions of the relativistic Euler equations, Comm.
Math. Phys., 157 (1993), 67-99.

J. Smoller and B. Temple, Astrophysical shock-wave solutions of the Einstein equa-
tions, Phys. Rev. D, 51 (1995), no. 6, 2733-2743.

B. Temple and J. Smoller, Expanding wave solutions of the Einstein equations that
induce an anomalous acceleration into the Standard Model of Cosmology, Proc. Nat.
Acad. Sci., 106 (2009), no. 34, 14213-14218.

Z. Vogler, The Numerical Simulation of General Relativistic Shock Waves by a Locally
Inertial Godunov Method Featuring Dynamic Time Dilation, Doctoral Dissertaion,
UC-Davis, March 2010.

Z. Vogler and Blake Temple, Simulation of General Relativistic Shock Wave Interac-
tions by a Locally Inertial Godunov Method featuring Dynamic Time Dilation, Proc.
Roy. Soc. A., 468 (2012), 1865-1883.

S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General
Theory of Relativity, John Wiley & Sons, New York, 1972.



	1. Introduction
	2. The Convergence Theorem

