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Abstract

L for the map Sy, t > 0 that

associates to every given initial data uo € Lip(RN) the corresponding solution Siug of an

We study quantitative estimates of compactness in W

Hamilton-Jacobi equation
w + H(z, Vou) =0, t>0, zeRY,

with a convex and coercive Hamiltonian H = H(x,p). We provide upper and lower
bounds of order l/EN on the the Kolmogorov e-entropy in W' of the image through
the map S; of sets of bounded, compactly supported initial data. Quantitative estimates
of compactness, as suggested by P.D. Lax [23], could provide a measure of the order of
“resolution” and of “complexity” of a numerical method implemented for this equation. We
establish these estimates deriving accurate a-priori bounds on the Lipschitz, semiconcavity
and semiconvexity constant of a viscosity solution when the initial data is semiconvex. The
derivation of a small time controllability result for the above Hamilton-Jacobi equation is

also fundamental to establish the lower bounds on the e-entropy.
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1. Introduction

The theory of viscosity solutions to first-order Hamilton-Jacobi equa-
tions of the form

w(t, ) + H(z, Vyu(t,z)) =0, t>0, zeRY, (1)

provides existence, uniqueness and stability results. The concept of viscosity
solution was introduced by M.G. Crandall and P.-L. Lions in [15] to cope
with the lack of classical (smooth) solutions of the Cauchy problem for ()
globally defined in time. In fact, for such equations singularities in the
gradient of the solution may arise in finite time, no matter how smooth the
initial datum

u(0,-) = ug (2)

is assumed to be. We refer to [3] for a review of the notion of viscosity
solution and the related theory for equation of type (). In the case where the
Hamiltonian H(x, p) is smooth in both variables and convex in the p-variable,
the viscosity solution wu(t,z) of (@)-(), with initial datum wug : RV — R
Lipschitz continuous, can be represented as the value function of a classical
problem in the calculus of variation:

¢
u(t,z) = min uo(£(0)) + [ L(&(s),&(s ds‘ tzw}, 3
()= _ i Juoteo) + [ 2069, éas | €00 )
where AC([0,],RY) is the class of absolutely continuous functions from [0, ¢]
to R™ and L denotes the Legendre transform of H with respect to the second
group of variables:

L(z,q) = sup {(p,g) —H(z,p)}  Va,qeRY. (4)
peERN

Under appropriate regularity assumptions on the map = — H(x, p), this fact
implies that u(¢,z) is locally semiconcave in z, which in turn ensures that
u(t, ) is almost everywhere twice differentiable and that V,u(¢,-) has locally
bounded variation (Vyu(t,) € BVj,.), i.e. that the distributional Hessian
D2uf(t,-) is a symmetric matrix of Radon measures.

There is a vast literature concerning the structure and the regularity of
the gradient of a viscosity solution to (), see for example [],19,110, 11,13, 19].
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Instead, in this paper we are interested in analyzing the regularizing effect
of the whole semigroup map

St : Liploc(RN) — Liploc(RN)v t>0

that associates to every initial data ug € Lip(RY) the unique viscosity solu-
tion Syug = u(t,-) of the corresponding Cauchy problem (l)-(2]), evaluated
at time t. Namely, for W1>-bounded subsets £ of Lip(R") of the form

Lirm = {uo € Lip(R") | supp(ug) C [—R, R]™, Lipug] < M}, (5)

the semiconcavity constant of Siug, ug € L, on every bounded subset Q2 C
RY, depends only on €, t and £. Hence, thanks to the local uniform semi-
concavity of Sy(L), applying Helly’s compactness theorem and a Poincaré in-
equality for BV-functions, one can show that the image set S;(£) is compact
with respect to the Wll(;i—topology. This property reflects the irreversibility
feature of the equation (Il) when the Hamiltonian H(z,p) is convex in the
p-variable. Here, we are concerned with the compactifying effect of the map
S; when the space Lip(R") is endowed with the Wll(;i—topology, rather than
the classical L>®-topology, having in mind the L!-stability theory and the
L!l-error estimates established for approximate solutions of Hamilton-Jacobi
equations [24], which turn out to be sharper than the L ones.

Inspired by a question posed by P.D. Lax [23] within the context of
conservation laws, we employed in [1] the concept of Kolmogorov e-entropy
to provide a quantitative estimate of this regularizing effect of the semigroup
map in the case where the Hamiltonian H = H(V,u) is a convex function
depending only on the spatial gradient of the solution. We recall the notion
of e-entropy introduced by A. Kolmogorov [21]:

Definition 1. Let (X, d) be a metric space and let K be a totally bounded
subset of X. For € > 0, let N-(K|X) be the minimal number of sets in a
cover of K by subsets of X having diameter no larger than 2. Then the
e-entropy of K is defined as

H (K| X) = logy N (K|X).

Throughout the paper, we will call e-cover a cover of K by subsets of X
having diameter no larger than 2e.
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Actually, since in general Syug, ug € £, is not an element of WH1(RN),
we have analyzed in [1] the Kolmogorov entropy of the translated set S;(£)—
S; 0 which is a subset of WH1(RY). The main result of the present paper
extends the estimates on the Kolmogorov entropy established in [1] to the
semigroup map generated by (II), for Hamiltonians satisfying the Standing
Assumptions:

(H1) H € C*(RN x RY) is a coercive and convex map with respect to the
second group of variables, i.e. it satisfies

H
@p) _ L vazeRY, (6)
pl—oo D]
2 N
DyH(z,p) > 0 Va,peRY, (7)

where DZQ,H (z,p) denotes the Hessian of H with respect to the p vari-
ables and the inequality is understood in the sense that D]%H (z,p) is
a positive definite matrix.

(H2) H and its gradient satisfy the inequalities:

H(w,p) > —ci (1 + [])
<p7 DPH($7p)> - H(:L'vp) P C2|DpH($7p)|a —C3 v T,p € RN?

|D,H(z,p)| < ca| DyH(z,p)|" + ¢5
(8)

for some constants ¢1,c3,cq,¢5 >0, co > 0 and a > 1.

In fact, we shall provide upper bounds on the Kolmogorov entropy of
St(Lig ) — St 0 at any time ¢ > 0 and lower bounds for times ¢ smaller that
a quantity depending on R, M. Specifically, we prove the following

Theorem 1. Let H : RY x RV — R be a function satisfying the assump-
tions (H1)-(H2) and {S;}i>0 be the semigroup of viscosity solutions gener-
ated by (@) on the domain Lip(RY). Then, given R, M > 0, letting Lr,m
be the set defined in (B) the following hold.

(i) For any T > 0 and for every e > 0 sufficiently small, one has

1
He(Sr(Linan) = S0 | WHERY) ST yvm oo )

with
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4N?
F?;{M,Nj}i“}%' <4N' (1+MT+(“T+1)IT)) ) (10)

where wy denotes the Lebesque measure of the unit ball of RN and
lr, wr, kT are constants depending on R, M, N, T defined in (104]), (105,

(I19).

(ii) For any 0 <T < 7, ,, and for every ¢ > 0 sufficiently small, one has

_ 1
He <5T(£[R,M]) —-Sr0 | WI’I(RN)) AT N (11)

with

N
1 < Ky o wN TRN+1 > (12)

I = :
[RMNT] = g In2  \48(N + 1) 2N+1

where T, ., 1., K, are constants depending on R, M, N defined as in

Section 4.2.

Since the upper and lower bounds on the e-entropy in W1 of St(Lir) —
S;0 are both of order 1/¢V, we deduce that, for Hamiltonians satisfying
the assumptions (H1), (H2), such an e-entropy is of the same size ~ 1/eV
established in [1] for Hamiltonians not depending on the space variable. En-
tropy numbers play a central role in various areas of information theory and
statistics as well as of ergodic and learning theory. In the present setting,
this concept could provide a measure of the order of “resolution” and of the
“complexity” of a numerical scheme, as suggested in |22, 23]. Roughly speak-
ing, the order of magnitude of the e-entropy should indicate the minimum
number of operations that one should perform in order to obtain an approx-
imate solution with a precision of order ¢ with respect to the considered

topology.

Remark 1. Because of the assumption (H1), for any given z,q € RN
there exists some point p, ; where the supremum in (@) is attained (cfr. [12,

Appendix A.2]). Thus, in particular, one finds that

L(l‘,O) = —H(l‘,px), (13)
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for some p, € R™, and

q = D;DH(va:E,q))
L($aQ) = (pm,q,Q> - H("L'apm,q)’ (14)
DwL(:qu) = _DwH($7pw,q)7

for some p, 4 € RY. Hence, relying on the inequalities of the assumption
(H2), one can show that

L(z,0) <c(1+]z]) VazeRY,
L($7Q)>C2|q|a_c3 Vl‘,qERN,
|DoL(z,q)| < ealgl*+¢5 VaqeRY.

These uniform bounds on the Legendre transform of H are fundamental to
provide an estimate on the size of the support of the map x — Syug(z) —
S¢0(z), when ug varies in a set Ly as in (@), as well as to derive a-
priori bounds on the minimizers for ([B]). The assumptions (H1)-(H2) are
verified by a large class of Hamiltonians H(x,p) convex in the p-variable.

For example, if we consider
H(z,p) = f(2)(1+[pl*)" + g(2),
where m > 1/2 and f,g € C?(R") are such that
0< f(x) <cy, —cg(1+|z|) < g(x) < ¢q VzeRY,

for some cf,cq > 0, it is straightforward to verify that H satisfies (H1)-(H2)

2m
2m—1"

(H2) is certainly fulfilled, in particular, by the Hamiltonians that satisfy
(H1) together with the (stronger) bounds

for a = On the other hand, one can easily check that the assumption

—(1+ |z|) < H(z,0) < ¢
. Va,peRY, (15)
|DpH (z,p)|" < y(1+ [pl?)

for some constants ¢}, ¢, > 0 and a > 1.
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The key step of the proof of Theorem [I}(i) consists in deriving accurate
estimates on the size of the support wy(ug) = Supp(Stug — St 0) of the
map x — Spug(z) — S0 (z) and on the semiconcavity constant of Spug on
wr(up), when ug € Lr - Notice that, since the Hamiltonian depends on
the space variable, we cannot employ the explicit Hopf-Lax representation
formula for the solutions of an Hamilton-Jacobi equation as in [1]. Instead,
we shall obtain these estimates relying on the representation (B]) of a solution
to () as as the value function of a Bolza problem in the calculus of variations
and performing a careful analysis of the behaviour of the solution along
the corresponding minimizers. Thanks to such a-priori bounds, one then
recovers the upper estimate (@) invoking a similar estimate established in [1]
for the Kolmogorov entropy of a class SCixj of semiconcave functions with
semiconcavity constant K defined on a bounded domain.

The proof of Theorem [I}(ii), as in [1], is based on a controllability type
result for the elements of the class SC(x). Namely, we show that, for times
T > 0 sufficiently small and for some constant K depending on R, M, every
element of SCi) which coincides with St 0 outside a bounded domain can
be obtained as the value u(T, -) of a viscosity solution of ({II) with initial data
in Lir - Notice that St 0 is in general not a smooth function. Therefore,
to establish such a controllability property one cannot expect to produce
smooth solutions on the whole domain [0, 7] x RY that attain at time 7" the
desired profile. However, we shall achieve this result relying on a fine analysis
of the backward and forward optimizers of the problem of calculus of vari-
ation associated to a local smooth solution of (Il) and performing accurate
estimates on the semiconcavity and semiconvexity costants of a viscosity
solution of (). In turn, this result yields the lower bound (II]) invoking
the same type of estimates provided in [1] for the Kolmogorov entropy of
SCk)- It remains open the question wether a global (in time) controllability
property for semiconcave functions hold for Hamilton-Jacobi equations with
Hamitonian depending on space (cfr. remark [I0]in Section 4.2).

The paper is organized as follows. In Section 2, we collect preliminary re-
sults and definitions concerning semiconcave functions and Hamilton-Jacobi
equations, as well as the quantitative compactness estimates on classes of
semiconcave functions established in [1]. In Section 3 we derive local a-priori
bounds on the Lipschitz and semiconcavity constant of a viscosity solution
to (), which then yield the upper bound stated in Theorem [}(z). In the first
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part

of Section 4 we provide local a-priori bounds on the semiconvexity con-

stant of a viscosity solution to (Il) when the initial data is semiconvex. Next,

we e

stablish a local controllability result for a class of semiconcave functions,

which allows us to obtain the lower bound stated in Theorem [I}(i7).

2. Notation and Preliminaries

Let N > 1 be an integer. Throughout the paper we shall denote by:

| - | the Euclidean norm in R,

(-,-) the Euclidean inner product in RY,

[z, y] the segment joining two points =,y € RV,

B(wg,r) the open ball of RY with radius r > 0 and centered at o,
#(S) the number of elements of any finite set S,

Vol(D) the Lebesgue measure of a measurable set D C RV,

wy = Vol(B(0,1)) = % the Lebesgue measure of the unit ball
of RV,

||A|| the usual operator norm of the N x N matrix A,

Lip(R™) the space of all Lipschitz continuous functions f : RN — R,
and by Lip[f] the Lipschitz seminorm of f, while Lip[f; Q] denotes the
Lipschitz seminorm of the restriction of f to a domain Q C RY,

supp(u) the support of u € Lip(RY), that is, the closure of {z €
RN | u(z) # 0},

AC([a, b], RY), with [a, b] interval of R, the space of all absolutely con-
tinuous functions from [a, b] to R,

L' (D), with D c RY a measurable set, the Lebesgue space of all
(equivalence classes of) summable functions on D, equipped with the
usual norm || - [|p1(py,

L>(D), with D C RY a measurable set, the space of all essentially
bounded functions on D, and by |ul[ge(p) the essential supremum of
a function v € L*°(D) (we shall use the same symbol in case u is
vector-valued),
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o Wi (Q), with © a convex domain in RYV, the Sobolev space of functions
with summable first order distributional derivatives, and by || [[w1.1(q)

its norm,

. VV(I)’1 (Q), with Q a convex domain in R, the Sobolev space of functions
F € Wh1(Q) with zero trace on the boundary 99,

e BV(Q,RY), with Q a domain in RY, the space of all vector-valued
functions F : Q — RY of bounded variation (that is, all ' € L!(©2,RY)
such that the first partial derivatives of F' in the sense of distributions

are measures with finite total variation in §2).

Moreover |a| := max{z € Z |z < a} denotes the integer part of a.

2.1. Generalized gradients and semiconcave functions

We shall adopt the notation Dwu for the distributional gradient of a
continuous function u. A notion of generalized differentials that specially

fits viscosity solutions is recalled in the following
Definition 2. Let u : Q — R, with Q C RY open. For every z € Q, the sets

Yy ly — |

D u(z) == {p e RN | liminf W) @) =Py =) 0},
y—e ly — |

are called, respectively, the D-superdifferential and the D-subdifferential of

u at x. Moreover,

D*u(x) ::{p:kli}ngo Vu(zg) | f is differentiable at zj and zj — x}, (17)
is called the set of reachable gradients of u at x.
From definition (I it follows that there holds

D™ u(z) = =DV (—u)(x) Ve (18)
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Remark 2. When u is locally Lipschitz in ©, D*u(z) is a nonempty compact
set for every x € €. Moreover, if L is a Lipschitz constant for v on a
neighborhood of x, then we have that

lpl <L  Vpe D*u(z).

In this case, the convex hull co D*u(z) gives Clarke’s generalized gradient,
Ou(x), see [14]. Consequently, there also holds

Ip| <L Vp € Ou(zx). (19)
On the other hand, if u is semiconvex then one has du(z) = D™ u(x).

We collect below some basic definitions and properties of semiconcave
functions in R™V that will be used in the paper. We refer the reader to [12]
for a comprehensive introduction to the corresponding theory.

Definition 3. A continuous function u : Q@ — R, with Q@ ¢ RY, is called
semiconcave if there exists K > 0 such that

u(z + h) + u(z — h) — 2u(z) < K|h|?, (20)

for all z,h € RY such that [z — h,2 + h] C ©. When this property holds
true, we also say that u is semiconcave in Q) with constant K, and call K a
semiconcavity constant for wu.

- We say that u is semiconver with constant K if —u is semiconcave with
constant K.

- We say that u : Q — R, with Q c R open, is locally semiconcave (or
locally semiconvex) if u is semiconcave (semiconvex) in every compact
set A CC (.

Remark 3. The notion of semiconcavity introduced here is the most com-
monly used in the literature, often denoted as linear semiconcavity. A more
general definition of semiconcavity can be found in [12]. It is easy to see
that a function u is semiconcave (semiconvex) in €2 with constant K > 0 if
any only if the function

K

u(x) =u(z) — 5

22 <a(a;) = u(w) + %W), zeQ
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is concave (convex).

Semiconcave functions and their superdifferential enjoy the properties
stated in the following (see [12, Theorem 2.31, Proposition 3.3.1, Proposi-
tion 3.3.4, Theorem 3.3.6, Proposition 3.3.10])

Theorem 2. Let Q C RY be open and u : Q — R be semiconcave with
semiconcavity constant K. Then, the following properties hold true.
(i) w is Lipschitz continuous and almost everywhere differentiable.

(ii) The superdifferential D" u(x) is a compact, convexr, nonempty set for
all x € Q.

(iii) DY u(z) = co D*u(z) for all z € Q, where co stands for the convex hull.

(v) If DY u(z) is a singleton for every x € Q, then u € C1(Q, R).

)
(iv) DM u(x) is a singleton if and only if u is differentiable at x.
)
(vi) p € DYu(z) if and only if

u(e +h) — u(z) — {p, ) < 5 IAP, (21)

for all x,h € RN such that [,z + h] C .

Proposition 1. Let Q C RN be open conver and v : Q — R be semiconcave
with constant K. Then, for every z,y € Q, and for any p, € DV u(x),
py € DT u(y), there holds

(py — pay — ) < K |y — .

Remark 4. Relying on the properties of the generalized gradients one can
show that if a function v : @ — R ( © € RY open and convex) is both
semiconcave and semiconvex in Q then u € CY1(Q,R) (see |12, Corollary

3.3.8)).

2.2. Upper and lower bounds on the ¢-entropy for a class of

semiconcave functions

We report here the estimates obtained in [1] on the e-entropy in W11
of classes of semiconcave functions on R¥.
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Given any R, M, K > 0, and any 1 € Lip([—R, R]"), consider the classes

of functions

Lhan = {0 € Lin([=R, RIN) [ug =1 on 0 [~ R, B™, Lip[uo] < M }(22)

and

SC%M,K] = {uo = £1[%’M] ‘uo is semiconcave on [—R, R]N

with semiconcavity constant K } (23)

Theorem 3. Given any R,M,K > 0 and a semiconcave function ¢ €
Lip([~R, R]"V) having Lipschitz constant M and semiconcavity constant K

with the above notations the followings hold:

i) for every 0 < e < ME? (i R, M}V, one has
5

1
HE (SCE%,MJ{} | Wl’l([_R’ R]N)> < 7[—;,M,K,N] ) E_N (24)

where AN?
T s = 6N (4N 1+ M+ (K + 1)3)) . (25)
(i) for every 0 <e < ﬁ’;—ﬁfg) min{M, K}, one has
H.(Sch, WHY(=R,RIN)) =+ . 26
6( [R,2M 2K] | ([-R. R] )) Z Nrgn 2N (26)

where

- s (KWNRNH >N (27)

T T 8 2\ 48(N + 1) 2N+

Proof. The estimates stated in Theorem [3] were established in [1, Proposi-

tion 8, Proposition 10] for the class of functions

SClrM k) = {uo € Lir, M ‘ upls semiconcave with semiconcavity

constant K} (28)

(with L az as in (B)), which consists of the extensions to RYN of the ele-
ments in SC?R M.K]" However, with the same arguments of the proof of [1,
Proposition 8] one obtains the upper bound (24) for the class of function
in (22) and for a general v € Lip([~R,R]"). In fact, as in [1], we may
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define the map Tx : LY([-R, R]) — LY ([~ R, R]"), that associates to any
f € LY([-R, R]Y) the function

Ticf(x) = () + ol (29)

and then consider the class of concave functions

Clrarsg = {f € WHI=RRM) | Ticf € SCly uy s }- (30)

Since Tx : CEZA M) SCE%’ M,K] is a surjective isometry, it is sufficient to

provide an upper bound on the e-entropy of the set C[% MK Then, observing
1,1

that for every f1, fo € C[I%,MJ{} there holds f1 — fo € Wy ([-R, RV), and

applying the Poincaré inequality for trace-zero W1 functions, we produce

as shown in [1] an e-covering of C[d]}% M) W with a cardinality of order

"/+
[R,M,K,N]

2" <~ . This yields the upper bound (24]). Similarly, one can recover
the lower bound (26) as follows. For e sufficiently small, it was shown in
the proof of |1, Proposition 10] that there exists a class of C'!' semiconcave

functions U C SCp p, ) for which

1
1,1 (N -
Ho(t | WHRY)) 20 o (31)
On the other hand, since % is a semiconcave function with Lipschitz constant
M and semiconcavity constant K, by definition (23)) it follows that the re-
strictions to [~ R, R]"V of the maps in U, 4 1) are all elements of SCE@%,2M,2K}'
Thus, one has

He (SChanrong | WH(I=REIN)) > Ho (U + 0 | WH (R, RJY))
= H. (U | WM (-R,R)Y))
= Mo (U | WHRY)), (32)
which, together with (31l), yields (24)). O

Remark 5. The same lower bound (26]) of Theorem Bl (ii) holds for the class
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of C! elements of the set SCE’%’ MK’

Sl = {uo € SCly 11 1) NCH (=R, RN | Dug = Dy on 9[-R. R]N}.
(33)

2.3. Hamilton Jacobi equation

Consider the Hamilton-Jacobi equation (II), and observe that the as-
sumptions (H1)-(H2) imply that the Legendre transform L(x,q) of p —
H(z,p) defined in (4]) enjoy similar properties as H (cfr. Remark [Iin the
Introduction and [12, Appendix A.2]):

(L1) L € C?’(RY x RY) is a convex and coercive map with respect to the

second group of variables, i.e.,

0< DgL(:L', q) YV x,q € RY, (34)
L
@.9) _ o vzeRY (35)
lal=oc0 gl

(L2) There exist constants ¢y, c3,cq,c5 > 0, c2 > 0 and a > 1 so that

L(z,0) <ci(1+]z]) VazeRY, (36)
L(z,q) > c2lq|* —c3  Va,qeRY, (37)
|D.L(2,q)| < calg|*+c5  Va,geRY. (38)

As we mentioned in the introduction, since solutions of the Cauchy
problem for (Il) may develop singularities in the gradient in finite time, even
with smooth initial data, a concept of generalized solution, the wviscosity

solution, was introduced in [15] (see also [16]). We recall here the:

Definition 4. We say that a continuous function u : [0, 7] xR¥ is a viscosity
solution of () if:

(i) w is a viscosity subsolution of (), i.e., for every point (¢, zq) € ]0, T[xRY
and test function v € C1((0,400) x RY) such that u — v has a local
maximum at (to, g), it holds

ve(to, o) + H(xo, va(to,xo)) <0,
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(ii) u is a viscosity supersolution of (Il), i.e., for every point (to,x9) €
10, T[xRY and test function v € C((0,+00) x RY) such that v — v

has a local minimum at (g, z¢), it holds

v(to, z0) + H (20, Vov(to, z0)) = 0.

In addition, we say that w is a viscosity solution of the Cauchy prob-
lem (d)-(2) if condition () is satisfied in the classical sense.

Remark 6. An alternative equivalent definition of viscosity solution is ex-
pressed in terms of the sub and superdifferential of the function (see [16]).
Relying on this definition, and because of Theorem [2}(iv), one immediately
see that every C' solution of () is also a viscosity solution of (). On the
other hand, if u is a viscosity solution of (), then u satisfies the equation at
every point of differentiability. Moreover, one can show that if u : [0, 7] x Q,
Q c RV, is a viscosity solution of (I) and we know that wu(t,-) is both
semiconcave and semiconvex in € for all ¢ €]0,77, then w is a continuously

differentiable classical solution of () on |0, T]x €2 (e.g. see |1, Proposition 3]).

Under the assumption (L1), for every ug € Lip(RY), the value function
defined in (@) in connection with the Bolza problem of calculus of variation

with running cost L and initial cost ug:

min {uo(ﬁ(())) + /OtL(ﬁ(S),f(S))dS ‘ == } (CV)M

£eAC([0,t],RN)

provides the (unique) viscosity solution of the Hamilton-Jacobi equation ()
with initial data u(0,-) = ug (see [12, Section 6.4]). We recall below some
properties of viscosity solutions of interest in this paper which follow from
the representation formula (B]) (cfr. [12, Sections 1.2, 6.3, 6.4]).

Theorem 4. Assume that the Legendre transform L of H in ({4) satisfies
the assumptions (L1)-(L2) and, given ug € Lip(RY), let u be the viscosity
solution of [@M)-@) on [0, +oo[ xRY, defined by @B). Then, the following
holds true.
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(i) Dynamic programming principle: for all x € RY and s € [0,1[,
t > 0, we have

)= minfuts.elo)+ [ L. & | 0 - x(}g.g)

Moreover, if £ is a minimizer for (CV )¢ 5, the restriction of £ to [s, ]
is also a minimizer in ([B9).
(ii) Euler-Lagrange equation: for all x € RN and t > 0, if & is a

minimizer for (CV )., & is a Caratheodory solution of the equation

d

DL (E(s).£(5)) = DaL(£(5),€(s)) (40)

on [0,t], i.e. £ satisfies {AQ) for almost every s € [0,t]. Moreover, one

has
DyL(£(0),£*(0)) € duo(£*(0)), (41)

where Ou denotes Clarke’s generalized gradient.

(iii) Generalized backward characteristics: for all z € RN and t > 0,
if £ is a minimizer for (CV),, there exists p* € AC([0,t],RY) (called
the dual or co-state arc associated with £*) so that (£*,p*) provides the

solution of the system

on [0,t], with terminal condition

{é‘(t) =, (43)

p(t) € Dfu(t, x).

Moreover, u(s,-) is differentiable at £*(s) for any s €]0,t[ and one has

p'(s) € Dyu(s,§(s)) Vs €0, (44)
p*(0) € duo(£(0)). (45)
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By the above observations, the family of nonlinear operators
Sy : Lipy.(RY) — Lipy,.(RY), ug — Syug, t =0,

defined by

Sue) = _ i (e + [ L&) é0as [0 = | (a0

EEAC([0,t],RN)
enjoy the following properties:

(i) for every ug € Lip(RY), u(t,z) = Syug(z) provides the unique viscosity
solution of the Cauchy problem (II)-(2));

(ii) (semigroup property)

Strsug = St Ssug, Vi,s =20, Vug € Lip(RN).

3. Upper Compactness Estimates

3.1. A-priori bounds on the value function

Let H : RN — R be a function satisfying the assumptions (H1)-(H2)
and let L be the corresponding Legendre transform in () . We establish
here an a-priori bound on the support of Siug — S;0 in terms of the support
of ug, and we collect some a-priori local bounds on the semiconcavity costant
and on the gradient of the value function Syug in ([6]). In particular, given
R, M > 0, we shall derive such properties in connection with the set of initial
data introduced in (B):

Lira = {uo € Lip(RY) | supp(ug) C [-R, R, Lip[ug] < M}.

Lemma 1. Assume that the Legendre transform L of H satisfies the as-
sumptions (L1)-(L2) and, given ug € Lip(RY) N L®(RYN), let u be the
viscosity solution of ([@)-@) on [0, +oo[ xRY, defined by @B). Then, given
(t,x) €]0,00] xRYN, and letting &* be a minimizer for (CV ), ., one has

2}

2 =€) < (ol ;

Jt) + v 7T e|0,t], (47)

RN)
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where

[l OHLoo(RN (c1+c3)t

l1(||Uo||LOO(RN),t) = T

+t (Ll ta 15))ﬁ . (48)

C2

Moreover, if x € [—1,1|V, 1 > 0, then there holds

[€()] < Xa (JJuoll Lip[uo], 1, t) vrelo, (49)

Loo(RN)’
for some constant X1(||u0||LOO,Lip[uo],l,t) > 0 depending on ||u0||LOO,

Lip[uop], 1, t.

Proof.

1. Given (t,x) € [0,00[ xR¥, let £* be a minimizer for (CV);,. First
observe that since

1
2(1 t)\e-1
C2

we deduce
p= @] = EO -] < | |6

< % t|f*(s)\ads+t <72(1+61t)>m

C2
Vrelot,zeRY. (50)

Towards an estimation of fg ‘é*(s)‘ads, relying on ([B7) we derive

o [ < [ 1 6.€ (s +art. 61)

On the other hand, by definition (46)) and thanks to (36l), we have

uta) = =l o+ [ LE (6 E ()

u(t,z) < HUOHLOO +t¢- L(z,0)

(RN)

< luol| +t-a(l+2)),

Loe (RN)
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which, together, yield

t
| L@ E@s <2l ol (52)
0 oo (RY)
Thus, combining (51)), (52)), we find
t N
cz/ |§*(5)| ds < 2Jug| v Tl t+es)t+cr -zt (53)
0 Lee (RY)

Hence, from (B0), (B3]), we deduce

HUOHLOO(RN) + (Cl + 63) t

|z —¢&*(r)| < T o —I—t<

1
2(1 t) o1
( +Cl)> 7y rep,,
C2 2

(54)
which proves (47]).

2. Towards a bound on |£*], observe that, if z € [, 1]V, because of {@T) we

find

T <& () — ] + ||
3|z
< ll(HUOHLOO(RN)7t) T v relot. (55)

3v/N -1
I ([Ju OHLOO(RN t) + 5

On the other hand, thanks to the convexity of L(x,q) with respect to g,

relying on (36)-(38), (@0), (1), (53), (55), and recalling Remark 2] we derive

e2|€*(7)|" < e+ L(E°(7), € (7))
< ez 4 L(£°(7),0) + (D L(€*(7),£5(7)), €(7))
<1+ ezt alé ()

([ DL€ @) ds + DL(E0.€0), €))
2

IN

c1e (1+l1 (Hu()HLoo,t

+</OT\DIL(£*( (s))|ds+Lip u0> |£4(7)]

C3
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IN

er- (140 (Juoll 1)) +@ +c3
+ <C4 /()t|§*(s)|ads +oe5t+ Lip[u0]> |£*(7’)|
1 <1+l1 <||uo||Loo,t)) —I—@ +c3

2 cqluo|
Lo c1 +c3)c creq -t
+< +(1 3)4t+14
Cc2 Cc2 Cc2

IA

+c5t+Lip[UO]) J& ()]

v relod. (56)

Then, setting

. c1 3VNI aat+e3 A
by = b l,tz—(l ) a ,t),
L= )= (1475 )+ S T (ol
b2 = b2(||u(]||Loo(RN),Lip[U0],l,t) (57)
2 cafuo| .
(Cl+63+61'l)64+62 Cs Lee Llp[uo]
= 5 t+ — + :

we obtain from (B6) the estimate (49]) with

1
X1(||u0||LOO(RN ,Lip[ug],,t) = max {by, (14 by)a-1}. (58)

)
O

Remark 7. By the proof of Lemma[ll one deduces that the following further

properties hold

(i) Given any [ > 0, there exist constants 71(l),c(l) > 0 such that, for
every ug € Lip(RV) N L*®(RY) with ||ug||
hold:

< .
LOO(RN) — C6(l)7 the fOllOWng

— letting £* be any minimizer for (CV); ., t < 71(l), = € [, 1]V, one

has

|§*(s)‘ < 2] Vs e [0,t]; (59)
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— letting £* be any maximizer for

Lutenon - [ v éonas [ew == },

max
EEAC([t,m(D],RV)
(CV)he
with ¢t < 71(1), € (r1(1)) € [~1,1]V, one has
|€5(s)| <21 Vselt,m(l). (60)

(ii) Given any [ > 0, there exist constants 75(l),c7(l) > 0 such that, for

every ug € Lip(RY) N L®(RY) with ||u0||LOO(RN) < e7(l), letting £ be

any minimizer for (CV);, t < 72(l), * € RN\ ] = 1,{[", one has

|£*(8) > 3 vV sel0,t. (61)

Moreover, by definition (46]), relying on (B30, (7)) and on (49]), one can show
that:

(iii) Given any [ > 0, there exists a constant cg(l) > 0 depending on [ such
that there holds

|5:0(z)| < es(l) -t Voel[-L1N, t>0. (62)

Corollary 1. Let H : RV — R be a function satisfying the assumptions
(H1)-(H2) and {S; : Lip(RY) — Lip(R™)};>0 be the semigroup of viscosity
solutions generated by (). Then, letting Lig pp, R, M > 0, be the set in (),
for any ug € Lig an, t > 0, one has

supp(Siuo — Si0) C [~la(R, M, 1), lo(R, M, )]V, (63)
where
1
Io(R, M, t) = 2<M\/N'R+(Cl tea)t <M>a 1) +2VN - R.
14ct Co
(64)

Proof. As observed in Section 2.3, the Legendre transform L of H satisfies
the assumptions (L1)-(L2). Thus, given (¢,z) € [0,00[ xR", and wug €
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L(r ) we can apply Lemma [Il for the viscosity solutions to (@) with initial
data ug and 0. Notice that, recalling (@), uo € Lg »s) implies

supp(ug) C [~R, R]Y (65)
and
lug(z)] < MVN-R  VazeRN. (66)

Then, employing the notation in (48], set
li(ug,t) =11 (MVN - R, t). (67)

Hence, relying on ({47 and recalling (46l we find

Suote) = _ min - uos0) + [ L€ | 6 ==

E€AC([0,¢],RN)

s0e) = _min L[ el éos | e =

£EAC([0,2].RN

o €0)] < htunnt) + 12 |

Observe now that, for every given ¢ € AC([0,t], RY), if

|z — £(0)] < 1y (uo,t) + % || > 201 (uo, t) +2VN - R, (69)

it follows
£(0)] > |2| — |z — £(0)]
> %| - ll(u()at)

>+vVN-R.

Therefore, by (B3] we deduce that for all 2 € RY satisfying (69), one has

which, in turn, because of (68) implies

Syug(x) = S; 0(x) V2 € RN\ B(0, 21 (ug,t) + 2V/N-R).  (70)
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This, proves (63)) since, comparing (48]), ([64]), (67]), we have

la(R, M, t) = 211 (ug,t) + 2VVN-R. (71)
O

Proposition 2. In the same setting of Corollary[d, for every ug € Lip(RY)N
L>(RN) and for any 1,T > 0, the following properties hold true:

(1) Stug is Lipschitz continuous on [—1,1)N with a Lipschitz constant

,U(HU(]HLOO,Lip[UO],l,T) dependmg on ||u0||Loo’ Llp[u0]7l7T

(ii) Sr(uo) is semiconcave on |—1, I[N with a semiconcavity constant

w(luoll__Lipfus]..T) depending on luo]|_ . Lipluo].L.T.

Proof.
1. Given any z € [-[,]|V, let & € AC([0,T],RY) be a minimizer for
(CV)r4, so that one has

T

(1) = x, Stuo(z) ZUO(f*(O))Jr/ L(€"(s),€*(s))ds. (T2)

0

As observed in the proof of Corollary [l the Legendre transform L of H
satisfies the assumptions (L1)-(L2) and thus we can apply Lemmal[ll Then,

relying on (B5l), (@9), we find

3v/N -1

T)—|—2,

&) <rr=h(lluoll, v
| L= @) Vrel0,T]. (73)
|£*(T)‘ <qr= Xl(HUOHLOO(RN),Lip[UO],l,T),

Next, set

)

Byr = sup { max {|D,L(z,q)|,|DgL(z, q)| } ‘ 2| <rr+2VN -1, |q] §qT},
(74)

and, given any y € [~[,]"V, consider the map ¢ € AC([0,T],RY) defined by

En=&&r)+y—= vV 1elo,T]. (75)
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Notice that, by (72)), ([73]), one has

§(T) =y,

. (76)
()] < rr+2VN -1, E(r)| <qr  V7TeET)

Thus, recalling (46]) and because of ([72)), (73)), (@), we obtain

Stuo(y) — Stup(z)
T . .
gm@m»—wwm»+A (L(6(3), €(5) = L(E"(5).6°(s)) ) ds

IN

T . .
Lifuo] - [£(0) — € O0)| + [ B (Je(6) = € (9] + [é60) = €1(5)] )
(Lipluo] + 2615 7) - |y — 2. (77)

IN

Performing a similar computation interchanging the role of z and y, consid-
ering a minimizer ¢* for (CV)r, and a map ¢ € AC([0,T],RY) as in (7)),

we find

Stuo(z) — Stuo(y) < (Liplug] + 26,2 T) - ly — x|, (78)
Thus, ([77)-(78) together yield the Lipschitz continuity of Srug on [—1,1]"
with a Lipschitz constant

M(HuOHLOO?Lip[uO]v l7 T) = Llp[uO] + 2Bl,T T, (79)

proving (i).

2. Given any z,z—h,z+h € [, 1]V, let £* € AC([0,T],RY) be a minimizer
for (CV)r,,, and consider the maps ¢+,6~ € AC([0,T],RY) defined by

G =¢@Es-h VrelT] (80)
Notice that, by (72)), ([73]), one has
£5(0) = €*(0), E(T) =z +h,

. 81
&5 (7)| < rr+2VN -1 \éi(r)|§qT+2\/N-%VT€[07T]- o
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Then, setting

Bor = sup{maX{\DﬁxL(x,q)L\Dng(:v,q)\,!DﬁqL(fB,q)H ‘

l
ol <rr+2VN-L g <ar+2VN-Zp (82)
recalling (46]) and relying on (72)), (73), (8], we have

Stup(z + h) + Stug(z — h) — 2S7up(z)
T . T . T .
| B 6nds+ [ L€ (9.6 (ods—2 [ L€ ().€ ()i
0 0 0
r * S sk * S sk * k
= (L6 @7 (9) +L(67(5) = 7 € (9) 216 (3). 64 (5)) ) s
(L (9. €4(5) — LET(6),64(5)) ) s
S RCGON: ,

[ (6.6~ e (1.6 s

b [ (s [ ((Par (56066 +00). 1)
H{DL (e ()€ (5) ~ A1) ), 22 ) ) n) ds

@T’T T |hf* + ‘%' /OT( /01 D L(£¥ (), € (s) + A%)

~D,L <§_(5), E£5(s) — A%) (dA) ds

ﬁ”T |h[? + Bor |h| /OT (%hw%w)ds

for(3+1+ ) |h\2 (83)

IN

IN

IN

IN

Thus, Stup is semiconcave on |— I, [V with a semiconcavity constant

3+T2)’ (84)

w(llwoll - Lipfuo]. 1 T) = o (1 4+ =

proving (ii). O

Remark 8. By the proof of Lemma [l and Proposition [2 it follows that,
under the same hypotheses of Corollary [1l given any ¢, [, m > 0 there exists
a constant 13(c,l,m) > 0 depending on ¢,! and m, such that the following
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holds. For every ug € Lip(RY)NL>®(RY) with HUOHLOO < cand Lip[ug] < m,
<

the map Syug is Lipschitz continuous on [—I,]"V with Lip [Stuo; -1, l]N]
2-m, for all t < 13(c,l,m).

3.2. Continuity of the semigroup map S, t > 0

It was shown in [1] that, for every fixed ¢t > 0, the map S; : Lip(RY) —
Lip;,.(R™Y) is continuous when the space Lip(R") is endowed with the Wlléi‘
topology and S; is restricted to sets of functions with uniform Lipschitz con-
stant on bounded domains. The proof of this property was obtained in [1]
exploiting the Hopf-Lax representation formula of solutions valid for Hamil-
tonians depending only on the gradient of the solution. We shall extend
here this result to the case of Hamiltonians possibly depending also on the
space variable providing a direct proof of this property that relies only on

the a-priori bounds on the solutions established in Section 3.1.

Proposition 3. Let u,u” € Lip(RY) (v € N) be such that

||u"||Loo(RN) <O, Vo, for some C >0, (85)
, 1,1 N
u” ou in W, (RY). (86)

Moreover, assume that for every bounded domain Q C RN, there exists some

constant Mg > 0 such that
Lip[u”; Q] < Mg V. (87)
Then, for every fired t > 0, one has

S’ —  Su mn wht

V—00 loc

(RY). (88)

Proof.
1. In order to establish the proposition it will be sufficient to show that,
given any bounded domain Q C R, for any fixed ¢ > 0, there holds

Sw”  — S in whi(Q). (89)

V—00
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Consider the set

QT£:{weIRN\d@%Q)§11«17)+2‘($H”yy+dmnmgn}’ relod,

yeQ
(90)
where 1 (C, 7) is defined as in ({8]) with C' in place of ||ug||r. Observe that,
because of (8h), ([87), applying Lemma [I] we deduce that, for any x € €,

letting £* be a minimizer for (C'V');,, one has

)+ y—=x) € Uy VyeQ, 7el0,t, o)
91
lEx(T)| < X, Vrelot],

for some constant X; depending on C, My, ,€),t. Then, with the same ar-
guments of the proof of Proposition 21 we deduce that there exist constants

e, ke > 0 so that:

(i) S;u” is Lipschitz continuous on ;_, with Lip[S;u”; Q] < g for
all v e N, 7 €[0,¢];

(ii) Spu” is semiconcave on §2 with semiconcavity constant x; for all v € N.

Thanks to the uniform bound in (i), in order to prove that

VSw” — VSwu in  LYQ), (92)

V—00

it will be sufficient to show that

VS (x) — VSu(z) for ae. ze€Q. (93)

V—00

On the other hand, notice that because of (87]), we have
|u”(z) —u”(y)| < Mg, - |z —y| Va,yeQ, V. (94)

Hence, relying on (8H), ([@4)), and applying the Ascoli-Arzela compactness

theorem we find that

v — u uniformly on €. (95)

V—00

Observe now that, by (@I]) and because of (i), the value of a solution to ()
with initial datum «” depends at any point (¢,z), € Q only by the values
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of the Hamiltonian H on the bounded domain

< U m) x B(0, ). (96)

T7€[0,t]

Since the restriction of H(z,p) to such a domain is uniformly Lipschitz
continuous in both variables, we may invoke the well-known contraction
property of the semigroup map S; with respect to the uniform convergence
on compacta, which holds for Hamiltonians H enjoying this property (e.g.
see |12, Theorem 5.2.12]). Thus, we deduce from (@5 that

Sy’ — S uniformly on 2, (97)

V—00

which, in turn, implies

S’ — S in L'(Q). (98)

V—00
2. Towards a proof of ([@3)), let ' be a subset of 2, with meas(Q2’) = meas(Q),
where all S;u”, v € N, and Syu are differentiable. Then, invoking properties
(iv), (vi) stated in Theorem 2] and relying on property (ii) above, we infer

that, at every x € €/, there holds
S’ (x + h) — Spu” (z) — <V5tu”(a:), h> < % . |h|2 (99)

for all h € RY such that [z,z + h] C Q. Since VSu”(x) are uniformly
bounded by property (i) above, let p € RY be any accumulation point i.e.
such that

VS (x) — p, (100)

k—00

for some subsequence {VSiu"*}i. Then, taking the limit in (@9) of
Syuk VSVt as k — oo, and using (@8], (I00]), we obtain

Spu(z + h) — Spu(z) — (p, h) < % |2 (101)

for all b € RY such that [z, + h] C Q. Recalling Definition 2 and by
Theorem 2(iv), this inequality implies that p € DT Suu(x) = {VSu(z)}.
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Since p is an arbitrary accumulation point of {VSuu”(z)},, it follows that

VSu” () — VSu(r) Vaze, (102)
which proves ([03)) and hence ([02)). In turn, ([92)) together with (O8]) yields (89),
completing the proof of the proposition. O

3.3. Conclusion of the proof of Theorem [}(i)

Given R, M,T > 0, consider the set of initial data L 5s introduced
in ([@). Then, invoking Corollary [}(ii) we know that, for every ug € Lig u,
there holds

Stug = Sr0 on RN\]—ip, ip[V, (103)
with
1
M+/N - T 2(1 T) \e—1
14T Co

On the other hand, relying on (G6]) and applying Proposition 2}(i) we find
that Spug is a Lipschitz continuous map with Lipschitz constant

pr = M+ 28,0 T (105
where
B = sup { ma {[DoL(o. )| [DyLGe)]} | o] < Pl < Tr o (100)

and

o= ll(M\/N-R,T)+<3\/_+2\/_>
_ M\/N-R—i—(crkcg)T+T<2(1+01T)>a11+7\/N-ZT

1+61T C9 2
MVN -R T 2(1+ ¢ T) ot
. a—1
— (1+7VN) tlate)T . (20+al)
1+01T Co
+7N-R, (107)

while

Gr = Xi(MVN-R, M, Iy, T)+2VN -l

. 1 M\/_ R—I—(Cl—l-Cg)T
—max{bl,(l—l—bg) 1}—0—4\/_( 7T
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T <M>al>+4N-R, (108)
2

with
v N
b, — C—1(1+3 ZT>+CI+C3+C—1-11<M\/N-R,T>
(6] 2 (6] C2

_ C_1<1+(1+3\/N)<M\/N'R+(CI+C3)T

Co 1+ T

_1
+T <72(1+61T)>a 1) +3N.R>+C1 R

C2 C2

1
by = C_2<(CIC4 +egea+epes)T+creg -l T+ (c2+2c4VN - R)M)
2
1
= 5 [(6164 + c3c4 + o C5)T + (62 +2¢c4VN - R)M}
5

2c1¢4 M\/N-R+(c1+C3)T+T 2(1 + ¢ T) \oT .
C% l+aT Co

Moreover, by Proposition 2}(ii), using again (66]) we deduce that Stug is a

semiconcave map with semiconcavity constant

. 3+ T2
Ry = ﬁz,T <1 + 3T >7 (110)
where
B = sup{maXHD?mL(w,q) DL LG ). | DL 0)|} |
2 <7 gl < a} , (111)

with 7 defined in (I07)) and

Qv = XI(M\/N'Rv 7M7 lT7 T)+2\/N%

4N (MVN R+ (c;+¢c3)T
_l’_
T 1—|—ClT

7 (2(1+C1T)>ﬁ>+w (112)

- max{bl, (1+ bg)ﬁ}

Co T ’
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b1, by being the constants in (I09). Therefore, recalling definition (23]) we
find that

S0

STUO r [lT,HT,I{T]

v E SC Yug € »C[R,M] ) (113)

[—lr,lr

where S7ug [y, 1,7 denotes the restriction of Spug to the N-dimensional

cube [—I7,l7]". On the other hand, by (I03) one has
supp(go) C [—lT,lT]N Ve ST(ﬁ[RM}) - S570. (114)

Moreover, by Proposition 2}+(ii) also S7 0 is a semiconcave map with semi-
concavity constant xp. Hence, applying Theorem BF(i), we deduce that, for

¢ sufficiently small, there holds

HE (ST(E[RM}) — STO ‘ Wl’l(RN))
(Sr(Ligan) — ST0 | Wl’l([—lTalT]N)>

#e(
= He(Sr(Liman)] WH (=i, ir)Y))
#e(

S0
< H(SChr gt | W (=1, 12]Y)

1

+ P —
< Q- eN '’ (115)

where
+ N 4N?

/y[lT»“Tv“T,N] =Wy - <4N . (1 + pr + (KT + 1)lT)) , (116)

with the constants Iy, pp, kp defined in (I04]), (I05), (I10). This completes
the proof of the upper bound ({I). O

4. Lower Compactness Estimates

4.1. Controllability of a class of semiconcave functions

The proof of Theorem [I}(ii) is based on a local controllability result for
the class of semiconcave functions introduced in (23]). Towards this goal,
we will first show that a solution of (Il) with a semiconvex initial condition
preserves the semiconvexity for a time interval that depends on the semi-
convexity constant of the initial condition. We shall obtain this property

exploiting the representation of a solution to (1) as as the value function
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of the Bolza problem in the calculus of variations with running cost L and
initial cost ug:

min {u0(§(0)) + /Ot L(£(s),£(s))ds ‘ §t) == } (CV); 2

£ AC([0,t],RN)

Proposition 4. Let H : RN — R be a function satisfying the assumptions
(H1)-(H2) and {S; : Lip,,.(RY) — Lip,,.(RY¥)}i=0 be the semigroup of
viscosity solutions generated by ({l). Then, given any c,l > 0 there exists a
constant t4(c,l) > 0 depending on c,l, such that the following holds. Given
any T < 14(c,1), there exists Kp > 0 such that, for every semiconvex map
ug € Lipyo(RY) NL2(RYN) with semiconvexity constant K < K and with
||u0||Loo < ¢, the following hold true.

(i) z — Spug(z) is semiconvex on [—1,1)N for all t € [0,T).
(ii) (t,x) — Spug(x) is a Ct classical solution of (M) on ]0,T] x [—1,1]V.

Proof. Recall that, as observed in Section 2.3, the Legendre transform L of
H satisfies the assumptions (L1)-(L2).
1. Let ug € Lip;,.(RY)NL>®(RY) be such that HUOHLOO <c FixT >0, and

observe that letting &* be any minimizer for (CV )i, t < T, x € [, 1]V,
thanks to Lemma [I] one has

|€(s)| < rr, €% (s)] < X vV se|0,t], (117)

for some constants rr = r7(c, 1), X = Xr (¢, Lip[uo; [—r¢,74]"], 1) depending
on c,
Lip [uo; [—rp, vV ] ,l and T. Then, with the same arguments of the proof
of Proposition 2l we deduce that there exist constants pur, Cr > 0 depending
on ¢, Lip [uo; [—rT,rT]N], l and T, so that:

(a) Siug is Lipschitz continuous on
== {{*(t) | ¢ is a minimizer for (CV)7,, © € [—l,l]}, (118)

for all t € [0,T], with Lipschitz constant pr ;

(b) Siug is semiconcave on Z; for all ¢ €10, 7], with semiconcavity constant
Cr.
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Hence, in oder to prove the proposition, we only have to show that there
exists 74 > 0 so that, for any T" < 74 there holds

Syug(x + h) + Spug(x — h) — 2Spug(x) = kr-|h)> VE<T, (119

for all 2,2 — h,z + h € [~1,]]¥, and for some constant kr > 0. In fact,
it follows from (II9]) that property (i) is verified for all 7' < 74. On the
other hand, once we know that Sjug is both semiconcave and semiconvex
on [—1,1]N, for t €]0,T], invoking Remark [f] we immediately deduce that
also the property (ii) holds.

2. Towards a proof of (II9), given any z,x — h,z + h € [—1,]]V, let £F be
a minimizer for (CV); z4p, t < T, and consider the map &, € AC([0,t],RY)
defined by

£x(s) =

M Vs e 0,1 (120)

Then, one has

E5(t) = x+h, &(t) =, (121)
and

Stuolw £ h) = uo(65(0)) + /0 Lg% (s), €2 (s)) ds, .
122

Spuo(x) < uo(a(0)) + /0 L(€(s), Ex(s))ds

Moreover, recalling Theorem [} (iii), and because of property (a) above, there
exist dual arcs p* € AC([0,t], RY) so that (¢%,p*) provides the solution of

on [0, t], with terminal condition
(1) —
{5 (t) =z +h, 12
p(t) € DT Syug(x + h),

that satisfy

‘pi(s)‘ = |DSsu0(£i(s))‘ < pur Vs €]0,t (125)
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and

p(0) € up(£F(0)). (126)

Then, relying on (I17)), (I25]), and setting

53,T = sup{max{‘Dng(x,p)L ppH(xap)‘} ‘ ‘IL’| S rTa |p‘ S NT}7

(127)
we find

[€7() =€~ ()| = |DpH(EN ()™ () = DpH(E ()07 (5))]
< B (€7 6) =€ )|+ ()=~ (5)]) ¥ s€lo.el. (128)
Next, notice that, since ug is semiconvex with constant K, we have
uo(x + h) +ug(x — h) — 2up(x) > —K - |n|>  VYa,heRY.  (129)

On the other hand, thanks to the convexity of L(z,q) with respect to g, it
follows

| st gr s + [ Lo 6 6Dds —2 [ Lals) Ealo))ds = 0,
0 0 0

(130)
Hence, setting

Bur = sup { max {| D2, L(z, )|, |D,L(z,0)| } | lo] < vz, la] < xT} » (131)

and relying on (II7), (I28)), (I30]), we derive

/0 L(E* (s), £4(s))ds + /0 L€ (5),£-(s))ds — 2 /0 L(€:(3), €x(5))ds
= /0 L(§x(s),§+(s))d8+/0 L(&, ds—2/0 L(¢

+/0t (L(f"'(s)’f:"(s)) — L({x(3)7§+(8))>d5
+/Ot (L(f_(s)7§'—(5)) —L(fx(s),g'—(s))>d3
Lrlet(s) — e (s)]

- _BM/O <| 2 |

et (s) — & ()€ 4 (s) — s—<s>\>ds
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t
> Pl [l - P 4t - () )as. 132
0
Therefore, (122)), (129]), [I32]), together yield

Syug(z + h) + Spug(x — h) — 2Spup(x)
> up(z + h) +uo(x — h) — 2up(x)

t

T /O L(E* (s), £+ (s))ds + /O L(E (), € (s))ds — 2 /0 L(Ea(s). Ex(s))ds

> _W/O <‘§+(8)_€—(8)|2+|p+(3)_p_(3)|2>ds Y t<T. (133)

3. In order to recover the estimate (II9) from (I33]) we need to provide
an upper bound on fg €T (s) — €7 (s)|?ds and fg Ipt(s) — p~(s)|?ds. To
this end observe first that, by the same computations at point 2., because

of (I21)), (I28])), for 0 < t' < t we find
e (1) — s—<t'>\2
— e —ewP -t / Lt (s) — e (s)[2ds
— - [ <DpH<f+<s>,p+<s>>—DpH@-(s),p-(s)),f+<s>—£—<s>>ds

< AP+ [ D H(E ()07 ()~ DpH(E (5),p7 (5))| - [€7 (5) € (s)]ds

< 4+ tﬁs,T(!5*(8)-5‘(8)!+|p+(8)—p‘(8)|) e (s) — €(s)ds

< 4+ 222 [t )-p o as+ 222 [ fero)-¢ )as. s
By a Gronwall type inequality, (T3] implies
[ e - oftas

< 3;” <63B3’T )\h|2 /|p p(s)[*ds. (135)

Towards an estimate of the second term in ([I35]), observe that, by (B4]), there
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holds

<q7 Dng(.’L’,p) q> 2 185,T|q‘2 v MRS B(07TT)7p € B(O,,LLT),Q € RN7 (136)
with
Bs.r = inf{<q, Dy, H(z,p)q) ‘ lz| <rr, |pl < pr, gl = 1} > 0. (137)

Hence, recalling that (¢F,pT) are solutions of (I23)), defining the averaged

matrices
" 1
Hp.(s) inp(s)i/o D?Hypa (AT (5)+(1=X)E (5), AT (s)+(1=X)p~ (s))dA,
1
H,)(s) = /0 D?Hyppy (AT (8)+(1=N)E(s), AT (s)+(1=N)p~(s))dA,  (138)
1
(s) i/O D*Hyo (AT (5) + (1= NE(5), ApT(s) + (1= A)p~(s))dA,

and relying on (II7), (I25), (I36), we get

Lot (5) (), €7 (5) € ()

DL H(E (5),0* () = DaH (€ (5),p7(5)), € (5) = €7(s))
p*(s) = b7 (), DyH(EF(5), 07 (5)) = DyH(E (5),07(5)) )
(Heals)(€ () - <>>+pr<>(p+<> p(5), €7(5) = €7(s))
+(p*(s) =p (). H x<s>( —£7(9))
)

+ Hyp(s) (0" (5) = 97 (5)) )
= ~(Huals)(€" (5) = € (5), s>
+(p"(5) = 7 (5), Hypls) >>
> et (s) - € )] +55T\p ~ () (139)

Observe now that wug is semiconvex with constant K and S;ug is semiconcave

on the domain =Z; in (II8]) with semiconcavity constant Cp. Hence, invoking

Proposition [ recalling Remark 2, and relying on (I8)), (I21)), (124), (126)

we have

(pt@®) = p (@), € () =€ (1) = (p"(0) = p(0), £(0) ¢ (0))
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Crlet () — € @) + K|gH(0) — £ (0)]
2

<
< 407 |2 + K[€F(0) — € (0)|°

(140)
On the other hand, by the same computations in (I34]) we find
€O -¢ O
t

1P+ [ B (€6 € @)+ "9 -5 0)]) - €4 (9) — € (s)]as

0

. t

< AP+ <5 [t - (o) s

+ (1 - %)ﬂw /Ot e+ (s) — € (s)| ds. (141)

Thus, (I40), (I41), together yield
(PO = (). £ O =€ ®) — (#7(0) = p~(0), £(0) —£7(0))
(Cr+ WP+ 52 [0 - o)

K (351 _
( 2;” >K,6’3T/ |+ (s) (s)|*ds. (142)

Then, relying on (I39)), (I42]), we derive
t t(s) — p~(s)|°ds
Bor [ I*) = (o)
t t d 3 a
Bor [ 160 =€ @Pds+ [ £(r(6) =p7(9), €7 (0) = € (s) s
4(CT+K)|h|2—|—/B5—2'T/O Ipt(s) —p~(s) |2d8

+<<1 i 25;3:)[{ * 1> for /Ot €7 (s) = € (s)[ds, (143)

which implies

/ [ (s) — p(s)[2ds
0

s 2 Kﬁw 88,1 ,
Gl +<<1+ 2Bn K“) Boo /\5+ £ (s)[ ds. (144)

IN

IA

IA
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4. Combining together (I35]) and (I44), we find

/Ot <|£+(s) Ce @)+ ) —p—(s)F)ds

8 8 Bz, N
< <363T+365’T(CT+K)><6 : 1)\h|

8 Bsxr [ 3BT K Bsr t B
e ) (14 wn) [ (-

+|p+(s) —p_(s)‘2> ds. (145)

Observe now that, setting

Ta isup{inf {T, 3;—3,7111 <1+ zgz:>} ‘ T > 0}, (146)

for any T' < 14 we can find Tr > T and Kp > 0 such that, for all K < K7,

one has
2 3
T < m< &% 2> (147)
3 Bs.r, 487, (2857, + 20857, K + a7, K?)
Since
3
t< ln< ﬁ”T . > (148)
3 Ba.7, 4By (2 857y + 2B K + Bor, K2)
implies

8/837'T< 3537— < K Bs.r. 1

et 1) | (14 S >K +1) <= 149
3 B, o, sy U9
we infer from (I45]) that, for any ¢ < T, with T satisfying (I47), and for
K < Kp, there holds

[(1g60-cOF+p 6 - o )

16(CT—|—K) 1 ﬁ3TT
)T e oo

<
3 Byr,
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Because of (I33), we deduce from (I50]) that, for any T < 74, with 74 as
in (I46]), and for K < Kr, there holds

Stug(x + h) + Spug(x — h) — 2Spup(x) (151)
8 1+3 Cr+K 1 1 383,7;
> Sy 1437, O )< + ><e T 1) b2 V<,
3 Bor " Bor
which proves (I19) and thus concludes the proof of the proposition. O

Remark 9. By the proof of Proposition [ it follows that, under the same
hypotheses of the proposition, given any ¢, [, K > 0 there exists a constant
75(¢, 1, K) > 0 depending on ¢, and K, such that the following holds. Given
any T < 75(c, 1, K), for every semiconvex map ug € Lip;,.(R™Y) N L®(RY)
with semiconvexity constant K’ < K and with HUOHLOO < ¢, the statements

(i)-(ii) of Proposition [ hold.

Proposition 5. In the same setting of Proposition [§), given any R > 0,
there exists r1(R) > 0 depending on R, and, for every r < ri(R), M > 0,
there exist my(r, M) > 0, k1(r,m) > 0, 76(r,m) > 0 depending onr < ri(R),

S70,1

m < my(r, M) and M, so that the following holds. Letting Lr ), Sc[r,m K]

S70,1

be the sets defined in ([B), B3), for any ¢ € SC[T’szK}, with v < r1(R),
m < my(r,M), 7 < 76(r,m), K = ki(r,m), there exists ug € Lig py such

that
] € |- 9 N7
S0(z) if xRN\ [-rr]V.
Proof.
1. Given R, M > 0, fix r,m > 0 such that
M 1
r <ri(R), m<ming —, ———— -minqc5(36 - 1), c7(6 - r ,
< ri(R) {10 20-vVN -r {6( ) e )}}

(153)

where ¢6(36 - 1), ¢7(6 - ) > 0 are constants enjoying the properties stated in
Remark [7l Moreover, choose positive constants 71(36 - 1), 72(6 - ), 73 (c6(36 -
r), 721, m), cg(72 - r), according with Remark [7] and Remark 8 so that:
(a) For every 7 < 71(36 - ), up € Lip(RY) N L®(RY) with HuOHLOO(RN) <
c6(36 - 1), the following holds:
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— letting £* be any minimizer for (CV); 4, t < 7, one has

z€[-rry = |5 (s)| <27
Vselo,t;  (154)
z€[-36-1,36 1]N = | (s)| <727

— letting &* be any maximizer for

EeAC([t,7],RN)

max Jus(r) = [ L€ [ s = . v

with £ < 7, one has

& (r) € [—T,T]N = |§*(5)| <2.7r
&(r)ye[-6-r6-1 = |E*(s)] < 12-r VseltT].
£ (1) € [-36-7,36-r]Y — |£*(s)| <72-r

(155)

(b) For every 7 < 7(6-7), ug € Lip(RY) N L®(RY) with HuoHLOO(RN)
< ¢7(6 - 1), the following holds:

— letting £* be any minimizer for (CV); ., t <7,z € RN\ =67, 6-r[V,

one has
|z|

& (s)| > 5 Vselo,t. (156)

— letting £* be any maximizer for (CV)5* t < 1, with £*(7) € RV\ |-

6-7,6-r[", one has

€*(s)| > |5*§T)| Vs e[t (157)
(c) Setting
L= [-72-1,721], (158)
there holds
|5,0(z)| < es(72-7) - t VeelV, t>0. (159)

(d) For every 7 < 73(c6(36-7),72-r,m), and for any ug € Lip(RV)NL>(RY)
with
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< .
HuOHLOO(RN) < ¢6(36 - r), one has
Lip[ug) < m == Lip[Syue; IN] <2-m, (160)
160
Lip[ug] < 5m = Lip[Sruo; Iﬁv] <10-m.
Next, set

7(r,m) = min {7’1(36'7“), 72(6:7), 73(c6(36-7), 72-7,m),

min{cg(36-7), c7(6-7)} — 8m-/N-r
2es(72-7) } (161)

and let k(r,m) > 0 be a semiconcavity constant for S0, 7 < 7(r,m), on IV.
Then, fix K > k(r,m), and take

7 <7 (r,m) = min {?(r, m), 75(c6(36 - 1), 72 -, 3K)}’ (162)

where 75(c6(36 - 1), 72 - r,3K) is a constant with the property stated in Re-
mark [@ Observe that, by property (d) above, one has Lip[S,0; IN] < 2-m.
Moreover, since the zero map is semiconvex with semiconvexity costant any
K > 0, by virtue of Remark [ we deduce that S;0(z) provides a C! classical
solution of (@) on [0, 7] x IN. This, in particular, implies by (I64) that S,0
is a C! map on I¥. Then, given

S70,1

Ve ‘S‘C[r,4m7 2K]» (163)

we can define a C'' semiconcave map ”(ZT : RV — R with the properties:

(i)
b7 () = P (x Vael[-rrV,
V(@) = (@) [=r,7] (164)
YT (x) = S-0(z) VaoeIV\[—rr";
(ii) ”(ZT has Lipschitz constant 5m and semiconcavity constant 3K on RY;
(iii)
197 ey < 200 10 550} 169

Recall that, by definitions (22)), [23]), ([B83]), ¢ is a Lipschitz continuous map
on [—r, 7]V with Lipschitz constant 4m, and that 1) = S,0, D¢ = DS,0 on
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O[—r,r]N. Hence, because of (I59), (I6I)), one finds

min{cg(36 - ), c7(6 - 1)}

HSTOHLOO(HV) < cg(72-1)-T< 5 ,
and
|’¢HLC)O (=) < HSTOHLoo([_TJ}N)+4m'\/]v'r’
< g(72-7) - T+4m - VN -r
< min{cg(36 - ), c7(6 - )}

2 )
which, in turn, together with (I63]), yields

[t < min {c6(36 - 7), ¢7(6-7)} . (166)

Loo(RN)

2. We will show that, for 7 satisfying (I62]), with 7(r,m) as in (I61), the
map JT defined above can be obtained as the value at time 7 of a classical
solution to ([]) by reversing the direction of time and constructing a backward

solution to ([l) that starts at time 7 from {/;T. Namely, set
w}(z) = —¢7(—z) VazeRY, (167)
and consider the viscosity solution w7 (¢, z) of
wi(t,x) + H(—z,Vyw(t,z)) =0, t>0, zeRY, (168)

with initial datum
w(0,-) = wy . (169)

Notice that the Hamiltonian H (x,p) = H(—z,p) satisfy the assumptions
(H1)-(H2) as does H(z,p). Moreover, by ([I67) and because of (ii), w{ is
semiconvex with semiconvexity costant 3K. Thus, invoking Remark [ and
thanks to ([I62), (I66), we know that the function w(t,z) = w’(¢,x) is a
C"' classical solution of () on [0,7] x IV, with I, as in (I58). Furthermore,
by properties (d) and (ii) above, and by virtue of (IG1), (I62]), we deduce
that

Lip [w(r, -);L{V] <10m. (170)
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Next, observe that by a direct computation the function
u(t,x) = —w(r —t,—x) (171)

is also a C'! classical solution of (@) on [0, 7]x I . Moreover, because of (I67),

([I69), (ITI), one has
u(r,z) = —wj(—z) = " (z) Vi eRY. (172)

Then, for every y € [—18 7,18 - 7], consider the pair (£Y,p¥) € (AC([0, 7],
RN ))2 that satisfies the Hamiltonian system

on [0, 7], with terminal condition
{éy(T) = (174)
pY(r) = Dy (y).

Notice that, for any t € [0,7], y € [=36 - ,36 - 7]V, the restriction of &Y to
[t, 7] provides the (unique) optimal solution for the backward maximization
problem

max bT(E(T)) — ’ s),£(s))ds — ¢V ,8Y(t)
){¢ (&(7)) /tL(?E( );&§(s))ds | &(t) 6(75)} (CV)

EEAC([t,7]. RN

(cfr. [6]). Moreover, since by (I61]), (I62) we have chosen 7 < min{r (36 -
r), 72(6 - )}, and because of ([I60]), relying on properties (a), (b) at point 1,
and recalling (I58) we find

yel-rr" = ¢(s) e B(0,2:7)
—6-7,6-7V Y B(0,12-
Yy < [ r T] - g (S) € ( T) Vse [O,T]. (175)
yea[_ﬁ.n@.r]N — gy(s)eRN\B(0,2-r)
y€[-36-1,36-r" = ¢¥(s) 1,

In particular, if y € [=36 - 7,36 - 7]V\] — r,r["V, because of (I64]) the pair
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(&Y, pY) satisfies the Hamiltonian system (I73]) with terminal condition

Y,

{éym 476)
py(T) = DSTO(y)7

and the restriction of &Y to [t, 7] provides the (unique) optimal solution for

the backward maximization problem

w {s,060) - [ 29, é0as | )= &0 J. oy

EeAC([t,7],RN)

Hence, since u(t,z) and S;0(z) are both C! classical solutions of () on

[0,7] x IN, we deduce

u(t, €(1) = 07 (y) - / " L(€9(s), Ev(s))ds
=&mw—[3&W%@@m5

= 50(¢¥(1)), (177)

for every t € [0,7], y € [~36-7,36-7)V\ ] —r,7[N. This, in particular, implies
that

u(0,£9(0)) = Sp0(¥(0)) =0 VYye[=36-736-r]V\]—r,r[N. (178)

Moreover, for every y € [—36 - r, 36 - r]"V, the first component &Y of the
solution to (I73)-(I74) provides the minimizer for (C'V'),,, with initial cost
u(0, -).

3. Fix 7 > 0 satisfying (I61I]), (I62) and let wu(t,z) be the map defined
in (I7T). For every y € [—6-7,6-7]", let &Y be the first component of the
solution to ([73)-(T74). By the regularity of 47 it follows that the sets

2 = {0 |yel-r iV},

(179)
Q= {¢/(0) |y el-6-r.6-r"},

are open domains of RY. Observe that, by (I58), (I75), and by the definition
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of €;, we have
Q1 C B(0,2-7), Q, c B(0,12-7) c I}, (180)

Moreover, notice that for every x € B (0, 2. 7“), the first component &, of the
solution to (I73) on [0, 7], with initial condition

{é‘x(o) =, (181)
p2(0) = D,u(0, z),

provides the minimizer for (CV); ¢, (r), with initial cost u(0,-). In turn,
because of property (b) at point 1, this implies that (1) €]—6 -7, 6 - r[V.
On the other hand, setting y = £,(7), by the above notation we have £, = £V,
x = &Y(0). Therefore, from the definition (I79)) it follows in particular that

B(0,2-r) C Q. (182)
Furthermore, because of (I78]), one has
u(0,2) =0 Ve \ Q. (183)
Hence, by virtue of (I80), and recalling (I70), (I71)), we deduce
lu(0,2)] <20m - r Vee. (184)

Then, define the function

0, if €N
dh(r) = ) I we (185)
0 it zeRN\O

and notice that, by (I80), (I83), u, is a continuous map, while ([70), (T71),
(I80), [I85) imply

supp(ug) cl-12-r12-7V, Lip[ug] <10m. (186)
Therefore, recalling definition (B]), and because of (I53]), there holds

ub € Ljzr,10m) < Lr,M] - (187)
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We claim that

Yy if zel-rrV,
Soul (z) = 188
o) {STO(:E) if r € RN\ [—r 7]V, (188)

In fact, for every z € RY let 5&, &» be any minimizer for (C'V'), , with initial

cost ug, u(0, +), respectively, so that one has

g(r)==z,  Swufe) =up(€h(0) + / " L(€:(s). €k (s))ds.,
0 (189)
) =a ulna) =u0.60) + [ LEE.EE)s.
Observe that, because of (I53)), (I84]), (I84]), one has
HugH < min {c6(36 - 7), c7(6-7)}. (190)

Loo(RY)

Then, by the choice of 7 in (I61]), (I62]), relying on properties (a), (b) at
point 1 and on (I80), (I82)), we deduce that
ze -V = €(0) e,

N N i N (191)
zeRY\[=36-7,36-r]" = & (0) e R™ \ Qa.

4. In order to establish (I88]), we shall distinguish three cases.
Case 1: z € [—r, 7]".
By definition of €; we have ££(0) € Q for all x € [—r, 7]V. Therefore,

because of (I8H), there holds u(0,£%(0)) = uf(€2(0)), while ([IS3), (I85),
(@) imply u?(£4(0)) = u(0,£4(0)). Hence, by ([I8J), we deduce
ura) = HEO)+ [ LE). &)
> Sruf()
= (0D + [ D). E)is

— u(0.65(0)) + / " L€ (s), € (5))ds
0
> (7, z), (192)
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which proves (I88), recalling (I64), (I67), (I69), (I71).

Case 2: = € [-36 -7, 36 - 7]V \ [—r, r]V.

By the observations at point 3 and because of (I78]), (I8E]), we know that
u(0,£5(0)) = 0 = uf(£%(0)) for all x € [-36 -7, 36 - 7]V \ [, r]V. Moreover,
by (I58), (I64), (I67), (I69), (IIl), one has

u(r,x) = S;0(x) Vael[-36-736-r]V\ [~ V. (193)
Thus, if ug(ﬁgﬁc(O)) > u(O,ﬁg(O)), by (I89) we derive
ur) = [ L) &)

> Sru(a)

d(eo)+ [ " L(eh(s), Ex(s))ds
0

u(0,€4(0) + / " L(el(s), €4 (s))ds
0
> u(r,z). (194)

v

Otherwise, if u4(¢4(0)) < u(0,£4(0)), by(@85) it must be uf(£4(0)) = 0.
Hence, relying on (I89), (I93]), we get
S0) = [ L), Exs)ds
0
Srup(x)

- /OT L(€4(s), £ (s))ds
> S:0(x). (195)

v

Together (133), (192), (195), yield (IE8).

Case 3: x € RV \ [-36 -1, 36 - r]V.

By (I83), (I91]) we know that u(ﬁ)(ﬁgﬁc(O)) =0 forall z € RV\[-36-r, 36-7]".
Moreover, letting £2 be be any minimizer for (CV'),, with initial cost zero,
relying on properties (b) at point 1 and on (I80), (I85]), we deduce that
€2(0) € RN\ Q; and hence also ug(ﬁg(O)) =0 forall z € RV\[-36-7, 36-r]".
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Then, using (I89), we derive
T .
S:0() = [ L€2(s).€x(s))ds
0

> Suf(x)

_ /0 " L(E(s), b (s))ds
> S;0(x), (196)

which proves (I88]).

This completes the proof of the proposition taking

ri(R) = 1—};
my(r, M) = 2min{1—]\g, W - min {06(36 1), c7(6 - r)}}, (197)

T6(r,m) =7 (r,m/2),

with 7 as in (I61]), (I62]), and letting k;(r, m) be a semiconcavity constant
for S.0, 7 < 76(r,m) on IN. O

Remark 10. By Proposition B for every r < r1(R), m < mqi(r,M), T <
76(r,m) and K = ki(r,m), one has

__Sp0,1

Sc[r, 2m, 2K] C ST(‘C[R,M])v (198)

where L(g a7 is the set defined in (&) while

__Sp0,1 ‘ S0,
SClr om, 2k] = {uo € Liram) | ol nE SC[TZ,;, ak]> Yol RN\ [—p V= STO},
(199)
with SCFTTS,; k) defined as in @3)).

It remains an interesting open problem to analyze the global in time exact
controllability of (Il). Namely, one would like to determine wether there
exist constants ri (R, M), m1(r, M) so that, for every time 7" > 0 and for any
r <ry(R,M), m <mq(r, M), there holds (I98) for some K = ky(r,m,T).
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4.2. Conclusion of the proof of Theorem [} (ii)

Given R, M > 0, let r1(R), mq(r, M), ki(r,m) and 74(r,m) be the con-
= mi (TR7 M)’
Ky = k(g My o) Toons = 76(75, My, ), 50 that, as observed in Remark [0
there holds

stants provided by Proposition [l and set r, = r;(R), m

R,M

__Sp0,1

Sc[r ,2 2Ky o] - ST(E[R,M]) VT < T - (200)

MR Mo
On the other hand, by definition (I99]), one has

__Sp0,1

Supp(@) - [_TRJTR]N Ve SC[T ,2m,

R,M >

o, ) = S0 (201)

Therefore, relying on (200), (201)), and applying Theorem BL(ii), we deduce

that, for T < 7, ., and ¢ sufficiently small, there holds

M

He(Sr(Liman) - S0 | WHRY))

__ 5701
z HE<SC[T »2my 6 2Kp ] 50 ‘ Wl’l(RN))
__Sp0,1
= HE(‘SC[T 2y, 0 2K ] T S0 | Wl’l([—TRvTR]N))
__S70,1
= HE<SC[T ’2mR,M’2KR,M] | Wl,l([_errR]N))
- L (202)
Z Mipppep,Nl gN
where
- 1 K, , wn ,réN-i-l N -
V[TR’KR,M’N] T 8- In2 <48(N +1) 2N+1> (203)
This completes the proof of the lower bound (ITI). O
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