Bulletin of the Institute of Mathematics
Academia Sinica (New Series)
Vol. 11 (2016), No. 1, pp. 43-61

SEMI-CLASSICAL LIMIT OF AN INFINITE DIMENSIONAL
SYSTEM OF NONLINEAR SCHRODINGER EQUATIONS

CLAUDE BARDOS® AND NICOLAS BESSEZ2b

Laboratoire Jacques-Louis Lions, Université Denis Diderot, Paris, France.

?E-mail: [claude.bardos@gmail.com

2Institut Jean Lamour UMR CNRS 7198, département Physique de la Matiere et des Matériaux, Uni-
versité de Lorraine, BP 70239 54506 Vandoeuvre-les-Nancy Cedex, France.

YE-mail: nicolas.besse@univ-lorraine.fq

This contribution is devoted to Prof. Tai-Ping Liu on the occasion of his
70th birthday with all our thanks for his friendship and also for his contri-
butions to our community with breakthroughs in Mathematical Science and

unbreakable wisdom.

Abstract

We study the semi-classical limit of an infinite dimensional system of coupled non-
linear Schrodinger equations towards exact weak solutions of the Vlasov-Dirac-Benney
equation, for initial data with analytical regularity in space. After specifying the right
analytic extension of the problem and solutions, the proof relies on a suitable version of
the Cauchy-Kowalewski Theorem and energy estimates in Hardy type spaces with conve-
nient analytic norms. This contribution presents a detailed and probably optimal (with

complete proofs) version of results announced in the more general setting in [1] and |2].

1. Introduction and Formal Derivations

The connection of the Schrodinger equation with a self-consistent po-
tential to the Vlasov equation, via the Wigner or semi-classical limit, is at
present very well documented. For instance for the Schrédinger—Poisson
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equation, i.e. with a self-consistent defocusing Coulomb type potential of

the form,
1 2
t = —_— t d
Vi(t, z) /Rd P [Yn(t, y)I"dy,

where the wave-function 1)y, is solution of the Schrédinger —Poisson equation,
not only (with well adapted initial data) the problem is uniformly well posed
but the convergence of the Wigner transform, on an arbitrary large time is

also proven (cf. for instance |18] or [12]).

For the present contribution we consider a probability space (M, do)
and start with a family {¢n(¢,x,0)}sem, solution of the following cubic

nonlinear Schrédinger equations
. H2 )
Zhatwﬁ(tv xz, U) = _?Amwﬁ(tv xz, U) + |¢ﬁ(t7 xz, U)| do wﬁ(tv xz, U)v (1)
M

with ¢t € R*, 2 € RY, 0 € M and some initial data {¢o(x,0)}serr Which
do not need to be specified right now. Given the potential

Vilt, z) = /M n(t, 2, 0)|2do, 2)

the time-dependent equation

2
ih0Op(t, x,0) = —%Aﬁh(t,w, o) + Vi(t)on(t, z,0),

defines by the formula
{eh(t’ xz, J)}UEM = Uh(t){eo (1‘, J)}UEM7

a family of unitary operators Uy(t) acting in the space L (M;LQ(O,T;
L?(RY))). Then we introduce the operator

Kﬁ(ta z, y) = /M wﬁ(ta z, O') ® wﬁ(ta Y, O')dO'.

This operator is a solution of the Heisenberg-Von Neumann equation,

d 1 1 [8&,
dt ih K’

—Kp = ——=[Hp, Kj] = 7 5/ Kh] ; (3)
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with the Hamiltonian

h2
Hh(t7x) = _?Am + Vﬁ(tv$)7

and the total energy
h2
En[Kp)(t) = Trace <_7AmKh+ VhKh>

h2
- [ [ a0 (—\whu,m,aﬂz+vh<t,x>|wﬁ<t,x,a>\2><oo,
Rd M 2

where the self-consistent potential Vj is defined by equation (2) and [-, ]
denotes the commutator of operators. Formal solutions of the Schrédinger
equations (I) and Heisenberg-Von Neumann equation (3) are respectively
given by the implicit formulas (since unitary operators Uj(t) depend on
{¢n(t) }sem through the potential Vj(t))

Yp(t,z,0) = Up(t)no(x,0) and  Kp(t,z,y) = Up(t) Kno(x, y)Un(t)™ .

Eventually for the Wigner transform of the Heisenberg-Von Neumann equa-
tion, which involves the Weyl symbol Wj(t, z,v) with =, v € R%, defined by
the Wigner transform of Kj,

1 igw h h
Wh(t,x,’l)): (27‘(‘)d /]Rde Y Kh<t,x+§y,x—§y>dy,

one has from a formal viewpoint (i.e. assuming all sufficient conditions to
pass to the limit) the following convergences as h — 0 (Wigner or semi-

classical limit):
Wi(t, z,v) — W(t,z,v),

2
En[Kp] — 1 ( [v2W (t, z,v)dv + < W(t,a:,v)dv) ) dx,
2 Rd Rd Rd

oW +v-V,W -V, < W(t,x, w)dw> -V, W =0. (4)

R4
The last equation (@) dubbed as the “Vlasov—Dirac—Benney” equation
(shortly V=D—B equation) is an avatar of the Vlasov—Poisson equation

where the Coulomb potential is replaced by the Dirac mass. We refer the
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reader to |1, 12,13, 15,6, 16] for linear and nonlinear stability analysis, ill versus

well posedness, and Hamiltonian structure of the V—D—B equation.

As observed by several authors 24, [13] it is always possible to write the
solutions of the Vlasov equation - and especially for the V—D—B equation
(@) - on the form

W(t,z,v) = /M p(t,z,0)0(v —u(t,z,0))do. (5)

These notations are consistent with the macroscopic definitions of density

and momentum, according to the formulas,

pltie) = | Witz v)do = / plt, 2, 0)do,
Rd M

p(t,x)u(t,z) = /RdvW(t,x,v)dv:/M u(t,z,0)p(t,x,o)do.

Such decomposition is not unique and depends in particular on the form of
this decomposition at time ¢ = 0. Moreover a distribution function W (¢, x, v)
given by (@) is a distributional solution of the V—D—B equation if and only

if the functions p(t,x,0) and u(t,z,0) are solutions of the system
8tp(t7 Z, U) + VSC : (p(t, x, O')U(t, xZ, O')) = 07
O (p(ta z, O')U(t, z, O')) + Vg (p(t7 z, O')U(t, z, U) ® U(t, z, O')) (6)
+ p(t,x,a)Vx/ p(t,x,0)do = 0.
M
In one space dimension with (M, do) being respectively the interval (0, 1)

and the Lebesgue measure, the system (@) turns out to be the Benney-

Zakharov system

atp(tyx"O-) + ar(p(tal'a O')’Lb(t,:L', U)) =0,

1
owu(t,z,0) + u(t,z,0)0ult,z,0) + 890/ p(t,z,0)do =0,
0

which has been derived by Zakharov from the original Benney equations
[4] by using a Lagrangian parametrization (cf. [24]) as a model of water-
waves for long waves. Hence the term “Benney” in the name of this Vlasov

equation.
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In order to consider mixed states as in [18], connect with the fluid rep-
resentation formula (B) and in the mean time generalize to infinite dimen-
sional system of coupled nonlinear Schrédinger equations the work of Grenier
[14,115] and Gerard [11] we assume that the functions ¢y (¢, z, o), solutions

to the Schrédinger equations ([I), can be written as

.Sy (t,x,0)

Yp(t,z,0) = ap(t,z,0)e' n | (7)

with ap and S “uniformly regular” with respect to A. Therefore for the

Wigner transform one has

lim Wi [K3](t, x,v)
h—0

1
=1l d
no0 Jy, “7 (2m)d
. h . Sp(t, CL‘+ ,0) SL(t T— o)
8 / ew'yaﬁ(tx + -y, 0')6 ’ 2y aﬁ(t7x ) ’ h - dy7
R4 2
:/|(txa)\5(v—VS(txa :/pta:a (v —u(t,z,0))do.
M M
where we have formally defined the limits p = |a|? = limj_oasa@, and

u = VS = limp_,g V.S;. We observe that this formal limit satisfies the
system

atp(t,l‘,O') + Vﬂv ' (p(t,a:,a)u(t,ac,a)) = 07

8
owu(t,z,0) +u(t,z,o) - Vyu(t,x,o) + Vx/ p(t,z,0)do =0, ®)
M

which is the Benney system (@) or equivalently the V—D—B equation ()

with weak solutions of type (B]). Moreover, on the other hand, with

.Sy (t,x,0)

Yp(t,z,0) = ap(t,x,0)e' &, and  wy(t,z,0) = Vi Si(t,z,0),
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the Schrodinger system ([Il) is equivalent to the system
1
8taﬁ(t7 xz, J) + ZUh(t, z, J) : vmaﬁ(ty xz, J) + §aﬁ(t7 xz, U)vm : ’U)ﬁ(t, xz, J)
A
= %Axaﬁ(ta .T, 0)7

Owr(t,x,0) + wi(t,z,0) - Vywp(t,z,0) + Vm/ ap(t, z,o)ap(t, z,0)do
M

=0.

(9)
Remark 1.1. The above representation is a variant both of the Madelung
transform (where the amplitude a;, is taken real) and of the WKB method

which is a Taylor expansion. As a consequence ay(t,z,0) does not remain
real for ¢t # 0, while wy(t, z,0) = V,Si(t, z,0) remains.

To the best of our knowledge the above representation was first intro-
duced by Chazarain [8,19]. Later it was used by Grenier [14, [15] for the val-
idation of the semi-classical limit for a genuine scalar nonlinear Schrédinger
equation obtaining the following

Theorem 1.1 (Grenier [15]). Let s > d/2 + 2, let S°(x) € H*(RY) and
a®(x,h) be a sequence of functions uniformly bounded in H*(R?Y). Then
there exist T > 0, and solutions

h

Yp(t,z) = ap(t,z)e’ ,
to the Cauchy problem

5P ()

. K2 Sp(x)
ihOyy, = —7&@% + |4bn |2, Vr(0,2) = a’(z, h)e' .

Moreover, ay(t,z) and Sy(t,z) are bounded in L*°(0,T; HS(Rd)) uniformly
i h.

From the Theorem [Tl one deduces also the convergence (for 0 < t < T)
of the quantities apa, and w, = V.S, respectively to p(t,x) and u(t, )
solutions of the system

{ Ap(t,z) + Vg - (p(t,z)u(t,x)) =0,

(10)
Owu(t,x) + u(t,x) - Vyu(t,x) + Vgp(t,x) = 0.
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To prove the Theorem [}, Grenier starts from the following system

8twﬁ(t7 l‘) + wﬁ(t7 a:)Vmwh(t, i‘) + Vm(a%(t, i‘) + ﬁ%(tv :L')) =0,

1 h
813()(]7/(15, :L') + ZUh(t, :L') : anh(t’ i‘) + §ah(t7 :L')Vx : wﬁ(tv :L') = _gAxﬁh(tv ZL’),

0uBh(t, 2) + wn(t, x) - VaBa(t, ) + %ﬁﬁ(t, 2)Va - wilt,z) — gAmah(t, 2),
(1)
where ay,(t, z) and 5 (t, x) denote respectively the real and imaginary part
of ap(t,z). He observes that this system can be symmetrized by a strictly
positive matrix S and this will lead to the standard a priori estimates of
hyperbolic systems of conservation laws [10, [19]. In fact the existence of
such strictly positive symmetrizer is a consequence of the fact that the mass

(i.e. with pu(t,z) = an(t, ) + Bu(t,x)?) and the energy of the system,

3 L, (unlt)? + putt.2) pu(t. )

are a strictly convex invariants.

On the other hand, as observed in |1, 2, |3] for more general systems of
the type (@), i.e. formal limit of mixed states solution of the the Heisenberg-
Von Neumann equation, there may be no convex invariant. Therefore may
exist (even in one space variable) initial data for which the Cauchy problem
has no solution. This is due to the instantaneous appearance of exponential
frequencies instabilities. Hence as this was done in the forerunner paper of

[16] some type of control of analyticity is compulsory for a general theorem.

This is the object of the present contribution which mostly relies on two
points. First the use of a refined version of the Cauchy-Kowalewski Theorem
due to Safonov [22] and second the construction of well adapted spaces of

analytical functions.

2. The Safonov Version of the Cauchy-Kowalewski Theorem

We recall that the Safonov Theorem concerns the equation

u(t) = Tu(t) = /0 F(1,u(T))dT, (12)



50 CLAUDE BARDOS AND NICOLAS BESSE [March
where the mapping .7 is defined in a scale of Banach spaces B,, with
for 0<n' <n<mno, ByCBy, [.ly Iy

the following conditions, which in [22] are called “Assumptions 1.1.”

(a) For some constants ng > 0, 7 > 0, A > 0 and every pair of numbers
n, i such that 0 <7’ <n <mng, 0 <t <mny/\, the correspondence (t,u) —

Z (t,u) is a continuous mapping of

[0,70/A) x {u € By : |Jull, <r} into B, .

(b) For any 0 < 7' < n <mnp, 0 <t <mn/A\ and for u,v € B, with

llully <7, ||v|l, <7, we have

|7 (t,u) = F (&, 0)ly < lu = wlly,

—
where C' is a constant independent of n, 7/, t, u, v.

(c) Z(t,0) is a continuous function of t € [0, s9/A) with values in B,, 0 <

n < 1o, satisfying, with a fixed constant K

K
||cg(t70)||n§ ; 0<77<770'
o —"n

Then arises the

Theorem 2.1. For any positive ng, v, C and K, there is a positive con-
stant Ao such that under the above assumptions with A > Ag , there exists a
unique continuously differentiable function u(t) with values in B,, 0 <n <
no, ||u(t)|l, < r which is defined for 0 <t < (no —n)/A\ and satisfies the

problem (12).

3. Notations and Definitions of Some Functional Spaces

In the d-dimensional complex euclidean space C?, we denote by Boy(z, 0)
(resp. Soq_1(z,0)) the ball (resp. sphere) of C? of center z and radius § and
by I14(z,0) the cartesian product of circles Sq(z;,d) for i =1,...,d. With n
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being a given positive real number we define the tube T, as the set of points
of C? such that
T, = {(x—i—zy) eC |y;| <m, for 1 §j§d}.

Then we denote by A(T,) the set of analytic functions on the tube T, and
define the Hardy spaces HP(T)), 1 < p < oo by the formulas

H”(Tn)Z{fEA( DSy = s [ d\f(m+iy)\”dx<oo},1§p<oo,
Y[

1<j<d

H®(T,) = {fEA(Tn); IFlhescr,) = sup £ < oo}.

With A, = (1 — A,)Y? we define, for any non negative real number s and

p € (1,00) the Hardy type spaces Hy” by the formula
HyP = {f(-,a) € HP(T,) for a.e 0 € M,

1 oo = 1 ligyr = sup LS 0)lmogr,) < 00}
oeM
A ball of radius r in Hy? is denoted by
By(r) = {f € H5 If sy <7}

Observe that, whenever s is an integer the expression

1B = sup > 107 o,

M g1<s

provides an equivalent norm on Hy”, p € (1,00). Eventually for some fixed
real numbers g > 0, v > 0 and A > 0, we define the Banach spaces ’H;;)p A
by

HZSZTW,A:{f()eHsm I£1502, = sup <no—n—xtw||f<t>||n,s,p<oo},
0<n+At<no

With SUpgc, 4 <y, MeANING SUPy<y <y (SUPg<i<(ny—n)/A(-)) OF equivalently
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SUPo<t<no/A (Sup0<n<no—)\t(’)) :

4. Main Theorem

With the above notations we state below the main contribution of this

article as the following

Theorem 4.1. Let s > d/2, ng > 0, r > 0 and v € [0,1) some positive real

numbers independent of h. Let us assume that initial data are such that
(an(0,2,0), wp(0,2,0) = VuSi(0,x,0)) € Hi? N B2 (r). (13)

Then there exists a positive real number X\ > 0 (depending on s > d/2,
no >0, r >0 and v € (0,1) but independent of h) such that on the time

interval (0,m9/\) there exists a unique solution

(an(t,z,0), wn(t, ,0) = VoSu(t,z,0)) € H22 \NBYE (1), v €[0,1),

of the problem

1
Oran(t, z,0)+wy(t,z,0)-Vaeap(t,z, o) + iaﬁ(t,x,a)vx ~wp(t,x,0)

= ﬁA zan(t,x, o),

Opwy(t, x, 0)+wy(t,x,0) - Veowp(t,z,0)+Vy / ap(t,x,0)an(t,x,0)do=0,
M

with initial data (ﬂfﬂ) Moreover these solutions are uniformly bounded (with
respect to h) in 7—[77 o 15’770 3 (7).

Remark 4.1. The estimates being uniform with respect to A the Theorem
ATl includes the case h = 0 and therefore it implies that the limit system ({g])

is well posed in 7-[ , with solution

10,7,

Ut,z,0) = (p(t,z,0),ult,z,0)) € B2, (r),

for t € (0,1m0/A) and initial data U(0, z,0) = (p(0,z,0),u(0,z,0)) € Bf;(’)z(r).
A direct proof of this fact can be done. It follows the same line with minor

simplifications.
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On the other hand from the uniform estimates of the Theorem [4.1] one

deduces that the solution
Un(t,z,0) = (|an(t,z,0)*, wi(t,z,0) = VSu(t,z,0)),

arising from the system (@) converges as i — 0, to the solution U(¢t,x,0) =

(p(t,z,0),u(t,z,0)) of the limit system (§) in 7—[2027)\

Hence the Theorem (1] gives at the same time the fact that the problem
([B)) is well posed in the class of well adapted Hardy spaces and that it is the

semi-classical limit (in the same topology) of solutions of ([@]) or equivalently

of ().

Remark 4.2. In agreement with the representation formula (&), the Theo-
rem [£.1] for the limit system (8] concerns (at variance with the Jabin-Nouri
Theorem [16]) solutions which are analytic with respect to z and ¢ but which

can exhibit singularities in the v variable (sum of Dirac masses, etc ...).

5. Proof of the Theorem 4.1

We start with two following lemmas:

Lemma 5.1. The operators exp(+ithA,) : Hi> —s H® are unitary in HY?
for all h € R and t € R, and we get with s > 0,

| exp(£ithA)Y[lns2 = [¢llns2, hER, t €R, andy € HY?.

Proof. Using the holomorphic Fourier transform (cf. [21]) we observe that
the Green function (i.e. the convolution kernel) associated to the operators
exp(4ithA,) is the same as for the real case in RY. Therefore the proof is
the same than the real case in R?: for example we refer the reader to the
Proposition 2.2.3 of Chapter 2 of [7]. O

Lemma 5.2. Let f € HP(T,) with 1 < p < oo, then for all ' < n we have,

1 .
10z fllme(r, ) < WHJCHHP(T,,)v 1<j<d
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Proof. Let T, and T, two tubes of C¢ such that 1 < 7. Let z = x+iy € T,y
and Bag(z, €) a ball of C? such that € < | —7/|. Since f € HP(T,) with the
Cauchy formula we have:

1 / f(€)dér---déq
2mi)e Ji, e (§1—21) (&1 —2-1) (& = 2) 2 (§jr1—2j41) - - (Ea—2a)

az]'f:

_ 1 / f(€)d¢
2 Jiy(ee) (& —2)? Tz (G —21)

For 1 < p < oo, using Holder inequality with 1/p+1/g = 1 and the previous

equality we obtain

p L p
[ osras < o [ s ( RG] dg)

y / de p/q
Iq(z,€) 165 — 2™ Hl;éj & — 2l ’

1 d p/q
< p
= (2m)® <62q6(d—1)Q> /Rd du /Hd(m dg | f ()P,

1 1 1
< G v O

Using successively the mean value Theorem for analytic functions (cf. |21])

N

we get from the previous inequality the estimate

1 1 .
/Rd@jf\pdm < We—p/Rd |f(z + iy)[Pdx, Ve < |n—1],

1 1 .
< —(27T)dp7|77—77’|p /Rd |f(x +dy)[Pdx.

This leads to the estimate of Lemma (5.2)) for 1 < p < oo after taking the

supremun with respect to the variables y; for 1 < j <d.

In the case where p = co the Cauchy formula gives

1 . 3
0. f| < —=|If(C+ 1)l / ,
‘ j ‘ (27T)d H ( )”L (R4) Ma(ze) ‘6] — Zj|2 Hl;&j |€l — zl‘
1 e
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1 1
< ool G4 i)l o @ay.-
G =] &)
Taking the supremun with respect to the variables y; for 1 < j < d, this

gives estimate of Lemma (5.2)) for p = oo. O

Now we observe that any function 2 +— f(z) defined for z € R?, and
which is the restriction of an analytic function f(z + iy) defined on a tube
T,,, can be represented (with the Paley-Wiener Theorem I of Chapter I in
[20]) by the formula

f@) = [ e e,
with the Fourier transform f (&) decaying exponentially for |{| — co. Hence

the complex conjugate

~

7@ = [ i,

~

is also the Fourier transform of a function with the same exponential decay
and therefore can be extended as analytic function in the complex domain

according to the formula

e +iy) = / eI EF (€ de.

Rd

Of course such extension does not coincide with the complex conjugate of
f(x+1iy) for y # 0, but it belongs to the same class (in term of regularity) of
analytical functions. With this remark in mind, one introduces the analytic
extensions ay(t,x + 1y, 0), af(t,z + iy, o), and wy(t,z + iy, o) of ap(t,z,0),
an(t,x,0), and wy(t, z, o) respectively and write (with z = 2 4 iy € C%) the

system ([9)) in the following equivalent form:
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Opwy(t, z, 0)+wp(t, z,0) - Vowy(t, z,0) + VZ/ ap(t,z,0)a;(t, z,0)do=0,
M

1
Owan(t, z,0)+wi(t, z,0) - Vaeap(t, z,0) + iaﬁ(t,z,a)vz ~wp(t, z,0)
ih
= %Azaﬁ(t7 Z, 0)7
1
oay(t, z,0)+wp(t, z,0) - V.ap(t, z,0) + ia,’;(t,z,a)vz ~wp(t, z,0)

_ih
= TZAZa};(t, z,0).

(14)
With the notations
wp(t, z,0) 0
Up= | an(t,z,0) |, Li=| 2A, |,
CLZ(t, Z, U) _%Az

and

wy(t,z,0) - Vowp(t, z,0) + V., [y, an(t, 2,0)a;(t, z,0)do
F(Uﬁ) = - wh(ta 2 U) : Vzaﬁ(t7 2y J) + %aﬁ(ty 2, O-)VZ : ’U)ﬁ(t, 2, J) ’
wp(t, z,0) - V.ai(t, z,0) + %a;(t, 2,0)V, - wy(t, z,0)

the system becomes

Uy, = F(Uy) + Lp(Uy),

which, using a Duhamel’s formula, implies
¢
Un(t) = erUpg + / e P(U (7)) dr. (15)
0
Now using the following change of unknowns
up(t) = e ErUL(t) — Up, (16)

the Duhamel formula (I3]) becomes

t t
‘Uﬁ(t) = Tﬁﬂh(t) = / yﬁ(T, fuh(T))dT = / e_TLhF(eTLh(‘Uﬁ(T) + Uﬁo))dT.
0 0
(17)
The formulation (7)) of the problem (I4]) is now well suited to apply the
Cauchy-Kowalewski Theorem 2] (cf. Section 2) whose proof consists in our
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functional framework to apply a Banach fixed-point Theorem to the nonlin-
ear mapping Ty in a certain subspace of ’Hgf,y , with v € (0,1). Therefore
it remains to verify assumptions (a) to (c) of the Section 2.

Let us start with assumption (a) of the Section 2. Let us fix ng > 0,
r > 0 and the initial data Uyg such that |[Upo|n,,s,2 < 7. Moreover let us
assume 0 < 7’ < n < my and A > 0. From the definition of the function
U — F(U), we observe that each component is a linear combination of
two types of quadratic nonlinear terms, which are of the form f-V,g or
1) mdof - V.g. It is sufficient to study the first one since the second one
deduces from the first one and the fact that we take the supremun norm in
the variable o over the set M. Therefore we have to estimate terms of type
82(f - V.g) with a spatial multi-index 8 such that |8| < s where s > d/2 in

the space Hf77,2. Using Leibniz formula we get
/8 (0% —Q
a<p

Using the previous equality and the following classical bilinear estimate (e.g.
cf. Proposition 3.6 of [23]): for f, g € H*(R%) N L= (RY), if |a| + |8] = s we

have
1@27)(D29) | 2z < ) (Il ey I8+ ty + Lz eyl e e )
we then obtain

102(f - Vo9) |l 12 Ry
< C(|8]) <||f||H\ﬁ\(Rg)||Vz9||Loo(Rg) + ||f||Loo(Rg)||Vz9||H\m(Rg)) :

Using the last estimate, the continuous Sobolev embedding H*(RY) « L
(RY) if s > d/2 and the Lemma [5.2] with p = 2, oo, we get

sup |05 (f - VZQ)HH?(T,]/)
ogeM

< ¢(18) <||f||n/7|5,2 sup Vgl cr
oceM

C(18l)
ln— 1|

n

)+ ||f||nf,s,2||vzg||n/,m),

(£l 1.2ll9ln.s.2 + 1f lIns2llglln,is1.2) -
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< 2¢08D
~ n =]

Han,SQHQHms,?a

which leads to ||/ - Vagllys.2 < Cu(s)ln = '| 7| fllns2llgllys2 and

C,(s)
In—7|

where C,(s) denotes a set of constants which depend on s (but do not depend

[EUn)ly 52 <

Ul 520 s > d/2, (18)

on h) and are equivalent up to a multiplication by a pure numerical constant.
Then the Lemma [5.1] implies that the operators exp(4tLy) are also unitary
in Hf772. Therefore using estimate (I8]), the relation (I6) and the isometry
property of the operators exp(+tLy) we obtain

sup ||-Fn (7, un)
7—6(07"70/)‘)

n,8,2

2C5(s)

< sup sup ‘iﬁ(llﬂh\\%sg + | Unoll2 5 2)
7€(0,m0/X) wpeBy(r) I~ 11
47“20*(3) < Cy(s,T)

=21 ~ In—n'|’

which means that (¢, up) — 5‘}/(7’, u h) is a continuous mapping of [0, 7/\) X
B3 (r) into Hf732 uniformly in %, and concludes the point (a).

Let us check assumption (b) of the Section 2. Let us assume 0 < 7/ <
n<mn and 0 <t < ny/A. We consider uy, v € Bq‘;’z(r). In the same way
that we have obtained (I8]), since the mapping U — F(U) is quadratic (and

linear with respect to the first-order derivative) we obtain

C,(s)
ln— 1|

[E(U) = F(V)llys2 < U = Vlps2(lUllns2 + [Vipsz2), s> d/2.
(19)
Then using the isometry property of the operators exp(+tLy) and estimate

(I9) we have

170t un) = Zi(t, va) [, .2

| F ("X (un(r) + Uno)) — F ("X (vi(7) + Uno))
Cy(s)
In—'|

IN

n',8,27

lan = Vally 5.2 ClURNns2 + [ €nllns2 + [|Vallns,2),
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O*(87 T, 770)
< —/—— llun — v
1

which shows the uniform (both in time and /& parameters) Lipschitz property
of the application uy — Fy (t, u h) and concludes the point (b).

Let us check assumption (c) of the Section 2. Let us assume 79 > 0 and
A > 0. Since [0,79/A) 3 t — exp(%tLy) is a strongly continuous group of
unitary operators in Hff2 and U — F(U) is a continuous mapping from Hf;f
into H%’2 with 0 < 1 < ng, then t — %,(¢,0) is a continuous function of
t €[0,m9/A) with value in HZ’2 uniformly in 4. Moreover using the isometry
property of the operators exp(£tLy) and estimate (I8) we get

C*(S, T, 770)
o —nl

Ci(s)
1527 o —

10 (t,0)]l,) 5.0 < || F (™ Uno) |

7,8,2 = |||Uﬁ0||170,s,2 =

which concludes the point (c).

All assumptions of the Theorem [2.I] being satisfied it can be used to
obtain the existence of the constant A > 0 depending on s > d/2, ny > 0,
r > 0 and v € (0,1) but independent of i such that the conclusions of the
Theorem [£1] hold, which ends the proof.

Remark 5.1. The above proof is simpler than the forerunner result of
Gérard [11], and it also provides an extension to mixed states as consid-
ered by Lions and Paul [18]. This is essentially due to the fact that the
Theorem [2.1] (Safonov version of the Cauchy-Kowalewski theorem recalled
above) is very well suited to the problem in the representation proposed by
Chazarain [8, 9] and Grenier |14, [15].

6. Conclusion

As recalled above, in some situations (cf. Lions and Paul [18] for self-
consistent Schrodinger equation with Coulomb Potential, Grenier |14, [15],
or in the spirit of scattering theory by Jin, Levermore and McLaughlin [17]
for the genuine nonlinear Schrodinger equation) the stability of the Wigner
transform can be proven in Sobolev spaces of finite order. This is in full
agreement with the fact that the limit Vlasov-type equation is a well-posed
problem in the same type of spaces.
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However, to justify the pertinence of the present contribution we observe
that the V—D—B may lead to ill-posed problem in any spaces except in some
analytical settings as in the Theorem [LJl Similar pathology appears in the
behavior of the Wigner (or semi classical) limit. Hence the introduction of
theorem in the analytical setting is fully justified.

Moreover, the Theorem [4.I] can be applied to problems considered by
Zakharov [24] in one space variable but involving also a (finite or infinite)
system of coupled equations. As proven in |24] such system are integrable
and this confers to the V—D—B equation a status of quasi-integrable equa-
tion with an infinity set of invariant quantities, limit of the corresponding
invariants at the level of the Schrodinger equations. The above properties
being in some sense algebraic, the proof of convergence with analyticity hy-
pothesis seems perfectly well adapted to such considerations.
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