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Abstract

We study the existence and the asymptotic stability of time-periodic solutions to
the drift-diffusion model for semiconductors. If alternating-current voltage is applied to
PN-junction diodes, a time-periodic current flow is observed. The main purpose of the
present paper is mathematical analysis on this periodic flow. We construct a time-periodic
solution by utilizing the Galerkin method. The solution is unique in a neighborhood of a
thermal equilibrium, and it is globally stable. Proofs of the uniqueness and the stability

are based on the energy method employing an energy form.

1. Introduction

PN-junction diodes are widely utilized as a rectifier. Joining P-type
and N-type semiconductors yields this diode. If applied voltage is negative,
a current flows through this diode. On the contrary, if positive voltage
is applied, the current is almost zero. Hence, this diode allows a flow of
electricity in one direction but not in the opposite direction. This property is
called rectification and converts alternating current (AC) into direct-current

(DC).
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As a first step of mathematical understanding of this conversion pro-
cess, we investigate the existence and the time-asymptotic stability of time-
periodic solutions to the drift-diffusion model for semiconductors. The drift-
diffusion model consists of two continuity equations for the density of elec-
trons and holes, adopting constitutive current relations, coupled with the
Poisson equation for the electrostatic potential (for details, see [6, [7, I, [11,
12]):

ne = (ng — nug)z — R(n, p), (1.1a)
Pt = (pz + pvz)z — R(n, p), (1.1b)
eV =m—p—D, (t,z)eIxQ, (1.1c)

where 2 = (0,1) and I C R is an interval. The unknown functions n, p and v
denote the electron density, the hole density and the electrostatic potential,
respectively. The recombination-generation term R accounts for instanta-
neous generation or annihilation of electron-hole pairs. In most application,

it is given by the Shockley-Read-Hall form

np—1
R(n,p) = v———,
(n.p) n+p+2

where v is some positive constant. The positive constant € is the scaled
Debye length. The doping profile D denotes the density of ionized impurities
in the semiconductors and determines the performance of the devices. It
is supposed that D is a bounded measurable function. We prescribe the
boundary data

n(t,0) =ny;, p(t,0)=p;, v(t0)=0, (1.2a)
n(t,1) =n., pt,1)=p, v(t,1)=0¢() (1.2b)

and the initial data
(n,p)(0,2) = (no, po)(x), (1.3a)
no(x),po(z) >0 a.e. z € (0,1). (1.3b)
The positive constants n;, p;, n, and p, in ([L.2]) are supposed to be in thermal
equilibrium

mpr = 17 NyPr = 1.

We do not assume the Ohmic contacts
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ny —pi _D(O) =0, n.—pr _D(l) =0,

although it is adopted to uniquely determine the boundary data n;, p;, n,- and
pr in the numerical simulation of the devices. Moreover, since we consider
the situation that alternating-current voltage is applied to the devices, the
function ¢ € C(R) in (L.2D) is assumed to be periodic with period T, > 0.

Namely,
ot +Ty) = ¢(t) for any t € R.

Let us mention some known results. The drift-diffusion model was de-
rived by Roosbroeck in [12]. Mock in [9] first studied the existence of the
stationary solution in a multi-dimensional bounded domain. In his another
paper [10], the asymptotic stability of the stationary solution was also dis-
cussed. In these two results, he treated the Neumann boundary condition
which does not allow any electron and hole flow through the boundary.
Gajewski and Groger in [1] showed the unique existence and the stabil-
ity for general cases. More precisely, they adopted the Dirichlet-Neumann
mixed boundary condition which covers the case that a current permeates
the boundary. However, they investigated only a special stationary solution
(N, P,V) in thermal equilibrium, that is,

NP=1, (logN—-V),=(logP+V),=0. (1.4)

Here the second equality means that the electron and the hole currents are
zero. Under the general condition which admits stationary solutions in non-
thermal equilibrium, Fang and Ito showed that time global solutions converge
to an absorbing set as t tends to infinity in [3, 4, 5]. The relation between
the absorbing set and the stationary solution was not made clear.

Time-periodic solutions are closely related to rectification of PN-junction
diodes. However, its study is quite limited in the existing literature. Seidman
in [13] constructed the time-periodic solutions with adopting the boundary
condition different from that in the device simulation. On the other hand,
the uniqueness and the stability have been quite open problems. The diffi-
culty to study these problem arises in the fact that time-periodic solutions
are usually in non-thermal equilibrium state. Indeed, even the stationary
problem, which is a special case of the time-periodic problem, is investi-
gated only in the thermal equilibrium state.
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The main purpose of this paper is to show the unique existence and the
global stability of the time-periodic solution. This also covers the situation
that the stationary current flows in semiconductors if letting ¢(t) be a con-
stant. This situation was not treated in [1]. Before stating our main results,
we give a definition of solutions to (III).

Definition 1.1. We say that (n,p,v) is a solution to the problem (L)) and
([L2) if (n,p,v) satisfies (I.I) and (L.2)) with the conditions (i)—(iii):

(i) n,pe C(I; HY(Q)) N LE (I; H*(Q)) N H] (I; L*(2)).

(ii) v € C(I; H*(Q)).

(iii) n(t,x),p(t,x) >0 for any (t,z) € I x Q.

If (14, s, vs) is a solution with I = R and additionally satisfies the following
condition, we call (n, ps, v«) a time-periodic solution with period 7.
(iv) (M, P, V) (£ + T, ) = (N, Ps, v4) (¢, ) for any (¢,2) € R x Q.
If a solution (n, p,v) with I = (0, T) satisfies (n, p)(t,-) — (ng, po) in L?(Q) x

L?(Q) as t | 0, (n,p,v) is said to be a solution to the initial-boundary value

problem (LI)-(T3).

The existence of time-periodic solutions is established without any re-
striction of ¢(t). On the other hand, the uniqueness is proved under the

assumption that max,c(o 1,1 |¢(t) — ¢-| is small enough, where

Nb(a:)7 Ny(z) :=n(1 — x) + npz, Bpx) := Nblx)

(1.5

Or 1= ‘/b(l)? ‘/b(x) := log

~—

(there notations are often used throughout this paper). This smallness as-
sumption implies that the time-periodic solution is in a neighborhood of the
stationary solution which is in thermal equilibrium. Note that Gajewski and
Groger in [1] constructed this stationary solution.

Proposition 1.2 ([l]). The stationary problem to (L) and (L2l with
d(t) = ¢, has a unique solution (N, P,V) € H?(Q) satisfying N, P > 0.
Moreover, it satisfies (4.

The unique existence result of time-periodic solutions is summarized in the
next theorem.
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Theorem 1.3. The problem (L) and ([L2)) has a time-periodic solution.
Moreover, there exists & > 0 depending only on v, €, n;, ny, pi, Pr, LT, Or

and |D| such that if max,c(o 1,1 [¢(t) — ¢r| < 9, the time-periodic solution

to (LI)) and (I2) is unique.

Next let us consider the initial-boundary value problem (LI))-(L3]). We
prove not only the global solvability but also universal a priori estimates.

Proposition 1.4. For any (ng,pg) € L*(Q) x L*(Q), the problem (L) -(L3)
admits a unique global solution (n,p,v). Moreover, the solution satisfies

lim sup (In@ll + [lp@® 1 + o)) < C, (1.6)
limsup ([n(t) " loo + p(t)'lec) < € (1.7)

where C is some positive constant depending only on v, £, ny, Ny, P, Pr,
maxie[o,7] lp(t)| and |D|x.

Finally we give a global stability theorem for the time-periodic solution under
the smallness condition on maxycp7,) [#(t) — &7|.

Theorem 1.5. There exists § > 0 depending only on v, €, ng, n., P, pr, Lk,
o(t)—or| < 0, then every global solution
(n,p,v) to the problem (LI)-(L3]) converges to the time-periodic solution

¢r and | Do such that if max,c(o 1]
(N, Ds, Vs ) exponentially fast in L% x L™ x W2 as t goes to infinity.

Outline of the paper. This paper is organized as follows. Section 2 estab-
lishes the existence and the uniqueness of time-periodic solutions. To show
the existence, we first find a time-periodic solution to a modified problem by
the Galerkin method, and then verify that the solution satisfies the original
problem. The uniqueness is proved by employing an energy form. In Section
3, we discuss the global stability of the time-periodic solution. The key to
showing the stability is to derive universal bounds for global solutions. Such
bounds are obtained by an energy method.

Notation. For 1 < p < oo, LP(Q2) denotes the Lebesgue space equipped
with the norm | - |,. For a nonnegative integer | > 0, H!(Q) denotes the
I-th order Sobolev space in the L? sense, equipped with the norm || - ||;. We
note H = L2 and || - || := || - ||o. Moreover, for a nonnegative integer { > 0,
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Wh°(Q) denotes the [-th order Sobolev space in the L> sense. For a € R
and k > 0, we define

ay = max{a,0}, a_:=min{a,0}, o :=min{a,,k}.
Lastly ¢ and C denote generic positive constants depending only on v, €, n;,

Ny DUy Pry L, maXie(o,Ty]
stant depending additionally on other parameters «, g, --- by Cla, 3, -« -].

o(t)| and |D|s. We denote a generic positive con-

2. Construction of a Time-Periodic Solution

2.1. Existence

This subsection is devoted to the construction of a time-periodic solu-
tion to the problem (1)) and (L2]). We begin with seeking a time-periodic
solution (n,p,v) to the modified problem

ng = Ngx — (nkvw)z — Ri(n,p), (2.1a)
Pt = Daz + (pkvm)x - Rk(”aP)) (21b)
Vg =n—p—D, (t,z) eR xQ (2.1c)

with (LZ), where ny = max{n,0}, n* = min{n., k} for a positive constant
k and

2
(nips)™ -1

Ri(n,p) :=v .
k(n, p) —

After constructing the solution to (2.1I), we show n* = n and p* = p by
deriving a priori bounds independent of k. More precisely, we prove the
next two propositions.

Proposition 2.1. For any k > max{n;,p;,n,,p,}, the problem ZI) and
(T2 has a time-periodic solution (n,p,v) satisfying the conditions (1)—(iv)
in Definition [

Proposition 2.2. There exists K > 0 depending only on v, €, n;, n, p1, Pr,
T, maxyepo,) |#(t)| and |Dl| such that if k > K, then every time-periodic
solution (n,p,v) to 1) and ([L2) satisfies n* = n and p* = p.

To prove Proposition 2], we reduce the problem (2.1 with (L.2]) to the
problem for (7,p) = (n — Ny, p — P):
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Ng = Ngg — {(ﬁ + Nb)kvx}x — Rk(ﬁ + Ny, p+ Pb) + Npzas (2.2&)
Pt = Doz + {5+ Py)*ve}e — Ri(R+ No, 5+ Py) + Poas, (2.2b)
v= / / n—p)(t,z) + (Ny — P, — D)(2) dzdy
2 [ [ -0+ (06~ B D) sy + o0
(2.2¢)
A(t,0) = i(t, 1) = p(t,0) = p(t, 1) = 0, (2.2d)

where N, and P, are defined in (L5 and @ is a solution operator of the
Poisson equation. The Galerkin method establishes the existence of a time-
periodic solution to the problem (2.2]) (for the details of the Galerkin method,
see [15]). We take a complete orthonormal system {w;(x) := v/2sinirz}2,

in L?(Q)) and then contract an approximate solution (7i;(t,z) = g:l
ai(t)wi(x), p;(t,z) == Y1, bi(t)w;(z)) by solving the system of nonlinear
ordinary differential equations for (a1,as,...,a;,b1,b2,...,b;):

(Fijeswi) = (Rjga, wi) — ({(7j + Np)F @i, B,)a e + Ri(fi; + Ny, B; + Po)

_Nb:c:w wi)7 (23&)
(Bjerwi) = Bjazswi) + ({(B; + Po)*®[fij, 5la}e — Ra(fij + Ny, 5; + P)
+Pb1‘1‘7 wi)7 (23b)
(ai, bz)(t + T*) = (CLZ‘, bz)(t) (2.30)
for i =1,2,...,j, where (-,-) denotes the standard L? inner product.

Lemma 2.3. The problem [23) admits a solution (ay,as,...,a;,b1,ba,. ..,

bj) € (C'(R))”

Proof. We define amap L : (a1, 0, ...,05, 01, 02,...,5;) = (a1, a2, ..., a5,
bi,ba,...,bj) over the Banach space (C’Ser( )%, where CJ.(R) := {f €
CO(R); f(t + Ti) = f(t) for t € R}, by solving the following linear problem
for (al, az,...,a;, bl, bg, ceey bj)i

(e, wi) = (Fjazsw;) — ({(ng + No)*®[nj, pjla}e + Re(nj + Ny, pj + Pp)
_Nbx:cywi)a (24&)

Bjewi) = (Bjaerwi) + {(pj + Po)*®[nj,pjlu}e — Ri(nj + No,pj + Pp)
+Poy W), (2.4b)
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(ai, b,)(t + T*) = (CLZ', bz)(t) (24C)
fori=1,2,...,7, where
J J
ni(t,z) =Y oi(t)w(), pi(t,x) = Bi(t)w;(x).
i=1 =1

The solvability of (2Z4]) follows from the standard theory of ordinary differ-
ential equations. It is also straightforward to check that L is continuous and
compact over (C’SET(R))%. Hence, to construct a solution of the nonlinear
problem (2.3)) by the Leary-Schauder fixed point theorem (Theorem 11.3 in
[2]), it is sufficient to show the boundedness

> t 2 = t 2 <M 2'
(e (17 (1 + llp; ()17 < (25)

for any solution (7i;(t, ), p;(t,)) of

(g, wi) = (fjaas wi) — M{(72 + Np) @[, jlo ta+ Ri(itj + Ny, p; + Py)

_Nbrrawi)a (26&)
Bjeswi) = (Bjaerwi) + N{(B; + Po)f@[fij, p;lu o — Ri(fj + Ny, b + Pp)

with [24d) for ¢ = 1,2,...,5 and A\ € [0,1], where M is some positive
constant independent of A and j.

Multiply (Z.6a)) by a;(t) and (2.6D) by b;(¢), respectively. By summing
up these resulting equalities for ¢ = 1,2,...,j and applying integration by
parts, we have

1d (' 5 L 5
S d / (%‘)2 + (pj)2 dr + / (njr)2 + (ij)zdx
0 0

1
1
- —/\/ G[ﬁj+Nb,ﬁj+Pb]<1>mdx+§/\(n§—p$) D, (t,1)
0

1 Lo _
—32 (nf —pi) 2(t,0) — )\/ {("j + No)"Now — (5 + Pb)kam} P,
0
+Rk(ﬁj + ﬁ]) - memﬁj - Pbmmﬁj dzx, (27)

where . .
Gln,p] == n" (n — §nk> —p* <p —~ §pk> :
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We estimate the right-hand side of ([2.7) separately. By ([2.2d), the first term
is rewritten as

(1st term) = —g /01 G[nj + Ny, p; + P] (7 + No — pj — Pp)
— Gliv; + No,j; + Py D da
< g/ol G[nj + Ny, p; + P]D dx
< CRI(1 + [Rjell + 125211,

where we have used the nonnegativity of G[n,p|(n — p) in deriving the first
inequality and the Schwarz and the Poincaré inequalities in deriving the last
inequality. C[k] is some positive constant depending on k but independent
of A and j. One can also handle the other terms as

(other terms) < C[k](1 + [zl + [1P;2]])

by utilizing [®[7, p;]lee < C[E](14 [|725]] 4 [|p;]]). Substituting these estima-
tions into (2.7) and applying the Schwarz inequality give

d i _ _
= (15117 +12511%) + 170 ]1* + 1pjol* < ClR)- (2.8)

Integrate this inequality over [0,7%] and apply the mean value theorem
for integration to see that there exists t. € [0,7%] such that ||fij,(t.)]* +
19.(t0)||* < C[k]. Moreover, integrating [ZX) over [t.,t, 4+ T3] again and
utilizing the periodicity and the Poincaré inequality, we conclude

T*
max (||, ()[|* + 15, (1)I*) + / 17 (82 + (152 (D)1 dt < ClK].  (2.9)
tE[O7T*} 0

Hence, the desired boundedness (2.5]) holds. This ensures the existence of a
fixed point of the mappings L. Moreover, it is obvious that this fixed point
is a solution (a1, as,...,a;,b1,ba,...,b;) € (CL(R))% of [23J). O

Since the construction of the approximate solution has been complete,
we are now at a position to prove Proposition 211

Proof of Proposition [21. Tt is seen from Lemma 23] and its proof that
the approximate solution (7j,p;) € C'(R; H(Q) N H?(Q)) satisfies (2.9).
We derive the estimate of the higher order derivatives. Multiply (2.3al) by
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a;(t) — (im)2a;(t) and (23R) by by (t) — (im)2b;(t), respectively. Sum up them
for i = 1,2,...,j and integrate by parts. Note that w;z, = —(i7)?w;. The

result is

d 1~ ~ 1~ ~ ~ ~
G | e+ G o+ [0+ ) + 0 + G0 o

1
=/««mww%m—m+MM@ﬁmmm
0
1
+[;G@f+&ﬁ@AI—Rk+fua@ﬁ—ﬁﬂadm

In a similar way to the derivation of (Z9)), this equality yields

T
max (|17 (4)]|* + |15, ()1%) +/0 7¢I + 1156 (D1 + 1722 (t)

te[0,T%]
Bz ()11 dt < O[], (2.10)

where C[k] is some positive constant depending on k but independent of A
and j. As this derivation is easier than that of (2.9]), we omit the details.

By virtue of the boundedness (2.9) and (2.I0), there exists a subse-
quence, still denoted by {(7;,p;)} and 71, p € C([0,T]; L*) N L%(0, Ty; H}

NH?)N H'(0,T,; L?) such that

o]
j:17

2)) strongly,
Q) N H%(Q)) weakly,
ﬁjtaﬁjt — Ng,py In L (O,T*;LQ(Q)) weakly.

B, — mp in o C((0,T]; L¥(
nj,p; — M,p In L? (0, T*7HO(
Notice that (7,p)(0) = (72,p)(Z%) holds (in L?) thanks to (7;,5;)(0) =
(7,P;)(T%). Hence, extending the domain of 7 and p from [0,7}] to R
periodically, we see that (7,p) is a desired time-periodic solution to (2:2]).
The standard theory of parabolic equations ensures the regularity n,p €
C([0,T,]; H'). Consequently, it is immediately seen that (n,p,v) = (7 +
Ny, p + Py, ®[n,p]) is a time-periodic solution to (21]) satisfying the condi-
tions (i), (ii) and (iv) in Definition L]

Lastly, we show that the constructed time-periodic solution satisfies the
condition (iii) in Definition [LT1 Multiply (2Ial) by n_ := min{n,0} and
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integrate by parts over ) to obtain

1d !
—— dm—l—/{ }2dx—/ nFog(n_ dw—/ Ri(n,p)n_ dx.
2 di ;

Notice that the first term of the right-hand side is zero and the second
term is nonpositive. Thus, integrating the above equality over [0, 7] yields
fOT* [(n-)z(t)|[*dt < 0 owing to the periodicity. This together with the
Poincaré inequality gives n_ = 0, which means n > 0. In the same way, we
have p > 0 from (2.1D). O

Next we show Lemmas 2.4] and which immediately lead to Proposi-
tion owing to the Morrey inequality. In the proofs, we utilize

llu|l < |lug|l < ||luge|| for any u € Hé(Q) N H2(Q) (2.11)

Here and hereafter, we need the arguments using the mollifier with respect
to the time variable ¢ due to the insufficiency of the regularity of solutions
and ¢. However, we omit these arguments since they are standard.

Lemma 2.4. Let (n,p,v) be a time-periodic solution to (2.1)) and (L2]) sat-
isfying the conditions (i)—(iv) in Definition[IIl. For any k > max{n;, p;,n,,
pr}, it holds that

T
tgﬁ)a%](||n(t)||2+||p(t)||2+||v:c(t)||2)+/o [t ()12 () 1P+ vaw (1) [Pt < C,
(2.12)
where C is some positive constant independent of k.

Proof. Differentiating (2Z.1c) with respect to ¢ and utilizing the equations

(2Ia) and (2.ID) give
— _ k k
EVggt = Nt — Pt = Ngg — Paxa — {(n +p )vx}x

Multiply this equation by —(v — ¢x) and integrate it by parts over € to
obtain

2dt/{ ~ du)a} do
:/0 —(n— Ny —p+ Py) (0 — 02z + (Ny — By)a(v — 62)q
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—(n* + ") {(v = ¢2).}* — ¢(n* + p¥) (v — p), da

1
= —6/ (Vgz)? + (nF + ") (vy)? da + 1, (2.13)
0
1
I = / (Nb—Pb_D)Uxx“‘(Nb_Pb)x(v_qu)z+¢(nk+pk)vwdx’
0

where we have used (ZId) in deriving the last equality of (2I3]). By the
Schwarz inequality and (21I1I), I; is estimated as

1] < p(llvaall® + Vb |2 + [Vikvs |2 + ln)® + [Ipl*) + Clul, - (2.14)

where p is a positive constant to be determined later and C[u] is some
constant depending on g but independent of k.

Multiply (2Ial) by n — N, and 2JD) by p — Py, respectively. Then
adding both results and integrating by parts over 2 lead to

1d [
2dt J,

1
= / Ny Npy — {(nk)xvx + nkvm}n + (nkvx)be
0

1
(n— Ny + (p— Py)?dz + /0 ()2 + (pa)? da

+p2 Pys + {(pk)xvx + pkvxx}p - (pkvm)pr
—Ry(n, p){(n —Ny) + (p— )} da

1 1
= —/ G[n,p]vmd:c—/ Ryp(n, p){(n—Np)+(p—Py) }dw+1z, (2.15)
0 0
! k k 1
I = / N Noge + P Pox — (0" Nog: — P Pp ) vz dz + 5 (7%2« —pz) vg(t,1)
0
1
_5 (nl2 - pl2) 'Ux(t, 0)7
where G[n,p] is given in ([27). Let us estimate each term of the right-hand

side of (2.I5]). Substituting (2.Ic]) into the first term and using 2G[n, p](n —
p) > (n* + p¥)(n — p)? and |G[n,p]| < 2(n* + p¥)|n — p|, we have

1 1 rl 1 rl
_/0 G[nap]vmcdl' = _E/O G[n,p](n—p) dr — E/O G[n,p]DdlL‘
1
< -2 /0 (n* 4+ p*) (0 — p)? da + (|l + [p?) + Clul. (2.16)

Moreover, from the fact that —C' < Ry(a,b) < C(1+a+b) for any a,b > 0,
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one can handle the second term as
- [ B - M)+ 0 R
= [ Rl - N+ 0 By
- [ R84 - ) Y
<0 [y + - By

1
- c/ (14 n+p){(n =Ny + (p— Py)_}da
0

< p(lInl® + IpI?) + Clu). (2.17)
For the estimation of Is, we use

ol +llpll < €A+ [lnall + P21, (2.18)
Valoo < C(L+ [Inll + lIpl)- (2.19)

Note that the first inequality follows from (2.I1]) and the second inequality
is derived from the solution formula v = ®[n — Ny, p — P,]. From these we

have

112 < pllnal® + llpal®) + Clu). (2.20)

Add 2I3) and (2.I5) and substitute (2.14), 2I6), 2I7) and (2.20).

Then, taking p appropriately and using (2.18]), we conclude

d

1
= (In=No[l*+[lp=Boll*+[1(v = ¢2)2 1) + 5 (Ina [+ [pal* +[[vaa*) <C,

(2.21)
where C is some positive constant independent of k. Integrate this inequality
over [0,7T,] and apply the mean value theorem for integration to see that
there exists t, € [0,T%] such that ||ng(t)]|? + ||[pe(t)]|? + |Jvee(t)]? < C.
In addition, integrate (2.21]) over [t.,t, + Ti] again and utilize ([2.11]), (2.1I8])
and the periodicity to obtain ([2.12]). The proof is complete. O
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Lemma 2.5. Under the same assumptions as in Lemma 2.4, it holds that

T
e (s (O + a0 + [ osa(®ll + sl de < . (222)
€[0,7%] 0

Proof. By multiplying (2.Ial) by —n,, and integrating over €2, we have

1d 1 1 1
3% (nx)Qd:n =— / (nm)zdﬂc + / {(nk)zvz +nFug, + R(n,p)}ngdx
0 0 0
1
<- gllmmcll2 + o2 2 Ina I” + [[vaa | nl2g

+ C(Inl? + [pl1* + 1). (2.23)

The Morrey inequality, (2.1d), (218) and (Z19) yield

[al3ollnal® + vzal*Inl3 < C(Inl* + IplI* + D(lIne|I* +1)

1
< Jlnaall® + Ul + Pl + 1) (2:24)

Substituting (224 into Z23) gives (d/dt)||n.||* + |ne)*/2 < C. In a
similar way, we have (d/dt)||ps||> + ||[ps=[*/2 < C. Then we obtain (222 in
the same way as the derivation of (ZI2]) from (Z2T). O

2.2. A priori bounds

In this subsection, we discuss several estimates of a time-periodic solu-
tion (N, px, vx) to (ILI) and (L.2]). More precisely, we show a priori bounds
in Lemma and estimates of the difference between the time-periodic so-
lution and the stationary solution (N, P, V') to (L)) and (L.2) with ¢(t) = ¢,

in Lemma 2.7l These estimates are utilized in the proof of the uniqueness.

Lemma 2.6. FEvery time-periodic solution (n.,p«,vs) to (LI) and (L2)

satisfies

Tx
tﬁgpmww%Wm@M+mamm+A a2 + [pea (D)2t < C,

(2.25)

«(t)]oo + |P£(t)]oc) < C, 2.2
2 ([ (B)loo + [Pa(B)leo) < € (2.26)
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max (|n.(t) " oo + [p<(t) o) < C, (2:27)
te[0,T%]
where C' is some positive constant depending only on v, €, ng, n., pr, Pr, Tk,
maXze(o,Ty] lp(t)| and |D|x-

Proof. By the same manner as in the proof of Lemmas 4] and 25l we
obtain (Z25). The Morrey inequality together with (2.25]) leads to (2.26]).
To derive (2.27), let us take mg > 0 sufficiently small so that

v
2(Cy + 1)

. m001
mo S mln{nlynTappr}? =0

p— 9

m
—mo— 22201+ Dljo) ~v

where (' is a positive constant verifying (2.26]) with C' = C, and put m(t) :=
mo(1 — e~ (t=%)) for t; € R. Multiplying (LIa) by (n. — m)_, integrating
the resulting equality by parts and utilizing the fact that 0 < n, < myg if
(nx —m)_ < 0, we have

iln_m 2:1: 177,—777, 23:
& [ A= m ot [ —m)-y 2

1
(— 1 NPy — 1
mae~ 70 _ —(n D Y s B
{ o€ 26(71* ps«—D)(n.+m) Vn*+p*+2

N —

S~

}(n* —m)_dx

v

mo moCl 1
20C, +1) mo — ?(201 + [[Dlloc) =¥ }/0 (ny —m)_dx

2

IN
S

IN

This together with the nonnegativity of n, yields ||(n. —mg)_(t)||> = 0 for
any t > tg. Therefore

lim sup [n4(£) oo < lim m(t)~t = my .
t—o0 t—o0

Hence, n, > mg holds owing to the periodicity. The same argument is valid

for (LID) and thus we conclude (2.27)) . O

To estimate the difference between the time-periodic solution (n., ps, vs)
and the stationary solution (N, P, V'), we employ an energy form

& = 5[n1,p1,v1,n2,p2,vg]

v Y v Y € 2
:=/ log (14 = dy+/ log (14 = ) dy + 50z — Nlz=1)",
0 n2 0 D2 2
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where

© = @[ni,ne] :=n1—ng, ¥ =Y[p1,p2] := p1—p2, N =nlv1,v2] := v V2.

It is seen that the energy form & for any two solutions (ni,p1,v1) and

(ng, p2,ve) to (LI) satisfies
E&t=-D+T+K+L+ M+ B, (2.28)

where D, J, ..., B are defined by

D = D[nbphvlyn%p%vﬂ

2 2
=g n) el en) )

J = Jni,p1,v1,n2,p2,v2]
n
= —{nl <log—1 —n) —p1 <logﬂ +77> }(nlml),
K = Klni,pi,n2,pa]
= —(R(n1,p1) — R(n2,p2))(log nipr — log naps),
L = L[n1,p1,n2,p2]
2 P
) )
([ [ ),
(“’2)< o malnzty) Sy pap2t )™
M = Miny,p1,v1,n2, p2, v2)
= {p(ogny —v2), —P(logpe + v2)u Hne — (N]a=1)},

B = B[n17pl7vl7n27p272)2]

= m <log Z—; - n)x <log Z—; —{n- (nlx:1)$}>

+p1 <1og by 77> <log Py - ("7|x:1)33}>
b2 x b2

+{ni1(logns — v9), } log m + {n2(logny — v9), } <1 — E)
n9 ng

+{p1(log p2 + v2): } log i—; + {p2(log pa + v2), } <1 - %)

—{p(log ng — v), — th(log pa + v2)o H{n — (M|a=1)x}
+e{n — Mla=1)xH{n — (Nlz=1)2} 2t
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Moreover, we utilize the elementary inequalities

% /Olog(1+ )dy§b10g<1+2> for any a > 0,b > —a
(2.29)
and the equations for (¢, 1, 7n)
Ot = Pug — (M1 + PU2)e — R(n1,p1) + R(n2, p2), (2.30a)
VYt = Ygw + (P172 + PV22)e — R(n1,p1) + R(n2,p2), (2.30b)
e{n = Nle=1)T}ee = ¢ — 2. (2.30c)

Lemma 2.7. Let (N, P,V') be the stationary solution to (L1)) and ([L2) with

o(t) = ¢r. Then every time-periodic solution (N, ps«,vs) to (LI) and (L2
satisfies

max (||(ns = N)O)F + [[(p« = P)O)IF + [I(vsa — Vi) O)II)

t€[0,7%]
<C t) — on|?, 2.31
i [9(2) = ¢ (2.31)
[nsps — oo + [|(log ni — vs)s|| + [|(log ps + vi)a ||
C’tmax lo(t) — orl, (2.32)
€

where C' is some positive constant depending only on v, €, ng, N, pr, Pr, Tk,

maxe(o,7,] [¢(t)] and |D|x.

Proof. Since (2.32) follows from (L4) and (2.31), it is sufficient to show
23T)). Substitute (n1,p1,v1,n2,p2,v2) = (N, P, V4, N, P, V') into ¢, 1, n,

E, D, ..., B and write them by ¢, e, N, e, De, ..., Be, respectively.
Integrate (2.28) over © and use (L2) and (L4]). The result is
d [t 1 1 1
—/ Sedﬂc—l—/ Deda::/ jedaH—/ Ke dx. (2.33)
dt Jo 0 0 0

First we estimate fol E.dx from below. Owing to (2.II)), (226) and
(229)), it holds that

1
/0 Eedr > C(llpell? + l[vell® + lIne — (mela=1)z]7). (2.34)
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For the estimation of fol & dzr from above, we use the inequality

1 1
les — (el 2 = /O (— e + o) 4 + (elam) /O (e — be) da,

which follows from (2.30c)). This together with (2.11]) and (2:29]) leads to

1 1 n. D
/0 E.dx S/O e (logF —7]8) + e (logf +77@) dx
1
+ (ne|x:1)A ‘T(Qoe - %) dx
1
<t (ll@ell® + llvel|?) + Clu] </0 Ded:c+<ne\x:1)2>, (2.35)

where g > 0 is an arbitrary constant. Combining (234) and (235) and
taking u appropriately, we deduce

/01 Eedr < C </01 D, dx + (ne|x:1)2> . (2.36)

Let us estimate the right-hand side of (2.33]). By the Schwarz inequality
and (2.25])), the first term is handled as

1 1
| dede<n [ Dedo s Clulindo)® (2.37)
0 0

Moreover, fol Kedx > 0 follows from (L4) and (n.p« — 1)logn.p. > 0.
Thus the second term is negligible. Substituting ([2.37)) into ([2.33]), letting u
sufficiently small and then using (2.36]) and 7e|,—1 = ¢(t) — ¢», we conclude

1

d [! 2
I < _ .
t/o Eedr+c ; Ee dx C’é}{ﬂ(ﬁt}i]|¢(t) or|

Hence, by the same calculations as the derivation of (Z12]) from (221]) with
the aid of (2.34]), we have

e t 2 e t 2 ex t 2 < t) — , 2.
tg&f&(”w O + e O + lIme(®)]7) < Ctgﬁ)%}w ) = &l

Let us derive the estimate of the first order derivatives of . and ).
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Multiplying (2.30a)) by —@es, and integrating over Q give

1d [! 5
5@/0 (¢ex) dx
1 1
= _/ (@em)zdaj + / {(naNex + ©eVi)z + R(ny,ps) — R(N, P)} @egadx
0 0

1
< _5”805050”2 + ‘77696|20Hn*x|’2 + Hanz\n*lio + ‘Vx|goH(Pe:c”2 + |’Vxx|’2|¢e|go
+ Cllgell® + llvel?). (2.38)

The Morrey inequality, ([2.11]), (2:25]), (2.26) and (2.30d) yield

|776w|go||n*z||2 + ||778$$||2|n*|go + |Vw|go||90ez||2 + ||sz||2|90e|go
< C (llgell + lleell?)

1
< leeaal® + C (el + llell?) - (2.39)

Substituting EZ3) into X8 gives (d/dt) | peal P+ | pesal2/2 < C mase (1)
—6,[2. Similarly, the inequality (d/de) [ es |2 + [ eas [2/2 < Cmacx; [9(t) —
#,|* follows from (2.300). Therefore we obtain

ezt2 ewt2<0 t_r2
tg[}%](llso N + [[Yec )]7) < té’&f‘i}w() r

by the same computations as the derivation of (212]) from (2.2I]). The proof
is complete. O

2.3. Uniquness

The existence of a time-periodic solution has been established in Sub-
section 2.1. To complete the proof of Theorem [I.3] it is sufficient to prove
the uniqueness under the smallness assumption on max |¢(t) — ¢r|.

Proof of Theorem[1.3l Let (n1,p1,v1) and (ng, p2, v2) be time-periodic so-
lutions to (LI]) and (L2) with period T, > 0. Substitute (n1, p1, v1, n2, P2, v2)
into @, ¥, n, £, D, ..., B and write them by wx, ¥y, nx, &, Dx, ..., By, re-
spectively. Integrate (2.28]) over 2 and use (L.2)) to obtain

1 1 1 1
4 / Exdx + / Dydx = / Ky dx + / Ly + M, dx. (2.40)
dt Jo 0 0 0
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Firstly, we have

1 1
(sl + 11l? + lms]?) < /0 £.dr < C /0 Dodr  (241)

in a similar way to the derivations of ([234)) and (236) with the aid of
Ni|z=1 = 0. The term fol K, dx is estimated from above as

1 1 B
/ K. do — —1// nip1 — N2p2 log mp
0 o n1+pr+2 nap2
n U/l (nap2 — 1) (@« + ¥y) Jog: M1P1
0o (ni+p1+2)(ng+p2+2) " nops

dx

v ! nip1
< Zinapa = 1l | (feul + 1) oz 2222
§Ctér[%)a%< lp(t) — o / D, dx, (2.42)

where we have used the nonnegativity (a — b)(loga — logb) > 0 in deriving

the first inequality and used (220), (2.27), (2.32)) and (2.41)) in deriving the
last inequality. By (2.26]) and (2:27]), one can handle fol L.+ M,dx as

1
/0 Ly + M. dz <C||R(n2, pa)lloo ([l + 14]1%)

+ C(llpsllll(log n2 — v2)all + [[¥xllll(log p2 + v2)z )74z loo

<C max |¢(t) — ¢y / D, dx, (2.43)
te[0,T%]

where we have used (2.32)), (Z4I)) and the elliptic estimate ||7.]|3 < C(]|¢«]|?
+||94]|?) in deriving the last inequality.

Substituting (2.42)) and (2.43]) into (2.40]), making max; |¢(t) — ¢, | small
enough and then utilizing ([241]), we conclude

d 1 1
dt/oé'*da:—l—c/o E.dr <0

Consequently, integrating this inequality over [0, T%| together with the peri-
odicity and (Z:41)) yields (n1,p1,v1) = (n2, p2, v2). O
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3. Asymptotic Behavior of Solutions

In this section we consider the global stability of the time-periodic solu-
tion constructed in the previous section. Throughout this section, the initial
value (ng,po) is assumed to belong to L?(Q2) x L?(2) and a constant C' > 0
is independent of (ng, po).

3.1. Global solvability and a priori bounds

This subsection is devoted to proving Proposition [[4] which ensures the
global existence and the universal bounds of solutions to the initial-boundary

value problem (LI)—(L3).

Before proving Proposition [[.4], we show the local solvability.

Lemma 3.1. The problem (LI)—(L3l) admits a unique solution for some
interval I = (0,T) with T = C—Le=Cllnoll*+lpoll®).

Proof. Let T >0 and define a mapping S : (L%(0,T; L?))? — (L%(0,T; L?))?
as follows. Let (n,p) € (L?(0,T;L*)? and set v = ®[n — Ny,p — P] €
L*(0,T; H?), where ® is defined in (Z2d). The Morrey inequality gives

”%HB(O,T;LOO) < C(H"HL?(O,T;L?) + Hp”L2(O7T;L2))'

From this and the fact that |R(ay,b+)| < C(a|] + |b] + 1), one can show by
the Galerkin method that there exists a unique solution (7, p) of the linear
system

i = (fiy — vef)e — R(n4,p4),
]5/ = (ﬁw + 'Ur]a)w - R(n+,p+), a.e. t€ (07T) in H!

with the conditions

(7 — No,p — Py) € (L*(0,T; Hy))?,  (7/,9') € (L*(0,T; H™1))?,
(7,9)(0,-) = (no, po)-

Furthermore, it is straightforward to derive the estimates

n(t)][? ()|
e 7 (t) | +t§3§] lB(1)]|
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T
gc<unou2+upou2+1>exp(c / (Hn(t)”2—|—|]p(t)|]2+1)dt>, (3.1)
T T T T
/0 () 2de + /0 15(0)]2dt + /0 17 (1122t + /0 1782t

T
< C(g&ﬁ (I + max ||15(t)||2> | ol + o) + 1) de. 62

Then the mapping S is defined by S((n,p)) := (n,p).

Fixed points of S and solutions of (LI)—(L3]) are one-to-one correspon-
dence. Indeed, we see from the regularity theory for parabolic equations that
every fixed point (n,p) of S satisfies the condition (i) in Definition [Tl In
addition, the fixed point (n,p) also satisfies the condition (iii) since testing

n_ and p_ gives
d 2 2 2 2 2 2
g ="+ llp- %) < CQA + [Inl]* + lIp %) (ln- 1" + [lp- ).

Note that v := ®[n — Ny, p — P,] satisfies the condition (ii).

For (f1,p1) = S((n1,p1)) and (7g, p2) = S((n2,p2)) one can derive

d ;. . L
= (I = ol + 151 — Ba?)
< O+ mal® + Ipa2) (i = ol + 52 — Ba?)

+C(L+ [[72]® + [172]1%) (Iny = n2ll + llp1 = p2l®).

This shows that S is continuous and .S has at most one fixed point.

Let us show the existence of a fixed point of S. Put M := 14 ||ngl|> +
lpo|* and

T
K= {<n,p> € (L2(0,T: L?))?; /0 (In@)2 + [p()IP) dt < M }

Since @) yields 7 [[i(t)][2dt+ f [5(t)|%dt < CMTCOMD) for all (n,p) €
K7, S maps from K7 to K7 if T < C~1e=“M | Moreover, by B.1), (3.2]) and
the Aubin-Lions lemma (see [14, Section 8]), we see that the image S(Kr)
is precompact in (L?(0,7; L?))?. Thus the Schauder fixed point theorem
(see, for instance, |2, Corollary 11.2]) shows that S has a fixed point in Kr,
provided T' < C~1e=CM  Therefore we obtain the conclusion. a
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We are now in a position to prove Proposition L4l

Proof of Proposition [1.4. Let (n,p,v) be a solution of (LI)-(L3]) with
I =(0,T). Then we can show by the same computations as in the proof of
Lemma 2.4] that

d 1
= Un =Nl +lp = Bol* + (v = d2)all* }+ 5 {lImall® + 12 +llvze ]} < €

for 0 < t < T. Using (ZII) and multiplying the above inequality by e*/2, we

have
I + IO + loa@) < (I(0)]| + [IpO)]] + vz (0)]]) e=*/? + C.

From this estimate and Lemma Bl we conclude that the problem (L)
(I3) has a unique global solution. Furthermore, the estimates (.6 and
(L) can be derived in the same way as in the proofs of Lemmas and
Therefore the assertion follows. O

3.2. Global stability of the time-periodic solution

In this subsection we give the proof of Theorem

Proof of Theorem Let (n,p,v) be a global solution to (LI)—(L3])
and (N, p«, vx) be a time-periodic solution to (LI]) and (L2)). By Lemma
and Proposition [[.4] we can take tg > 0 such that

f;l})(Hn(t)Hl +p@lx + lIn @l + llp«(B)ll1) < C, (3-3)
sup(|n(t) oo + [P(H) oo + 116(8) oo + [pe () THeo) < C. (3-4)

t>tg

Let g = g[nvpvv7n*7p*7v*]7 Y = C,D[TL,’I’L*], 1/) = ¢[p7p*] and n= 77[,072}*]
be defined as before. By using (3.3) and (3.4) and making the same argu-

ments as in the proof of Theorem [[.3] we find

1 d 1 1
| edanz ol + 1w+ i, 5 [ gdove [ edn<o
0 0 0

for t > t¢, provided that max; |¢(t) — ¢, | is small enough. These inequalities
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immediately give
@1+ 2@ + In(6)]l < Ceme10). (3.5)

Thanks to (B3]), (35]) and the Gagliardo-Nirenberg interpolation inequality,
¢ and 1) decay exponentially fast in L™ as t — oo. From (2.30d), we deduce
the decay of n in W2, Thus the proof is complete. O
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