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Abstract

In this paper, we follow the framework of construction of Green’s function for Boltz-
mann equation in [12] to establish the pointwise structure for the stability of shock profile
for scalar viscous conservation law in R?. We treat the 2-D viscous conservation law like a
kinetic equation, and introduce the shock front-remainder decomposition to separate the
effect coming from shock front. Based on this decomposition, we construct the Green’s

function and get the pointwise structure of shock front.

1. Introduction
The viscous conservation law in 2-d is
w + f(u)z + g(u)y = Au.
Assume the flux function f(u) is strictly convex:
f"(w) >a>0. (1.1)

For any given states u; < u_, when |uy —u_| < € < 1, there is a planar
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traveling wave solution ¢(z — ot) connecting the given states, [1]:

—0¢' + f(¢)e = ¢,

mE:Htloo @(ZL’) -

(1.2)

where the speed o of the traveling wave is determined by the Rankine-
Hugoniot condition:

fluy) —f(u—)'

Uy — U—

g =

In the study of whole space problem, without loss of generality, one can
assume the speed o to be 0. Here, to be consistent with the convex condition
(TI) of f, the planar viscous shock wave ¢(z) satisfies:

¢ (@) <0, ¢(z) = Olus —u_|?)e”-u)/C, (1.3)

One interesting problem is whether the planar wave ¢(x) is stable under

a multi-dimensional perturbation:

(1.4)

{ut + f(W)e + g(u)y = Au,
U({L‘, Y, O) = (]5(1’) + U,Q(.T, y)7

where the perturbation ug(x, y) satisfies smallness condition in certain norm.

Goodman gave a positive answer to this problem in |3, 4]. The stability
is proved in [3] and the asymptotic behavior in L' is given in [4] under the
assumptions f(u) = “72 and g(é(z)) € L*(R). Both of the results are proved
by the anti-derivative method which is classical in the study of 1-D viscous
shock for scalar conservation law given by II’in and Oleinik [5] and the one
for systems of conservation laws initiated by Kawashima and Matsumura [7]
and Goodman [2] and completed by Liu [10].

During the proof of stability, the shock front tracing is always important
since it is corresponding to a slower decaying term and used to take the non-
zero mass part preparing for construction of anti-derivative. In 1-D case,
due to the conservation law, the shift of shock front is a constant; while in
multi-D case, it is a function of y and ¢t which is not possible to be determined
only by initial data. In fact, the equation for shock front and the equation
for anti-derivative are coupled together which makes the energy estimate
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far more complicate than 1-D case. In [3], the structure of the shock front
is proposed after a formal expansion. The dominated part is supposed to
satisfy a heat equation and thus converges to 0 as time goes to infinity. In
[4], they consider the 2-D case with f(u) = % and g(é(z)) € L*(R) and
obtain an expression for the asymptotic form of small perturbations. They
give a rigorous proof to verify that the leading order is governed by a heat
equation with the diffusion coefficient depending on forces transverse to the

shock front.

In this paper, we go on with the interest on the structure of shock front
which gives the leading order in the asymptotic form of small perturbations.
Besides, we introduce a new understanding and separation of shock front and
remainder. It may help us to create a new method which is more suitable
for the multi-D case than the anti-derivative method.

To get a clear picture of the perturbation, we construct the Green’s func-
tion for the pointwise structure. The difficulty lies in that the linear equation
is with variable coefficients and it is difficult to apply Fourier analysis. We
do not follow the classical thinking about approximated Green’s function,
[11, [16], but take the special structure of the planar wave into considera-
tion and make an analogy between the problem and kinetic equation. We
introduce the shock front-remainder decomposition similar to macro-micro
decomposition for kinetic equation and adopt the methodology in construc-
tion of the Green’s function for Boltzmann equation in [12] and |13] to over-
come the difficulties due to the non-constant coefficients. Finally we give the
pointwise structure of small perturbation with only convexity assumption on
f(u) and it is very interesting that the structure shows that the hyperbolic
speed A (the pointwise structure is given in (L10])) is determined by certain
average of g(¢(x)):

\ = gluy) — Q(U—)'
Uy — U

Rewrite the scalar conservation law ([.4]) into a Boltzmann-like equation:
ur + g(u)y — uyy = Q(u) = ugy — f()s-

Consider the equation:

Q(u) =0. (1.5)
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The solution is just the travelling wave solution ¢(x) given by (L2) with

o=0.
Denote:
M(z) = (uy —u_)"'¢/(z), (1.6)

and reconsider linearization of (L4)) by setting:

u(z,y,t) = ¢(@) + VM(z)w(z,y,t).
The equation for the perturbation w(z,y,t) is

we + ¢'(¢(x))wy — wyy = Lw + N(w). (L.7)
Here, the linear and nonlinear operators L and N are given by

Lw = M 1/2 <<M1/2w) — (f/(qS)Ml/zw)x), (1.8)

rxr
and

N(w) = -M™2(Ny(w), - M2 (No(w)),
= —M V2 (f(o+ M 2w) - £(9) - F(9M2w)

M2 (906 + MY 2w) — 9(6) — g (MY w)

The Green’s function G(z,y,t; z.) for the equation (7)) is given by

{&G + 9 (¢(2))0yG — 0y, G = LG, (1.9)

Gz, y,0;24) = 0(x — 24)0(y)-
Here, 0(2) is the dirac delta function.

The main result of the paper is:

Theorem 1.1. The Green’s function G(x,y,t;x.) of (LI) satisfies:

G(z,y, t;zy) = vj(x, Y, b xy) + GR5(33, Y, b ),

K.
i Mm
(e}
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where the singular waves v!(z,y,t;x,) are given as follows:

(@=ms)2+(y=2t)2
/O g .
€ 12=)/2 , forj=0,1,

Uj(l'v Y, l‘*) = 0(1)

e~ (zlHy+D/C - for 5 =2,3,4,5,
and

(w=At)?
e 01+

1+ ¢1/2+k/2

+ e~ (wl+t/C (1.10)

HafGR‘r’(-,y,t; )

L3

with the constant A given by

A g(us) — g(u-)
Uy —u_

Furthermore, the remainder decays faster:

|’P1GR5('7y7t;x*)HLg b

(=202
e C11+y

1+t

|Gyt 2P|, = O(1) 4 (/O

where the remainder operator Py is defined in (2.1]).

The rest of the paper is arranged as follows. In Section 2, we define the
shock front-remainder decomposition which is similar to the macro-micro
decomposition for the Boltzamann equation and show the nonpositivity of
shock front operator. In Section 3, we study a model linear problem with a
regular initial function. In Section 4, we design a Picard iteration to separate
the singular and regular terms in the Green’s function. The singular part
can be put down directly while the regular part can be deduced into the
model problem studied in Section 3. We also use the bootstrap to improve
the L2 estimate into the weighted L;f’l /2 estimate and give the pointwise
structure of the Green’s function.

2. Preliminaries

In this section, we define the shock front-remainder decomposition which
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replaces the anti-derivative method in [3] and prove the non-positivity of the
linear operator L as a preparation for the construction of Green’s function.

2.1. Shock front-remainder decomposition
We denote L2 to be the normal Hilbert space for functions on z with
given inner product:
(h,v) = /Rh(x)v(x)da: for h,v € L2,
1hllLz = /(B h).

The null space of L in the Hilbert space L2 is a one-dimensional vector
space with basis x:

XEMl/z.

For any function h € L2, the shock front-remainder decomposition (Pg,P1)
is defined as follows:

h=Poh+Pih,
Plh =h-— Pog.

The decomposition defined here reveals the seperation of wave front and
remaining parts, the nature showed in [3]. We will show it later.

2.2. Non-positivity for linear operator L

Non-positivity is one of the most important properties of linear collision
operator in kinetic theory. We will prove that it is also true for the linear
operator L defined in (.g)).

Lemma 2.2. The linearized collision operator L is non-positive definite.

Proof. 1t can be obtained by straightforward computations:

ko) = (s (0020) = (o) )
_ (va_m ((Ml/%) _ f'(¢)M1/2v)>

xT
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= (o (M) (M) - romato)
1
= - <’UI, Vg + §M_1Mxv - f’((b)'l))
| 11 /
- v,—§M M, (v + §M M,v — f'(p)v
1

= (o2 00+ (0, F(B)0) 5 (v,M‘lMx (f '<¢>‘§M_1MI> ”) |

The definition (6] for M(z) and the equation (LLH]) for traveling wave ¢(z)
yield that

M, = (up —u) 1o = (up —u_) "' f(9)¢' = ()M,

Thus, one has

(0.Le) = ~(v,02) + (00, £/(0)0) — 1 (v (F/(6)")
(o T9) <o 0

3. A Linear Problem
Consider the linear equation in (L7):

v+ ¢ (6(x))vy — vy = Lu, (3.1)

U(:L'vyv 0) = UO(:L'vy)'

3.1. Fourier analysis: Pointwise estimate for long-wave component

Take the Fourier transform in y-variable. It turns out that the coefficient

g (#(x)) becomes constant with respect to y-variable:

1 )
{)(‘Tanat) = —271' Re_my'l)(fl,’,y,t)dy,

40 + ing' (p(z))0 + n?6 — Lo = 0,

o(z,n,0) = vo(x,n).
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We can formally put down the solution v(z,y,t) as follows:

oz m,t) = T OO G (0 ),
v(z,y,t) = %/Rei”y“_ingl(¢(I))_”2+L)tﬁo(:1:,n)dn. (3.2)

To get estimates from (B.2), one needs to study the spectrum of the
operator —ing'(¢(x)) — n* + L. Denote

oln) = {/\ € C: there exist non-trivial e € L2 such that
(—ing’(¢(w)) —n? + L) e= )\e}.
One has the following description for o(n):
Lemma 3.1. There exist ko > 0 and k1 > 0 such that for |n| > ko,
o(n) C {z € C: Re(z) < —k1}, (3.3)
and for any |n| < ko,

o(n) = —idn — Aln|* + O(1)|n|3,

(3.4)
A=1—(P1g(8)x, L "P1g'(¢)x) >0,
and X is the eigenvalue of Pog' (¢)Py:
Pog/(d)x =y, A= L) —00) (3.5)
Uy — U—

Furthermore, for |n| < 1, there exist normalized holomorphic eigenvec-
tors e(n) € L2 of the operator —ing'(¢(z)) — n* + L:

{(—ing’(cb(:c)) — 1>+ L) e(n) = a(n)e(n), (3.6)
e(n) = x +n€'(0) + O(1)|n|?,
and

€' (0) =L 'P1g/(¢(2))x. (3.7)

Proof. Statement (3.3) for || > kg can be resulted from spectral gap at the
origin due to the dissipation —n? in the operator and also the non-positivity
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of operator L.

When 7 is small, the spectrum information comes from the perturbation
theory, [6]. From (2.1]), one has

Pog'((z))x = Ax,
Py (—ing' (¢(z)) —n* + L) x = (—inA —n?)x,

with A given in ([B.5). This suggests that o(n) and e(n) are small perturba-
tions of —inA — n? and Y.

We consider the normalized eigenvector e(n) and o(n) in the following

form:

e(n) = x +bi(n), Poby =0,
a(n) = —in(A —in+ p(n)), (3-8)

b1 (0) = p(0) = 0.

To estimate the dependent variable p, one applies the shock front-

remainder decomposition to (—ing’(¢(z)) — n? + L)e = oe to obtain

Py (¢'(¢(x)) —in) b1 = px,

(3.9)
—inP1g'(¢(x))(x + b1) + Lby = —in(X + p)by.
The second equality gives rise to
by = in [L — inP1g/(6(x)) + in(A + p)] " Prg Gy, (3.10)

Substitue ([BI0) into the first equation of (3.9) to result in

px = Py (¢ (¢(x)) — in) [L — inP1g ((x)) +in(A + p)] ' P1g'(6(z))x.

This gives an equation for two variables (p,n):

G(p,m) =p—in (x, Py (¢ (d(x)) —in) [L — inP1g' (¢(x)) + in(A + p)] '

Pig(d(a)x) =0.  (311)

Since 0,4(0,0) = 1 # 0, by the implicit function theorem, the dependent
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variable p is holomorphic function of 7 when |n| < 1.

From the equation (B.11]), one can also easily observe that
p=in (P1g'(¢(2))x, L "P1g'(¢(x))x) + O(1)[n|*.
Substitue it into ¢ in (B.8]) and one concludes that:
o(n) = —ixn+1° (=1 + (P1g'(6(2))x, L™"P1¢'((2))x)) + O(L)[nl?,

which yields 4). The non-positivity of (P1¢'(¢(z))x, L™ P1g (¢(z))x)
comes from Lemma

The statements (B3.6) and (371 are direct results of (B.8) and BI0). O

Lemma [3.] tells full information when 7 is small and only partial infor-
mation for n large. This leads to different treatments due to the frequency

1. We introduce the long wave-short wave decomposition as follows:

—~

v xayat) = 'I)L(.T,y,t) + vS(xayat)a

/ e (z,m,t)dn
‘<Ho

1 eyt (—ing' (¢(x))—n>+L)t
. / » b (. n)d,

ﬁ\

’UL(aj)y)

e (2, n, t)dn

US(xayat) \/— |
[n|>ro

ciny+(—ing' (¢(z)—n*+L)t 5

ﬁ\

o(z,n)dn.

\ [n|>ro

The following two lemmas come directly from Planchel equality and Lemma

B.1

Lemma 3.2. For any s > 0,

loL(, - Ol 2) = O)l[voll £z (r2)-

Lemma 3.3. There exists a constant C > 0 such that the short wave com-

ponent vg(x,y,t) satisfies

los Gy )l zy < Ce™Cllvollmsz2)s
Yy Yy
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_ /2
losCsllzg ez < €€ (Ivollgaa l0vollizan ) -

Lemma gives a rough estimate for the long wave component. To
get the pointwise time and spatial structure, one restricts in the finite Mach
number region and apply contour integral with the information in Lemma
Bl Denote

%%E{(y,t)ERXR+:|L\L|L§%}.

Lemma 3.4. There exist positive constants Cy, C1 such that for any (y,t) €
%2;

_w=ap?
e C0(1+t)
Grll2 = 0(1) | ——= + ¥ ],
_(y*kt)2
e Co(l+t)
[P1GLl 22, [GLP1 2 = O(1) B +e /),

where

Gr(z, 1) = / it (—ing (G~ L)t g
[n|<wro

and X is given in (3.5).

Remark 3.5. The proof is the same to that for Lemma 3.8 in [12] and we
omit the details here. As a conclusion of Lemma [B.4] one has that

1 X . 2
lon(r )l i) = —e / i+ ing )DLy (o )y
b ) V21 | Inl<ko

L (L3)

1GLll o (r2)llPoll e

x,n

~— ~—

o1

= OMIGLllzee(z2)llvoll Ly (rge)- (3.12)

3.2. Energy method: Spatial structure outside finite mach number
region

Lemma [3.4] gives a pointwise structure inside the finite Mach number

region and it remains to describe the solution outside the finite Mach num-

ber region. Since solution decays fast enough outside the cone, one applies
weighted energy method to yield exponetially sharp estimates.
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Lemma 3.6. There exists a constant C > 0 such that for any |y| > 2|\|t,

the solution v(z,y,t) for BI) satisfies

' < Co—yl+t)/C || lyl/4 .
[o(y. )2 < Ce He UOHH@(L%)

Proof. The weighted function is chosen to be
Ey,t) = ellyl—alAlt)/M

and it satisfies
alA|
M

Iyl

& = — =
t My

e, &= (3.13)

Here, 1 < a < 2 and M is sufficiently large.
Multiply BI) with &(y,t)v(x,y,t) and integrate the product with re-

spect to (z,y) in R?:

0= / Ev (v + g (d(x))vy — vy — Lv) dady
R2

1 1 1
= d / Evidardy — —/ S dzdy — —/ 8,9 (¢(z))w*drdy
2dt 2 Jp2 2 Jp2

+ - éavsdxdy—i-/ é"yvvydazdy—/Ré"(v,Lv)dy

1d 1 a|Al
> Z— [ &oldady Evidzd /é"Qdd
= 24t e YT Jpu OV AT T |, Cryerdy
11 lyl ., 2 /Iyl
—— | Hg — &
5 Jus g g (o(x))v d:z:dy—l—M » vuydady
1d Lal)|
> £2dd £2dd —/6"2dd. 14
Z 9% +4M vxy+2R2 vydrdy.  (3.14)

In the last two inequalities, one uses ([8.13]), Lemma [2.2] and Holder inequal-

ity. One also uses that ¢’(z) is continuous on [u4,u_] and thus |¢/(2)|—|\| <

1. Thus, (3.14) yields

/Rcva(ny,t)H%gdyé/Re'y/MHvo(-,y)H%gdy. (3.15)
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Similarly, one has the estimates for the derivative:

0= /R By ((vy)e + g (B(2))vyy = vyyy — Luy) drdy

> %% é"de:Edy—l———/ éavzda:dy+/ éav ydzdy
_li Mg’g/(gﬁ(aj))vzdacdy—l— —/ Méav Vyydxdy
3 Juo y y Vi yUyy

1d 2 2 1 2
> -
2 dt / Sv d;l?dy + A M / Ev dﬂjdy + = D) /2 gvyydﬂjdy,

which yields
/Réa\\vy(',yat)ﬂigdy < /Rely/MH(UO)y(',y)H%gdy' (3.16)
Combining (3.15]), (8:16) and Sobolev’s inequality, one has

eWl=eNO/2)ly(y )2, < C [ M (02 1 (0)2) dady

< oo,
Hy(L3)

If one restricts the region to be |y| > 2|AJt, then |y| —a|A|t > (Jy| +t)/C for

some positive constant C. Thus we finish the proof. O

3.3. Conclusion

Lemma 3.3, (312)) and Lemma [3.6] yield the pointwise structure of the
linear problem (B.I)):

Lemma 3.7. There exist positive constants Cy and C7 such that if the initial
function vo(x,y) satisfies el¥l/Coyy € H;(L%) and vy € L;(Lgo), then the
solution v(x,y,t) of BI) satisfies

_ =2
e C1(1+1) .
”U(',y,t)”L% =0(1) ﬁ + e~ WD/ , (3.17)
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where

\ = gluy) — Q(U—).
Uy — U_

Furthermore, Prv(x,y,t) decays faster

_ (=2
e Ci1(1+t)

1+t

le’l)(,y,t)HLz — O(l) —|—e_(‘y|+t)/cl

Remark 3.8. After a little modification of Lemma [3.4] and similar to (3:12]),
if the initial function vy (x,y) satisfies el¥l/Coy, € HZ(L%) and v € Ly (LY),
one can get the following estimate for the derivative v,:

_ (w=at)?
e Ci1(1+1)

14+t

oy (-, y,1)llz2 = O(1) + e~ (wHD/C | (3.18)

4. Pointwise Structure for Green’s Function

4.1. Picard Iteration and Regularity Improvement

A main difference between the Green’s function G(z,y,t;x.) and the
solution v(x,y,t) of the linear problem (B3.I]) is that Green’s function con-
tains a singular structure inherited from initial dirac function. To separate
the singular structure, we design the following iteration scheme based on a

decomposition of operator L and the approximated profile ¢(x). Denote

3() = {u+, for z > 0,

u_, for z <0,

and decompose
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Denote G4 (x,y,t) solving

1
KGx +A0,Gx — By G = 00aGx — 7 (f(u2))’Gs,
Then one has that

2. 2
o= 5 (F (ug))?e— AT

4t
G:I:(:L‘vyvt) = Art

Denote x(z) to be the smooth cut-off function

1, for x > 1,
x(z) =
0, for z < —1,

with 0 < x(z) < 1.

The Picard iteration starts with:

vo(x,y,t; IL’*) = X(.T)G+(IL‘ - x*vyvt) + (1 - X(IL’))G_({L’ - .T*,y,t), (41)

and for j > 0,
ER_l = 0,
erj = (0y + A9y — 0yy — L) vl — ER;_4,
ER; = Kv/ — (¢'(¢(x)) — Ady) v/ — erj, (4.2)

Uj+1($7y7t; 33*) = X(:E) (G.}.(i‘,@/,t) *(ﬂc,y,t) ERJ)
+ (1 - X({L‘)) (G_(l’,y,t) *(xz,y,t) ERJ) :

The iteration scheme yields the equations for v/ (x,y,t; x.):

A + Xyv? — 8y, v° = Lgv® + ero,
U0($7 Y, 0; :E*) = 5(:17 - ZL'*)(S(y),

and for j > 1,

! + Aayvj - ayyvj = Lgv! + ER;_i + erj,
v (2,y,0;24) = 0.
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Set

J
GRJ(‘Tath; IL’*) = G(‘Tayata IL’*) - Zv](x7y7t7x*)
7=0

and it solves

G +¢'(6(2))G}” — Gji) = LG + ER;,
Gf(z,y,0;z,) = 0.

There are singularities in G(z,y,0;x,) when t = 0 and the scheme im-
proves the regularities. The following estimates can be obtained by direct

computations. Denote

H(x: 1,f01‘—1<x<0’
0, otherwise,
and one has

o e )24 (AL t)?
0 e %(f (u+))2t—%
v (x7y7t7$*) = X(:E)

4t
L (a2 et a0

+(1 = x(x))

ero(w,y tiw.) = H@)x(@)( (o) = g'(uy) 0,

+H(~=)(1 - x(m))( (g/(us) = g'(u) By

7 (P @) = (7w0)) )G_u« —z.0)
—x"(ﬂc)G+ 2 (006 + X" (@G- + 2 (2)0.6
—t/C—“ zx)2 tliy Apct)?
= 0(1)

t3/2 ’

(z—zs) 2+ (y=2 g 1)?
—t/C—ﬁK

oy (4.3)
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Substitute (&3] into the formula of v/*1 in [@2) to yield

(z—zx) 2+ (y=2 g 1)?
e_t/c_+1<

U1($7 Y, l‘*) = O(l)

t1/2 ’

and , ,
(z—zx )+ (y—AKt)
e_t/c_ #K

eri(z,y,t;zy), ERi(z,y,t;2,) = O(1)

t

Go on with the iteration and finally, when J = 5, the error term ERj;
which serves as the source term for remaining function G/ is regular enough:
for k=0,1,2,

(z—zx) %+ (y=2 g 1)?

85ER5(:1:,y,t; z,) =0)e VO @ = 0(1)e FHl+D/C

and one can apply the conclusions (BI7) and (BI8]) for the linear problem
to yield Theorem [L.11

4.2. Pointwise estimates in x variable
We apply a bootstrap argument to improve the previous estimates in
Theorem [[Il to get a pointwise structure in z-variable.

To focus on the problems considered here, we suppose

(f(wi)? = (f'(u))? =di, g (us) = g'(u") = Ak (4.4)

Then the two-sided problem

at(G'K + g/(q_b(x))ayGK - anyK = 8waK - i(f/(Q_S(ZL‘))FGK,

Gr(z,y,0;20) = 0(z — 2.)0(y),

(4.5)

is reduced to a problem with constant coefficients:

1
at(GK + )\KayGK - 8yy(G'K = armGK - ZdKGKa
Gk (z,y,0) = d(x)i(y),
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and one has that

2 2
1 z7+(y—Agt)
—gdrt———

Gk(z,y,t) = (4.6)

47t

Remark 4.1. One can remove the assumption (4] and put down the so-
lution formula for (£5]) by using the master relationship, [14].

Theorem 4.2. For the bounded, compact-supported initial data vy satisfying

'U()(flf,y) = 07 fO’f’ ‘y| > 17

B (4.7)
|H’UOH‘ = “v0|’L§°(L:f’l/2) = SUPg yeRr ‘M 1/2v0(x7y)‘ < o0,
there exists a positive constant Cy such that for all x € R
_ (y=Ap)?
‘ B e Co(1+t) B /C
[PoG “OHL;fl/Q = O1)||vol|l ﬁ+e (WHn/c) - (4.8)
_w=aw?
e Co(l+t)
G'P . =0 — e h/C 4.9
|6 Pren] = Ol | o+ )
_ w2
t _ e Col+t) —(lyl+t)/C
IP1G vl = OWllwoll] | =+ e/ ) (4.10)

Here, we use the notation
Gtvo(x,y,t) = / G(z,y — Ys, t; T4 )00 (T, Ys ) AT dYs.
]R2

Proof. A direct computation based on Theorem [I.1] and initial condition

(40) yield

(y=At)?
e Co(l+t)

Vi+t

|G vo][ 12 = OW)ll]oll| + e (l+0)/C

From definition (2.1)),

HPO(GtvoHL;,?U2 = HM_l/z(az) </R Ml/z(x)([}tvo(x,y,t)dm> M2 ()

Lge
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= O(e/?)

/ M2 (2)Gtvg(z, y, t)da
R

0(6—1/2) HM1/2‘

IA

o84l

and thus one has (4.8)]).

To obtain (£.9), one applies bootstrap as follows:

{% RO = Oy = Lach + Kh = (¢ (9() = MOh

h(z,y,0) = Pjup.

The solution h(z,y,t) = G'P1vg. Also, Theorem [[.T] and initial condition
(@) result in the L2 estimate for the solution:

)

(y=xt)2
Co(1+t
1Ay, )]l 2 = O)][[voll (elit I e(y-i-t)/C) .

Since Kh—(¢'(¢(x)) — Ak )Oyh = O(1)M(h+0yh), from Schwartz inequality,

one has

KA (/0 ~ Aoh]

< o+ onll

_(y—(M)Q
Co(I+1)
= O1)|[|volll (elit +€(y+t)/0) : (4.12)

Use ([@I2) as a source term of (AIT]) and apply the Green’s function Gg
given in (ZL0):

t
hlle, , = H/O | Cx(@ =2y =yt = 5) (Kh = (¢/(9(x)) = Ax)9yh)

(Tx, Ys, S)ddy.ds

Lf1/2

_ (y=an)?
Co(1+1t)
= O(D)|[|voll| (eo +e(y+t)/0) )

1+4+1¢
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The proof of (AI0) comes from the Picard iteration of the following
problem:

Oth + A Oyh — Oyyh = Lgh + Kh — (¢'(¢(z)) — M) Oy h,
h(z,y,0) = vo.

Similar to ([@1]) and ([£2]), one decomposes:

5
h(x,y,t) = Y W (w,y,t) + 0,y 1),
=0

with
hO(ZL‘,y,t) = GK *(a;y) Vo,
hj(xayat) = GK *(z,y,t) (K - (g/((b(fl’)) — )\K) 8y) hj_l, for 1 S] < 5.

For h'(x,y,t), one has the solution formula. By using Green’s function G
and the initial condition (4.7, one has:

|VﬂHLfU2::O(Ue_“”+”ﬂﬂHvdH,ﬁmjzzo,L.“,5,

The remainder part hf®(z,y,t) satisfies

'™ + ¢/ (9(2))0,h™ = Dy h = Lich"™ + KW + ERy 5,
hR5($7 Y, 0) = 0’

where ERy, 5 = Kh® — (¢'(¢(z)) — Ax )9y h® satisfying

|sERs| = 0@ W/ | for k= 0,1

z,1/2
Thus, similar to the proof of (@3], we can prove that

_ (w=at)?
e Co(+t)

e DU (yl+y/C
T+t ¢

lehRSHLfl/Q = O(1)|[[volll

and we finish the proof. O



2015] SCALAR VISCOUS CONSERVATION LAWS IN R? 573
Acknowledgments

The authors would like to thank Professor Shih-Hsien Yu for the sug-
gestion of choosing this topic and all the discussions. We would also like to
thank the referees for their valuable comments and suggestions.

The first author is supported by National Nature Science Foundation of
China 11141004 and 11201296 and Shanghai Chen Guang project 13CG09.
The second authors are supported by National Nature Science Foundation
of China 11071162 and 11231006.

References

1. I. M. Gelfand, Some problems in the theory of quasilinear equations, Uspekhi Mat.
Nauk (N.S.), 14 (1959), 87-158; English transi., Amer. Math. Soc. Transi., (2) 29
(1963).

2. J. Goodman, Nonlinear asymptotic stability of viscous shock profiles for conservation
laws, Arch. Rational Mech. Anal., 95 (1986), no. 4, 325-344.

3. J. Goodman, Stability of viscous scalar shock fronts in several dimensions, Trans.
Amer. Math. Soc., 311 (1989), no. 2, 683-695.

4. J. Goodman and J. Miller, Long-time behavior of scalar viscous shock fronts in two
dimensions, J. Dynam. Differential Equations, 11 (1999), no. 2, 255-277.

5. A. M. IT’in and O. A. Oleinik, Behavior or the solution of the Cauchy problem for
certain quasilinear equations for unbounded increase of the time, Amer. Math. Soc.
Transi., (2) 42 (1964), 19-23.

6. T. Kato, Perturbation theory for linear operators, Die Grundlehren der mathematis-
chen Wissenschaften, 132. Springer, New York, 1966.

7. S. Kawashima and A. Matsumura, Asymptotic stability of travelling wave solutions of
systems for one-dimensional gas motion, Comm. Math. Phys., 101 (1985), 97-127.

8. S. Kawashima, Large-time behavior of solutions to hyperbolic-parabolic systems of
con- servation laws and applications, Proc. Roy. Soc. Edinburgh, 106 A (1987), 169-
194.

9. D. Li, The Green’s function of the Navier-Stokes equations for gas dynamics in R3,
Comm. Math. Phys., 257 (2005), no. 3, 579-661.

10. T. Liu, Nonlinear stability of shock waves for viscous conservation laws, Mem. Amer.
Math. Soc., 56 (1985), no. 328.

11. T. Liu, Pointwise convergence to shock waves for viscous conservation laws, Comm.
Pure Appl. Math., 50 (1997), no. 11, 1113-1182.



574 SHIJIN DENG AND WEIKE WANG [December

12. T. Liu and S. Yu, The Green’s function and large-time behavior of solutions for the
one-dimensional Boltzmann equation, Comm. Pure Appl. Math., 57 (2004), no. 12,
1543-1608.

13. T. Liu and S. Yu, Green’s function of Boltzmann equation, 3-D waves, Bull. Inst.
Math. Acad. Sin. (N.S.), 1 (2006), no. 1, 1-78.

14. T. Liu and S. Yu, On boundary relation for some dissipative systems, Bull. Inst. Math.
Acad. Sin. (N.S.), 6 (2011), no. 3, 245-267.

15. T. Liu and S. Yu, wave propagation over 2D viscous Burgers shock layer, preprint.

16. W. Wang and T. Yang, Pointwise estimates and Lp convergence rates to diffusion
waves for p-system with damping, J. Differential Equations, 187 (2003), no. 2, 310-
336.

17. S. Yu, Nonlinear wave propagations over a Boltzmann shock profile, J. Amer. Math.
Soc., 23 (2010), no. 4, 1041-1118.

18. S. Yu, Initial and shock layers for Boltzmann equation, Arch. Ration. Mech. Anal.,
211 (2014), no. 1, 1-60.



	1. Introduction
	2. Preliminaries
	2.1. Shock front-remainder decomposition
	2.2. Non-positivity for linear operator L

	3. A Linear Problem
	3.1. Fourier analysis: Pointwise estimate for long-wave component
	3.3. Conclusion

	4. Pointwise Structure for Green's Function
	4.2. Pointwise estimates in x variable


