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Abstract

We study the initial value problem for a hyperbolic Cahn-Hilliard equation in n-
dimensional space. The dissipative structure of our linearized equation is of the regularity-
loss type. We overcome the difficulty caused by the regularity-loss property by introducing
a set of suitable time-weighted spaces and prove the global existence and optimal decay of
solutions under smallness and enough regularity assumptions on the initial data. Moreover,
we investigate the asymptotic behavior of our nonlinear solutions as t — co. When n > 3,
they are asymptotic to the linear diffusion wave expressed by the fundamental solution of
the equation v; + A%y = 0. On the other hand, when n = 1 or n = 2, they are asymptotic
to the nonlinear diffusion wave which can be expressed in terms of the self-similar solution

of the equation v, + A2y = Av'Tr .

1. Introduction

We consider the initial value problem of the following “hyperbolic Cahn-

Hilliard equation” in the n-dimensional whole space R":

(1 — A)utt + A2u +uy = Af(u) (11)
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The initial data are given as
u(x,0) =ug(z), u(z,0)=wui(x). (1.2)

Here u = u(x,t) is the unknown function of x = (x1,--- ,x,) € R and t > 0,
and the nonlinear term f(u) is a smooth function of w under consideration
and satisfies f(u) = O(u”) for u — 0, where v = max{1 + 2,2}; notice that
v=3forn=1and v =2 for n>2. We write

flu) = g(u) + O(u"*) (1.3)

for u — 0, where g(u) = au” with a constant a # 0.

The linearized equation corresponding to (LIJ) is given by
(1 — A)ugy + A%u +up = 0. (1.4)

This is the dissipative plate equation with the rotational inertia effects de-
scribed by the term —Auwuy. It was observed in [42] (cf. [32]) that the dissi-
pative structure of the equation (I4]) is of the regularity-loss type which is
characterized by the property

cl¢|*
ReA(§) < —— 53
(1+1¢%)?
where A\(£) denotes the eigenvalue of the equation obtained by taking Fourier
transform of (I4]). The corresponding decay property of the linearized equa-
tion (4] will be reviwed in Section 2.

On the other hand, if we neglect the term (1 — A)uy, then our equation
(LI) is reduced to

up + A%u = Af(u), (1.5)

which is a “Cahn-Hilliard type equation”. We note that the standard Cahn-
Hilliard equation is the equation (LH) with f(u) = u(u? — 1) (see [1]); notice
that this f(u) does contain a linear part, which is excluded in our situation.
However, our assumption for the nonlinearity (L3]) is close to the one of the
equation (LH). Namely, Evans-Galaktionov-Williams [5] considered (L5l
with the single power type nonlinear term f(u) = |u[P~ u for p > 1 as the
limit case of v — 0+ of (LE]) with a standard double potential function
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fy(u) = |ulP~'u — y|ulPu. They studied the asymptotic behavior of the

global and blow-up solutions.

We also note that the modification of the equation (L5 are introduced
in many directions to describe physical phenomena accurately (see e.g. [40)]

and references therein). Especially, a hyperbolic Cahn-Hilliard equation
cuy + A%u4uy = Af(u), >0, (1.6)

is proposed from the observation of the experimental data (cf. [6]-[9]). The
modified equation (L.G) has its own interesting aspects from mathematical
point of view, since it is easy to guess that the properties of the solutions
of (LH) and (L6) are totally different (see e.g. [11]-[16], [43]). Our equation
(L) can be regarded as one of the modification of ([L.6), with the regularity-
loss structure. For reasons discussed in the above, we call our equation (I.TI)
as a hyperbolic Cahn-Hilliard equation, including a rough indication of the

form of the equation itself.

The main purpose of this paper is to investigate the large-time asymp-
totic behavior of solutions to the problem (LI, (L2]). First, we show the
global existence and optimal decay of solutions under smallness and enough
regularity assumptions on the initial data. When the regularity index s is
large enough and the the norm E = ||ug||gs+1nr1 + ||u1]| szt of the initial

data is small, our global solution exists and satisfies the decay estimates

105 u(t)|| os1-eom—s < CEY(141)73717,

INES

(1.7)

n

|05 ()]l gs-ormy < CE1(1+18)75"

INES

(1.8)

for 0 < j < [%] and k > 0 with og(k)+j < s+1in (L7), and 0 < k < 509 and
o1(k,n) < sin (L8). Here og(k) = k+ [%] and o1 (k,n) = k+ [%k_l] are
the indices introduced in [42] to describe the regularity-loss property, and

so = [5] + 1 is the standard regularity index for the nonlinear problem.

Moreover, we show that when n > 3, our solution u is asymptotic to the

linear diffusion wave v, defined by

vi(x,t) = MGo(x,t+ 1), (1.9)
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where Go(z,t) = F'[e €1"](z) is the fundamental solution of the linear

parabolic equation

v + A%v =0, (1.10)

and the mass M is determined by M := [, (uo + u1)(z)dz. We note that
Go(z,t) = t_%G*(mt_%) with G, (z) = F1[e"1¥I")(z). On the other hand,
when n = 1 or n = 2, we show that the solution u is asymptotic to the
nonlinear diffusion wave v* which is defined as

V(1) = (4 1) T By (a(t+ 1)71). (1.11)

Here the function ¢~ ® M(mt_%) is the self-similar solution to the semilinear
parabolic equation

v + A% = Ag,(v) (1.12)

satisfying the mass condition [p, ®y(z)de = M = [p.(uo + w)(z)dz,
where g.(v) = av'™=. Note that g«(v) = g(v) when n =1,2.

The similar approximation theory based on the diffusion waves was first
developed in [24] for hyperbolic-parabolic systems of conservation equations.
Then the theory was extended to the hyperbolic relaxation systems of the
discrete Boltzmann equations ([25]) and the hyperbolic-elliptic systems of ra-
diating gases (]26]). See also 31,122,147, 23] for related sharp approximation
results.

The study on the global existence and asymptotic behavior of solutions
to dissipative hyperbolic-type equations has a long history. We refer to
[34, 138, 137, 46] for damped wave equations and [49, |50, |44, 45] for higher
order wave equations which are similar to our fourth order equation. Also
we refer to [42, 29, 130] for various aspects of dissipation and regularity-loss
property of the plate equation.

The decay property of the regularity-loss type which is similar to our
case is known also for other interesting model systems. We refer to [39, 18,
19, 141, 135, 136] for the Timoshenko system, [17, |27] for a hyperbolic-elliptic
system of radiating gas, |2, 48] for the compressible Euler-Maxwell system,
and [3] for the Vlasov-Maxwell-Boltzmann system.

In our study it is also an important step to analyze the semilinear
parabolic equations such as (5] and (II2]), for we finally need to show
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that the solution to the hyperbolic problem (L), (I.2]) is approximated in
large time by the solution to the parabolic equation (L5 with the initial
data ug + u1. For a wide class of semilinear parabolic equations there is an
extensive literature on the large time behavior of solutions. One heuristic
but important principle is to look at the balance between the linearity and
the nonlinearity in view of scaling. When the linear part, such as 9; + A? in
(L3H), is dominant in view of scaling, one can establish the large-time asymp-
totic expansion of solutions rather explicitly and systematically; e.g., see [21]
for a recent general result. On the other hand, when the linearity balances
with the nonlinearity in view of scaling, the large time behavior of solutions
is often described by the self-similar solutions. Again there is a lot of work
related to this issue, and here we only refer to [28] which established the
abstract framework for the analysis of evolution equations in the presence of
scaling invariance.

The contents of the paper are as follows. In Section 2 we study the
linearized equation (4] and review the result of [42] on the temporal decay
estimates and the regularity-loss property of the associated evolution oper-
ators. The first main result of this paper is stated in Section 3 (Theorem
[B.1]), where we show the global existence of solutions to (LIJ), (I.2]) and their
decay estimates (7)), (I.8]). Moreover, in Corollary [3.4] we see that the solu-
tion is approximated by the solution to the linear hyperbolic equation (L.4])
when n > 3. Section 4 is devoted to the study of the large time behavior
of solutions to (4], from which we obtain the linear diffusion wave (L9
as the asymptotic profile for solutions to (ILI]) when n > 3; see Proposition
In Section 5 we consider the parabolic equation of Cahn-Hilliard type
(LEH) and obtain the global solvability and the decay property of solutions to
(L3H). Then, in Section 6 we return to the original hyperbolic problem (L.1I),
(C2), and show that the solution is approximated by the solution to the
parabolic equation (L5]). This is our second main result on the asymptotic
behavior of solutions to (1)), (2], stated as Theorem It should be
emphasized that there is no restriction on the dimension in Theorem
This is contrastive to Corollary [3.4] and Proposition [4.6] where we need the
condition n > 3. In Section 7 we show the unique existence and the sta-
bility of self-similar solutions to the parabolic equation (L.I12]). Combining
the result in Section 7 with Theorem [6.I], we finally conclude that, in the
case n = 1,2, the solution to (IIl), (I2]) asymptotically converges to the
nonlinear diffusion wave (LT]); see Corollary [7.3l
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Notations. We give some notations which are used in this paper. Let Flu]
denote the Fourier transform of u defined by

Fl€) = il) = [ ulw)e 4,
and we denote its inverse transform by F1:

FUol(z) = (2m) " / o(€)eEde.
For a nonnegative integer k, 9F denotes the totality of all the k-th order
derivatives with respect to x € R".

For 1 < p < oo, LP = LP(R™) denotes the usual Lebesgue space with
the norm || - ||zr. Let m € R. Then LY, = L}, (R™) denotes the weighted L?
space with the norm

[ullzz, = [[{z)™ull v, (1.13)

where (z) = (1 + \m|2)% When p = 2, L2 is a Hilbert space whose inner
product (-, -)z2 is defined in the natural manner. Let s be a nonnegative
integer. Then WP = W*P(R™) denotes the Sobolev space of LP functions,
equipped with the norm ||-||yys.». When p = 2, we simply write as H® = W2,
Also, C*(I; W*P) denotes the space of k-times continuously differentiable
functions on the interval I with values in the Sobolev space W*P.

Finally, in this paper, we denote every positive constant by the same
symbol C or ¢ without confusion. [-] is the Gauss symbol.

2. Linearized Equation

In this section we review the results obtained in [42] for the linearized
equation

(1 — A)ugy + A*u+uy = 0. (2.1)
We first give the solution formula for the initial value probelm (2.1I)), (L2)),

and then describe the decay propery of the equation ([21]). Finally, we give
the decay estimates of the solution to the problem (2.1I), (I2).
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2.1. Solution formula

We consider the linearized equation (2.1]) with the initial data (L2]). Let

us denote this linear solution by u;,. We have the solution formula
ur(t) = G(t) * (uo + u1) + H(t) * uo, (2.2)

where * denotes the convolution with respect to x € R", and G(z,t) and
H(xz,t) are the ”modified” fundamental solutions of (2.1); G+ H and H are
the fundamental solutions corresponding to ug and wuq, respectively. These

fundamental solutions are given explicitly in the Fourier space as follows:

e = — L@ _ o
D W Wk ) s

HE) = st A — 1+ A ()0},

Here A = A1 (§) are the eigenvalues of the ordinary differential equation
obtained by taking the Fourier transform of (2.I]). We see that these eigen-
values are the solution of the characteristic equation (1+]¢|2)A24+A+[¢€[* =0,

and are given explicitly in the form

1
Ae(6) = W{ — 11421+ ¢ ) (2.4)
It was observed in [42] that
cl¢l*
ReAL(§) < _Wa (2.5)

where ¢ is a positive constant. More precisely, we see from (2.4]) that

A(©) =1+ 0(gP),  A-(&) = -1+ 0(lg]) (2.6)

for |£] — 0, and

AL(€) = —5 e (1O ?) =il 1+ 0061 ™) (@)

for [§] — oco. In view of (Z6]) and ([27), we see that the estimate (ZH) is
optimal. This inequality (2.5) shows that the dissipative structure of the
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equation (2.1J) is of the regularity-loss type, which will be explained in the
next subsection.

2.2. Decay property

In this subsection we review the decay property of the linearized equa-
tion (2.I)). It was shown in [42] that the solution operators G(t)* and H (t)x*

appearing in the solution formula (2.2 verify the following decay estimates.

Lemma 2.1 ([42]). Let 1 < ¢ <2 and k > 0. Then we have the following

decay estimates:

1_1

10EG(t) % Bl g2 < CO+) 1G24 ||| o +C(1 + 1)

1
2

|05+ 6| 12, (2.8)
NOEH () + ]| 2 < C(1+8) " TG0 3 || o+ C(1+ 1) 5 05| 2, (2.9)

where I +1 >0 and (k+1); = max{k + 1,0} in [21]), and [ > 0 in (29).

Remark. Note that the above decay estimates are of the regularity-loss
type. In fact, for example in (2.9]), we have the decay rate (1 + t)_% only
by assuming the additional I-th order regularity on the initial data . Such
a decay property of the regularity-loss type was also investigated for other
interesting systems. See [18, [19] for the dissipative Timoshenko system,
[35, 136] for the Timoshenko system with heat conduction, [17, [27] for a
hyperbolic-elliptic system of a radiating gas model, and [2, 48] for the Euler-

Maxwell system.

For the proof of Lemma 2], we need to show the pointwise estimates
for G and H. By applying the standard energy method in the Fourier space
for (1)) together with the formula ([2:2]), we find that

G(E,1)] < C(L+[¢)2e O (¢, 1)] < Cem O (2.10)

4
for £ € R™ and t > 0, where n(§) = % is the same function appearing
in ([2.5). More precisely, we can show that there is a small positive constant

ro such that

(G(&, )] < Cem¥I A (g, 1) < ClefPell 4 Ce! (2.11)
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for €| <7 and ¢ > 0, and
Gt < Clel e e™HE ] < Cen T (212)

for [£] > 79 and ¢ > 0. The estimate for H in (2I0) is obtained from
the expression (23] together with the asymptotic expansion (2.6), while
the other estimates in (ZI1]) and (2.12) are the consequences of (2Z.I0). The
desired decay estimates in Lemma 7] follows from these pointwise estimates
and the Plancherel theorem. For the details, see [42].

To state the next decay estimates for the solution operators G(t)* and

H (t)*, we introduce the indices

oo(k) =k + 5], o1(k,n) =k + [, (2.13)

These indices are first introduced in [42] to describe the regularity-loss prop-
erty of the solution to our equation (2.I]). With these indices, we have the

following decay result.

Lemma 2.2 (|42]). Let s > 0. We have the decay estimates

[N

ol snrt (2.14)
Ul grs+1nprs (2.15)

||8I;G(t)*¢”]{s+l—ao(k)—j < C(l—l—t)_ -
Ha!zH(t)*q/’HHstao(k)—j < C(l+4t)" 27

N EN N E

N

where k > 0, 0 < j < [§] and oo(k) +j < s+ 1 in (214), and k > 0,

0<j<[§]+1andoo(k)+j < s+ 1 in 2I5). Also, we have

_n_k
105G () * ¢l gs-or ey < C(L+ )57l grappr (2.16)
_n_J_k
HOFE (t) # ]l ooyt < C(L+)"5 275 |[9)]| ravipppr,  (217)

where k > 0 and o1(k,n) < s in 2I6), and k >0, 0<j <1 and o1(k,n)+
Jj <sin 2I1).

Proof. Although these decay estimates in Lemma were shown in [42],
for completeness, we here give the proof of (2.14]) and (2.10) to show how

the indices og(k) and o1(k,n) appear in the decay estimates. First we prove
(@I4). Let K > 0 and h > 0. We have from (2.8]) with k replaced by k + h
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and with ¢ = 1 that
k4-h _n_kth _HL o
10: 7" G(t) % Pl < C(A+8)757 T ¢l + CA+1)" 2 |07 9|2, (2.18)

where [ +1 > 0 and m := (k+h + 1)y < s. Now, letting < 3],

0<y 1
we choose [ in (2I8)) as the smallest integer satisfying HTI > % + %, i.e.,
!> %4 j—1. This implies I = [5] +j — 1 = 00(k) — k + j — 1. For this

choice of [, we obtain from (2.18]) that
|04 MG (t) 62 < COUL+1) 735 6]l

for 0 < h <s+1—o0¢(k)—j. This proves (2.14).
To show (2.1I6]), we choose [ in (2.I8]) as the smallest integer satisfying

HTl > 5+ %, i.e., | > %2]"’ — 1. This leads to | = [%’H] = o1(k,n) — k.

For this choice of I, we obtain
_n_k
105 G (t) * Bl L2 < C(L+ )75 746l o
for 0 < h < s — o1(k,n), which proves (2I6]). This completes the proof of
Lemma O
2.3. Linear decay

As a direct consequence of Lemma 2.2 we have the following decay
estimates for the linear solution uy, given by the formula (2.2)).

Proposition 2.3 (J42]). Let n > 1 and let s > 0 be specified below. Suppose
that ug € HST' N LY and w1 € H* N LY, and put

By = ||uol| gs+1apr + l|utll gsnpr - (2.19)

Then the linear solution uy, of the problem 2.11), (I2)), which is given by the
formula (Z2)), satisfies the decay estimates

|08 UL () gos1-eo-5 < CE1(1+1)77773, (2.20)
|105uL (D)l gs-orim < CEL(1418)7574, (2.21)

IN

where k >0, 0 < j < [§] and oo(k) +j < s+ 1 in R20), and k > 0 and
o1(k,n) < s in [Z21).
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We put ¢ = ug+uq and ¢ = ug in Lemma2.2l Then our decay estimate

(220) follows from (ZI4]) and (ZIH), while [Z2I]) follows from (ZI6) and
ZI7) with j = 0.

3. Global Solution and Decay Estimates

In this section we consider the nonlinear problem (L), (I2). By the
Duhamel principle, we see that the solution w verifies the integral equation

u(t) = G(t)*(uo+u1)+H(t)*uo+/o Gt—7)*(1=A)"TAf(u)(r)dr, (3.1)

where G and H are the fundamental solutions of (2.II). The equation (B.1))

is simply written in the form
u(t) = ur(t) + Flul(t), (32)

where up, is the linear solution given in (22]) and the nonlinear term F'u] is
defind by

Flu(t) = /0 Gl —7) (1 — A) LA (u)(7)dr. (3.3)

3.1. Global existence and decay

We want to solve the problem (3.2]) by applying the fixed point theorem.
To this end, we define the Banach space X as follows:

X=XinXy,  ulx = llullx, + llulx, (3.4)
where X7 and X5 are also the Banach spaces

X1 = {ueC%0,00); H*™); |ullx, < oo},

X, = {ue C%0,00); H®); |lullx, < oo},
with the norms

(%]
L k
lullx, = D> > sup (L4 )5 (|0ku(d)] oo, (3.5)

, , >
=0 oo (k)+j<s+1 =0
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£
ny ko Ak
lullx, =) iglg(l +6) s T4 05 u() | ro—orem, (3.6)
k=0 "=

respectively, where so = [5] + 1. Here we have assumed that s > o1(so,7)
for the regularity exponent s. Notice that oy(sg,n) = 2[5] + 1, so that we
have o1(sp,n) = n if n is odd, and o1(sg,n) = n + 1 if n is even. Also, we
note that oq(k,n) < s for k > 0 implies that og(k) +j < s+ 1 for k£ > 0 and
0<j<[4l

Now we can state our result on the global existence and decay of solution
to the problem (1), (L2) as follows.

Theorem 3.1 (Global existence and decay). Let n > 1 and s > o1(sg,n),
where so = [%] + 1. Suppose that ug € H**' N L' and vy € H* N L', and
define the norm Ey of the initial data by 2I9). Then there is a positive
constant 61 such that if E1 < 61, then the problem (1)), (L2) admits a
unique global solution u € X satisfying ||u||x < CEy. More precisely, the
solution u verifies the decay estimates

|OFu) | posr-oomr—s < CE1(1+1)7371, (3.7)
105wt | gs-or vy < CEy(1418)7 53, (3.8)

where k >0, 0 < j < [%] and og(k)+j < s+1in B.1), and 0 <k < 59 and
o1(k,n) < s in B3).

3.2. Preliminary

We need some preparations for the proof of Theorem B.1 First, we show
the decay estimate for the term G(t) * (1 — A)"'Af in (B1)).

Lemma 3.2, Let k>0 and 1 < q < 2. Then we have

[5G (t) = (1 — A) 'Afl| 2

< O+ D 9 e+ OO0+ )~ S 0ED [, (3.9)

where l +1>0,0<j<k+2 and (k+ 1)+ = max{k +1,0}.

This is a simple corollary of (2.8]) and we omit the proof.
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By virtue of the above lemma, we can show the decay estimate for the

nonlinear term Flu] in [B3]). To state its result, we observe that
[z < Cllullx, (1 4)74. (3.10)

This can be proved by applying the Gagliardo-Nirenberg inequality together

with the definition of the norm ||u||x,. In fact, we have
[4 —0
lull o < CllO3ull e ull 2 (3.11)

with 0 = 7, where sp = [5] + 1. On the other hand, it follows from
@6) that [|05u(t)|| 2 < |jullx,(1+¢) 5% for 0 < k < so. Substituting this
inequality with k& = so and k = 0 into (3I1) and using the fact that % = 2

4 T8
we obtain the desired estimate (B.10).

The decay estimate for the nonlinear term F'[u] is now given as follows.

Lemma 3.3. Let s > o1(sg,n) and suppose that u, v € X. Then we have

the following decay estimates:

105 (F[u] = FL)) () ge1-oot-s

< Ol (u,0) 15 fu—vllx p(t) (141) 7275, (3.12)
105 (Flu] = Fo) ()] gra=oy s
n__k
< Oll(u, )5 Hlu—vllx p(t) (1+8) 7571, (3.13)
where k > 0, 0 < j < [%] and oo(k) +j5 < s+ 1in BI2), k > 0 and
o1(k,n) <s in BI3), and p(t) is the function given below.

The function p(t) in Lemma B3] is given by

1 n=1,2
(141¢)"1 n=3

p(t) = 1 (3.14)
(I+¢t)"2log(2+t) n=4
(141)2 n>5

Proof of Lemma [3.3. Let k, h > 0. We apply 05" to the difference
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Flu] — F[v] and take the L? norm to obatin
105 (Flu] = Flo])(0)]] 2

< /0 105Gt —7) % (1= A)TTA(f (u) = f(0))(7) ]| p2dr

L t
2
Z/ +/ =:J1 + Ja.
0 3

For the term .J, we apply (B.9) with k& replaced by k + h, and with ¢ = 1
and j = 0. This yields

n_ ktht2

e /0 Yt - )R (P ) - f(0) (1) | pdr

1
2

+0/02(1 +t—=7)" 2|07 (f(w) = f(0)(7)l|2dT = Ji1 + 12, (3.15)

where [ +1> 0 and m := (k+ h+ 1)1 < s+ 1. On the other hand, for the
term Jo, we apply (89) with k replaced by k + h, and with g =2, j =k+h
and [ = 0. This gives

J2 < Cﬂ (1+t—7) 205 (F(w) = F@)) ()| 27 (3.16)

First we estimate the term Jy1. Since f(u) = O(u"), we see that || f(u)—

F)p < Cll(u,v)[|72]1(u, v)|| g2 [|u—v|| 2. Therefore, using (3:6) and (B.8),
we find that

1(FG) — FED® o < Ol )l = vllxa(1 -+,

Consequently, we can estimate the term Ji1 as

B

Jin < CH(%v)H?{lHu—vHx/2(1+t—r)—%—’“+2+2(1+T)—g(u—1)dT
0
t
=< Cll(u,v)ll}_lllu—vllx(l+t)—%—z—§/2(1+T)—§(u—1>d7
0
n_k
< Cll(u, )% lu = vllxpt)(1+)"5 74 (3.17)

for h > 0, where p(t) is given in (3.14). Here we used the fact that 3 (v—1) =
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$forn=12and 2(v—1) =2 for n > 3.

Next we estimate the term Jio. When we prove (3.12]), welet 0 < j < [%]
and choose [ in (3.I5]) as the smallest integer satisfying HTl > % + % +1, e,
[>j+ % This lead to [ = [%] +j = oo(k) — k+ j. For this choice of [, the
requirement m := (k+h+1)+ < s+ 1 implies that 0 < h < s+1—o0¢(k) —j.
Also, we have

107 (f (w) = f(v) 2
< Ol(us ) 72 {1ty 0) || 222 105 (w = )| 2 + 105" (u, 0)| g2 [} (e = v)|[ £ }

< Ol ) 7221 (s )| 2o 1w = wll s+ [1(ay 0) [ s [|(u = ) [[ 222}
Therefore, using [3.3)), (8.6) and BII), we find that
1077 (f (w) = f(0)) ()| 2

< Ol u, )15 s )l 1= e, (s )l =] }(148)
< Ol (u, 0)lI5 Hlu = ollx (1 +8) 750, (3.18)

(v=1)

a3

Consequently, similarly as in (B.I7]), we can estimate Ji5 as

Bie < Cla)l§ u=olx [Tt - e
0

IN

Cll(u, o) 15w = vllxp(t)(1 + )35 (3.19)

IN

for 0 <h <s+1—o00(k)—j, where 0 < j < [%], and p(t) is in (3.14]).

On the other hand, when we prove ([B.13]), we choose [ in (3.I5]) as the
smallest integer satisfying l+71 >3+ % + %, e, | > %2'“. This leads to
| = [22=1] 4+ 1 = 6y(k,n) — k + 1. For this choice of [, the requirement
m:=(k+h+1)y <s+1implies 0 < h < s—o1(k,n). In this case, we also
have ([B.I8]). Therefore we obtain

J12

IN

Cllu )i = vl [ (18 =738 1 ) H D
0

O, 0) 15 e — ol|x p()(1 + )75 (3.20)

IA

for 0 < h < s—o1(k,n), where p(t) is in (B3.14]).
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Finally we estimate the term Jy. We see that
|05+ (f (u) = £ ()]l 2
< Ol (s o) 172l (s o) e 105 (w = 0) | g+ 105 (s 0) | o | (1 = ) [ 10 }-
When we show (3.12), welet 0 < j < [3]and 0 <h <s+4+1—09(k) —j. In
this case, using (3.5)), (3.6) and (3.I1]), we find that

IO (f (w) = F) Oz < Oll(w, 0) 15 Ll (s 0) lx lw = vllx,

k

1wy 0) ||, [t — vl 3, H(L + )27 a " E D)

A

IA

O, 5™ o — o] (1 4 1) 3£,

Substituting this estimate into ([B.I0)), we can estimate Jo as

t .
B2 < Ol uvllx [+ n) i) i i a
2
i t
< Cllw o)l = ollx (149745500 [agn)dar
2
j _k
< Ol o)l = vllxpr(e)(1 4237, (3.21)

where 0 < j < [%],0 < h <s+1—o00(k) —j, and py(t) is given by

1 ~1,2
}:{ e (3.22)

1+t G2 n>3.

[V

pr(t) = (14 )~ (50D

On the other hand, when we show [BI3]), we let 0 < h < s — o1(k,n).
In this case, by using ([3.6) and (3I1]), we have

Therefore, similarly as in ([8.21]), we can estimate Jy as

t
Jy < Ol )5 = vllx / (14t—7)

n_k_n

(14 7) 81710 Dgr

(SIS
(NI

B

< Oll(w, o) % llu = vllxpr()( + )75~ (3.23)

for 0 < h < s—o1(k,n), where p1(t) is given in (3.22]).
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Now the estimate (3.12]) (resp. BI3]) follows from BI7), (B319) and
B2I) (resp. BI7), (320) and ([B23]). Thus the proof of Lemma B3 is

complete. O

3.3. Proof of Theorem 3.1

We prove Theorem Bl by applying the contraction mapping principle.
We define the mapping ® by

Olu] := ur, + Flu (3.24)

for uw € X, where up, is the linear solution given in (2:2]), F'[u] is the nonlinear
term defined in (B3), and X denotes the Banach space defined in (B3)
with the regularity s > o1(sp,n). To define a subset S of X, we recall

the estimates (2.20) and (2.21]) for the linear solution uy. These estimates
together with (3.3 and (3.6]) give

Jurllx < Cokn, (3.25)

where Cj is a positive constant and Fj is the norm of the initial data given
in ([2.19). With this constant Cy, we define the subset S of X by

S = {u S X; H’U,HX < 2C0E1}. (326)
Then we claim that ® is a contraction mapping of S into itself, provided

that FE; is suitably small.

We verify this claim. Let u, v € X. Then it follows from Lemma B.3]
that

IF[u] = Flo]llx < Cull(u, )% lu = v]lx, (3.27)
where C] is a positive constant. Now we suppose that u € S, i.e., |Jul]|x <
2CoE;. Then we have from (3.:25]) and (3:27)) with v = 0 that

[®[u]llx < llurllx + [Fulllx < CoEr+ C1(2CoEr)" < 2Co B,

provided that Ej is so small as C(2CoFE;)"~ < 1. This shows that ® is a

1
3
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mapping of S into itself. Next, letting u, v € S, we have from (B.27)) that
- 1
[®[u] — @[v]|x = |[Flu] = Flv][lx < C1(2CoE1)"  lu - v]x < 5 llu—vllx

provided that C(2CoFE;)" 1 < % Thus we have shown that ® is a contrac-
tion mapping of S into itself if F; is suitably small.

As the consequence of the contraction mapping principle, our mapping
® has a unique fixed point w in S. This fixed point u satisfies u = ®[u] =
ur+ Flu] and ||u|| < 2CyE1, and hence is the desired solution to our problem
(B.2)). This complete the proof of Theorem B.11 O

As the direct consequence of Theorem Bl and Lemma B3], we have the
following linear approximation result for n > 3.

Corollary 3.4 (Linear approximation). Assume the same condition in The-
orem 3. Let u be the global solution to the nonlinear problem (1)), (L2,
which is obtained in Theorem [Z1], and let uy be the linear solution given
in 22). When n > 3, the nonlinear solution u is asymptotic to the linear
solution uy, ast — oo. More precisely, we have

105 (1 — ur) ()| yos1ooi—s < CELp(E)(1L+1)7275,  (3.28)
105 (u — ur) ()| goer o < CEVp()(1+8)" 575, (3.29)

|3

where k >0, 0 < j < [}] and oo(k) +j < s+ 1in B7), 0 <k < 59 and
o1(k,n) < s in B3], and p(t) is given in (B.14).

Proof. In Theorem B we have shown that |ullx < CE;. Therefore,
applying Lemma B3 with v = 0 to the expression u—uy, = F[u], we conclude
the desired estimates (3.28]) and ([3.29). This completes the proof. O

4. Linear Approximation for n > 3

In the last section, we observed that the nonlinear solution u is approx-
imated by the linear solution uy, for n > 3. The aim of this section is to
show the further approximation of the linear solution uy, by the solution v,
of the simpler linear problem (I0) with

v(x,0) = vo(x) := up(x) + uy(x), (4.1)
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where ug and u; are the initial data in (L2)). This solution vy, is given by

the formula
vr(t) = Go(t) * (ug + uq), (4.2)

where Gy is the fundamental solution of (I.I0]). We note that

1

Golz,t) = F e ¥ (2) = t 1 G (at™ 1), (4.3)

where G, (z) = F'[e¥")(z). Since G, is a rapidly decreasing function, it

is not difficult to show the following LP-L9 estimate

1_1

n k
|05 Go(t) % ¢lln < Ct™ 3G 74|16 s, (44)
where £ > 0 and 1 < g < p < 00. As a simple consequence, we have
105 0L (8) || oms < CEL(1+ )57 (4.5)

for 0 < k < s. Here we used the fact that ||ug + u1||gsnrr < E1, where Fy

is given in (Z.19).

4.1. Simpler linear approximation

For our purpose, we first prepare the decay estimate for (G — Go)(t)x*.

Lemma 4.1 ([42]). Let 1 < ¢ <2 and k > 0. Then we have the following

decay estimate:

105 (G = Go)(t) * 6 12

k

+1

+O+ D)7 E O g 2 + Ot i e | 0F T e, (4.6)

where | +1 >0, (k4 1)+ =max{k+1,0} and 0 < j < k in (L0).

To verify this lemma, we consider the difference G — Go. By using
the asymptotic expansion (Z.0) in the expression (23] for G and noting

Go(&,t) = e~lé" we find that

(G = Go)(&,1)] < ClePeclél 4 ceet (4.7)
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for |€] < rg and ¢ > 0, where 7 is a small positive constant. In the region
€| > 7o, we have (ZIZ) and |Go(&,t)| = e 61", These pointwise estimates
together with the Plancherel theorem yield the desired estimate (4.0l). For
the details, we refer to [42].

Next we prepare the decay estimates for (G — Go)(t)* in the form of
Lemma
Lemma 4.2. Let s > 0. We have the decay estimates

1

105 (G = Go)(t) * Bllyye-votr—s < CL+8)7"2 5| ¢llgsnrr, (4.8)
105 (G = Go)(#) * Bl yys-orcomy—s < COA+)" 5§ 275 @|l jrenzr, (4.9)

IN

where k>0, 0 < j < [7], oo(k) +j <sin @8), and k>0,0<j <1 and
oi1(k,n) +j <sin [@9).

Proof. Let k> 0 and h > 0. We have from (6] with k replaced by k + h
and with ¢ = 1 and j = 0 that

105G = Go)(t) * ¢l 2

< C(LA48) 530 ||g)| 1 +C(14+8) 7 (|07 G| 2 +CeH|oE )| 12,(4.10)

where [+1> 0, m:=(k+h+1); <sand k+h <s. To prove ([LE]), we set
0 < j <[%]. For this j, we choose [ in (A.I0]) as the smallest integer satisfying
HTl > %—l—%, i.e.,lzg—l—j. This gives | = [%]—I—jzao(k)—k—l—j. For
this choice of I, we get from ([EI0) that

itl_
2

|05 (G — Go) () * B2 < COA+)""7 ~4||¢|| grorups

for 0 < h < s—og(k) — j, which proves (4.8).

To show (4.9]), we set 0 < j7 < 1 and choose [ in ([4.I0]) as the smallest
integer satisfying HTl > g+ % + %, ie, l > # + j — 1. This leads to
I =[22k=1] 4 = oy(k,n) — k + j. For this choice of [, we obtain

for 0 < h < s—o1(k,n) — j, which proves ([4.9). Thus the proof of Lemma
is complete. O



2015] HYPERBOLIC CAHN-HILLIARD EQUATION 499

Now we can show that the linear solution wy is approximated by the
simpler solution vy,.

Proposition 4.3 (Simpler linear approximation). Letn > 1 and assume the
same conditions as in Proposition 2.3l Let uy, be the linear solution given in
22) and let vy, be the simpler solution in ([E2l). Then uy, is asymptotic to
vy, as t — oo in the following sense:

j+1 k
105 (ug, — o) (8)|| gromaon—s < CE1(14t)~ 5 713, (4.11)
10K (ur, — vp) (8| oo (ko1 < CEy(1+£)" 57277, (4.12)

where k > 0, 0 < j < [}] and og(k) +j < s in (@EII), and k > 0 and
o1(k,n)+1<s in [@I2).

Proof. We have from (2.2]) and (4.2]) that

(ur, —vp)(t) = (G — Go)(t) * (up + u1) + H(t) * up.
By applying (A8]) and (2I5) with j replaced by j+ 1, we easily obtain (£11))
for k> 0,0 <j < [%] and o¢(k) +j < s. On the other hand, applying (£.9)

and (2.I7) both with j = 1, we get (412) for £ > 0 and o1(k,n) +1 < s in
(#12). This completes the proof. O

4.2. Approximation by the linear diffusion wave

In the last part of this section, we show that the nonlinear solution u is
approximated by the linear diffusion wave

ve(z,t) := MGo(x,t + 1), M = (uo + uy)(z)dz.
Rn

We note that since Go(x,t + 1) is a solution of (LI0) with the initial data
Go(z,1) = G«(z), we have the expression Gy(-,t+1) = Go(t)*G,. Therefore

’U*(t) = MGo(t) * G*

Observing Corollary .4 and Proposition 3] we recognize that the following
decomposition of the difference (u — v,)(t) is useful to show our purpose:

(u—=v.)(t) = (u—ur)(t) + (ur —oL)(t) + (v — v:)(1). (4.13)
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Then we only need to show the decay estimate for (vy, — vy )(t) = Go(t) *
(up + u; — MG,). To this aim, we prepare the following lemma.

Lemma 4.4. Letn > 1 and ¢ € Ly with [p, ¢(x)dz = 0. Then we have

_n(p_1y_k+1
10EGo(t) * ¢lle < Ct 107075 || 11, (4.14)
where 1 < p < oo and k > 0.

Proof.By [p, ¢(x)dx = 0 and the mean value theorem, we see that

0;Co(t) x ¢ = 0;Co(t) x ¢~ 0;Co(t) |  d(u)dy

— /Rn ok (Golz —y,t) — Go(z,t)) p(y)dy

_ /n{/1(_y).a§+100(x_9y,t)d9}¢(y)dy. (4.15)

0

k
1

n 1
Thus noting that ||0¥Go(t)||zr = cy—30-5)-
we obtain that

with some constant C > 0,

05Go(0) ¢l < [ ol 1057 Go )z o6y

_n_1ly_k+1
< crtmDE [ llotu)ldy
n k
< oD T g, (4.16)
which is the desired estimate. The proof of Lemma [£.4]is complete. O

As a direct consequence of Lemma 4] we have the following approx-
imation results for vy, by the linear diffusion wave v, corresponding to the
regularity of vg.

Corollary 4.5. Let n > 1 and s > 0. Assume that vg := ug+u; € H*NL'.
Then the difference vy, — vy satisfies

e

105 (vr, = 0)(t) || ro-r = 0(¢7577) (4.17)

ast — oo, where 0 < k < s. Also, if vo := ug +uy € H* N L}, then we have

E+1

105 (vr = 0) (D)l go—r < Cllvoll gonps (L +6)75 775, (4.18)
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where 0 < k < s.

Proof. We only show the estimate (£I8]) and omit the proof of (ZI7]).
Observe that (v, — vi)(t) = G(t) * ¢, where ¢ := v9 — MG, and M =
Jgn vo(z)dx. Since [, Gi(z)dr = G.(0) = 1, we see that Jgn (z)dx =
0. Also, noting |M] < [lollgs, we have gl < Clloglls and 6]
Clvol| grsnrr- Therefore, applying (4.14) with p = 2, we obtain

A

k+1

105 (v, = v) ()| e < Cllwollpit™ 57 4, (4.19)
where 0 < k < s. Also, using ([@4) with p = ¢ = 2, we have

105 (vr, = v ) Ol o=+ < Cllvoll st (4.20)

where 0 < k < s. Combining ([4.19]) and (4.20]), we have the desired estimate
(#18). The proof of Corollary [£.5]is complete. O

As mentioned above, as a consequence of Corollary B.4] Proposition [4.3]
and Corollary 5] we can derive the approximation of the nonlinear solution

u by the linear diffusion wave v,:

Proposition 4.6. Let n > 3. Assume the same condition in Theorem [3. 1.
Let u be the global solution to the nonlinear problem (1)), (I2l), which is
obtained in Theorem [31], and let vy be the linear diffusion wave. Then the
nonlinear solution u is approrimated by the linear diffusion wave vy.. Namely,

we have
_n_k
105 (= v.) (8) | gs—on emy—1 = 0(t 5~ 4) (4.21)

ast — 0o. Furthermore, suppose in addition that vg = ug+uy € L% and put
E1 = E1 + |jug + ui[zr. Then we have

k41

1% (u — v.) (8)]] pro—or k1 < OB (1 +1)"5 71, (4.22)

where k > 0 and o1(k,n) +1 < s in ([@2I) and [E22).

Remark 4.7. We note that (£2I) and (£22]) mean that the upper bound
B8) of u(t) is sharp. Indeed, if vg € L' and M = [, vo(x)dz # 0, we see
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that [|0Fv.(t)]|2 = co(1 + t)_%_g for some constant ¢y > 0. Therefore we

observe that

105 u()ll 2 = (1050 (t)] 22 — (105 (w — v, ) (E)]] 2

)

INE

> co(l+8) 575 +o(t %"
as t — oo and hence
c(1+1)"571 < [05u(t)|2 < C(1+¢)"5 1 (4.23)

for large t, where the constants ¢ > 0 and C' > 0 in ([£.23]) are independent
of t.

Proof of Proposition [{.6. We apply the estimates (3:29) and ([£I2) to
the decomposition ([£I3]) to have
k k
10z (w = v ) ()] ro-orwm -1 < (107 (w = ur) ()] gro—oy k-1
+ (105 (ur, = vp) ()| o= o1 + 105 (01, = 0) ()| e 1

< CEVp(t)(14t) 8 T+ CE (14685 + 05 (01, —v:) (1) | oo (k1.

(4.24)
Therefore ({I7)) and (4I8]) yield the desired estimates (A2I]) and (.22]).
The proof is complete. O

We give a final remark on the corresponding estimates for [0F(u —

V) ()| grs—oo )3

Remark 4.8. If vy € L!, we have
|k
195 (w = v ) (O] e-oor-5 < CE1m; (£) (1 + )72 3, (4.25)
where 7;(t) = max{p(t), o(1)(1 —i—t)_%(%_j)}. Also, if vg € L1, then we have

105 (u — 02 ) (B)l|go-eowr—s < CErif;(H)(1+ )31, (4.26)

oo(k) +j < s in (£25) and (4.26]).
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Indeed, we apply the estimates ([B.28) and (4.I1]) to the decomposition
#I3) to have

195 (u = 0. ) ()| ro—eo -5 < 105 (= wr) (O] o=
05 (ur, = vr) ()| go-oo -5 + 1105 (0L, = 02) (E) | gro-og -5
] _k
< OB+ EY)p(t)(1+1) 7275 + |05 (vr, = va) (0)| jro-oor—s- (4:27)
Then, using (£I7) and (IS, we obtain the desired estimates (£25]) and
@.20).

5. Cahn-Hilliard Type Equation

In this section we consider the parabolic equation
ve + A% = Ag(v) (5.1)

with the initial data vg = ug + u1 as in (1)), where g(v) = av” for some
constant a # 0. The associated integral equation is

v(t) = Go(t) * v + /0 Go(t — 1) x Ag(v)(7)dT , (5.2)

where Gy (t) is given by (4.3]), and the solution to (5.I]) is always understood
as the solution to (5.2)). Let us recall that the number v in the nonlinear term
is1+ % for n = 1,2, while v = 2 for n > 3. In view of the global behavior of
solutions, there is a significant difference between the case n = 1,2 and the
case n > 3. To see this briefly, we observe that (5.]) is invariant under the
following scaling:

Ato(ATz, M), n=12,
v(z,t) — oz, t) =¢ |, (5.3)
Az2v(A1z, M), n>3

Then, for sufficiently localized and small initial data, the nonlinearity should
be negligible in large time if n > 3, while the nonlinear effect essentially
comes into the large time behavior of solutions if n = 1,2. We will discuss
this problem specific to the critical case n = 1,2 later in Section 7, and in
this section we mainly focus on the global existence and the temporal decay
estimates of solutions to (5.2]). The main result is stated as follows.
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Theorem 5.1. Set p, = 1 ifn = 1,2 and p, = 5 if n > 3. There is a
positive constant 6 = 0(n) such that if ||vo||ren < d, then (B.2]) admits a
unique solution v € C°([0,00); LP*) satisfying

k _E(J;_l)_ﬁ
[0zv(t)|| e < Cllvol[ont ™ on 271, t>0, (5.4)

for k>0 and p, < p < co. Moreover, if vo € H* N L' for some s > 0 in
addition, then

[o(t) = Go(t) * vollr < CllvollZanpen £(2) (5.5)
_n_k
105 (v(t) = Go(t) * vo) | gro—x < Clivollrsnpinpen POL+87575, (5.6)
where 0 < k < s in (B.0), and p(t) is the function defined by (3.14).

Remark 5.2. (i) The solution obtained in Theorem [5.1] satisfies

lv(@®)]lz1 < Cllvoll Lingen » (5.7)
_n_k

1050 (t) | et < Cllvollgenpinpen (141) 7575, (5.8)

10 0Bl 2 < Cllvollenpinmet F(L4+8)"575,  t>0,  (5.9)

where 0 < k < s in (5.8)).

(ii) The estimates (5.8) and (B.9) will be used in the next section, where
we will show that the solution u to the original problem (L), (L2]), con-
structed in Theorem B.1] is approximated by the solution v to (5.2]) obtained
in Theorem [5.1] for large time.

Proof of Theorem [5.1l. As usual, we look for the solution to (5.2]) as a
fixed point of the mapping

Do [v](t) = Go(t) * vo + /Ot Go(t — 1) * Ag(v)(1)dr (5.10)
in the closed ball
Sr={v e C%([0,00); L") ; |lv| < R},

k n_
ol : = > sup ta (|050(E)l|zon + ton||O5o(t)] 2> ),
k:Q1t>0
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where R > 0 will be determined later. Let k = 0,1. For v € Sg we have
from (4.4),
t
105 ®o[0] (1) | on < [[05Go(t) * vol|Lon +/ 105Go(t — 7) * Ag(v)(7)||Lon dT
0

k t k42
< Ot vl iom + c/ (t = )~ (o) (7) | om
0

Here, since ||g(v)||ren < C||v]|¥ 5t |[v]|Lon , We see that

n

g(0)(®)]|Lon < Cllo]|*t 3 ™D = C|lo|"t 2. (5.11)

Consequently, we obtain

t
105 ®o[w] (#) || Lom < Ct~ % ||vo|| Lom + C||v||”/ (t—7) "Frtdr
0

< Ot oo o + Ct~ 4 |J0]|”.

Similarly, we have again from (4.4]),
t
105 @o[v](t) | e < (107 Go(t) * woll o +/ 107 Go(t —7) % Ag(v)(7)|| o= dr
0
__n _k % __n_ _kt2
< Ct Ton 1 ||vg|| Lon —l—C/ (t—7) %0 4 |lg(v)(T)||Len dT
0

e / (t = 1) 5 g () (1) | o dr

1 n
Here we have ||g(v)||r~ < Cljv||}~ and hence ||g(v)(t)||zc < Cllv|[¥t 2 4pn .

Using this estimate and (5.11]), we obtain

k+2 1

_.n _k 2 __n_ _k+2
105 ®o[v] (t)[| e < Ct™ ton 4HvoHLpn—|—C’HvH”/ (t—7) Wa 11 2dr
0

t 1 n
4 C’||U||”ﬂ (t—7) 5w dr

2

_n _k _.n _k
< Ct™4n 4 ||ug||pen + Ct™ 20— 40|V
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Hence we have shown that
[@o[v]]| < CollvollLen + Cillv]l” (5.12)

for some constants Cy and C; depending only on n. By the same calculation
as above, using the estimate [g(v) — g(9)||zr < C||(v, 0|,V — 9| 1, we

also have
|@o[v] — o[]]| < Call(v, D)|I” v — | (5.13)

for some C5 depending only on n. Now we take R = 2Cy||vg||rn and assume
that ||vg||zen < 6 with sufficiently small § > 0 depending only on Cy, Cy, Cs.
Then it is easy to see that ®g is a contraction mapping from Sg into Sg.
Hence, there is a unique fixed point of ®g in Sg, which is the solution to
(52). By the above construction of the solution and by the interpolation
we have already proved (5.4]) for & = 0,1. The same estimate for k > 2 is

obtained by the standard bootstrap argument, and we omit the details here.

Next we assume in addition that vy € H*N L' for some s > 0. Then, by

the bootstrap argument we observe that v(t) € L! for any ¢ > 0. Moreover,
we have from (£4)),

lo@)llz1 < Cllvollrr + C/O (t —7) "2 |lg(w)(7)l| 2 d
(5.14)

_ t 1 1
< Clluollzs + Clluollzs / (t— 1) 3r 3 |fo(r)l 1 dr
0

where we used [lg(v)llz1 < Cllolly=t vl and [o(®)|) < Cllol—tt% <
C H’UQHE;,}t_%. Since ||vg||zen is sufficiently small, the above inequality im-

plies

sup [[o(t)|| 1 < Cllvoll 1 - (5.15)
t>0

In particular, (514) and (5.I5) imply (&.5) for n = 1,2. To prove (B.5) for

n > 3, we first show the following L estimate:

lo@)llze < Ct5|lvollinzr, > 0. (5.16)
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To veriy this, by applying (£4) and using |[v(t)||ze < CH’UOHLpnt_% (for
n > 3) and (5.15]), we observe that

n % _n_1
Jo(@)ll < Ot ffwolls +C /0 (t — )5 o() ]| g o ()| 1 dr

+C/t (t = )3 () |Rmdr (5.17)

[SIEN

< Ct % ollz: + Cllvoll: ool / (t— )53 dar
0

t 1 1
4 Cllvollzom / (t = 1) 33 o(r) | oo dr

2

n t 1 1
< Ct 7 ||lvollpiare + CHUOHLMﬂ (t—71) 27 2||v(7)|| e dT.
3

(5.18)

Then, the smallness of ||vg||z»- yields the estimate (5.16]). Now we go back

to the similar inequality to (5.14]) and apply (5.I6) for 7 > 1, which gives
for t > 2,

[v(t) — Go(t) * vol 1
1 1 1 t | N
Clleolzinon / (t=7)"2772 dr + CllvolF sz / (-7 brHar
0 1

_1
Ct2 H”0”2leLpn + Cp(t)HW”lemLpn : (5.19)

IA

IN

Thus the estimate (5.5]) has been proved.

For later use we also derive the similar estimate in L>°. We employ the

similar inequality to (5.I7) and use the estimate (5.16]) for 7 > 1. This yields
for t > 2,

[v(t) — Go(t) * voll Lo

1
< ClluolZarpom /0 (t—7)" i Frddr

1 m t

n 0 1 "
+0llvollilmn/ (t—r)‘ﬁr‘zd¢+0||vo|lilmn/ (t—7)"br % dr
1

1
2

_n_1 _n _n 1
< O3 ool +Co(O 0031 +C 32 001311 - (5:20)
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Hence, by interpolating (5.19) and (5.20), we obtain

_n-_1
[0(t) = Go(t) * vollr < Cp(t)t™ 1178 wg)| 21 ppms t>2, 1 <p < oo. (5.21)

Finally, let us prove (5.6). We note that (5.6) for 0 < ¢ < 1 follows from
the assumption vy € L' N LP» N H® without difficulty, whose proof is similar
to the proof for the existence of v stated above. So we omit the details and
focus on the estimate for ¢ > 1. Since p(t) = 1 for n = 1,2, thanks to (5.4
with p = 2, it suffices to consider the case n > 3. By applying (£4]), we have

|05 (v(t) — Go(t) * vo) || 12

< C (t—T)_Z_TIIQ(U)(T)IIleT+Cﬁ (t =) 7410k g(v)(7) | 2 dr

0
;
n k
< Cf (t—7) 55 Jolr)|3adr
0
t
+Cllooll g1z / (t— ) A 5 ko (r) | pedr, (5.22)

2

where we used [lg(v)[|z1 < Cllv]|72, [05g9(v)llz2 < Cllollze~[|95v]lz2 (for n >
3), and (5.I6]). The estimate (5.22]) shows that the desired estimate (5.6])
(for n > 3) is obtained if we establish the estimate

1020()l2 < COL+ 68 3 |vollgonpiopm ,  0<j<k,  (5.23)

which will be proved again from (5.22) by the induction on k as follows.
Firstly, we note that

n_k
107 Go(t) * voll L2 < C(L+1)"5 " lvoll grrp - (5.24)

Thus, (£23) with & = 0 is a direct consequence of (5.2I)). Assume that
(523) holds for k. Then, (5.22)) yields

|05+ (u(t) = Go(t) * vo) || 12

(SIS

< CHUOH%JQLP"QIQ/O (t - T)_%_T(l + T)_% dr

t 3 n n_k
+C’Hvo|]§{klemLm/ (t—7) a7 a(l+7) 5 4dr
2

1
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_ﬁ_ﬂ
< CoM)t™s 71 |lwollfarinpen - t>1.

This estimate together with (5.24]) for k + 1 gives (523)) for k£ + 1. Thus we
have proved (5.6]) for n > 3. The proof of Theorem [5.1]is complete. O

6. Nonlinear Approximation

In this section, we show that the nonlinear solution w is approximated
by the solution v of Cahn-Hilliard type equation (5.]) with v(0) = ug + uy.
For our purpose, we need to introduce the quantities N (t), N1(t) and No(t)

as follows:

N(t) = Ny (£) + Na(d), (6.1)
(%]
=Y Y sup (1+7)2 555 5(7) M0 (w = 0) (1) ggo-ep -1,(6.2)
J=0 00 (k)+j<s Os7st
50

ny kE _

Na(t):=> " sup (L+7)5%35(r) "0k (w = v) (7))l go-or k-1, (6.3)

o 0<T<t

where so = [5] + 1, s > 01(s0,n) + 1, and p(t) is given by

(1+t)71 n=1
pt):={ (1+t)73+t p=2 (6.4)
(141¢)2 >3

with small € > 0. We also introduce the Banach space X':
X' = {u e C%0,00); H*); [lufxs < oo},
with the norm

Jullx = HUHx'JrHUHXf (6.5)

k
[l x; :ZZ S swp 1+ OF R ut)]| oo (66)

J=000(k)+j<s —0

k
lullx; = Z iglg (L4 6) 5105 promoa 1, (6.7)
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where sp = [§] + 1 and s > 01(so,n) + 1. Notice that X’ is the space X in
(B4)) with s replaced by s — 1.

Futhermore, we define the Banach space Y:
Y = {u € C%([0,00); H*) N CO((0,00); H*™); [lufly < oo},

with the norms

>0

S
n_ k n_, s 1
lully := >~ sup (14 )57 3 [ 05 u(t) || pro-e + sup (1+ )5 58505 ()| 2.
t t>0
k=0 "=

(6.8)
This space Y is used for the solution v of (5.2). In fact, it follows from
Theorem [B.1] together with the estimates (5.8]) and (5.9) that if vy is small
in H°N L' with s > s, then we have the solution v € Y of (5.2)) satisfying
lvlly < Cllvoll gsnrt- For this solution v, we see that

lg)(T)llpr < Cllollz2lwl7 < Cllofl§ (1 +7)7 30D, (6.9)

where 8 = 0 for 0 < m < sand # = 1 for m = s+ 1. Moreover, by the similar
procedure in the proof of Lemma[3.3] for u,v € X’ (notice that v € Y C X'),
we have

1(g(u) = gD (T)llr < Cll(u, 0)|I5" No(®)p(7)(14+7) "53¢, (6.11)
~ _J_k_ng,_
105 (g(w)—g(0)(T) 22 < Cll(w, o) % N@AT)(1+7)" 27375 (6.12)
~ _n_k_ng,
105" (9(w) =g (@) ()22 < Ol (u, ) |5 Na()p(r) (147) 57575 7D,(6.13)
where £ > 0,0 < j < [jland 0 < h < s —0og(k) — 7 in (6I2), & > 0 and
0<h<s—oi(k,n)—1in ([GI3).
In the above situation, we have the following asymptotic behavior of the
solution of the problem (L), (L2).

Theorem 6.1. Letn > 1 and s > o1(sg,n)+1. Assume the same condition
in Theorem Bl Let u be the global solution to the nonlinear problem (1),
(T2) and v be the solution of (B.1I) with v(0) = ug+uy. Then the nonlinear
solution u is asymptotic to v as t — oo in the following sense:

108 (w = 0)(#) | o-eoimr—s < CE1p(t)(1+1)"371, (6.14)
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kol

108 (= 0) ()| go-or o1 < CE1p(#)(1 +1)75 74, (6.15)

where k > 0, 0 < j < [§] and oo(k) +j < s in (6I4), 0 < k < 59 and
o1(k,n) <s—11n (6I0), and p(t) is given in (6.4).

For the proof of Theorem [6.1], we take the difference between the integral
equations (3.1) and (5.2]) and decompose into five parts:

(u—v)(t) = (ug,—vp)(t)
/Gt—T (1= A A(f (1) — g(u))(r)dr
+ / Gt —7) % (1 — A) " A(g(u) — g(v))(r)dr
0
/ (G = Go)(t — ) * (1 — A) T Ag(v)(r)dr

/ Go(t — 1)« {(1— A)_l —1}Ag(v)(r)dr
= Ap(t) + A1(t) + As(t) + As(t) + Ag(t). (6.16)

In what follows, we estimate A;(t) (j =1,--- ,4), respectively.

6.1. Preliminaries

First, we show the estimate for the term Aj.

Lemma 6.2. Let s > o1(sg,n) and suppose that u € X. Then we have the
following decay estimates:

rofs.

105 AL () gar-oom—s < CllulliH A +8)7275, (6.17)
105 AL ) ga-or ey < Cllull A (L +8)75 77, (6.18)

IA

|3

where k > 0, 0 < j < [%] and oo(k) +j5 < s+ 1 in (6I7), k > 0 and
o1(k,n) < s in [6I8), and p(t) is the function given in (6.4)).

The proof of Lemma is given in a similar fashion to the proof of
Lemma 3.3l In fact, to show Lemmal6.2] we only follow the proof of Lemma
B3 with f(u) — f(v) replaced by f(u) — g(u) = O(u**1). Here we omit the
proof.
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Secondly we consider the estimate for the term As. In this case, we can
obtain the decay estimate with minor change of the proof of Lemma B3l

Lemma 6.3. Let s > o1(sg,n) + 1 and suppose that u,v € X'. Then we
have the following decay estimates:

[N
ISETRES

105 A2 ()| pre=co—s < Cll(u 0)|I5 N (@) (L + 1)~
105 A2 (D) -1 < Cllw,0) 5% N (@A) (L +18)”

b

—_

Nej
=

|3

(6.20)

where k >0, 0 < j < [}] and og(k) +j < s in @I9), k > 0 and o(k,n) <
s —1n (©20)), and p(t) is the function given in (G.4]).

The proof of Lemma is also given in a similar way of the proof of

Lemma B.3l In fact, making use of the estimates (6.11]), (6.12]) and (6.13)),
we can show the desired estimates (6.19)) and (6.20) in the same way as in
the proof of Lemma 3.3l We omit the details.

For the term Az and A4, we prepare the linear estimates, which are
useful to show the estimates for A3 and A4 in our framework.

Lemma 6.4. Letn>1,5s>0 and 1 < q < 2. Then we have:

103(G = Go)(t) * (1 = A) T AS] 2

< C+n DT 0
+C(L+1)" = 0%+ fl| 2 4+ Ce T (|05 F| 2, (6.21)

105Go(t) = {(1 = A)™" = 1}Af| 2
—n(l_ly k4o s —ct,—L | gh+2—5'
< CQA+t) a2 A 0] fllpe + Cem 710,77 flle, (6.22)

a3

where0 <k <s,0<j<k+4,0<j <k, I14+1>0, (k+1); = max{k+[,0}
in (62I) and 0 <k <s,0<j<k+4,0<j <k+2in (622).

Proof. First, we prove (6.2I). Here we recall ([L7). Then it is easy to see
that

(G = Go)(&. )11+ [E[*) €[ < Clefte e 4 Cet (6.23)
for || < rp and by (212) and the definition of Gy,

(G = Go) (&, D) (1+ [E2) L2 < Cle| e el 4 ceelél™ (6.24)
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for || > rg, where r( is a small positive constant. Therefore the pointwise
estimates (6.23)) and (6.24]) and the Plancherel formula yield the estimate
(621)). Next, we show (6.22]). In this case, we use the expression Go (&, t) =
e~ €' and

C|£|4 for |£| < To,

1 2y-1 _ | |¢]2
|+ (e 1 Ig g{ el e o

for small positive constant rg. Then we again apply the Plancherel formula

to have the estimate (6.22]). The proof of Lemma [6.4] is complete. O

Based on the estimate (6.21]), we have the estimate for A3 as follows:

Lemma 6.5. Let s > 01(sg,n) + 1 and suppose that v € Y. Then we have

the following decay estimates:

j k

105 Ag(t) | go—eoer—s < Clloll§m(t)(1 +)"274, 6.25)
n k

185 A3 (t)|| jrs-oreomy—1 < Cllollyn(t) (1 +)7871, (6.26)

where k >0, 0 < j < [%] and oo(k) +j < s in 6.25), k > 0 and o1(k,n) <

s —1in ([626l), and n(t) is the function given below:
n(t) = (1+1)"2p(t). (6.27)

Proof. To show the estimates (6.25) and (6.28]), we apply 05" to A3 and

decompose into two parts:

105+ As (1)l 2 < /0 |05+ (G — Go)(t — ) (1 — A) " Ag(w) ()| edr

t t
2
=/ +/ =: A31 + Asz.
0 3

For the term As;, we apply (6.21I]) with k replaced by k + h and with j =
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j' = 0. Then we see that

n k+h+4

Az (t) < 0/0§<1+t—r> B-REE ) () padr

+C/0 (1+t—7)" 2 |07 g(v)(7)||L2dT (6.28)

t

+C [F et ok g (o) () | padr
0

=: A311 + Azi2 + Aszis,

where m = (k+h+1); < s+ 1. To obtain the estimate for Asj1, using (6.9),
we have

t
n +h+4

2
Ay < Clloll% / (1+t—7)"%"
0

14 7)"1" g
L+ ! (6.29)

INES

v _n_k+2 v _n_
< Olollypt)(1+8)75 75 = Clloflyn(t)(1 + )73

for h > 0. Next, we show the estimates for Asjs. For the proof of (625,
we choose [ in ([6.28) as the smallest integer satisfying l+1 > 4 Iy M, ie.,
l>j5+ 5 + 1. This leads to I = o¢(k) —k+j+ 1. In this case, the regularity
assumption m := (k+ h+ 1)1+ < s+ 1 means that 0 < h < s — oo(k) — j.
Then we see that

t

Az12 < C|lv[ly /2 (1+t— T)_f_T(l + T)_%_%_Z(V_l)T_ng
0
< Cllolf§n(t)(1+1)"3%

for 0 < h < s — o9(k) — j, where we used (G.I0). To show (6.20]), we
choose [ in ([6.28) as the smallest integer satisfying l+1 > g+ %, ie.,
I > # + 1. This leads to | = o1(k,n) — k + 2. Then the regularity
assumption m := (k+ h+ 1)y < s+ 1 means that 0 < h < s —oy(k,n) — 1.

Therefore we have

SIS

k+4 n_m_mn

Apa < Clolly [P+t =7y 8 @) ROt
0
k

< Cllol§n(t) (1 +6)~573

for 0 < h < s—o1(k,n) — 1, where we used (6.10). For the term As;3, the
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estimate (6.10) yields that

t
n_ k+h n

Agiz < Clolly / T (14 )T O gy < Ol (632)
0

Finally, we estimate the term Asy. We apply (6.21]) with & replaced by
k+handq=2,j=k+h+1, 5 =0and = 1. This choice of I = 1 requires
0<h<s—ksince (k+h+1); <s+ 1. Then we see

t .
Ap(t) < C [<1+t—T>—iHafz+h+lg<v><f>updf
2
t
e / (14t — 7)ok g o) (7) | o dr
2

t
+C [ e ok g (o)(r) 2
3
=: Azl + Azzo + Asas.

For the terms Ago; and Asge, we use the estimate (6I0) with m =k+h+1
to have

t
Agg1+Aspn < C|v|% / (14+t—71) i1+ ) 54100447
2
< Cllll% (1 + )51 50D < Ollo||Yn(t)1 + )51 (6.33)

for 0 < h < s — k, where we used the fact that (1 4+ ¢)~7"1) = (1 +

t)—%pl(t) < n(t) with pi(¢t) in (322). Similarly, using (G.I0) with m =
kE+h (< s), we have

t
Ags < Cllollt / L e (O
v ’ _ﬂ_w_u(,,_l) v _n_k
< Clolf 1+ ) 3 50D < Oollvn + 0 E T (6.34)

for 0 < h < s — k. Summing up the above argument, we have the estimate

G2 (resp. (628)) from (G29), (G30), (632), 633) and G3D) (resp.
629, 630, 632), [633) and 639)). 0

For the last term Ay, we can obtain the desired estimate without
regularity-loss.
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Lemma 6.6. Let s > sy and v € Y. Then we have

10 Aa(®)llgs+ < Cllolfn() (1 +0)75 75, (6.35)
where 0 < k < s, and n(t) is defined by (6.27)).

Proof. Let k, h > 0. We apply 9" to A4 and take the L? norm to obtain
¢
105 Aa (D)l < / 105 Go(t — 7) + {(1 = A) ™" = 1}Ag(v)(7)[| 27
0
: t
= / +/t =: Aqy + Aus. (6.36)
0 2

For the term Ayq, we apply ([6.22) with k replaced by k+handg=1, =0
and 7/ = 2. Then we have

n_ kt+ht4

An(t) < C /O 1t ) E ) () | dr

+o /0 T eI (1) |95 g () (7) | padi
=: Ay + Aaro. (6.37)

The term A4y1 is just the same as Az;; and we have Ay = Ag;p <

Cllv||yn()(1 + t)_§_§ for h > 0. Also, the term Ayo is similar to Ass
and by using ([6.10) with m = k + h, we have

E_n

Agz < Cllolly / e D — ) E (L4 1) D ar < Cfulfye
0

for 0 < h < s — k. To show the estimate of the term Ao, we apply (6.22)
with %k replaced by k +h and ¢ =2, j = k+ h + 1 and j/ = 2. Thus we see

t
Ap(t) < C / (1t t— 1) 3|O5 "+ g (o) (7) | odr

2
t
1
L / e~ — )5 | g (v) () | p2dr
2
=: Ayo1 + Ayoo. (6.38)

Here the term Ayop is just the same as Azo; and we have Ago; = Ago <
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Cllvllyn(t)(1 + t)_%_g for 0 < h < s—k. Also, the term Ay9 is similar to

As93 and we have

t

Ay < C||U||?/ et (¢t — 7)"3(1 4 1) 0Dy
t
2

< Ol (1 + ) 37550 < Ol||tn()(1 + )54

for 0 < h < s — k. Then combining all these estimates, we have (6.35]). The
proof of Lemma is complete. O

6.2. Proof of Theorem 6.1

We show Theorem by using Lemmas which we prepared in the pre-
vious subsection. Let s > o(sp,n) + 1. Let u € X be the global solution to
the problem (1], (I.2)), which was obtained in Theorem B.I] and let v € YV
be the global solution of (5.I]) with v(0) = vg := ug + u; € H* N L', which
is obtained in Theorem [5.Jl Then we apply Lemmas [6.2] [6.3], and to
(616). This yields

0% (w = v) (#) || oo )5
4

Z ||8§Al(t)||HS—Uo(k)—j
1=0

IN

IN

_ v~ ik
C(Er + ul$™ + (1w, o)1 N (@) + [l]l5)p(E) (1 + )72

ENES

N

C(Ey 4+ EVTY + EVTIN() + EV)p(t) (1 +1) 7271,

where k£ > 0, 0 < j < [%] and og(k) +j < s. Here we used ||(u,v)|x: <
i

lullx + [Jv]ly < CE;y. Then, multiplying p(¢) (1 + t)2+§ to the both sides

and taking summation in j and k, we see
Ni(t) < CE; + CEY'N(t). (6.39)
By the similar way, we have

108 (u—v) ()|| o-or -1 < C(Br+ BV 4+ BYTIN(8) + EY)p(t) (1 F)7E,
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where 0 < k < sp and o1(k,n) < s — 1 and then
Na(t) < CEy + CEY'N(t). (6.40)

It follows from (639) and (640) that N(t) < CE; + CEY ' N(t). There-
fore, if E; is sufficiently small, then we have N(t) < CFEj, which implies
the desired estimates (6.14]) and (G.I5). Thus the proof of Theorem [G.1] is
complete.

7. Nonlinear Asymptotic Profile

In this section we consider the parabolic equation
v + A% = Ag.(v), (7.1)

with the initial data vy := up + u; as in ([&Il), where the nonlinear term g,
is given as
avH% , n=12,
g* (U) = 2
alvlnv, n>3.
Here a # 0 is a fixed constant. In (7)) one may replace the nonlinear

term g, (v) by a|v|*™v or a|v|'*?/" which does not give rise to an essential
change of the argument below, except for the statements on the higher-order

regularity of solutions. For simplicity we assume a = 1.

One of the basic properties of (7.I)) is the invariance under the action
v(x,t) — vy(z,t) = )\%v()\ix,)\t) , A>0. (7.2)

Indeed, if v satisfies(7.I]) then vy also satisfies (7.I]) for any A > 0, while the
equality sup;~ ||va(t)]| L1 = sup;~g |[v(¢)||L: holds. In the presence of such an
invariance, even for a sufficiently localized initial data, a simple linearization
vy, given in (@2 does not provide a correct asymptotics in large-time for
solutions to (7.I)) in general. Instead, one usually needs to consider the self-
similar solution, which represents the balance between the linear diffusion
by —A? and the nonlinear reaction by Ag,.

The purpose of this section is to show the existence of self-similar solu-
tions to (7.I]) and to establish their asymptotic stability. For later use we
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introduce the scaling operator {Ry}a>o as

(Raf)(x) = Nif(Mz), A>0. (7.3)

As in the previous sections, the equation () is always understood as
its integral form

v(t) = Go(t — s) xv(s) + /t Go(t — 1) * Agi(v)()dT, t>s>0, (74)

and the solution to the Cauchy problem of (7.Il) with initial data vy is the
solution to (7.4]) with s = 0 and v(0) = vy as in Section 5. We say that v is
a self-similar solution to () if v satisfies (7.4]) for ¢ > s > 0 and also if v is
invariant under the scaling (7.2)), or equivalently, v is written in the form

v(m,t):(R%CID)(x), t>0,

for some profile function ® which is independent of the time variable. Our
first result in this section is on the unique existence of small self-similar
solutions, stated as follows.

Theorem 7.1. Fizm > 5. Then there is a positive constant 53 = d2(m,n)
such that, for each |d| € [0,02], the equation (1)) admits a unique self-similar
solution R1®g satisfying

t

[ osade=s. ¥ 10kl , OB (7
" k=0,1

Moreover, if n = 1,2, then 08®s € L2, for any k > 0 with the norms in
Lz, N L o of the order O(|d]).
2

The next theorem shows the asymptotic stability of the self-similar so-
lution obtained in Theorem [T.11

Theorem 7.2. There is a positive constant 63 = d3(n) such that if [|v|| ;1 <
d3, then the Cauchy problem (1)), (A1) admits a unique solution v €
CO([0, 00); LY) satisfying

k
4

105 (o(t) = R+ ®s)lle < Cllwollgt 5079514078, t>0, (7.6)

1
T+t
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for k = 0,1 and 1 < p < oco. Here ®;5 is the profile of the self-similar
solution in Theorem [7.1) with § = [, vo(x)dx and m > % + 1. Moreover, if
in addition n = 1,2, then (6l holds for any k > 0, and in particular, in

the case vg € H® for some s > 0 we have

k+1

195 (0(t) = B+ ®5)|l g+ < Clleollgsnpi (L +1)757 7, (7.7)

1
T+t

where 0 < k < s.

As a direct consequence of Theorems and [[.2] we can conclude that

the nonlinear diffusion wave R

of (I.I), (T2).

Corollary 7.3. Let n = 1,2 and s > o1(so,n) + 1, where s = [5] + 1.
Suppose that ug € HT' N LY, uy € H*N L' and vy = ug + uy € L%, and
put By = Ey + |lug + u1||L%. Let u be the global solution to the monlinear
problem (1)), (L2)), which is obtained in Theorem [31dl. Then the nonlinear
solution u is approrimated by the nonlinear diffusion wave v* := R%ﬂ 0¥}

with & = M = [gn(uo + uw1)(x)dz. More precisely, the difference u — v*

verifies the decay estimates

1 s is an asymptotic profile of the solution
1+t

105 (1 — v*)(E) | yo-ooir—s < CEy(141)" 25 (7.8)
105 (4 — 0*) ()|l goontemy 1 < CEy(1+ )~ 55 (7.9)

where k > 0, 0 < j < [§] and oo(k) + 75 < s in [Z8), 0 < k < 59 and
o1(k,n) <s—1in (T9).

Remark 7.4. The estimate (7.9) implies the lower bound of the norm of the
nonlinear solution u for large ¢, provided that M # 0. Indeed, using the self-

similar property of v* = R_1_®s, we see that ||0Xv*(¢) 2 = co(1 + t)_%_§
1+t
with some constant ¢y > 0 depending on M. Therefore we have
05 u®)l2 > 050" ()2 = 105 (w = v*)(®)]| 2
_n_k *
= co(1+1)75 7% — |95 (u — v)(B)]| 2 (7.10)

Since the second term on the right hand side of (TI0) decays as in (Z9]), the

estimate (7.10) means the lower bound of the norm of u.
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To prove Theorems [.1] and we follow the argument of Kagei and
Maekawa [28], where the abstract theory is developed for the evolution equa-
tions in the presence of scaling invariance.

7.1. Similarity transform

As is well known, the existence and the asymptotic stability of self-
similar solutions are equivalent with the existence and the stability of sta-
tionary solutions to the equation derived through a similarity transform asso-
ciated with the invariant scaling. Before introducing the similarity transform
related to (7.2)), we first note that the one parameter family {Go(t)*}i>0 in
([#2)) defines a Cp-analytic semigroup in Lb,, 1 < p < oo, with the generator
—A? whose domain is characterized as

Dpp (=A%) ={f € Lb,; 9yf € Lh,, 0 <k <4}, (7.11)

For convenience we use the notation e~*A” for the operator Gy(t)*. By using
the scaling operator { Ry} >0 in (7.3, the invariance of (.I]) with respect
to the scaling (7.2)) is represented by the following identities.

Rye MA" = 2R AR\Ag,(v) = Ag,(Ryv). (7.12)

Then the associated similarity transform is defined as

n t

w(z,t) = (Rev(e’ — 1)) (z) = eitv(eiz, e’ —1). (7.13)

Since {Ry}a>0 is a strongly continuous action of the multiplicative group
{X >0} on L%, for 1 < p < oo, the first identity of (712]) implies that the
one-parameter family {Rete_(et_l)A2 }>0 defines a Cy-semigroup in Lb, for
1 < p < o0; see |28, Lemma 2.1]. We denote by A the associated generator,

i.e.,
oA = R (DAY — o~ R (hy ([12). (7.14)

If v is the solution to the Cauchy problem (7)), (4.I)), then the integral
equation for w is given as

t
w(t) = ey —I—/ e IAAg, (w(s))ds, >0, (7.15)
0
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with wy = vg. We note that the self-similar solution R1® to (Z.1)) is, in the
t
similarity variables, nothing but the stationary solution to (Z.I3)), i.e.,

t
D =" +/ eANg,(®)ds, t>0. (7.16)
0

As will be seen in Lemmal[Z.8 (iii) below, the function eA converges to 6G
as t — 0o, where § = [, pdz and G, (z) = F e l¥1"(z) is the eigenfunc-
tion with [, G«(z)dz = 1 to the first simple eigenvalue 0 of A. One can
also verify from Lemma [(.8 (ii) that the integral fooo e*A Apds converges in
the case p € L2, with m > 5. Thus, by taking t — oo in (ZI6]) we formally
obtain the equation for ® as follows.

d =0G, + / eANg (P)ds, SeR. (7.17)
0

The number ¢ is now a given parameter, and it represents the mass of the
stationary solution due to the property [g, fOOO(SSAAgo) (z)dxds = 0, which
is justified for ¢ € L2, with m > Z. Clearly (ZI6) and (ZI7) are formally
equivalent.

In Subsection 7.2 we prove the unique existence of small solutions to
(TI7) by a standard fixed point argument. In particular, Theorem [7.1]is an
immediate consequence of Proposition In Subsection 7.3 we show the
stability of stationary solutions obtained in Subsection 7.2 with respect to
small perturbations. Then Theorem follows by returning to the original
variables. The estimates for the semigroup {e‘A};>¢ are the most funda-
mental tool in Subsections 7.2 and 7.3, which are collected in Subsection
7.4. As is explained in Remark [Z.7] below, thanks to the presence of A in
the nonlinear term, we do not need to analyze the detailed spectral property
of the linearization around the stationary solution in order to obtain the
optimal convergence rate (1 +¢)~4 in Theorem Therefore we can skip,
to some extent, the detailed spectral analysis of the generator A. However,
the study of the spectral property of A seems to have its own interest and
applications, so we go into the details on this topic in Subsection 7.5.
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7.2. Existence of stationary solution

In this subsection we prove the existence and the uniqueness of small
solutions to (.I7) for a small fixed 6. The next proposition directly leads
to Theorem [71]

Proposition 7.5. Fiz m >
da(m,n) such that, for each |d|
solution g satisfying

Then there is a positive constant o =

n
5-
€ [0, d2], the equation (LIT) admits a unique

[ e =s, 3 l0helipans , <Ol (119

k=0,1

Moreover, if n = 1,2, then 8§<I>5 € L2, for any k > 0 with the norms in
L2 N Ly n of the order O([d]).
2

Proof. We look for the solution to (Z.I7) of the form ® = §G, + ¢, where
¢ is the function in the class

Xn={f € L%gi Ticon 08Iz, , < R fio fla)dz = 0}.

The number R > 0 will be chosen later, which is of the order O(\(S\H%).
Then ¢ should satisfy

= F(¢) = /0 h e ANg, (6G, + ¢)ds . (7.19)

Set a(t) =1 —e~'. From Lemma [ (ii) below we have

ko > 3
L°° * L°°
> lIokF(9)| , <C 19+ (6G + &)l

3
k=0,1 a(s)*

2
scan*+¢Mﬁkn

< C1 (8] + ||l n), pcXp. (720
7

On the other hand, we have for ¢, ¢ € Xg,

> 195(F(9) —F(¢~>))HL;-;;+%

k=0,1
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e_% ~
<O [ 006 +0) .06 + Dz,

3
als)4

< Ca(101% + 110l = + 191116 — Doz, - (7.21)

Let us take R = 201|5|1+% and || < d3 with d3 small enough depending on
C1 and Cs. Then F is a contraction mapping from Xpg into Xg, and hence,
there is a unique fixed point of F'in Xg, as desired. Let ¢ be the fixed point
of F'in Xg. Note that g.(f) € L“ZH ) if f € L. Thus we have again from
Lemma [7.8 (ii),

e~
S 105 P2, <0/ gl 00+ Ol s

k=0,1 als)4

1+2
gcwah+wu{n
mTy

2 142
<O(a 4 ol ). (722
This proves the estimate of ¢ in L2,. If n = 1,2 then the nonlinear
term g, is smooth, and one can show the higher order regularity of ¢ by
a standard bootstrap argument. The details are omitted here. The proof is
complete. O

7.3. Stability of stationary solution

In this subsection we prove the stability of stationary solutions obtained
in Proposition

Proposition 7.6. There is a positive constant 63 = d3(n) such that if
lwollr < 03 then the Cauchy problem (ZI5) admits a unique solution
w € C°([0,00); L) satisfying

t

Cllwol[re™a

OF(w(t) — ®s)|» <
[0z (w(t) — ®s)|[r < a(t)%(l—%)—i-

. t>0, (7.23)

B

for k=0,1 and 1 <p < oo. Here a(t) =1— et and ®; is the stationary
solution in Proposition [7.9 with § = [, wo(x)dx and m > & +1. Moreover,
if in addition n = 1,2, then ([T23)) holds for any k > 0, and in particular,
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in the case wg € H® for some s > 0 we have
_t
185 (w(t) = @s)|| ot < Cllwollgsppre 3, >0, (7.24)

where 0 < k < s.

Remark 7.7. (i) The factor e T in ([C24) is considered as an optimal. The
reason why one can obtain this optimal rate only from simple estimates in

Lemma [Z.8 is due to the presence of A in the nonlinear term. Indeed, from
Lemma [7.8 (i) we have ||e"t=)AAf|1» < C’e_t_TSHfHLq for t — s> 1, and
therefore, the rate e™ 4 is derived only from the smallness of the stationary
solution and the perturbation. If the nonlinear term Ag.(u) is replaced
by Vh(u) with h(u) = |u|%u, which also preserves the invariant property
with respect to the scaling (7.2]), then it is essential to study the spectrum
of the linearization around the stationary solution in order to achieve the
convergence rate e~1. In such a case one needs to analyze the spectral
properties of A itself. In particular, the results as in Lemma [7.10] play
a central role, which makes us possible to apply the general perturbation
theory of linear operators.

(ii) Since (Z.1)) is invariant under the translation in the x variables, by shifting
the stationary solution suitably, one can improve the rate e 1 in [.24) to
e_%; see 28] for details on the abstract argument related to this issue.

Proof of Proposition[7.6. From (7.15) and (7.16) we construct w in the
form w = &5 + z, where z is the solution to

To this end we look for the fixed point of F' in the closed ball

Xp={f€C0,00); L"); |If|l < R},

1f1 =" supei (a(t) 1105 F ()]l +a(t) T 08 F(1) ) .

Ko 10

where R > 0 is chosen later. We firstly observe that fR” (wg — Ps)dz = 0
and wyg — @5 € L] since ®5 € L2 with m > 2 + 1. Thus, Lemma [T.8] (iii)
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implies

_t
Ce 1

105 FI0](8)[|r = (05" (wo — Ps)||Lr < ———
a(t)4(1 p)+4

||’LU0—¢5||L%, t>0,

for 1 <p < oo and k =0,1. This shows

IE[O]I < Chflwollry - (7.25)

Next we estimate F'[z] — F[Z] for z,Z € Xg. By the definition of g, we

have

g+ (2(5) + ®5) = g4 (2(s) + @5)l|r + [lg:(2(5)) — g(2(5))l[ 20
< O3l + 112517 + 1961220 ) 12(5) = Z(5)l o
< Ca(s) 2 (Re + Jluwoll ) l12(s) = Z(s)llz -

Here we have used the fact 0 < a(s) < 1. For convenience we set
hz, 2](s) = g« (2(s) + ®5) — g(2(s) + 5) + g (2(s)) — g(2(s)) -
Then we have proved that
Ihlz, (e < Ca(s) ™8 (RE + ol ) 1=(s) = 2. (7.26)
Now we consider two cases: (i) ¢ is small and (ii) ¢ is large.

(i) The case 0 < t < 2: In this case we decompose the integral fot into ftt/Q
and fot/ ?. By using Lemma [Z8 (i) and (Z.26) the first term is estimated as,

for p =1, 0,

t
8’;/ eIANAR[z, 2] (s)ds

Lp

< c/£ a(t — )~ ZE bz, 2](5)| 1o ds

24k 1 n

2
t (1 1) 2 2

< C’/ a(t —s)" T a(s) 2 2V p ds(RH + Honzl)Hz—ZH
% 1
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_n(1_1\_k 2 ~
< Ca(t) T2 75 (Re + flwollyy )11z - 1.
On the other hand, the integral fot/ ? is estimated as
3
1ok / DA AR 2] (5)ds]| 1o
0
< Cf at—s)" 1 DALz 2(s)| pds
2
< C [ a(t—s)"+ 30 Da(s)"2ds (R + woll},) |2 — 2|
1

< Cat) 0T (RE + o) 12 - 2

Hence we have

> sup e (ol 105 (FLE1 - FE) O +a(t)*F [0 (P~ FIE) (0l

k=0710<t§2

2 2 -
< C(Rr + [lwollzy) Iz — 211 (7.27)

(i) The case t > 2: Note that 1 —e ! < a(s) < 1 for s > t — 1 in this
case. We decompose the integral fot into ftt_l and fot_l. The first term is

estimated as

t
1ok / =M AR 2] (5)ds 1o
t—1
t
< C | alt—s)"F|hlz, 2(s)||rds
t—1
¢ _2+k _s 2 2 ~
< C a(t—s)” 4 e ads(Rn +Hw0HZ%)Hz—zH
t—1

IN

_t, 2 2 -
Ce™# (R + |lwolfy)llz = 2], p=1,00.
The second term is estimated as
t—1
1ok / DA AR 2] (5)ds| 1o
0

t—1 s
< c/ == hlz, 2)(s) o ds
0
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-1, . 3

< C'/ e_tTa(s)_%e_st(R% —|—||wo||}j%)||z—2||
0
_t, 2 2 -

< Cea (R +[lwollpy) 2 = 21, p=1,00.

Thus we obtain

n+k

Y supet <00(15)IZ 105 (F[2] = F2]) ()| 1 +a(t) 5 |10} (F[Z]—F[f])(t)llLoo>
2 2 -
< C(Rn+||w0||}j%)||z—z|| . (7.28)
Combining (7.27) with (7.28]), we have arrived at the estimate

- 2 2 -
|F[z] = FZ]|| < Co(R» + IIwollz%)llz —Z||. (7.29)

Let us take & = 2C1 [|wol| 1 and take [wo[z1 small enough. Then (Z.25)
and (7.29) imply that F is a contraction mapping from Xp into Xpg, and
there is unique fixed point of F' in Xp, as desired. The estimates of z(t) =
w(t) — @5 in LP(R™) for 1 < p < oo easily follow from the ones for p = 1, 00
by the interpolation. The estimate (7.23]) is obtained from the bootstrap
argument as in the proof of (5.6]) in Theorem 5.l The proof is complete. O

Proof of Theorem [7.2. We only give a proof of (7.6) for k = 0. The
estimates for k¥ = 1 or (1) are proved by the same argument. By the
similarity transform (7.I3]) we have

v(x,t)— (R 1 Ps)(z)=(1+ t)_% {w((l—kt)_ix, log(1+t)) —<I>5((1+t)_ix)}.

1
1+t
Hence, Proposition yields

_n_1
[o(t) = R+ Pl = (1+ 1) 707 lw(log(1 + 1)) — Ps|

1
1+t
_n 1_1) _

< O+ 107D og yra(r) 10 em T, r=log(1+1),
which implies

[o(t) = R+ @510 < Cllwoll st 579 (14671,

1
1+t

as desired. The proof of Theorem is complete. O
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7.4. Basic estimates for {e/};>¢

In this section we establish the LP - L% estimates for the semigroup

{e!A};>0, which are used in the proof of Theorems [7.1] and

Lemma 7.8. Set a(t) =1—e™t. Let k be a nonnegative integer.

(i) Let 1 < ¢ <p<oo. Then we have

Cet-br

||a§:etAf||Lp§ (t)Z(l—l)'f‘%HfHLq’ t>0, (730)
a q p
n—k
Ce T (-3t
|20 fll e < (t)z(l_l)+§|]f|]m, t>0. (7.31)
a q p

(ii)) Let 1 <g<p<oo and m>n(l— %) Then we have

C

1 1
Gy

_ky

Ce 4
il flls,,  t>0. (7.33)

G pt

HaietAfHLﬁl <

a 4

HetAa];fHLﬁl <
a(t

Moreover, we can take m =0 if ¢ = 1.

(iii) Let 1 <p < oo and f € L}. Then

|

[OF (e f —8;G) ||1e <

Iflls, >0, (734)
a(t

Ce™
n
1

4
1.k
(I=5)+7

Here G, (z) = F e ") () and 6; = Jgn f(2)d.

Proof. We note that G, (z) = F1[e"1¥I"|(z) is already introduced in (@3),
and we set G, o(x) = 03 G (x), where « is a multi-index with |a| = k. Then
the definition of e implies the representation

ny

<asetAf><x>:a(j)%%k | Geala) 3@ = y)f(eSydy,  (73)
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while by the integration by parts,

(@200 f)(@) = —— | Galat) i (@—y)f(eiy)dy.  (7.36)
a(t) @« Jrn

Therefore, (C.30) and (Z31]) follow from the Young inequality. For the proof
of (C32) and (T.33]) we will use the inequality

() < {z —y){y). (7.37)

Since (7.32) and (7.33)) for t € (0, 1] are easily obtained from (7.35), (7.37)),
and the Young inequality, we give a proof only for the case ¢t > 1. It suf-
fices to consider the case k = 0. Using the embedding LY, < L' due to
the assumption m > n(1 — %), we have again from (7.35]) and the Young

inequality,

n t n t
e fllpp < Cedt|[fes-)|| 1 + Cedt|||z[™ feta)| e
<O|flpr +CeGTE @ £ e
< C”f”Lﬂn )

as desired. Note that, since ¢ > 1, there is no contribution from the factor
a(t) = 1—e~! in the above calculations. To show (.34]) it suffices to consider
the case t > 1 and k = 0. We observe that G, satisfies [p, G«(2)dz =
F|G,](0) = 1 and G, = G, for all t > 0 (since AG, = 0). Therefore,
it suffices to estimate e!Af for f € L1 with Jzn f(z)dz = 1 by setting

f=f-6 #G4. Using this zero integral condition, we can write

A f = e%t _i T — — a _izn ~e%

@A) = o [ (Ga) w9~ Cutatt) ) Fietay
- 1 a(t)"1(z — oe 1 'e_£y~ o
=—r ) [ e ) iy

Taking the LP norm in (38]), we obtain the desired estimates by the
Minkowski inequality. The proof is complete. O
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7.5. Spectral property of A

In this section we study spectral properties of A in details. As stated
in Remark [(.7] the results in this section are not necessarily essential in the
proof of Theorems [T.1] and However, the spectral analysis of A, which
is a fourth order elliptic operator, will have its own interest, and we focus
on this issue for reader’s convenience. We will mainly work in the space
L2, which makes the argument slightly simpler due to the structure of the
Hilbert space.

Firstly, let us introduce the operator B,
Dz (B)={f € Ly,; - Vf €Ly},

Bf=%-Vi+31f., [feDr(B),

which is the generator associated with the scaling {R)} >0 (see (T3), i.e.,

Rynf—f

: in L7, fe€Dp(B).

= li
Bf = fm,

t 1A2

The next lemma describes the domain of the generator of { Rce™(¢ H>o-

t

Lemma 7.9. The generator A of {R.e(¢'~DA’ b0 in L2, is given as

D (A) = Dy (A*) N Dy (B)
={fel?;dfel?, 0<k<4, z-Vfel?},
Af=-Nf+Bf, [feDp(A).

Proof. We will use the result in [33]. The direct computations show that
the adjoint of —A? in L2, is given by

Dp2 ((—A*)*) = D2 (—A%), (7.39)
(A% f=—Af+ > py(@)0]f. fe€Dp ((-A%),
lv|<3

where each p, is a smooth function satisfying

105Dy ()] < C(x)>mHHI=4lel g e RY
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Therefore, by the interpolation inequality we have

I(=2%)f = (=A%) Fllza, < D 9203 fllzs,

[v1<3
< el| A% fllrz + Cell fllr2 (7.40)

m

for any small ¢ > 0 and f € DL%L(—Az). On the other hand, the adjoint of

Bin L2, is given as
Dys (B*) =Dy (B), B'f=-%.Vf—2f feDp(B). (141
Thus we see

IBf +B"fliLz, = (3 = SISz, -

m

(7.42)

Collecting (7.39)), (7.40), (C.41)), and (7.42]), we can apply [33, Theorem 3.9],

and the proof is complete. O

Next we study the spectrum of A in L2 , which is the main object of

research in this section.

Lemma 7.10. Fiz m > 0. The spectrum of A in L2, is given as
o(A)={AeC; Re(\) < 1(Z —m)}U{—%; k=0,1,2,---}. (7.43)

If m > 5 and if k € NU {0} satisfies k + 5 < m, then A\ = —% s a

n+k—1

semisimple eigenvalue of A with multiplicity ( L

). Moreover, we have

n

Tess (€)= e~ 1(m=3) 50, (7.44)
where ress(etA) s the radius of the essential spectrum of eth .

Remark 7.11. The characterization (Z43) implies that {e'A};>0 is not
analytic in L2, and in such case it is known that the general spectral mapping
theorem is not applied. Therefore, in order to estimate {e/*};>¢ (or its
perturbations) in large time, the information on the essential spectrum of
etA is important, in addition to (Z43). For the definition of the radius of

the essential spectrum, we refer to [4, Chapter IV, Section 1].
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Proof of Lemma [7.10. We follow the argument of Gallay and Wayne [10,
Appendix A}, where the spectrum of A 4+ 5 -V 4 5 in L2 is determined.

Step 1 (Discrete spectrum): As in the proof of Lemma [T.8] we set
Go(z) =F e (), Gialz)=0%G.(z). (7.45)

Note that [p, Gi(z)dz = 1. It is straightforward to see G, € S(R™)

and G, is an eigenfunction of A with eigenvalue —%. In particular, the
multiplicity of the eigenvalue \;, = —%, k € NU{0}, is greater than or equal

to
("*,’j”) = #{a e (NU{0})" Ja] = k).

Step 2 (Continuous spectrum): Assume that A € C satisfies Re(A) < § and
—2X ¢ NU{0}. Set

Uy (x) = F U Pe Y (@) . (7.46)

It is clear that Uy € C°°(R™). Using the representation of A in the Fourier
variables —|¢[* — % - V¢, we can check that W) solves the eigenvalue problem

AV, = A\V,. Moreover, from the estimate
182(€21€] e €M) < Cq pnale| HREWHal-I8le=clel ¢ e R
for some ¢ > 0, it is not difficult to see
1090\ (2)| < Capor || REN =l 1z > 1 (7.47)

Therefore, ¥ belongs to D2 (A) if Re(A) < 1(Z —m). Since the spectrum

is a closed set, we have

{NeC; Re(N) < 1(Z-m)} Ca(A). (7.48)

Step 3 (Expansion of e'*): Let [ € Z be such that [ + 5 < m. Then we



534 H. TAKEDA, Y. MAEKAWA AND S. KAWASHIMA [December

define a bounded operator P; in L2, by

0 if [<0,
PIZ0 S el f)Gan i 120 (7.49)
o<t
Here G is the function in Step 1 and
L ga(ferelé?
cal(f) = 06 (f(E)e™)le=o, (7.50)
which is well-defined if || <[ and [ + § < m. By (Z50) we have
cg(Gya) =603, @, : multiindices. (7.51)

Hence, Pl2 = P; and P; is a projection. We also set Q; = I — P;. It is easy
to see that P;f = 0 if and only if

/ % f(x)dxr =0 whenever |a| <1,

which implies

/ Q9 f(x)dx =0 if |of <I. (7.52)
Now we decompose e in L2, as
A f=eAPf+ehQf. (7.53)

Take | € Z so that | + § < m <[+ 5 + 1. Then we claim that, for all
multi-index « and € > 0, there exists a positive constant C such that

Ceiin3-

€)
102" O f| 2, < £l t>0. (7.54)

lo

a(t)©

The proof of (T54) proceeds exactly as same as [10, Proposition A.2]. In-
deed, from the representation (7.35]), the estimate (54 for ¢ € (0,1] is
obtained from (7.37) and by the Young inequality. For ¢ > 1 there is no

contribution from the factor a(t), so the problem is reduced to the estimate
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of

S (@) = | ol —y)fleiy)dy,
for ¢ € S(R™). Recalling (7.52]), we have from [10, Lemma A 4],

[S(t)Qifllr2, < Cee™ a " fll2, >0,

m

when [ + 5 <m <[+ § + 1, which implies (Z.54]).

Step 4 (Proof of (7.43]) and (7.44])): By Step 1 and Step 2 we have already
proved that

{NeC; Re(\) < :(Z-m)ju{-%;k=0,1,2,---} Co(A). (7.55)
Take | € Z so that | + 5 <m <[+ 5 + 1. Since the closed subspace

Lgn,(z) ={fel; Pf=0t={f€L; [gna®f(x)dz =0, |af <1}

is invariant uder the action {e’};0, which can be checked by computing
the evolution of each moment [p, 2®e™ f(z)dx with || < for f € D2 (A)
based on the integration by parts, we have PjetAQ; = 0 for each t > 0.
Hence {etA Q;}4>0 defines a Cy-semigroup in Lfm(l). Then, since e!AP; is a
finite rank operator, we have from (53]) and (Z.54]),

Tess(etA) = Tess( Ql) <e i( %) .

If 7ees(et™) < e~ 1(M=5%9 for some € > 0 then the set {Aea(A); Re(N) >
—2(m — 2 4 €)} consists of isolated eigenvalues; see [4, Corollary IV-2.11].
This contradicts with (Z55)), and thus, re.s(et) = e~ 1(m=%)  Assume that
Ao € o(A) and Re(Xg) > (% —m). Then, since re.s(e') = e —1(m=%) again
from [4, Corollary IV-2.11], the spectrum Ao must be an isolated eigenvalue
with finite algebraic multiplicities. Let fy be an associated eigenfunction.

Then we have
et fo = e fo = AP fo + 2 Qi fy

where [ € Z is taken as [+§ < m < [+5+1. From (Z.54), Re(\o) > %(g—m),
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and fg # 0, the number [ must be nonnegative and we see

. _ . _ lof
fo= Jim e Mt tAD f = Jim Z e~ Mot (f0)Grar -
|| <1

This implies A\g = —% for some integer k < [, and fy = Z\a|=k ca(f0)Gxa-
Thus we have proved that {\ € o(A); Re(\) > (2 —m)} is contained in
{—% ; k=0,1,2,---}, that is, (T43) is proved. Let m > % and let £ € NU{0}
be such that k + % < m. Then the above proof shows that Ker (A + %) is
spanned by {G, «; |&| = k}, and hence, the geometrical multiplicity of the
eigenvalue —% is (”“lj -1
prove Ker ((A + £)?) = Ker (A + £). Since Pe'Q; = 0 for all t > 0, we
have

) . To show the semisimple property it suffices to

Aplf = PlAfv AQ, = QlAf7 (756)
for f € Dp2 (A). Assume that f € Ker (A + %)2). Then
(A + %)f == Z|O¢‘=k’ aaG*,aa Qo € (C,

and thus,
(A + %)Qkf = _(A + %),Pkf + Z|a\:k aaG*pc .

From (756) and QF = Q) we conclude that (A + %)Qkf = 0, that is,
Qf = 2 jaj=k baGra = Pi 2 jaj=k baGra = PrQxf = 0. Hence, it follows
that f = Prf = 4 <k Ca(f)Gxa, which implies f € Ker (A +%)?) if and
only if f € Ker (A + %) The proof of Lemma [7.10] is complete. O
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