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In this paper we study a hydrodynamic system describing two interacting fluids,

Abstract

which can be seen as a toy model to start an investigation on the so called two-fluid models
arising in superfluidity and Bose-Einstein condensates at finite temperatures. We show
global existence of finite energy weak solutions, by using a fractional step argument which
combines the study of a Cauchy problem for an appropriate nonlinear Schrédinger equation
and the polar factorisation techinque. The convergence of the sequence of approximate
solutions is then proved by using the dispersive properties of the nonlinear Schrédinger
equation.

1. Introduction

In this paper we consider a class of hydrodynamic systems describing
a two-fluid model. Such models arise in various physical phenomena, e.g.
superfluidity [14], or Bose-Einstein at finite temperatures [11, 128].

In the Landau-Khalatnikov two-fluid formulation the system describes
a dilute Bose condensed gas at temperature lower than the critical conden-
sation temperature, but not very close to absolute zero, so that the gas
has a condensate and non-condensate fraction. It turns out that the con-
densate part is described by a frictionless, quantum fluid, whereas the non-
condensate part is considered as a viscous classical fluid. Hereafter we will
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refer to the condensate part as the superfluid and to the non-condensate
one as the normal fluid. The two fluids interact by exchanging mass and
momentum. If pg,vs denote the superfluid mass density and velocity field,
respectively, and p,, v, the analogous quantities for the normal fluid, then
the class of two-fluid models we are interested in can be written in the fol-

lowing way, in its most general formulationll,

Orps + div(psvs) = —T'2

| | (A
at(psvs) + le(ps'Us ® 'US) + VPs(pS) + psvv;i:ct = gpsv ( \/p_s > _ Q12

Orpn + div(ppv,) = —T'n1
at(pnvn) + diV(ann & vn)

1
+ VP,.(pn) + pnVVer = div (217 (Dvn - gltrace Dvn>> — Qoa1.
(1.1)

where P; and P, are the self-consistent pressure terms for the superfluid
and the normal fluid, respectively, Ve, is a given external potential, 7 is the
viscosity in the equation for the normal fluid, and in general it could depend
on the unkown variables. Duv,, denotes the symmetric part of the gradient
of v,. Furthermore I';; = I';;(ps, pn, Un, vs) are the terms accounting for the
mass exchange, Qi; = Qij(ps, Pn, Vs, Vp) for the momentum exchange, and
they are nonlinear operators, depending on the unknown variables. Various
models of this type were derived in the physics literature, see for example
[21, 128, 111, 20] and references therein. Here in this paper we consider a toy
model in this class of systems. A more general and physically senseful class
of two-fluid models will be the subject of future investigations. The main
assumptions we make in the model presented here are as follows. First of
all we assume the two gas populations don’t interact by exchanging mass,
ie. we fix '\ = T'y; = 0. Furthermore Q91 = 0, that is we consider
a system where the dynamics of the normal fluid is not influenced by the
superfluid part. On the other hand the superfluid interacts with the normal
fluid through the collision term )12, which we will assume to be linear in

the two velocity fields v, v,,. This means we want Q12 = % ps(vs —vy), where

IMany models consider also a dynamical equation for the energy density, or the entropy.
However this is beyond the scope of our study and will be the subject of future investigations
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7 > 0 is the average collision time between particles of the two populations.
However, to keep some physical features of the superfluid we will assume

Q12 = %ps(vs - Q'Un)a (12)

where Q = —(—A)~!Vdiv is the Helmholtz projection operator. Indeed, we
want the superfluid velocity to be irrotational (in ps dz almost everywhere):
this is one of the main properties for superfluids, strictly related to the
quantization of vortices. Thus we fix (L.2]) to be the collision operator in the
equation for the current density, so to have a toy model which nevertheless
conserves the main physical features of general two-fluid models. Moreover,
we will assume the viscosity coefficient to be constant. This assumption is
physically reasonable in this context and it will not be further discussed here.
Finally we assume that there is no external potential, V,,; = 0 and that the
self-consistent pressure terms are given by the usual y—law,

Pp) = 2L Bypn) = 2L, (1.3)

Vs Tn

where 1 < v < 3,7y, > % Those two final assumptions are only for the
simplification of the exposition of the result, as it is of no difficulty to extend
the study to a class of more general potentials and pressure terms than the
ones we are considering here.

We want to study the Cauchy problem for the system above in the space
of energy, namely we deal with minimal regularity solutions such that the
physical quantities, like the total mass and the total energy, are well defined
at any time along the flow of solutions. Our goal is to prove the existence of
global in time, finite energy weak solutions to the system (LI).

Since the early days of quantum mechanics it is well-known [18] that the
Quantum Hydrodynamics (QHD) system

(%p +divJ =0

S (T®Jd 1 AP
8J+d1v<—>+ VV + VP :—V<—>
4 ; p (p) 5P 7p

(1.4)

is strictly related to the nonlinear Schrodinger equation

00 = —5 MY+ Vi + [ (91, (15)
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where f is such that pf”(p) = P’(p). This can be shown by using the so
called WKB ansatz, i.e. by assuming the wave function v can be expressed
in terms of its amplitude ,/p and its phase S, ¢ = \/ﬁeis . In this way
we may formally see that, if ¢ solves (LHl), then the pair (p,.J), where
J 1= pVS, solves the QHD system (L4]). Unfortunately this analogy is valid
only in the region where p > 0. Indeed in the nodal region {p = 0} the
phase is not well-defined. As the authors proved in [1], [2], it is possible to
overcome the WKB ansatz in order to define a finite energy weak solution
to (L4)), given a wave function 1, solution to the NLS (L5]). This is made
rigorous by a polar factorization techinque, which avoids the definition of
the (superfluid) velocity field in the vacuum regions. On the other hand,
the presence of dissipative terms in the QHD system, as in (I.I]) destroys
somehow the analogy with nonlinear Schrédinger equations. Thus we need
to proceed by constructing a sequence of approximate solutions, through a
fractional step argument.

Since we are going to work in the same framework as [L, 2], we rewrite
the system we are going to study in the following way:

Oyp1 +divd; =0

. (1 ® 1 A\/p1 1
8tJ1 + div < o > + VPl(pl) = 2/)1V < \//)_1 - (Jl plQ’Ug)

Op2 + div(pava) =0

O(pav2) + div(pave @ v9) + V Pa(p2) = nAvg + %anivvg,

(1.6)
where the superscripts 1 and 2 stand for the quantities associated to the
superfluid and the normal fluid, respectively. That is, here the superfluid
is described in terms of its mass and current densities, and we do not deal
with the superfluid velocity. More precisely, we will show it is possible to
study the superfluid part in terms of the square root of the superfluid mass
density and of a vector field which represents the quantity Ji/,/p1, see the
definition below. Furthermore, without loss of generality we fix 7 = 1 in
(L2, since at present we are not dealing with singular limits for the system

(@H).

We prescribe initial data for (L6) as

p1(0) = p1,0, J1(0) = Ji, p2(0) = pag, (p202)(0) = Jog InR3 ~ (L.7)
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where Jo = povg, and we will assume they satisfy the following assumptions

3 4po € H'(R?) such that po.1 = [vho|*, Jo1 = Im(thoVby),
p20>0a. e in R poge LY(R?) N L2(R?),

2y
J20 € LTﬂEl(R?’), Jo0 =0a.e. in {pag =0} (1.8)
Jool? Jyol?
‘ 270‘ c Ll(Rg), | 2,0| _ O on {p270 _ O}
2,0 02,0

The total mass of the system

/ pl(t733) +P2(t733) da
R3

is conserved along the flow of solutions to (L.6]). Moreover, each species total

mass [ p1 and [ ps is conserved. For the total mass energy we have
E(t) = Ei(t) + Ex(1),

where

1 1 1
Ei(t) = / Loyl + Siap + Lo,
1 1 ’
Ea(t) = / L olosf? + 2 d,
R3 2 V2

and formally we have

t t
E(t) + / / |A|? dzdt’ — / / Ji - Quy dadt!
0 0

t
+ 77/ / Vs |2 + %|divvg|2 dxdt’ = E(0).
0

Definition 1. Let 0 < 7' < co. we say the quadruple (p1, J1, p2, J2) is a
finite energy weak solution for the system (L) with initial data (L) on the
space-time strip [0, 7] x R3 if

e there exist two functions \/p1 € L?(0,T; H'(R?)) n C([0,T); H. .(R?)),
Ay € L2(0,T; L*(R?)) n C([0,T); L3,.(R?)) such that py := (y/p1)? and
J1 = \/piA1;

o po € L>®(0,T; L72(R?)) NC([0,T]; LP(R3)), for 1 < p < ¥a, p2 > 0 a. e.;
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e Vuy € L%(0,T; L3(R?)), pa|va]? € L*(0,T; LY (R?)), pave € C([0,T);
2
L1 (R9));
o Vi € Cgo([O,T) X R3)7

T
|| o+ 0 ndade+ [ om0 d =0
0 R3 R3

o V¢ €CX([0,T) x R3; R3),

T
/ /3J18t§—|—A1®A1V§+P1(p1)d1vC+V\/p_1®V\/EVC
o JR
1
- ZplAdivg + (J1 — p1Qu2) - ( dzdt —I—/ Jio(x)-¢(0,X)dr =0;
R3

e the Navier-Stokes equation for (pa,v2) in (L8] holds in D'([0,T] x R3);
e (generalized irrotationality condition) for almost every t € (0,7")

VANJ = 2V\/E A Aq, (1.10)
holds in the sense of distributions.

We say that (p1, J1, p2, J2) in a global in time finite energy weak solution to
(L8) with initial data (7)) if the above conditions hold for any 0 < T" < oo.

Remark 1. Let us consider (I.I0) more closely. If we have a sufficiently
smooth solution to (LG, so that we may write J; = pjvi, where vy is
the superfluid velocity, then it is straightforward to check that (L.I0) is
equivalent to

'V Avp =0,

i.e. the superfluid velocity is irrotational almost everywhere p;dx. The
condition (LI0) is naturally satisfied by the solutions constructed in this
paper. On the other hand, as we already noticed before, condition (LI0])
has a very strong physical interpretation, being related to the existence of
quantized vortices in a superfluid, see for example [3], [25] and references
therein.

Condition (LI0) in particular implies that the solutions we deal with
are more general than the ones given through a WKB analysis. Indeed for
such solutions one has v; = V.S, where S is the phase of the wave function.
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Hence, the velocity field is everywhere irrotational, ruling out completely the
presence of quantized vortices.

We also remark that formula (L2]) is consistent with the generalized
irrotationality condition: if we don’t consider the normal velocity projected
with Q in the collision operator (J12, then in general we could not expect a
solution which satisfies condition (L.I0]).

As it is clear from the system itself, the dynamics of the normal fluid
is not affected at all by the superfluid, whereas the latter interacts with
the former through the collision term. Thus we may solve separately the
dynamics for the normal fluid and consider it as given in the equation for
the superfluid current density.

The classical fluid is described by the Navier-Stokes system for a com-
pressible fluid, with a constant viscosity coefficient:

Orp2 + div(pava) =0

1
O(pav2) + div(pave @ ve) + V Pa(p2) = nAvg + gT]VdiV’Ug (1.11)

p2(0) = p2,0, (p2v2)(0) = Jop,

with Py(p2) = ng_glpw’ Yo > %, and ps 0, Jo,0 which satisfy the assumptions
in (L).

The compressible Navier-Stokes system is well studied, see for example
[17,19,123] and references therein. Here we only state a global existence result
for weak solutions to (L.II]) which will be useful to our analysis. It is proved
in [8] in a more general case, namely for our purposes we set A = —% w and
G = 0 in the main theorem there.

Theorem 1. Under the assumptions in (L8] for p2o,J20, there exists a
finite energy weak solution to the Cauchy problem (LII) in [0,T], for any
T > 0. Furthermore, the solution satisfies

e po € L([0,T]; L' N L2 (R3)), py > 0;
o vy € L2([0,T); H'(R?));

°
t
1
Eg(t) + T]/ /‘va‘z + g\divv2|2dazdt' < EQ(O),
0

where the energy Es(t) is defined as in (L9)).
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Once we solve the Cauchy problem for the normal fluid part of the gas,
we may regard it as a source term appearing in the equation for the superfluid
current density. That is, we need to solve the following Cauchy problem

Oyp1 +divJy =0
Oy J1 + diV(A1 ® A1) + VP (pl)
1 .
= ZVApl —div(Vy/p1 @ Vi/p1) — (J1 — p1Qug)
p1(0) = p1,0, J1(0) = J10,

(1.12)

in accordance with the Definition [l Here the initial data are given as in
@R): p1,0 = [vol?, J1,0 = Im(¢o V), for some ¢y € H(R?).

In analogy with the WKB analysis (see also [1,2]), we see that ([LI2]) is
formally equivalent to the following NLS equation

00 = —Z A+ Vo 4 Wy + [y
¥(0) = tho,

(1.13)

where W = % log (zp/z/;) and V = (=A)~!divvy, v being the normal fluid
velocity, solution to the Navier-Stokes system (LLII]), see Theorem [II The
self-consistent potential W is ill-posed and to the best of our knowledge there
is no satisfactory theory for the Cauchy problem for NLS equations with such
potentials. For this reason we will avoid studying (L13]) and we will overcome
this difficulty by using a fractional step argument, in order to construct
a sequence of approximate solutions for the hydrodynamic problem (LI2]).
That is, (II3]) cannot be studied in the framework we are considering, but we
will show the existence of a finite energy weak solution to the hydrodynamic

system related to (LI3]), namely (LI2]).

On the other hand, we can study the term (—A)~!divvs in the frame-
work of NLS equations. For this purpose we actually need a further assump-
tion on vo, namely we will assume that

v € L2([0,T]; HIL(R?)), (1.14)
for any 0 < T' < co. By this assumption and Theorem [Il we know then

vy € L2([0,T]; HY(R?)) N L>([0, T]; H' (R?)). (1.15)
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By means of this information, we are going to give a precise meaning to
(—A)~tdivey in the NLS equation. Indeed, by (LI5) we only know that
VV = —Quy € (L> N L™®);LS. We are going to use a result on a note by
Ortner, Siili [19]. Here we only state the result we are going to use for our

analysis, for a more general statement we refer the reader to Theorem 2.2 in
[19].

Theorem 2. Let V be such that VV € L>([0,T]; LS(R?)). Then there exist
two functions Voo € L2 ([0,T] x R?), V,, € L([0,T); WLE(R?)), such that

loc
(i) Vao(t) € C*(R?), for a.a. t €[0,T];

(il) V = Voo + Vp;

(i) [Vplleyyzo < CUVT ] 3o

(iv) [IVViollzzers + IVVaollzge, < ClIVV || pgo s 5

(V) Voo (t, )| < C’|a:|5/6||Vf/||L§oLg for a.a. t €[0,T];

(Vi) 0°Vasllzzers < CIVV |Ipgers, for any a € N*, [af > 1.

Remark 2. The result stated in Theorem [2 is slightly different from The-
orem 2.2 in [19], namely in [19] the result is for time independent functions
and property (vi) is not stated. However, those modification can be easily
inferred from the proof in [19].

Given the above Theorem we may then study the following Cauchy
problem

00 = — A+ Voot + Vigth + |20 Dy
$(0) = vo.

In particular, let us notice that we have a NLS equation with a smooth po-

(1.16)

tential Vi, growing at infinity and whose derivatives are uniformly bounded
for a.e. time. For this reason we need to study the above Cauchy problem
in the space

SR ={yp e H'(R’) : |-|v e L*(R%)}.

We will show that (II6]) is globally well-posed in X(R3). Then, by using this
well-posedness result and the polar factorisation technique we will set up a
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fractional step argument in order to construct a sequence of approximate
solutions for the system ([I2]). The main result we are going to prove in
this paper is the following

Theorem 3. Let (p2,v2) be a finite energy weak solution to the Navier-
Stokes system as in Theorem [l and let us assume vy further satisfies (L14]).
For any 1o € B(R?) let us define pro = |o|?, Ji0 = Im(vhgVibg). Then
for any 0 < T < oo there exists a finite energy weak solution for the QHD
system (L12). Furthermore, the energy satisfies

t
B +e [ 1A )P deat <€ (Bv) + ol le2l g o m)

fort e[0,T].

Corollary 1. Let us assume pi,,J1,0,p2,0,J2,0 satisfy conditions (L8)) and
let us furthermore assume that vg in (L8) satisfies 1y € X(R?) and that the
normal velocity vo satisfies vo € L°([0,T]; H'(R3)), for any 0 < T < oc.
Then there exists a global in time finite energy weak solution to the two-fluid

model (L8)).

The paper is organised as follows. In Section 2 we are going to study
the Cauchy problem (LI6) in the space of energy ¥ (R?), in Section 3 we
will recall the polar factorisation technique and we will give an intermediate
result for our study of the system (LI2]). In Section 4 we will set up the
fractional step argument to define the sequence of approximate solutions
for (L.12)) and then Section 5 we will prove some a priori estimates for this
sequence, showing the convergence to a finite energy weak solution to (LI2]).

2. The Cauchy Problem for the NLS Equation

In this Section we are going to study the following Cauchy problem

i) = —%Ad) + Vioth + Vb + |21 =Dy
¥(0) = o,

(2.1)

where V' = Vi, + V, is such that VV = (=A) 'divey € LLS([0,T] x
R?) and is well defined by Theorem Bl In particular we have that Vi
is a potential which for almost every time is smooth, growing at infinity
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and whose derivatives are uniformly bounded. As we already remarked this

requires we study the Cauchy problem (I.10) in the space of energy
S(RY) ={y e H'(R’) : || € L*(R)}.

The energy we associate to problem (ILI6]) is the following2|
Loz o Lipen
B0 = [ SveP + L,
!

Along the flow of solutions to (LI6]) we have

d

%El(t) = —/Jl . @2)2 da;,

where J; = Im(¢V#). From the bound vy € L{°H} and the conservation
of mass for (LLI0) we have the following Gronwall-type inequality for the

energy

Ei(t) < e“ Ey(0). (2.2)

Proposition 1. For any 1o € L(R?) there exists a unique global solution
1 € C(R; B(R?)) such that

¥, Vo, || e LY([0,T); L™ (R?)),Y (q,7) Strichartz admissible pairs,0<T < co.

Moreover the solution depends continuously on the initial data and the energy

satisfies (2.2)).

To study the Cauchy problem (L.I6]) we first define the semigroup asso-

ciated to the linear equation
. 1
10p) = —§A1/1 + Voot (2.3)

Let U(t,s)f be the solution to the above linear equation with initial datum
¥ (s) = f. By [10] and Theorem [2 we know it is well defined and moreover

_3
[U,8) fllzee S 721Nz, for [¢] < 6.

2There is no ambiguity in denoting the energy E; as the one in (I3) as in Section 3 we shall
indeed prove they are the same object.
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From [13] we may infer the Strichartz estimates for the semigroup U(t,s),
see also [3]. For this purpose we recall that the pair of exponents (q,r) is

called admissible is 2 < ¢ < o0, 2 < r < 6 and % = %(% — %) For a

more detailed introduction to Strichartz estimates we refer to [13] and the

references therein.
Proposition 2. For any (q,r),(q,7) arbitrary admissible pairs we have
U 0)fllzarrrxrsy SCULDIS Iz
1/ U PO dslig sy SCUDIF] g
We may now use the Strichartz estimates for the semigroup U(t, s) to

prove the existence of local in time solutions by a fixed point argument.
Fixed 19 € L(R3), we define the space

E={¢ € L>([0,T; Z(R?)) : %, Ve, |- |¢ € LILL([0,T] x R?), ¥ (¢,7)

admissible, [|¢||gaz, + VY[l pap, + | - [¥llpap, < M},

where M, T will be chosen depending on [|¢o||5;rs)- It is standard now to
prove there exists a unique solution v € C([0, Trnaz ); X(R?)) to

0(t) = V(.00 = [ U(e.s) (Vo P =00) (5) s,

see for example [5], [6] and references therein. Furthermore we also have the

following blow-up alternative for (2.I]),

Tonaz <00 < lim  [|[V(t)]| 2 = .
t—Tm

azx

By combining this with the energy inequality (2.2]) we then infer that the

solution is global in time, indeed.

3. Polar Factorisation and an Intermediate Result

In this Section we review the polar factorisation technique introduced in
[1, 12], establishing its main properties. By using this, we will then provide

an intermediate result for our analysis of system (L.12]).
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The main advantage of the polar factorization is that vacuum regions are
allowed in the theory. More precisely, we write the wave function v in terms
of its amplitude /p := || and its unitary factor ¢, namely a function taking
its values in the unitary disk of the complex plane, such that ) = ,/p¢. In
the WKB setting the polar factor would be ¢ = ¢/, however this equality
holds only in the case of a smooth, nowhere vanishing, wave function. The
idea of polar factorization is similar in spirit to the one used by Brenier in
[4] to decompose a vector-valued function by means of a gradient of a convex
function and a measure preserving map. Our case is much simpler than [4]
and it can be studied directly. Given any function ¢» € H'(R?) we define
the set

P@) = {¢ € L°(R?) : ¢l < Lo = /oo ac.inR?},

where /p := [¢|. For any polar factor ¢ € P(v), we have |¢| =1 /pdz a.c.
in R? and ¢ is uniquely defined Vpdr ae. in R3.

The next Lemma uses the polar factor to define the hydrodynamic quan-
tities in terms of the underlying wave function, in the framework of finite
energy states. It shows then how this structure is stable in H'(R3) in a
sense which will be specified below. Moreover we see that any current den-
sity originated from a wave function in H'(R3) satisfies the generalized
irrotationality condition.

Lemma 1. Let iy € H'(R3), /p := |¢| its amplitude and let ¢ € P() be
a polar factor associated to 1. Then \/p € HY(R3) and we have Vp =
Re(¢V)). Moreover, if we define A := Im(¢Vv)), then A € L>(R3) and the
following identity holds

Re(VYp @ V) =V /pRV/p+A®A, ae inR3. (3.1)

Furthermore, if {,} C H'(R3?) is a strongly converging sequence in H*,
say P, — Y, then we have

Vpn — Vb, A, — A, in L*(R3),

where \/pn = |Unl, An = Im(¢n V), b being a unitary factor for ib,.
Finally the current density

J = (V) = VA,
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satisfies

VAJ=2V/pAA, ae inR>

Proof. For the proof, we refer to [1, 2] O

In view of Lemma [I, we may now prove an intermediate result for our
analysis of the system (LI2]).

Proposition 3. let vy be given by Theorem [ and which satisfies (L14]).
Let g € B(R3) and let ¢ € C(R; X(R?)) be the solution to 2.1)) with initial
datum (0) = po. Then (\/p,A), defined by \/p = ||, A = Im(¢V)), ¢
being a polar factor for 1, determine a finite energy weak solution to the

following hydrodynamic system
(%p +divJ =0

1
OJ +div(A® A) + VPi(p) = ZVAp —div(Vy/p ® Vy/p) — pQus,
(3.2)
with initial data p(0) = |1o|?, J(0) = Im(ypgVlg). Moreover, the energy

1 1 1
Bu(®) = [ 5IVVAP + 5IAR + " do
2 2 M
satisfies the Gronwall-type inequality

Ei(t) < e“'Ey(0).

The last Proposition provides the rigorous correspondence between so-
lutions to the NLS equation (LI6]) in the space of energy and finite energy
weak solutions to ([B.2)). It generalises the WKB approach, which is valid
only for regular enough solutions and only where the wave function does not

vanish.

Proof. Let 1 € C(R;X(R?)) be the solution to (LIG) with initial datum
¥(0) = vg. By defining the mass density p = [t)|? it is straightforward to

see that is satisfies the continuity equation

Orp + divd = 0,
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where the current density is given by J = Im(¢)V1)). By differentiating .J

with respect to time we find, after some calculations,
_ 1
OJ + div(Re(Vy @ V) + pV (Voo + V) + VPi(p) = ZVAP'

Now remember that V = V., + V, and that VvV = (—A)~"1Vdivuy = —Qus.

Furthermore by the polar decomposition Lemma we have
Re(VY @ V) = V/p® Vp+A®A,

where A = Im(¢V1)), ¢ being a polar factor for .

The above argument is rigorously justified for regular enough . If we
want to consider an arbitrary ¢ € C(R;X(R3)) it suffices to use a density
argument, the propagation of regularity for solutions to the NLS equation
(ZI) and the stability in H' of the polar factorisation. This proves the
Proposition. O

We conclude the Section by stating a Lemma which is a direct conse-
quence of the polar factorisation Lemmalll but it will be useful as a building
block for our fractional step and the derivation of a priori estimates for the

approximate solutions.

Lemma 2. Let € HY(R3) and let 7 > 0 be an arbitrary (small) parameter.
Then there exists 1) € H'(R?) such that

Vi=vs

A=(1-7)A
Vi =Vip — itdpA + R7,
b =1p+r7

where \/p, A\, \/ﬁ,fX are the hydrodynamic quantities associated to zp,z;, re-
spectively, and we have

Il <1,

IR |2 STV L2,

77| 2 STl L2
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Proof. Let ¢» € H'(R?) and let us consider a sequence of smooth compactly
supported functions which converge to v in H'(R?), {¢n} C C°(R3), [|tbn —

|| — 0, as n — oo. Then for such smooth functions we may write

() = V/pu()e @),

where 6, : supp,, — [0, 27] is a piecewise smooth function. For any n € N

we define

wn(x) — \/_n(flf)ei(l_T)G"(x).

s

Then clearly we have

and
Vi (z) =e @y, (2) — it (2) VO, (2)
=V (z) — ire! 0T @N () + (e‘”e”(m) - 1) Vi, (x).

For the last term we have

t T
e ion(@) _ 1 = / ie_“e"(x) ds = —i9n(33)/ e 50 (@) gg
o ds 0

and by the properties of 6,, we have
‘e‘”a"(x) — 1‘ < 27T,

Now let us recall the polar factorisation Lemma, from |1, — 9| g1 — 0 we
infer that ||A,, — Al|;2 — 0. This implies that {¢),,} is uniformly bounded in
H'(R3), hence ¢, — 9 in H'(R?) for some ¢ € H'(R?). Moreover we have

Vi = Vip —itdA + Ry,

where (;Ab, R are the weak limits for e!(1=7)0n (ei(l_T)(’” — 1), respectively,

whence [|¢|z < 1 and ||R7|| 2 < 7]|V4||12. In the same way we have

Dn(x) = Pn() — i70n () / ") sy, (z).

0
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By passing to the limit we obtain the analogue inequality for 1/; The Lemma
is thus proved. O

The last Proposition Bl is an intermediate step for our problem (LI2]),
since it shows the existence of finite energy solutions for the hydrodynamic
system (LI2) without the collision term —J in the current density. As
we already pointed out we are not able to treat this term at the level of
wave function dynamics. Thus to overcome this difficulty we need to use a
fractional step argument which allows us to define a sequence of approximate
solutions. Then by the compactness properties of approximate solutions we
will show that they converge to a finite energy weak solution to (LI2]). In
the next section we will set up the fractional step argument and derive some
properties for the approximate solutions.

4. The Fractional Step

After having recalled the polar factorisation technique and the corre-
spondence between finite energy solutions to (Z.I)) and finite energy weak
solutions to (B.2)), we now turn our attention to the QHD system ([L12]). In
this Section we are going to set up the fractional step argument we need in
order to define a sequence of approximate solutions. We will split the evolu-
tion into two parts: the first one which will be solved by means of the NLS
equation (Z.I)) and the second one which will take into account the collision
term —J in the superfluid current density. To implement this idea we pro-
ceed as follows: having fixed a small time step 7 > 0, we divide the positive
time semi-axis into subintervals [k, (k + 1)7), K = 0,1,.... Then on each
subinterval we solve the QHD system (B.2)) and at the end of those subin-
tervals we update the quantities in order to take into account the collision
term.

More precisely, let 1y € L(R?), we then consider the solution 1 to
(1) with initial datum (0) = ¢ in the spacetime slab [0,7) x R3. By
Proposition Bl we know that (\/p,A) = (|¢[,Im(¢V)) determine a weak
solution to (32) in [0,7) x R3. Now we need to update the quantities in
order to take into account the collisions, i.e. we want

{ pl(r+) =p(r-)

(4.1)
Jr+) =1 —=7)J(1—).
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On the other hand, when we start again in [7,27) x R? we would then need
an initial datum for ([Z]), thus we need to translate ([dJ]) at a wave function

level. For this purpose we are going to use Lemma 2

Thus, assume we already constructed our approximate solution in the
space-times slab [(k — 1)7,k7) x R3. We then apply Lemma B with ¢ =
Y(kt—) and we shall define ¢)(k7+) = 1. In this way by the statement of
the Lemma, we have that the hydrodynamic quantities satisfy (4.1]), and
we can start again with (2.I)) on the spacetime slab [k7, (k + 1)7) x R3 by
considering ¢ (k7+) as initial datum.

In this way, for any fixed 7 > 0 small enough we define ¥ on the
whole [0,00) x R3. We may now define our aproximate solutions through
the hydrodynamic quantities /p” = |[¢7], AT = Im(¢"Vy7).

First of all, we show that (1/p7, A7) is indeed a sequence of approximate

solutions for (LI2J).

Lemma 3. Let (1/p7,AT) be given by the construction above, then for any
n,¢ € C§°([0,00) x R3) we have

/ p1,0(x)n(0,z) de+ / / p o+ JT - Vndedt =0
R3 o Jm3
Jio(z) - €(0,z) dz+ / J -0+ (AT @ AT+ V/p" @ Vy/pT) : V¢
R3 0 JR3
+ Pi(p")div¢ — ipTAdiV(
— (JT = p"Qua) - (dxdt = 0o(1), asT — 0,
(4.2)
where p1o = |1ol?, J1,0 = Im(¥o Vi)

The proof is straightforward and a simple consequence of the construc-
tion above and it will be left to the reader. As a consequence from this

Lemma we obtain a consistence property for the approximate solutions.

Lemma 4. Let (\/p7,A") be the sequence of approximate solutions con-

structed above. If we have

VT =y/p, in L*([0,T); H,.(R?))
AT =A, in L*([0,T); Lj,.(R?)),
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loc

for some \/p € L*([0,T); H..(R?)), A € L*([0,T}; L .(R?)), then (\/p,A)
is a finite energy weak solution to (LI2]).

It thus remains to prove that the sequence of approximate solutions in-
deed converge strongly in the spaces specified in the Lemma above, that is we
need to derive some compactness properties for the approximate solutions.

5. Compactness for the Sequence of Approximate Solutions

In this Section we are going to derive some a priori estimates for the
sequence of approximate solutions we constructed in the previous Section.
More precisely we are going to show some compactness estimates for the
sequence {17}, which will then yield the boundedness for (1/p7,A") in
the right spaces. The first estimates we are going to prove is a uniform
estimate for {¢)"} in the space of energy.

Formally for a solution to (LI2]) we would have

El(t)—/ot/\Adedt’—k/Ot/J-Qvgdxdt’:El(O).

Now recall that by Theorem [ we have vy € L?H([0,T] x R?) for any
0 < T < 0co. Then by using Holder’s inequality and Sobolev embedding we
have

t
/0 [ 7 Quadndt’ <CIVBlira Nz el sz
SOOIVl s3IVl szllvallZe gy + <l AT

<C@)lprollotlvallzz + el Vy/alEe 12 + <Al .
By resuming we have
! 2 2 4
El(t)—(l—s)/O/IAl drdt’ < E1(0)+¢|Vy/plLe 2 +CE)lprolli vl 72

Now, let us take the supremum in time on the left hand side. For ¢ > 0
small enough we then get

t
sup (£1(6) — [ [1AP dodt’) £ £10) + lovalolealEg iy o
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which in particular implies the following inequality

t
B0 —c [ [Nt S B0)+ vl ool oy (5

for t € [0,T]. Our aim is to give a discrete version of (B.Il) which holds for
approximate solutions

Lemma 5. Let 7 > 0 be sufficiently small. Then

[t/7]
ET(t) +CTZ/|AT(/€T—)|2d$ S Ei(0) + ||p1,0||L1||U2||i§H% (5.2)
k=1

Proof. First of all we see that because of the updating procedure in the
previous Section, we have

B (kr+) — Ef (kr—) = — <¢ _ %2> / A" (k=) 2 da

Hence we have

2 [t/] t
ET(t) = — <T - T—> > / AT (k7—)|? dx +/ /JT - Quy dzdt’ + E1(0).
2/ 4 0
Now we argue as before to estimate
t
| [ 7 - @uadsar < c@lproll oy + 10V 1+ <A

For 7 > 0 sufficiently small and by the continuity of ||A7(¢)|/;2 on each of
the subintervals [k7, (k + 1)7) we have

N t
IA7 2 :TZ/|AT|2dac—I—/ /|AT|2d:rdt’+o(1),
’ =1 NT
as 7 — 0, where N = [t/7]. By resuming we have

/7]
ET(t) + 7 (1 - % - e) 3 / AT (kr—)|? dx
k=1

< C@lprolplivalisz + 2 (IVVAT ez + 1A Iperz ) + Ea(0).



2015] FINITE ENERGY GLOBAL SOLUTIONS 369

Now we use the same trick as before to incorporate || Vy/p7||2 s 2+ A7[|7 o ;2
t t
in the left hand side and get

[t/7]
sup (7 (1) + er Y, [ I (kr=) dz) £ B2(0) + lpnollos ezl
k=1

which proves the desired bound. O

The Lemma above implies the sequence of approximate solutions {17 },~¢
is uniformly bounded in L HL([0,7] x R?) for any 0 < T < co. We can

thus infer there exists a weak—x limit for the sequence in L H},
YT =, x = LH((0,T) x RY).

Unfortunately the energy estimate is not sufficient to pass to the limit the
quadratic terms in (4.2)). We thus need to derive further compactness prop-
erties for {¢"}. For this purpose we are going to fully exploit the dispersive
properties inherited by the nonlinear Schrodinger equation we used in the
fractional step. Recall the semigroup U(t, s) defined by (2.3]). We are going

to write a formula for 47 in terms of this linear evolution operator.

Lemma 6. We have

t
W) = U0 =1 [ U(es) (V" + 167 P07 (5) ds

It/7]
+> Ut kr)rg (5.3)
k=1

and
t
VUT(D) = U0V~ i [ Uk (Vo + PO D) (5)ds
0

i /0 Ut s) (VVatb") (5) ds

t/7)
+3 Ut k) [—z'nzégzv(m-) n Rg] . (5.4)
k=1

Proof. We will prove (5.4), formula (5.3) can be proved in a similar way.
Let t € [NT(N +1)7), then since 9" is a solution to (21l on [N7, (N +1)7),
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we have
VU (t) = Ut NT)VW (Nra)—i [ Uts)V (Vo™ + g7 PO =Dy7) (s)ds

Nt
t

—1 U(t,s) (VVet7) (s)ds.
Nt

The last term in the formula is due to the commutator between the Schrodinger
operator —%A + Vs and the gradient. By Lemma 2] we have

VT (kr+) = Vo7 (kr—) — it¢f A" (kT—) + R},

for any k. By plugging it into the formula for V7 and by interating the
argument we then find (5.4)). O

Now we may use Strichartz estimates on (0.3]) and (5.4) to obtain a
priori bounds for {¢"} in the Strichartz spaces.

Proposition 4. For any 0 < T < oo and for any admissible pair (q,r) we
have

HVTZJTHL;IW;”([QT}XR% < C(Hl/)()Hz,T, HU2HL5H;)7 (5'5)

uniformly in T > 0.

The proof of the above Proposition is similar to the proof of existence
of local solutions for NLS equations. Let us define the Strichartz norm

Hf”Sl([O,T]) = (Squg ||f||L§W§’T([O,T]><R3)7

where the sup is taken over all admissible pairs (g, 7). Let us first consider
a small time interval [0,7}], by using formulas (5.3), (54) and Strichartz
estimates we obtain

T T T1271—1
17 ls10,m)) S ||¢0||2+Ta<||Vp||LgoW;76||¢ st + 197 [

HIV Vool g 197 llsr + 187 150),

for some positive o > 0. If T} is sufficiently small depending on |[4g]s,
HVPHL;wW;ﬁv ||VVOO||L?OL27 then we have

1% 510,10y S 1Yol
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Now we may divide any bounded time interval [0, 7] into many small subin-
tervals over we can argue as before. The details are left to the reader and
we refer to 1] for a similar calculation.

Now we can use the above Strichartz estimates to obtain further reg-
ularity properties for the sequence of approximate solutions. Indeed, it is
a common feature of dispersive equations that solutions are more regular
than their initial data, see for example [12], [7]. Here we will use a result by
Yajima [26] which shows that U(t, s) has the same local smoothing property
which holds for the free Schrédinger propagator, at the price of having a
constant depending on the length of the considered time interval. The re-
sults in [26] hold for a more general class of Hamiltonian, anyway here we
will state the result only for the case of our interest.

Theorem 4. For any 0 < T < oo

t
HU(tv O)f||L2([0,T};Hl10/f(R3)) + H /0 U(t’ S)F(S) d8||L2([O,T];Hll/2(R3))

oc

< @) (19l + 1Flyze)

Now we can use the above Theorem, combined with the Strichartz
bounds (B.5) and formulas (5.3]), (5.4) to infer that

[l 3

< C T7 7 g b
Lot < CO(T, 1olls; l[v2ll 2 1)

(R?))

loc

for any 0 < T < oo. This inequality is proved in the same way as the
Strichartz bounds (5.0, i.e. by using a bootstrap argument. Finally we have
the sufficient compactness for the approximate solutions to yield the conver-
gence to a finite energy weak solution to (LI2]). More precisely, we may
prove by an Aubin-Lions type lemma that, up to passing to subsequences,
{¢7} converges strongly. We will use the following result by Rakotoson and
Temam [24].

Theorem 5. Let (V| - |lv), (H;| - ||zr) be two separable Hilbert spaces.
Assume that V. C H with a compact and dense embedding. Consider a
sequence {uf}, converging weakly to a function u in L*([0,T];V), T < oc.
Then uf converges strongly to u in L*([0,T); H), if and only if

1. uf(t) converges to u(t) weakly in H for a.e. t;
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2. limy g0, mcfo,7] SUP=s0 5 [0 () [|7; dt = 0.

We can apply now this Theorem to our sequence by choosing V =
H3/2(R3), H = H! (R3?). Indeed by (5.2) we know that 17 (¢) converges

loc

weakly to v(t) for almost every ¢ € [0,7], so that the first condition is

satisfied. On the other hand, the second one is a consequence of the bound
T
197 oz ey
Resuming, we may prove that, up to passing to subsequences
1/}7 — ¢7 in Lz([ov T]? lec(R3))7

for any 0 < T < oo. This in particular implies that

VT = /p in L*([0,T); Hp,.(R?))
A" = A in L*([0,T]; Lj,.(R?)).

By Lemma @] we then infer that (,/p,A) is a finite energy weak solution to
the QHD system (I.I2]) and thus Theorem Blis proved.
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