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Abstract

In analogy with D’Alembert’s analysis of the one dimensional wave equation, the
solutions of the linearized equations describing the perturbations of the 1d horizontal
interface between 2d water and air are sums of rightward and leftward moving waves.
This paper introduces and analyses the qualitative behavior of the corresponding one way

equations. The one way equations are the core elements in an efficient numerical algorithm.

1. Introduction

Our papers [6], [7], and [8] introduce a numerical method for construct-
ing approximate solutions of the linearized water wave equation on the entire

real line

utt+|D‘u:0, D = %am (11)
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The key difficulty addressed is the infinite domain of x € R. Most approxi-
mate methods, including ours, truncate the domain to be finite and compute
an approximate solution on the finite domain. The goal is to obtain accurate
values on a subdomain that is not too much smaller.

For differential equations such truncations are challenging. It is more
difficult for (L)) since the the operator |D| is nonlocal. The time derivative
uy at each point (¢, z) depends on the values of u(t,-) on the whole real line.
With truncation many values of u(t,-) are not available. Another peculiarity
of the water wave equation is that the group velocities tend to infinity as
& — 0. Waves reach artificial boundaries instantly. There is no short reprieve
as there would be for problems with finite propagation speed.

t
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Figure 1: Computational domain [—L, L] and interest domain [—a, a].

The method involves a computational domain —L < x < L containing
the domain of interest [—a,a]. The domain of interest contains the support
of initial data. The strategy is based on the observation that solutions of
(LI) are sums of essentially leftward and rightward going waves that are
solutions of one way equations. A wave initially supported in [—a,a] that
reaches the right layer [a, L] is essentially rightward moving. The numerical
algorithm replaces the water wave equation by the rightward equation in the
layer a < x < L. The values in the layer are advanced using the rightward
equation rather than the water wave equation. An advantage is that errors
committed in the layer tend to be swept rightward away from the domain of
interest. A second advantage is that the rightward equation is easily damped
without generating backward moving waves. Damping reduces the size of
waves reaching the external boundary x = L. It is as if the layers are in wind
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tunnels with the wind driving the flow away from the domain of interest. The
rightward boundary is treated so as to be essentially transparent to rightward
waves. Errors from the boundary tend not to reenter the domain thanks
to the same wind tunnel effect. The left hand layer is treated similarly.
The leftward and rightward one way equations are the key elements in this
strategy. Their analysis is the subject of this article. The numerical method
and the details of high order implementation are discussed in the pair of
articles |7], and [§].

Plane waves e/(¢*=%!) gatisfy the linearized water wave equation (L)) if

and only if they satisfy the dispersion relation
W? = |g]. (1.2)

Definition 1.1. Denote by w(&) the unique non decreasing function that
satisfies (L.2)), that is

w(§) = sgn(&)V/[¢]. (1.3)

The function w(§) is called the smart square root.

= i i i i i i
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Figure 2: The smart square root w(§) plotted against &.

The group velocities defined by

Vgroup(g) = w'(g) = |£|_1/2
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are positive exactly because w is nondecreasing. The operator w(D) is de-
fined by F~lw(£)F where F is the Fourier Transform. Such multiplication

operators are discussed in §2. The plane waves

eiEx—w(&)t) (1.4)

generate the solutions of v4+iw(D)v = 0 so this equation describes essentially
rightward motion. Similarly, v; — iw(D)v = 0 describes leftward motion.

These equations are called the one way water wave equations.

84 shows that the one way Cauchy problems are well set. §5 proves
an analogue of D’Alembert’s analysis of the one dimensional wave equation
showing that solutions the water wave equation are sums of solutions of the

leftward and rightward one way equations.

86, and §7, contain precise asymptotic descriptions as t — 0o, as £ — 00,
and, also along lines in space time. These estimates are important since the
tails at infinity in x represent data that is not available to the truncated

numerical algorithm.

In §8 the well posedness of the spatially truncated problem that corre-

sponds to our numerical method is proved for smooth truncations.
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2. Multiplication Operators

In this paper, in contrast to its siblings [7] and [8], the Fourier transform

and its inverse are defined by

~

1 > —ix _ L * 2 e
fie) = - / @) e o, f() = o / RGER:
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The Fourier transform is unitary on L?(R), and the usual partial derivative
0, and the operator D := %896 are given by

0. f(€) =icf(¢), and,  Df(€) = £f(€).

Next define Fourier multiplication operators.

Definition 2.1. The Weiner algebra A° consists of the tempered distribu-
tions on R whose Fourier transform belongs to L!(R). More generally, for
any s € R define

AS = {¢ e S'(R) : (60 ¢ Ll(R)}.
A>®(R) := Nger A*(R), and A™°(R) := Uger A%(R).

Definition 2.2. For a measurable G(§) € Lf° (R) growing at most polyno-

loc

mially as |{| — oo, define an operator G(D) from A (R) to itself and also
A™(R) to itself by

— —~

G(D)f = G(E)f(E)-
Example 2.3. The operators |D|, |[D|*/2, and the Hilbert Transform H :=
—isgn(D) are given by

~

ID[2f(e) = [€2f(€),  [DIF(E) = IElf(©),

and,

— ~

(H[f)(&) = —isgn(&)f(§)- (2.1)

The Hilbert transform is anti self adjoint on L?(R). The formulas

1 — -~
]-"(P.V.E) = i\/gsgng and, fxg=V2r fg

imply that the Hilbert transform is given by

(Hf)(z) = ~ P.V. / / (_y;dy. (2.2)

™

Multiplication operators commute regardless of their symbols. They are
translation invariant. Each is a convolution operator. When there is a ¢ so
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that |G(&)] < ¢(§)™, then G(D) is continuous from H*(R) — H*~"(R) and
from A*(R) — A*"™(R) for all s € R.

3. The One Way Water Wave Equations

Consider the non steady incompressible inviscid irrotational infinitely
deep two dimensional Euler equation in a time dependent domain (). The
boundary of the domain is an interface with fluid below and a massless
medium of constant pressure above. Linearizing these equations at the flat
interface, small perturbations are described by solutions of the scalar equa-

tion ([LIJ).

It follows that for any measurable solution w(&) of (L2),

92 4+ |D| = 8% + w(D)? = (8; — iw(D))(d; + iw(D))
= (0, 4 iw(D))(8; — iw(D)). (3.1)

Make the choice w(§) that is the unique non decreasing solution from
Definition[I1l. From here on, w(§) denotes this solution. One has

iw=isgn(€)\/|€],  so,  w(D)=—H|D|'2 (3.2)

The function w(&) is odd and strictly monotone increasing.

The superpositions in £ of the plane waves ([L4)) satisfy dyv+iw(D)v = 0.
The opposite choice of sign /€ +(&)1) satisfies d;v — iw(D)v = 0.

Thanks to ([B.]) it follows that solutions of the one way equations are
solutions of the linearized water wave equation. Like D’Alembert’s analysis
of uy — ug, = 0, Proposition below shows that the general solution of the
linearized equation is equal to a sum v™ + v~ of solutions of the rightward
and leftward one way equations.

4. The Cauchy Problem for the One Way Equations
The formula v(t) = e~*(P)y(0) involving the Fourier multiplier e~#~(P)
is the natural candidate solution of vy + iw(D)v = 0 with initial value v(0).
The next proposition shows that under suitable assumptions of regularity in
time and decay at infinity it is the only solution.



2015] THE ONE WAY LINEARIZED WATER WAVE EQUATIONS 265

Begin by showing that the Cauchy problem for the differential equation
v +iw(D)v =0 (4.1)

makes sense when v € LllOC

(R; A*(R)) for some s € R, possibly very neg-
ative. In this case v is a well defined distribution and v; = —iw(D)v €
Ll (R; A*71/2(R)). Thus the left hand side of the differential equation
makes sense as a distribution. The definition of a solution is that this dis-

tribution is equal to zero.

For such a solution, both v and v; belong to L} (R ; A*~1/2(R)). There-
fore v € C(R; A~1/2(R)). In particular, the value v(t) is well defined for all
t.

Proposition 4.1. i. If s € R and v € L] _(R; A*(R)) satisfies (@) then
for all t, v(t) = e~ (P)y(0).

ii. Conversely, if f € A*(R) then v(t) := e ") f belongs to (L N
C)(R; A%(R)) and satisfies (A1) with initial value v(0) = f. In addition for
all0 <k €N, dfv e (L®°NC)(R; A F/2(R)).

Proof. The remarks before the Proposition show that v € C(R; A*~1/2(R)).
An induction shows that 0Fv = (—iw(D))*v € C(R; A5~F/2(R)).

Take the Fourier transform of the equation to find
00 + iw(&)v = 0.
Therefore
3 (') 3) =0, (4.2)

proving that v must be given by formula in i. Part ii is immediate. O

—itw(D) ig [2 ynitary, the theory of the water

Example 4.2. i. Because e
wave equation is dominated by L? methods. The results above in the spaces
A suffice to get the ball rolling. For example, if v € L} _(R; H*(R)) then
v e L (R;A%(R)) for all 0 < s — 1/2 so the one way equation makes sense

loc

and solutions are given by the formula e=(P)y(0).
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ii. In contrast, if
f € Liomp is compactly supported with / |]?|2 d¢ = oo,

then f € A is smooth and v = e (D) f is a smooth solution covered by
Proposition Il However, f ¢ H~° so this solution is not amenable to an
L? Sobolev analysis. This greater generality explains the choice of the A®
setting over the H® setting.

Remark 4.3. i. The solution formula shows that for all £ € R, [0(¢,€)|? is
independent of ¢. Therefore for all o < s, the Sobolev norms ||v(t)||%,, (R) 8T€
independent of time.

ii. The evolution is a unitary group on H*(R) whose generator is the anti self
adjoint operator iw(D) with domain equal to the set of functions f € H*(R)
such that w(D)f € H*(R).

iii. The Fourier transform intertwines this operator with multiplicaiton by
w(&) whence the spectrum is absolutely continuous and equal to R.

A pair of cousin equations with w positive homogeneous of degree 1/2
are

du+e™wDyu=0, with w?=E¢/i (4.3)

They occur in the construction of absorbing boundary conditions for the one
dimensional Schrodinger equation (see [1]). With ¢ and x interchanged it is
the Dirichlet to Neumann operator of Schrodinger equation. The operator
w(D) is an Abel fractional integral operator with kernel supported in a half
line. Because of the £ in place of |£], the values of w(§) for £ € R lie on a pair
of orthogonal rays. The dispersion relation w is not real valued. The initial
value problem for (4.3]) is ill posed either toward the future or the past. The
analysis of the absorbing boundary condition has elements in common with
this paper.

5. A D’Alembert Formula for The Linearized Water Wave
Equation

The analysis of the initial value problem for the linearized water wave
equation is analogous. The proof of the next proposition is omitted.
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Proposition 5.1. If s € R, f € H*(R) and g € H*"Y2(R) then there is a

unique solution
u € C(R; H*(R)) with u; € C(R; Hs—1/2(R))
to the initial value problem

utt+ |D|u:07 u‘t:(] = f7 ut‘t:(] =g.
There is an analogue of D’Alembert’s formula for the one dimensional
wave equation.

Proposition 5.2. If f,g,s,u are as in the preceding proposition with g €
|D|'/2 H*(R) then there are solutions v and v~ in C(R; H5(R)) satisfying
the rightward and leftward one way equations respectively and so that u =

vt +v7. The vt and v~ are uniquely determined by u.

Proof. Tt is sufficient to find the initial values of v*. In order that v + v~
and (vt + v~ ) match the corresponding initial values for u it is necessary
and sufficient that

vT(0)+v7(0) = f, and, —iw(D)vT(0)+ iw(D)v (0) =g. (5.1)
Multiplying the first relation by iw(D) then adding and subtracting yields
2iw(D)v (0) =w(D)f + g, 2iw(D)vT(0) = w(D)f — g.

These formulas uniquely determine v*(0) € H*(R) thanks to the hypothesis
g € |D|Y/? H*(R). Defining vt and v~ to be the solutions of the rightward
and leftward one way equations with these initial values proves the proposi-
tion. O

6. Asymptotics of the One Way Equations as ©z — +o0

Proposition 6.1. i. Suppose that v = e~ f with f satisfying

()
0&I

f(¢) € C*R)  and € L'YR) for 0<j<2.
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Then v(t,z) = O(x=3/?) as x — +oo uniformly on compact time intervals.
More precisely there is a ¢ # 0 computed in the proof so that uniformly on

bounded time intervals as x — +00

v(t,z) =ct % + O(|z| ™).

ii. An analogous result with a different ¢ holds for x — —oo. Analogous

results hold for the leftward equation.

Remark 6.2. i. When all the derivatives of fbelong to L'(R), there is a
complete asymptotic expansion Zj‘;3 cj /% as x — oo whose leading term
is given in i.

ii. When fvanishes to order k at the origin, the decay rate is = (G+5)/2,

Proof. The solution is

~

=/ " il g de. (6.1)

Choose x(§) € C§°(R) with x identically equal to 1 on a neighborhood of
¢ = 0. The integral is equal to

/ e *Se O (1 — () F(€)de + / e OIN () FE)dE = Ty + 2.
(6.2)
The integral .J; is estimated to be O(1/22) by the method of non stationary

phase as follows. Use
. 1 2
g [ 9 ) 1x€
€ (zaj €) ¢
to find

1T

() [ e ea(eer a—xio) o)) e

Using the fact that w’,w” are bounded on the domain of integration together
with the integrablility hypothesis on Gg fshows that the integral is bounded

uniformly for bounded ¢ and all .

It remains to analyze Jo. Thanks to the factor x, it suffices to treat
the case of f € CZ(R). Introduce the bijective change of variables on R,
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y = w(&). Then,

v =1, sgn(y) =sgn(€),  2ydy =sgn(¢)d, &=y sgn(y).

The integral Jy is equal to
/ f(y?) e " 2ydy +/ f(=y?) e” Wt 7" (—2)dy :=I; + I
0 —0o0

In this integral ¢ and y are bounded. The interest is || — co. Each integral
has a point of stationary phase at the endpoint y = 0. The behavior is
determined by the Taylor expansions of f(y2)e_iyt and f(—y2)e_iyt aty = 0.

The formal computation is straightforward. See [4] for the justification.
Expand about y = 0 to find

-~

Fy?) e = F(0)(1—iyt) +O(y?),  F(—yHe ™ = f(0)(1—iyt) +O(y?).

The leading term in I; 4+ I comes from the two constant terms in the

~

Taylor expansions to give f(0) times the sum of oscillatory integrals in the

sense of Hormander,

Sy . 0 .
/0 ey’ 2ydy+/ ey’ (—2y)dy. (6.3)

—00

Next show that the sum (6.3]) vanishes. Perform the computation for z > 0.
Make the change of variable

pi=ry, y=p/Vr, dp=xdy (6.4)

to find

00 ; d 0 3 d ) 00 : 0 i
/0 ep22%\/—%+ e p2(—2%)¢—%:5</0 ep2pdp—/ e p2pdp>.

Write e+’ using DeMoivre’s idententity the sin(4p?) contributions of the

last two integrals cancel by parity. This leaves

o) 0
/0 cos(p?)pdp — / cos(—p”)pdp.

—0o0
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Each of these oscillatory integrals vanish. For example with ¢ € C§°(R)
with ¥(0) = 1,

/ cos(p®)pdp := lim / P(ep) cos(p?) pdp.
0 e—0 0
Compute using an integration by parts that
o 9 o d . 9
2/ ¥(ep) cos(p”)pdp =/ b(ep) 7 sin(p”)dp
0 0 P
= —¢ /0 ' (ep) sin(p®)dp

with boundary contributions that vanish. The integral on the right is O(1)
showing that the desired limit as € — 0 is equal to zero.

~

The next term in the asymptotics is it f(0) times
S 0 L,
/ e 0 dy + / e (—2y2)dy. (6.5)
0 —00

The change of variables (6.4) writes the first term for x > 0 as

Continuing, write

o . 2 2 1 d . 2
/ e’ pidp=—-— [ € dy
0 1 dx 0

o0
= li(i / oih’ dp)
=1 i dx \/E 0 =1
The last term is i/2 times the nonzero Fresnel integral fooo eir? dp. Treating
the second term in (6.5) the same way verifies that (6.5]) is a nonzero constant

times 73/2 as  — +o0. Od

Example 6.3. The rightward equation is not strictly rightward moving.
The solution of the initial value problem with supp f(z) C {x > 0} is not
usually supported in {x > 0} for ¢ > 0. In fact, for ¢ > 0 and £ — —oo one
has v(t,z) ~ ¢ A(O) 273/2 with ¢ # 0. This shows that the solution has a tail
that extends all the way to —oo whenever f(O) # 0. There is an analogous
non vanishing tail whenever f is smooth in a neighborhood of £ = 0 and

vanishes there at most to finite order.
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7. Asymptotics of the One Way Equations as t — o
7.1. Decay uniform in z

The next proposition yields t71/2 decay. There are two L' — L decay
estimates. The first when supp f C {|{| < 2} the second when supp f C
{A/2 < |¢] < 2A}. The first result concerns the small frequency contribution.

Proposition 7.1. There is a constant C so that if f € L' with f supported
in |€] < 2, then for |t| > 1,

W C
|~ (D)tfHLOO(R) < WH]PHLL

Proof. Step I. The plus and minus signs are nearly identical. Treat only
the sign plus. Denote w(t) := e@(D)t £ The first step is to prove that if f is
in addition absolutely continuous, then

C 207
Hw(t)HLoo(R) < \t\1/2 /_2 8—5‘%.

Treat only t — +o00. Define f¢ to be the function whose Fourier Trans-
form is equal to f on |{| > € and equal to zero on [{] < e. Denote by w® :=
e@(D)t fe Tt is sufficient to prove that ||w®(t)||- < Ct=1/? f\ﬁ\Zf |8f5/8£|d£
with a constant independent of € €]0, 1].

The support of fa is contained in the union of two closed intervals, one
in ]0,00[ and the other in | — 00,0[. Treat the first. The second is nearly
identical.

For each t > 0,

-~

2
max |w® (¢, z)| = max |[w (¢, ct)|, w(t,ct) = / WOt F()de. (7.1)
T€eR ceR c

Van der Corput’s lemma (see for example [10]), asserts for phase func-
tions ¢ that are real valued and C? in [g,2] with |¢"(x)] > X on [g,2] one
has

/a ’ () dz| < % (Iw(b)l + / ’ |1/1’(96)|d:1:> : (7.2)
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Take

$(&,c) = t(w(€) + cf).

On [g,2], ¢" is bounded below by a strictly positive constant times ¢. Esti-
mate (7.2]) with b =2 ¢ = f, and, 1(2) = 0, completes the proof.

Step II. Next suppose that f € L' with f supported in [—2,2]. Choose x
with ¥ € C§°(R) and X =1 on 2<§<2soxf fThen

D(t) = WO f = Ot fp — (ew(@t g) 7
Taking the inverse Fourier transform yields a convolution representation
w= c(ei‘*’(D)tx> * f.
The proof of Step I shows that
e x o S 712
Young’s inequality yields

iw(D
@)z S 1P x| ool 1| 0
completing the proof. O

Proposition 7.2. There is a constant C so that for all A > 1 and f € L!
with

(A
supp f C {5 << 21\}

one has

CAY

He:tzw |t|1/2 HfHLl(R

A ey < (7.3

Proof. Denote w(t) := e“(P)f. Define z(t,z) := v(t/(A)/?,2/A). Then

iw(D)t

z=e g, with g(z):= f(z/A).

The function g € L' with Fourier transform supported in 1/2 < |¢| < 2
so Proposition [T.1] applies. Using that proposition to estimate z yields for
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t>1,
B A A1/2
[w(t)|| Lo =]]2((A)21)|| e S (AL) 1/2HgHL1:W”f”lem”f”Ll-
O

Example 7.3. Denote by f = > f,, a standard Littlewood-Paley decom-
position with fy supported in || < 2, and, for n > 1 f, supported in
A/2 < |€] < 2A with A = 2™. Then

1D? fallr S 2 fullr < 2" W f1l -

Applying (73] with A = 2" shows for s > 1/2, one has for |¢t| > 1,
e e < 172 ([l + 1Dl )

Corollary 7.4. If f € H*(R) and ¢ € C(R) then, ¢(z) e D) f tends
strongly to zero in H*(R) as |t| — oo.

Proof. The family of maps indexed by t, f — ¢(x)eT™ (D) f are uniformly
bounded from H*(R) to itself. Therefore it suffices to prove the conclusion
for f belonging to a dense subset of H*(R). Take the dense set consisting
of f so that f € C$°(R\ 0). For these data the solution v := e*(P) f ig
smooth and for all 7, lim_je0 &lv — 0 uniformly on compact subsets of
from the previous propositions applied to d5v. O

Remark 7.5. The estimates of Propositions and [.]] are sufficient as
inputs to yield Strichartz estimates following, for example, [5].

7.2. Large time asymptotics on lines x =z + vt

The results of the preceding section do not reveal the one way character
of the equation. This is remedied by computing the large time behavior on
lines x = z + vt moving with velocity v. For the rightward equation there is
faster decay for v < 0. The analysis is straight forward when fis compactly
supported and vanishes in a neighborhood of £ = 0.

Proposition 7.6. Suppose that 2 < k € N and f € CE(R\ 0) and that

—itw(D

v=e ) f. Define the set of active group velocities as

L(f):= {w'(f) &€ suppf} CC ]0,00]. (7.4)
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i. If v ¢ T(f) then ast — +oo

o(t,x +vt) = Ot F).
The estimate is uniform for (xz,v) in compact subsets of R x (R\T'(f)). The

hypothesis v ¢ T'(f) holds for all v < 0.

ii. If 0 <v € I'(f) then there is a unique £ € supp f so that w'(§) = v. As

t — 400
pilEz—w(©t) 1
W f(E)+0@ ).

The estimate is uniform for x in compact sets and v € T.

v(t, x4+ vt) =

iii. Analogous results hold for t — —oo and also for the leftward equation.

Remark 7.7. i. Following part ii of Proposition [Tl one can find a slightly
slower decay applicable for f that are not compactly supported but decay
at infinity.

ii. The solution is a familiar dispersive wave packet with all group velocities
strictly positive because of the compact support of f.

iii. There is a complete asymptotic expansion Z(;il cjt™ 12 1f fvanishes
to order k at £ the decay in ii becomes O(t~(1+k)/2),

Proof. The solution is equal to 1/v/27 times (6.1).

i. Follows from the principal of non stationary phase. The exponential term

in the integral is equal to

VR () _ ke it(Ev—w())

The first factor has derivatives uniformly bounded and v — w(&) is smooth
with non vanishing derivative on the compact region of integration. The
lower bound on the derivative is uniform for z in compact sets and v bounded
away from T'(f). The only subtlety is when v = 0 where w’ approaches zero
as £ — oo. But £ is limited to Suppfso the region near £ = oo does not

appear in the integral.

ii. Follows upon applying the stationary phase formula. O
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There are three singular points. At £ = 0 the function w(§) is Holder 1/2
and not better. As & — Fo00 the integration domain becomes non compact.
The next two propositions estimate the decay of solutions when the support
of ]?reaches these singular points. When applying the results of this section
the function fis typically split into pieces corresponding to a neighborhood
of the stationary point £ to which part ii of Proposition applies, a neigh-
borhood of oo to which Proposition [[. 10 applies, a neighborhood of 0 where
the next proposition applies, and, a function to which the result of part i of
Proposition applies. The next result concerns the neighborhood of the

origin.

Proposition 7.8. Suppose that f € CZ(R) and that 0 € supp f Then
L(f) defined by (C4) is of the form [a, 00| for some a > 0. If v < « then
v =e D) f satisfies

~

v(t,z + vt) = 4/(0) + ﬂ.

V22 t2

The estimate is uniform for (z,v) belonging to compact subsets of Rx]| —

00, a.

Proof. The solution is a constant multiple of (G.I]). The proof is by the
method of non stationary phase. The subtlety is that the phase is singular
at £ = 0. Write the integral as f_ooo + fooo and treat first fooo.

Must estimate
A e f(€) MO dg, 9(€) = Ev — w(é).

The hypothesis on v guarantees that the phase is non stationary in £ > 0
so the asymptotic behavior is dominated by contributions from £ = 0 where
the phase is singular. Make the change of variables ¢ = 32. For ¢ < 0 the
appropriate change would have been ¢ = —y2. Use d¢ = 2ydy to find,

Acwnmww,aw:aﬁﬂw%,w@:w%—y

Note that a(0) = 0 and o’(0) = 2]?(0). Introduce the differential operator L
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and its transpose LT
1 9
ity (y) Oy

The hypothesis on v implies that 1)’ # 0 on the domain of integration so L

) . 1
so, Le™ =¢e  LTy.= ——(, v). (7.5)

has smooth coefficients.

An integration by parts without boundary terms because a(0) = 0 yields

/ a(y)e™Wdy = / a(y)Le™Wdy = / Lia(y)e™dy

0 0 0

= Lia(y)Le®™ dy = — / La et d
| taze ay = - [ 7 Liaw) et ay
(7.6)

Integrate by parts with a nonvanishing boundary contribution to find

e ) _ ity
/ a(y) W dy = [.G—LTa(y)}
0

> )2 it
ity 0+/0 (L) a(y)e™dy.  (7.7)

y=

The integral on the right of (7.7 is of the form

1

t_2/0 g(y)e™Wdy, g e L]0, 00][.

This is o(1)/t2. Indeed, for any € > 0 choose g. € C§°(]0,00[) with ||g —

ge|lp1 < . The corresponding integral with g. is O(t~°°) and the difference

is <e.
Therefore
wcf 270163 et Y(y) —a’(O) 0(1) _ 2.]?(0) 0(1)
e R @ ag = [T awernay - <5+ 9 =2 +(t2)-
7.8

An entirely analogous computation shows that

t2

[ s geon = O oA (7.9
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In fact, changing variable to & = —y? with d¢ = —2y yields

/ 0 28 f(£) ) de = / 0 b(y) W dy,  bly) = e f(—y?)(—2y),

— 00

Y(y) =&z —w(&) = —y’z —y.

Introduce M := (ity’)~19, and its transpose MT with Me®? = 7. An

integration by parts with vanishing boundary term yields

0 0
/ b(y) M2eitw(y)dy:/ MTb(y) MW gy

—00 —00

0
1 ,
— B V) YY) doy.

/—OO Zt’}’/ b(y)aye dy

A final integration by parts yields

o . 1 , 0 .
/ T8 F(£) €O ge = [F’y’ MTb(y)em(y)] _|_/ (M)2b(y)e® dy.
—00 y=0 —00

The second term is o(1)/t? proving (7.9).

Adding (7.8]) and (7.9) proves the Proposition. a
Remark 7.9. i. There is a complete asymptotic expansion in negative
powers of t if f € C(R).

ii. If fvanishes to order k > 0 at the origin, the decay rate of v(t,z + vt)

is O(1/t2+k).

Proposition 7.10. i. Suppose that fe CFR), 0 ¢ suppf, and that for all
0<j<k, 62}’\6 LY(R). Then T'(f) =]0,a] for some a. If v ¢ [0,a], Then

ast — 00, v = e D) f satisfies
v(t,z 4 vt) = O(t™F).

The estimate is uniform for x,v belonging to compact subsets of R x (R '\
[0, ).

ii. The analogous result is valid for t — —oo and for the leftward equation.
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Proof. With L from (ZH), the function v/27 v(t, z + vt) is equal to
/ ¢ F (€)1l g — / € (o) Lk (ez‘w(s))dg
L (S Y G L TS
= | 70 Grgag) ()

The coefficient 1/¢’ is smooth on the support of the integrand and has

an expansion

LR S
7 ]Z:;c]g (7.10)

near £ = oo. There is an analogous expansion at —oo. It follows that each
derivative of the coefficient 1/¢’ is uniformly bounded on the support of the
integrand. The integrability hypothesis on fimplies that one can integrate
by parts to find

ct*o(t,x + vt) = / ( 9 1 )k[eizs ]?(5)] (eitqs(&))dg’
(-2 2) [e= Fo)] e ')

implying the desired estimate. O

8. Spatially Truncated One Way Equations

In our numerical algorithms, we compute approximate values of v in an
interval I := [-L,L] C R;. Denote by 1;(x) the indicator function of I.
The algorithms march forward by computing the restriction to I of w(D)
applied to the restriction of u to I. This is equivalent to marching forward
in discrete time steps approximating the equation

ug + Ly(z)iw(D) 1 (x)u = 0. (8.1)

If the initial data are supported in I then the solution remains supported in
that interval for all ¢ > 0. The evolution equation with the discontinuous
cutoff 1 is singular. We can prove a good existence result if this cutoff is
replaced by a cutoff function a(z) that is Holder 1/2. Rather than give that
slightly harder result we prove existence for a smooth cutoff.
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Proposition 8.1. Suppose that a € C*°(R) and for each j, da e L>(R).
If s € R and g € H*(R) then there is exactly one solution u € C'(R; H*(R))
of the initial value problem

ur + a(z) iw(D) a(z)u =0, u(0) = g. (8.2)
In addition for all j € N,
duecC(R : HI2R)).
If s > 0, then |[u(t)| L2 is independent of t.

Sketch of proof. The essential step is to derive H S(}Rd) a priori es-
timates. Treat only 0 < s € N. The L? conservation for a solution
u e C(R; HY/2(R)) N CY(R; L?(R)) is proved by computing
d, .o d . .
EHUH = E(u,u) = (ug,u) + (u,up) = (—iaw(D)au, u) + (v, —iaw(Da)u)
= —i((w(D)au, au) — (au,w(D)au)) =0.

The key is derivative estimates. Estimate the L?(R) norm of d,u. The
equation satisfied by du is

(O +iaw(D)a)ou = [0,aiw(D)a) u.

The key is that [0, aw(D)a] is a bounded operator from H! to L2 To prove
the boundedness, write the commutator as

[0, aJw(D)a + aw(D)[0, a

Since [0, a] is multiplication by a’ it is bounded. This is the step that fails
when a = 1;.

Using the L? estimate in Duhamel’s formula yields
¢
[0u(t)ll L2 < [|0u(0)] 2 +C/O 110, aw(D)a]u(o)]| 2 do

Insert

110, aw(D)alu(o)l 2 < Cllu(o)|
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to find an integral inequality

t
@)t < [[u0)]] g +C/O [u(o)] 2 do
Gronwall’s inequality implies that

(@) < €1 [u(0)]| g1

One gets an H*(R) estimate for integer s > 0 in the same way.

Denote by 6" is the centered finite difference approximation to d,. In-
troduce the family of operators

- _ sin(hg)
wh(D) = W’ wh( ) = W

For h fixed, the operator w”(D) is bounded from H*(R) to itself. As
h — 0 the operator converges to w(D). Choose g" € S(R) with g" — g in
H*(R). A sequence of approximate solutions is defined as the solutions of

o’ + a(x) iWM(D) a(z)u =0, u"(0) = —g"

H* estimates for u” uniform on compact time intervals and 0 < h < 1 are
proved as for the case h = 0. As in §2.2 of [9], passage to the limit h — 0
proves existence.

For uniqueness observe that a solution in C(R; H*(R)) is automatically
CY(R; H*"'/2(R)). This regularity is sufficient to prove the H¥~'/2 a priori
estimate and therefore uniqueness. This completes the sketch of proof. [
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