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Abstract

We consider a general system of hyperbolic balance laws in m space dimensions
(m > 1). Under a set of conditions we establish the existence of global solutions for
the Cauchy problem when initial data are small perturbations of a constant equilibrium
state. The proposed assumptions in this paper are different from those in literature for
the system. Instead, our assumptions are parallel to those used in the study of hyperbolic-
parabolic systems. In one space dimension our assumptions are natural extensions of those
used in the study of the Green’s function of the linearized system. They are also sufficient
to the study of large time behavior in the pointwise sense for the nonlinear system, carried

out in a different paper.

1. Introduction

We consider a general system of hyperbolic balance laws
m
up+ Y filw)e, =r(w), m>1, (1.1)
i=1

where u, f;,7 € R™. Here u is the unknown density function, representing
mass density, momentum density, etc; f;, 1 <17 < m, are the flux functions;
and r represents external force, relaxation, chemical reactions and so forth.
We assume f; and r are given smooth functions of u, while u is a function
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of the space variable x = (x1,...,%,)" € R™ and time variable t € RT. A
constant state u is an equilibrium state if r(a) = 0. We consider the Cauchy
problem of (LI]) with initial data wug(z):

u(x,0) = ug(z), (1.2)

where ug is a small perturbation of the constant equilibrium state .

There is an extensive literature about (I.II), on structural conditions,
wave patterns, energy estimates, existence of global solutions, large time
behavior, etc, for one dimensional and multidimensional general systems
or special systems. See |15, 12, [7, 2, 6, 19, |1, [10, [11, 18, 120, 21, [22] and
references therein. In this paper we propose a different set of hypotheses,
which lead to the global existence of solution to (LI), (I2). As to be seen
in the remarks following the hypotheses, they are parallel to those used to
study the global existence of solution for hyperbolic-parabolic systems in [9]
and other references by energy estimates. In the case of one space dimension,
they are natural extensions to those used to study the Green’s function of
the linearized system of (L)) in [20]. They are also sufficient to the study
of large time behavior of (II]), (I.2]) in the pointwise sense in space and in
time (a recent joint work with J. Chen). Our hypotheses in fact are slightly
weaker than those proposed in [10] and in a more concise form, see Section
2 for details. We perform the energy estimate under the new assumptions
to obtain a parallel result as stated in Theorem 3.2 of [11]. This gives us
global existence, see Theorem It is likely that the L? decay estimates in
[11] and the global existence with critical regularity in |18] are still available
under the new assumptions. These topics, however, are left for future study.

Now we prepare to state our assumptions. Since we are interested in
small solutions, we consider a neighborhood of @, denoted by O. Thus f;,
1 < i < m, and r are smooth functions of v in O. Define the equilibrium
manifold F as

E ={u € O|r(u) = 0}. (1.3)
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Assumption 1. (i) Equation ([LIl) can be written in the form

< ) +Z (?l) - <f2> (u), (1.4)

where u1, fi1 € R™ ug, fio, 1o € R™, nqy +ng = n with ng > 0, and
(r2)uy € R™X™2 4s nonsingular.

(ii) There exists a strictly convexr entropy function U (a scalar function
of u) such that U"f!, 1 < i < m, are symmetric in O while U"r" is
symmetric, semi-negative definite on E. Here U" is the Hessian of U
with respect to u, and f! and r' are the Jacobian matrices of f; and r
with respect to wu.

(iii) The null space of r'(@) contains no eigenvectors of

= wifi(u) (1.5)
i=1

for all unit vectors w = (w1, ...,wn)" € R™,

Remark 1.1. Assumption [I[(i) is natural since many physical models come
with a certain number of conservation laws. Here we set explicitly this
number as nq. For physical relevance nqy > 0 although we have no need of
such an assumption. (In fact, the case n; = 0 is an easier one since the
solution decays exponentially in time.) However, we do need ny > 0 with
(r2)u, nonsingular. Otherwise, (II]) becomes n hyperbolic conservation laws
and we do not expect global existence of classical solutions even when the
initial data are smooth and small.

Remark 1.2. Assumption [I[(ii) is an extension of the classical Lax entropy
condition for hyperbolic conservation laws (r = 0 or ny = 0) to include
the source term r. The Lax entropy condition states: There exists an
entropy pair (U,F), where U = U(u) € R is strictly convex in u, and
F = (F(u),...,Fpn(u)t € R™ satisfies

Ufl=F, 1<i<m. (1.6)

Such a condition implies that U” f/, 1 < i < m, are symmetric, [5]. On the
other hand, if U” f/, 1 <i < m, are symmetric, then there exists an F(u) €
™ such that (I.6]) is satisfied, see Lemma [3.2] below. The symmetrization of
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fI by U” in O gives us the well-posedness of (LL1]), (I.2). This is a classical

result, e.g., see |4, 8], etc.

Remark 1.3. Asthe Lax entropy condition is extended to include the source
term r, however, in Assumption [Iiii) we require that U” symmetrizes r’ on
FE rather than in O. This is demanded by physics since for several important
models such as the dynamics of real gases, U7’ is symmetric only on E but
not in O. On the other hand, it might not be sufficient to require U”r’ to be
symmetric at @ only for the purpose of global existence, see more discussion
after Theorem

Remark 1.4. Assumption [I[(iii) is known as Shizuta-Kawashima condition,
originally introduced for hyperbolic-parabolic systems, which may include
lower order terms. The Assumption implies the strong coupling between
the source term and the flux functions. Thus even n; > 0, the source term
induces dissipation to the whole solution and gives decay in time. This
is clear through the study of Green’s function in one space dimension: In
conjunction with a linear version of Assumption [(ii), Assumption [(iii)
implies that the Green’s function of the linearized system consists of heat

kernels and exponentially decaying d-functions, |17, 20].

We introduce the following notations to abbreviate the norms of Sobolev

spaces with respect to x:

- lls = - s @mys -1 =11 22 @emy- (L.7)

Theorem 1.5. Let u be a constant equilibrium state, Assumption [ (i)—(iii)
hold, s > 3 +1 (m > 1) be an integer, and ug — u € H*(R™). Then there
exists a constant € > 0 such that if ||ug — ulls < e, the Cauchy problem
(CI), C2) has a unique global solution w. The solution satisfies w —u €
C([0, 00); H* (R™)) 1 CL([0, 00); H"L(R™)), Dyu € LA([0, 00); H*~L(R™),
r(u) € L*([0,00); H*(R™)), and

sup [|u - all3(t) + /0 (1Dzull-1(t) + lIr2(w) 2B dt < Cllug — allZ, (1.8)

where C' > 0 is a constant. Here Dyu denotes first partial derivatives of u

with respect to x.
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Theorem [[5lis parallel to Theorem 3.2 in |11], which was obtained under
a slightly stronger set of assumptions, originally proposed in [10]. In Section
2 we discuss the relation between our set of hypotheses and the one in [11]].
We see that ours is more concise. We want to point out that under slightly
weaker assumptions, i.e., the symmetrization of ' by U” is at @ rather than
on F, an energy estimate that implies global existence has been obtained
for the case m > 3, [9]. The energy estimate in [9], however, contains the
integral of ||u — @||?(t) with respect to ¢, which is unbounded for m < 3.
Therefore, it seems that it is necessary to assume U”r’ to be symmetric,
semi-negative definite on E, not just at w. This is in any case a natural
assumption. In Section 3 we have preliminaries for the proof of Theorem [L5l
In this section we also slightly relax Assumption [I(ii) to a weaker version,
Assumption Bl(ii’). Assumption [I}(ii) is more concise in its statement. See
Section 3 for details. In Section 4 we give the proof of Theorem under
Assumptions [I}(i), Blii’) and I(iii). Throughout this paper we use C for a

universal positive constant.

2. Structural Conditions

As mentioned in Section 1, Theorem is parallel to Theorem 3.2 in
[11], which was obtained under a set of assumptions proposed in [10]. In
this section we compare the two sets of hypotheses. For this we introduce

the following notation used in [10]:
M = {yp € R"|'r(u) =0, Vu € O}. (2.1)

Assumption 2 ([10]). (a) There exists a strictly convex entropy function U
such that f/(U")~1, 1 < i < m, are symmetric in O, and r'(U")~! is
symmetric, semi-negative definite on E.

(b) On E the null space of v'(U")~1 coincides with M.

(c) The null space of [r'(U")1](u) contains no eigenvectors of
~U"(a)A(w)(U")~}(u), where A(w) is defined in (L5).

(d) In O a state u is an equilibrium state (u € E) if and only if U'(u)t € M.

Proposition 2.1. Under Assumption[d (a)—(c), there exists a constant or-

thogonal matriz Q € R"™*™ such that the linear transformation @ = Qu
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converts (1)) into an equivalent system
m ~
i+ Y filil)s, = (@) (2.2)
i=1
that satisfies Assumption [1 (1)—(iii) in a small neighborhood of E.

Proof. Note that M is a subspace of R", independent of u. By Gram-

Schmidt process, there is an orthonormal basis {qi,...,qn,} of M, which
can be further extended to an orthonormal basis {q1,...,q,} of R™. Clearly,
{@ny+1,-- -, qn} is an orthonormal basis of M=.
Let
Qt = (Q1 e 'Qn)'

Then @ is a constant orthogonal matrix. Define the linear transformation
4=Qu, or u=Q. (2.3)
Multiply (1)) by @ from the left we have
m ~
iy + Y filil)g, = 7(i), (2.4)
i=1
where

fi(@) = Qfi(Q'a), 1<i<m,  #a)=Qr(Q4%). (2.5)

Our goal is to prove that under Assumption 2] (a)—(c), 24), [2.35) satisfy
Assumption [ (i)—(iii).

Consider the first n; components of 7. For 1 < i < nq, by (23]
F1i = q¢ir(u) =0

since ¢; € M. Therefore, (2.4]) can be written as

uy S (fa\ .. [0,
(&), 5 (&) o-- ()

where 1, fi1 € R™, 49, fia, 7o € R™, ny + ny = n. Here ny > 0 unless
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M = R" or r = 0. Noting
() = (Gny+1 -~ qn)'r(Q"0),
we have
(F2)as = (a1 ¢n)'7" (W) (dny+1 - -~ ) (2.6)

To prove that (2.6]) is nonsingular we first consider v € E. For this we
set (T2)a,v = 0 for v € R™ and argue that v = 0. From (2.6) and noting
{Gny+1,- -, qn} is a basis of M+, we conclude that if (75)z,v = 0 then

(W) (gny41 - gn)v € M.

By Assumption 2 (b), we further conclude that
(@) [U" (w)] ' (W) (gny+1 - ) = 0. (2.7)
Since 7/ (u)[U” (u)] ™! is symmetric on E by Assumption B (a), (7)) becomes
[0 ()]~ [ ()] (w) (g1 - - g )v = 0.

This further implies

0 (i1 qn) [ ()] () (Gny 1 -+ gn)v = 0,

hence
(W)U (w)] 710" () (gny 41+ gn)v = 0.

Now Assumption (b) implies U”(u)(qn,+1 - gn)v € M. Since (¢ny+1 " qn)v
€ M+ we have

vt(qm-i-l T qn)tU"(u)(qm_,_l “ogq)v = 0. (2.8)

Noting U”(u) is symmetric, positive definite from Assumption 2] (a), (2.8)
implies (¢n,+1-"-¢qn)v = 0. Since {gn;+1,---,4qn} is a linearly independent
set, we must have v = 0. Therefore, we have proved that (72)s, is nonsingular
on E. As its determinant is a continuous function, it is nonsingular in a small
neighborhood of E as well. This proves that (2.4]), (2.5]) satisfy Assumption
[di(i) in a small neighborhood of E.
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To verify that ([2.4]), (2.5]) satisfy Assumption [Ii(ii) we set
U(a) = U(u) = U(Q').
By Assumption 2] (a), U”(u) is symmetric, positive definite in O. Thus
Usa = QU"(Q'1)Q" (2.9)
is symmetric, positive definite in O = {Qu|u € O}. From (Z3) and (23,
Usa(fi)a = QU"(Q"0) f{(Q"0)Q",

which is symmetric in O since f/(U”)~" is symmetric in O by Assumption
(a). Similarly,
Usata = QU"(Q"a)r' (Q')Q"

is symmetric, semi-negative definite on £ = {Qu|u € E} by Assumption
(a). Thus we have verified that (2.4]), (2.5]) satisfy Assumption [II(ii).

For Assumption [I{iii), by (Z3]) the matrix A(w) corresponding to (2.4

is
Aw) = Y wiQAMQ! = QAW
i=1
where A(w) is defined in (LH). Also from (2.5 the null space of 73 (Qu) =

Qr'(2)Q" is the null space of 7'(2)Q". If there exist A € R and n € R" such
that

r@Q'n =0, QAw)Qn =,
then
H(@[U" (@)U (@)Q' =0, Aw)Q'n = AQ". (2.10)
The second equation in (2.I0) is equivalent to
—U"(@)AW)[U"(@)] 70" (@)Q"n = —AU"(@)Q"n. (2.11)

By Assumption 2] (c), the first equations of (2.10)) and (ZI1)) imply

U (w)Q'n = 0.
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Therefore, n = 0 and Assumption [I{iii) is satisfied by (2.4]), (2.5]). O

Proposition 2] shows that Assumption 2] (d) is redundant to obtain the
global existence of small solutions and the energy estimate (L.8]). Although
Assumption 2 (d) may not be a true restriction as it is satisfied by some
physical examples, Assumption[I] (i)—(iii) are more concise than Assumption
(a)—(d). This could help when we extend the study to more general
systems, such as those violating the Shizuta-Kawashima condition.

3. Preliminaries

In this section we prove some lemmas to prepare for the proof of our
main result, Theorem First we introduce new variables:

= “ )=o) =" ). .
U_<r2(u)>_ @ <v2>() (3.1)

It is straightforward to calculate the Jacobian matrices of the transformation,
_ Inl Xni 0n1 Xng
Uy = )
(r2)ur  (72)uy
— In Xn On Xn
Py (’U ) 1_ 1 “ 1 1 2_ .
v (—[(sz] Hr2)uy [(r2)us] ™

As mentioned in Section 1, Theorem [[Hlis to be proved with Assumption

(3.2)

[(ii) slightly relaxed to the following weaker version:

Assumption 3. (ii’) There exists a strictly convex entropy function U of u
such that U" f!, 1 < i < m, are symmetric in O and U" (u)r'(u) is symmetric,
semi-negative definite. Besides, if we partition the skew symmetric part of
U"(u)r'(u) as ny 4+ ng in rows and columns:

o 1 "1 ", It _ Sl(u) 52(u)
S(u) = §[U ' — (U"r"))(u) = <—S§(u) Sg(u)) , (3.3)

then in a small neighborhood of u we have

Sa(u) = O()[ra(u)l,  S3(u) = O(1)|ra(u)l. (3.4)
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Lemma 3.1. Under Assumption[Ii), Assumption[lii) implies Assumption

B(i).

Proof. Assumption [I[i) implies that u — v is a diffeomorphism because
(r2)u, is invertible. Thus we write

S =85(u) = Su(v)) = Su(vi,v2)) = S(u(v1,0)) + O(1)|ve| (3.5)

by Taylor expansion at (v1,0). From (B1]) we see that va = ro(u) = 0
implies u € F if u is in O. That is, in a small neighborhood of @ we have
u(v,0) € E. Assumption [I[ii) then implies S(u(v1,0)) = 0, hence (BX)
becomes S(u) = O(1)|vz] = O(1)|ra(uw)|. This further implies (3.4). The
other statements in Assumption B(ii’) are already included in Assumption

i) O

For hyperbolic conservation laws (r = 0) it is a classical result that if
there exist an entropy function U and entropy flux functions Fj, 1 <7 < m,
such that

Ufi=F, 1<i<m,

then U” f!, 1 < i < m, are symmetric, |5]. Conversely, we have the following
lemma.

Lemma 3.2. If U and f; are smooth functions of u such that U is strictly
convez and U" f! are symmetric, 1 < i < m, then there exist smooth func-
tions F; of u such that

U'fi = Fy

1)

1<i<m. (3.6)

Proof. A proof of Lemma can be found in [10]. For completeness we
include the proof here. Since U is strictly convex, u — n = [U'(u)]’ is a
diffeomorphism. Thus we may consider

[fitun))]n = fi(wuy = fi)[U" (@)™, 1<i<m. (3.7)

For each i by the assumption U” f! is symmetric, which implies that f/(U”)~?
is symmetric. Therefore, the left-hand side of ([B.7) is symmetric. Conse-
quently,

Vi % fi(u(n)) =0,
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and f;(u(n)) is conservative. That is, there exists a scalar function Fj(n)
such that ff(u(n)) = V,Fi(n). Set

Then

Fi(u) = fHw)U" (u) + U’ (u) fi () = Vo Fy(n(w))U" (u) = U'(w) fi(u). O

By direct calculation we have

U"(u)r'(u) _ (UUQ'U«I (TQ)M UU2U1 (r2)U2> 7 (3.8)

Uiguz (T2)us Uigug (12)uy

P (w)'U" (u) = <(r2)“lU“1“2 (m;i‘l%m) : (3.9)

(12 )t’ug Uujus (72

Lemma 3.3. If U"(u)r'(a) is symmetric then

If U"(a)r' (@) is semi-negative definite as well then [Uyyuy (12)u,] (@) is semi-

negative definite.
Proof. This is a direct consequence of (3.8]) and (3.9). O

With (3.2) by direct calculation we also have

U"(wuo(v) = U"(w)vy ' (u)

| Uuyuy — Uguy (7’2);21 (12)uy Unguy (T2)1721 3.12
= A 2 (312)
Uu1u2 - Uu2u2 (T2) 2 (r2)U1 Uuwz (r2)u2

Lemma 3.4. If U"(u)r'(a) is symmetric then

- 72) s (7 u ugug \T o _
U”(ﬂ)uv(@) _ <Uu1u1 Uuzu(;( 2)u2( 2) 1 gjul E;;iizl) (), (3.13)
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where v = (ul) .
0

Proof. From (3.10) and (B.I1]), when u = u we have

Uu1u2 - Uu2u2 (T2);21 (7“2)1L1
= [(T2)1721]t [(TQ)ZQ Uu1u2 - (T2)Zz Uu2u2 (T2)1:21 (T2)U1]
= [(T2);21]t [Uuzm (72)uy = Ugus (72) s (T2)_21 (7‘2)“1] =0.

Equation (313) follows from (312). O

Lemma 3.5. Under Assumption[3(ii’), in a small neighborhood of @ we have
Unruz = Uiguz (12) 0y (r2)uy = O(1)|ra(w)). (3.14)
Proof. We write the left-hand side of (3.14]) as

[r2) ] [0r2) Uiy = (72, Ui (72) 5 (2
= [2)21{ [02)! Vs = Unzus (r2)u ]
o [Ozs (72 = (72)1 Uiz (r2) 3 (72 |-
From ([B.8) and (3.9), and using the notations in (83)), the right-hand side is
2[(r2)uy ] {85(u) + S3(w)(r2) 5 (r2)us }
Thus by Assumption 3] (ii’), in a small neighborhood of @ we have (3.14]). O

Lemma 3.6. If U"(a)r'(a) is symmetric then

0 0 0 0
ul U uy) (1) = (u) = .| (@). (3.15)
( 0 [(T2)1721]tUu2u2 0 UU2U2(7“2)U21
Proof. We write
ul U"r'uy = (U ) r'uy.

0
Applying (3.I3) and ([B:2)), and noting r = (

T2

) , (B15) is verified by direct

calculation. O
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Let DL be the partial derivatives (9/0z)® with a multi index o such
that || = [. For D} we write D,, which has been introduced in Theorem
The following lemma states the two special cases of Gagliardo-Nirenberg
inequality needed later.

Lemma 3.7 (|14]). If w € H*(R™) with s > m/2 then
wllze < Cyllwls, (3.16)

where C1 is a constant depending on m and s only. If w € L*°(R™) and
Dlw € L2(R™), then for 1 <i <,

| Dyl i < Collwl =" | Dy, (3.17)
with Co depending only on i,l and m.

The following lemmas are Moser-type calculus inequalities, e.g. see |9,
13] and references therein. Here for completeness we include their proofs.

Lemma 3.8. Let w be a given smooth function of u in a neighborhood of u.
If u—1ue H*(R™) with ||u — ul|s < e and s > m/2 then

| Dzwl|s—1 < C||Dyulls-1, (3.18)
where C is a constant depending only on m,s and €.
Proof. We only need to prove
|DLw|| < Cl[Djull, 1<1<s. (3.19)
By the chain rule

[Dyw| <C Y Dyl -+ | Dyl ™,

Q50,0
where aq,...,q; > 0 are integers satisfying
o1+ 209 + -+ lag =1, (3.20)

and the constant C' depends on [ and the partial derivatives of w with respect
to u, thus on s, m and ¢ if we apply (B.10) to u—u. By the triangle inequality
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and the generalized Hoélder’s inequality, with

we have

! l !
IDbw| < ¢ ST 1Dgul - DLt < ¢ ST [Deul|%yys - 1Dl 0

L5 1,0

Applying BI7)) to the right-hand side and using (3.20]) we have

et (1L l

Q...

=C Y lu—allg ) Dyal.

a1y

Noting the assumption ||u — @||s < e and by ([BI6]) we obtain (B.19]). O

Lemma 3.9. If D,w; € HYR™)NL>®(R™) and wy € H=H(R™)NL®(R™)
then

1D} (wiw2) — wiDyws|| < C(|[Dywn ||z | Dy wal| + | Dywr [||wal| e ),
(3.21)

where C > 0 is a constant depending only on m and I.
Proof. By the product rule

| D (wiws) — wi Dyws| < C > | Diws || D *wy|
1<i<l
=C ) |DiDyw|| D5 ).
0<i<l—1

Letp:l_T1 and ¢ = li_ll_

- and apply Holder’s inequality. We have

IDL (wiws) — wy Dhws|| < C Y~ [[|DEDywy || DLy
0<i<l—1

<C Y DL Dywi ]| paa-n Dy wal| paa-na-1-0-
0<i<l—1
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Applying ([B.I7), which is also true for ¢ = 0, to the right-hand side, we
obtain

|| DL (wyws) — wy Dhaws |
1— i L _ i
<C Y [Daewr ]l IDhws | T wa| | L2 DL ||
0<i<i—1
By comparing || Dyw: || oo || Dy ws || with || DL w: [[|ws | Lo, we obtain (B.21). O

Lemma 3.10. Let A € R™"™ be a given smooth function of u in a neigh-
borhood of 4, and w be an n-vector valued function. If u—u € H*(R™) with
lu—alls <&, 8 >m/2+1, and w € H*1(R™), then for 1 <1< s we have

| DL[A(u)w] = A(u) Diw|| < Ol Dyulls—1[wls-1, (3.22)
where C' > 0 is a constant depending only on m,s and €.

Proof. Equation ([3.22) is a direct consequence of ([B2I), [B.I8) and
BI0). O

The next lemma concerns the symmetric linear system
m
Apwy + Y Ajw,, = Buw, (3.23)
j=1

where
Ag = (WU uy) (@), Aj= (uZU”fJ'»uv)(a), B = (utU"r'u,)(u). (3.24)

Under Assumptions [Iii) and B{(ii’) Ag is symmetric, positive definite, B is
symmetric, semi-negative definite, and A;, 1 < j < m, are symmetric. Set

m

Aw) = wijAj = ul(@)U" (@) A(w)u, (), (3.25)
j=1
where w = (w1, ...,wp)" is a unit vector in R™. Here A(w) is defined in

(CEH). Clearly, Assumption [I{iii) is equivalent to the following statement:
The null space of B contains no eigenvectors of Ay'A(w) for all unit vectors
w € R™. The following lemma is a special case of Theorem 1.1 in [16].
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Lemma 3.11. Assume that Ay is symmetric, positive definite, B is sym-
metric, semi-negative definite, and A;, 1 < j < m, are symmetric. Also as-
sume that the null space of B contains no eigenvectors of Aalzzl(w), Alw) =
E;”’zl wjAj, for all unit vectors w = (w1, ...,wn)" € R™. Then there exists

a compensating matriz K(w) for the system ([B.23)), satisfying
(i) K(w) is smooth on the unit sphere S™ 1, and K(—w) = —K(w) for

each w € S™L.

(i) K(w)Ap is skew symmetric for each w € S™ 1.

(iii) %[K(w)fl(w) + A(w) K (w)t] — B is symmetric, positive definite for each
we s

4. Energy Estimate

In this section we prove our main result, Theorem By Lemma [B.1]
we may replace Assumption [(ii) by Assumption B(ii’). Thus throughout

this section we assume Assumptions [I{i), Bl(ii") and [dI(iii).

Local existence of solutions for symmetric hyperbolic systems with small
Cauchy data is classical. For instance, see Theorem 5.1.1 in 3] and references

in Section 5.6 therein. Here we cite Theorem 2.9 in [9]:

Theorem 4.1. Suppose that in O there is a symmelric, positive definite
matriz Ay € R™™ such that Ag(u)f/(u), 1 < i < m, are symmetric. Let
m > 1 and s > & + 1 be integers. If ug —u € H*(R™) and up(z) takes
value in a compact subset of O for all x € R™, then there exists a positive
constant T such that the Cauchy problem (LII), (IL2) has a unique solution

u satisfying

u—1u € C([0,T); H¥(R™)) N CY([0, T); H*~1(R™)).

Clearly, under Assumption [B(ii") and by setting Ap(u) = U”(u) we have
local existence theory for (1)), (I2). To prove Theorem we need to

perform a priori energy estimates. We introduce the following notation:

Ni(t) = sup ||u—a||§(r)+/0 (I DaullZ_y (7) + Ir2(w)lI3(7)]dr. (4.1)

0<7<t
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By standard continuity argument, all we need is to prove the following propo-
sition.

Proposition 4.2. Let Assumptions i), Blii") and 0iiii) hold, s > 3 +1
(m > 1) be an integer, and T > 0 be a constant. Let u be a solution to (LI,
[T2), satisfying uw — u € C([0,T); H*(R™)) N C([0,T); H**(R™)), Dyu €
L2([0,T); HS=Y(R™)), and ro(u) € L2([0,T); H*(R™)). If Ns(T) is bounded
by a small positive constant independent of T, then Ns(T) < Cllug — alls,
where C is a constant independent of T.

Proof. We set 0 <t <T. Let
&) =Uu) —Ua) —U'(a)(u — u). (4.2)

Differentiating (£2]) with respect to ¢ and substituting (II]) into the result,

we have

& = [U'(u) = U'(@)]uy

= —U'(u Z Flug, + U'(0) Y fi(u)e, + [U'(w) = U'(@)]r(w). (4.3)

i=1
Now we apply Lemma to the right-hand side of (4.3]) to obtain

m

& =Y [=Fi(w) + U (@) fi(w)]s + [U'(w) = U'(@)]r(u). (4.4)

1=1

For the second term on the right-hand side of (4.4]) we consider u as a
function of v defined in (BI]). Setting

o= o) = <;’;) -~ (181) , (4.5)

we write

S
—
SN—

S
—
Pt
—~
N—

|
o~
—
IS
N—
S—
2
g
)

S
—

I~
—

Ql

4

>
—~

4

|

4
SN—
N—
SN—

o~

o8

fen)
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where

T = r'(W)U" (@)u,(0) (v — 0), (4.7)
1
T = rt(u)/o (U (u(©+0(v—70)))uy (0+0(v—0)) —U" (@), (v)] df(v—10).

Under Assumption Bf(ii’) we may apply (3I3) to 71:

T = 15(u) [Uugus (r2)a, | (@)r2(w). (4.8)

From Lemmal33] [(r2)", Uuyu, | (@) is symmetric, semi-negative definite, while
from Assumptions[{i) andB(ii') (r2)!, and Uyyy, are nonsingular. Therefore,
[(r2)%, Unguy ] (@) is symmetric, negative definite. This implies [Uuyuy (72) 5, | (@)
is symmetric, negative definite as well. Thus (48] implies that there exists

a constant ¢; > 0 such that

T < —cl|r2(u)|2. (4.9)

From (3I12), BI3), BI), (£5) and Assumption [Ifi),

r(w) [U" (u(® + (v — 0)))uy (04 (v — 0)) — U” (@)uy(0)] (v — 0)
= é [Uu1u2 - u2u2 (T2)1721 (T2)U1]( (U + 9( )))(ul - ul)
() [Unzua (r2)} ] (w(® + 00 = 0)) = [Usgaa (r2)31] (@) fr2(w).(4.10)

By Gagliardo-Nirenberg inequality, Lemma B.7] if Ng(7") is bounded by a
sufficiently small positive constant (independent of T), then u is in a small
neighborhood of u, and we may apply Lemma Thus ([B.14) implies that
the right-hand side of (4.0) is reduced to

O)[rz(w)lr2(u(® + 8(v — 0)))|[ur — 1| + O)|r2(u)*lu —a|  (4.11)
for 0 < 6 < 1. From (47) we integrate (4.11]) with respect to 6 to obtain
1
o = OWra(wlfur — ] [ Irafulo + (0~ 0))] ds
0
+O(1)|ra2(u)[*|u — al. (4.12)

From (B.J) and since v — v is a diffeomorphism, see the proof of Lemma
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BI

ﬂ1+9(u1—a1) =7 v—v) = v(u(v vV—v = u1(17+6(v—17))
( Ora(u) >_ FO(o=0) = v{u(+8(v-0))) (rg(u(ﬁ+9(v—ﬁ)))>'

That is,
ro(u(v 4+ (v — 0))) = Ora(u). (4.13)

Substituting (4.13]) into (4.12]) we have
T = O(1)|ro(u)*|u — al. (4.14)
Equations (£4), (44]), (£9) and [#I4) give us

& = ) [=Fi(u) +U'(a) fi(w)]z;, + 1+ F

1 104

@
Il
—

< D [FFw + U @) fi(wls, — cilra(w)® + OQ)|ra(u)|u 4l

<

M

Il
—

[Fy(@) = Fi(w) + U'(@) fi(w) = U' (@) fi(@))a; — o ra(w) [ (4.15)

)

if |u — @l is sufficiently small, or if Ny(T) is sufficiently small. Integrating
(#I5) on R™ x [0,t], we have

E(u(x,t)) de + —/ / Iro(u)|*(x, 7) dedr < & (u(z,0)) dz.
Rm m Rm
(4.16)
From 2), &(u) = $U" (4 + 6(u—u))(u — @,u — ) for some 0 < 6 < 1. By
Assumption [B(ii’), there exist constants ¢y > c3 > 0 such that

cslu —a* < E(u) < colu — al? (4.17)
Substituting (£I7) into (ZI6]) gives us
o= a0+ [ Ira@Pdr < Cluo—al?, (419

where C' > 0 is a constant independent of ¢.

Next we consider derivatives of w. This part is similar to the proofs of
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Lemma 3.1 and Lemma 3.2 in [9], and the corresponding part in the proof
of Proposition 3.1 in [11]. We include this part for completeness.

For 1 <1 < sweapply DL to (IT)) and multiply the result by (DLu)'U” (u).
This gives us

(DLw) U" (u) DLy 4+ (DLu) U (u ZDl filw)e, = (DLu) U" (u)Dlr(u).
(4.19)

Noting U”(u) is symmetric, we have

(D ) U" (w)Dluy = [(Dgu)tU”(u)D;u]t—%(Dgu)tU”(u)tD;u. (4.20)

DO =

Similarly, U”(u)f!/(u) , 1 < i < m, are symmetric by Assumption [BI(ii’).
Thus

(D) U" (u) D, fi(u)a,
= (Dpw)'U" () fi(w) Dyus, + (Dyw) U (w){ Dy [fi(w)us,] — fi(u)Dyua, }

= S [P U @) i) D], ~ 5 (D [0 () ()], Dl

+(DLw)'U" () { Dy [fi (w)us,] — fi(w) Dyug, }- (4.21)

For the right-hand side of (&I9)), since I > 1 we may write D) =
Dé‘lDIk for some 1 < k < m. Thus

(DLw)'U" (u) DL (u)
= (Déu)t(U"r')(u)D u + (D U” {Dl Ly (w)ug, ] — T’(u)Diu}.

For the first term on the right-hand side we change variables and use v as
defined in (B.1)), and linearize the leading term around u. This gives us

(DLu)'U" (u) Dhr(u)
_ [Dl_l(uvvxk)]t(U” N(u )Dl_l(uvvxk)
+(DLw) U (w){ DY ' (w)ug, ] — 7' (w) Dy }
= <D;v> < LU r'uy) (@ >D;v + (Dho)! [(uhU"r"uy) (u) — (ubU"r"uy) ()] Dl
+{ [Dl*(uwzk)]t<U”r'><u>D§;1<uwzk> — (D) (utU" ") (w) Do }
+(DLu)tU" (u {Dl Ur! (w)ug, ] —r'(u)Diu}. (4.22)



2015] GLOBAL EXISTENCE THEORY 163

We apply (B.15) to the first term on the right-hand side, and note (3.1I).
Then we compare the result with (48] and follow the argument that leads
to (@39) to obtain

(DLo)! (ubU"r'uy) (@) Dhv = [Dhra(u)]* [Unguy (r2)y | (@) Dhra(u)
< —e1|Dhro(u)?, (4.23)

where ¢; > 0 is the same constant as in (£.9]).

Now we integrate ([4.19) on R™ x [0,¢] and apply (4.20])— (4.23)):
t
%/ [(Diu)tU”(u)Déu] (z,t) dm—i—cl/ / \Dim(u)ﬁ(%ﬂ dxdr
R'm 0 m
1
< 5/ [(DLuo) U (uo) Dhuo | (x)dx+ T+ Ta+ To+ T+ Fo+ T, (4.24)

//m u)'U" (u)e D ](a:,t)dach,

-2 /0 / m{ U () £ (s )}xiDéu}(x,T) dzdr, (4.25)
[ LAz

Ts = /Ot/m {(Dév) ul U"r'uy) (u) — (ut U’ uv)(_)]Dév}(:E,T) dxdr,

WU () [DL(F(w)us,) — f1(u) Dl ] }(a:, 7) dadr,

Ty = /Ot / ,,L{[Di_l(“vvwk)]t(U "r") () DL (upva,)

— (DL)! (uh U"r"uy ) (u) Dl }(:L‘,T)dach,
%—/ /m Dl U (w) [DE (r ()uxk)—r’(u)D;u]}(x,T)dxdT.
Applying (II) we have
7= o) [ [ Dk (Deal + )] o) dode
= 001) [ IDLPE) Dl () + I ()
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Noting ||7(u)||zee = ||7(w) — 7(@)||pe = O(1)||u — @/ o=, and by Lemma B.7],
[1Dzullzee (7) + [[u = @tf| e (7) < Cllu — al|s(T) < CNy(r), we have

Ty = 75)/0 | DLu|l*(r) dr = O(1)N2(3). (4.26)
Similarly,
Tit To = O()N3(1) + / IDLu|2(r) dr = O(1)N3(1), (4.27)

where we have applied ([B.I3]).

For .7 we use Lemma [B.10] to bound the commutator. From (@.25),
(BI6) and ([3.22), and by Holder’s inequality,

7 / Z | DLl || DAL ()] — () D,

(r)dr

= 0(1)/ IDLull [ Deull2_y (7) dr = O(1)NF (). (4.28)
0
Slmllarly,

7= [ [ (o, %>—<Di—1vzk>tuu<U’/w><u>z>;u}<x,7>dm
/ /m U// )(u )[Di_l(uvvxk)_uvaE_lvxk]}(x,T)dwdT

- o) /0 [ Dkl | Datells—t | Dol +11 Dol | Dyulla—1| Dol o1 ] (7
— O()NA(1), (4.29)

where we have noted that ([3.22)) is trivial when [ = 0, and we have used
BI8). 3 is similar to J7 hence

Tz = O(1)N3(t). (4.30)

Combining (£.24]) and (£.26)-(4.30), and noting U” is symmetric, posi-
tive definite by Assumption [Bfii’), we obtain

ID5ul (¢ / ID%r2(w)|*(7) dr < C|| Dyuo||* + CN(1) (4.31)

for 1 <1 < s. By taking summation of (£3I]) with respect to [ and (ZIS)
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we further obtain

Ju — a2t / Ira@)2(r) dr < Cllug — al? + CN3(1).  (4.32)

To obtain the other term in the integral for N2(¢) we consider the equa-
tion for v. Thus we multiply (LI) by u;! from the left:

m
v + Z u;lf]/»(u)uvvzj = uy tr(u(v)). (4.33)
Next we linearize ([A33)) around v = v(u), and set w = v — v:

wy + Z o ) (W we, = (uy 'r'uy) (@)w + R,

J

where

R o= [(uy, fjuw) (@) — (g " ffuw)(u)] s
+ [(u;lr)(u) — (u;lr'uv)(ﬂ)(v — 17)] (4.34)

This further gives us

(uf U"wy ) (@) wy + Z (usU" fiuy)(@)we, = (ubU"r'uy)(@)w + R,

7=1
or

Apwy + Y Ajw,, = Bw+R, (4.35)
j=1

where Ay, A; and B are as defined in (3.:24]) and

R = (u!U"u,)(@)R. (4.36)

Note that under Assumptions[Il(i), B(ii") and [I(iii) we may apply Lemma
BI1 to (£35]), see the discussion above Lemma [3.I1l That is, there exists a
compensating matrix K (w), which is smooth on w € S™71, K(w)Ay is skew
symmetric on S™~! and %[K(w)ﬁ(w) + fl(w)tK(w)t] — B is symmetric,
positive definite on $”!. Recall that A(w) = Do wid;.

We take Fourier transform of (£35]) with respect to x, and denote the
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transform of w as w. Then we multiply the result by —i|¢|w* K (w) from the
left, where £ is the Fourier variable, w* is the conjugate transpose of w, and
w=¢/le] € S

i€ I () Agty + [€20 K (W) A(w)d = —i|€]i* K (w)(Bw + R).  (4.37)

Noting K (w)Ay is real, skew symmetric, we take the real part of (437 to

arrive at

- %Iél [0 K (w) A ], + m?w*{% [K(w)Aw) + Aw) K (w)!] - B}w
= —|¢[?0" Bib — Re {i[€|i* K (w)Bib} — Re {il¢|i" K (w)R}. (4.38)

Next we multiply the equation by [£|%, 0 < I < s — 1, and integrate the
result over R™ x [0,#]. Since 3[K(w)A(w) + A(w)'K (w)!] — B is symmetric,
positive definite on S™ 1, there exists a constant ¢4 > 0 such that the second
term on the left-hand side of (Z38) is bounded below by c4|¢|?|w[?. Thus

we have

t
e[ [P dedr < B+ T+ T+ Ta (439
0 Rm™
where

.t

= 5 [ [ o ) A0 (6. m) dear
t

Tio = [ [ IR B 7 dedr

t (4.40)
Ty = - / / Re {il¢[2+1 0 K (w) Biv} (€, 7) dédr,
0 JR™

t
_ (2041, 2
T = /0 /Rm Re {i[¢[* T 0 K (w)R} (&, 7) dédr,

Now we estimate each term in ([@40]). Clearly

Ty = 5 [ 1€ K ) Avo) 6.t de

_%' / e [ K (w) Ao (€, 0) dg

= o) [ el (e ds+00) [ el (et de
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+0() [ 6P PE 0 d +0(1) [ eIl (€, 0)de
= OM)[IDE wl (1) + | Dhawl*(6) + DL w(0) + | Dy (0)] (4.41)

From (3.:24]), (315) and the definition of w,
t
‘710 = _/ / |€‘2l+2{f§ [Uuzuz (T2);21] (ﬂ)fQ}(éaT) dng?
0 m
t
= o [ [ 1epnpie ) dar
0 R"L
t
= 0(1) / | DL Ly (w) | (7) dr. (4.42)
0
Similarly,

t
Fu < 0 [ [ alll) ) dedr

e f* 2A+2),12 t "

< & [ jepapiendsir+o [ [P e dcar
t t

< %4/0 /Rm |§|2l+2|w|2(£,7)d£dr+0/0 IDLrs(u)|2(7) dr, (4.43)

t
o < 0 [ [ 1P 1) €. m) dar

t t
< %4/0 /R €22 (¢, 7) dédr + 0/0 IDLR|2(r)dr.  (4.44)
From (@34) and ([@36) we write
R=Ri+ Ry + Rs, (4.45)
where

Ry = (ubU"uy)(@) Y [(uy " fuw) (@) — (uy ! Fjuy) ()]s,
7=l (4.46)
Ry = (upU"uy)(@)(u, 'r)(u), Ry = —(uf,U"uy) (@) (v — ).

For 0 <[ <s—1, from (3:22), 3.16), (3.19) and B.13)),

IDLRy 1> <C > || DL (uy fjuwva,) = (uy* Fjuy) (u) Do, ||
j=1
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m
+C Y llu | | Dyva, |1
j=1
<Ol Daulli1 |1 DavlfZ—y + Cllu — all]| Davl3—
<Cllu = allZ]| Doull? -4,

| DLRs|l* <C|1 D (') ()]

<C|| D (uy ') (u) — uy  (w) Dhr(w)||* + C)| Dl (w) 2
<C||Dyul? 1HT2(U)H _1+ Ol (w1,
1D, Rs? =[] [Ussus (r2) ] @) Dlra(w)|* < ClIDra(u)|* < Cllra(w)[17-

Therefore,
IDLRI* < C(|lu = all3 (| Daullz-y + [Ira(w)l2-1) + Clira(u)]3_y

Equation ([£44]) becomes

%w«—//”mﬁﬂmuawmh+aw +0/Wm nsugz)

Combining (4.39)), (£41)-([443]) and (4.47), and noting 0 < [ < s — 1,

we arrive at

[ [ e ap ndsir < cllulo + i)+ [ @iz )
+ONX(1). (4.48)

Since the left-hand side can be replaced by fg | D w||?(7) dr, we have

AMW%NWSWMUHM /m J2(r) dr] + CN(1).
(4.49)
Noting w = v(u) — v and u = u(v) = u(v + w), form (BI9) we have

Jw|ls < Cllu—alls, |[Dyulls—1 < Cl|Dywl|s—1- (4.50)

Applying (450) to (£49) we obtain

t
Awm@mw
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< i [lu -l / Ira (@)I(r) dr | +Calluo — alf? + CLNA(®), (451)

where C7 > 0 is a constant independent of t.

We multiply (£51]) by a small positive constant ¢, and add it to (£32]):

o= a0+ [ sl mdr =+ [ 1Dl 1 (r)dr
< Cllug — a2 + CNZ(®) + eC1 [ llu — ul2(2) / Ira(w)3(r) dr .

We choose ¢ > 0 such that cC; < % This gives us

lu—all2(t / lra(w)|2(r) dr+ / IDaull?_ (7) dr < Cllug—al2+CN3(1).
Noting 0 < ¢ < T and the definition of N4(t) in (4.1]), we have
N2(T) < Cllug — al|? + CN3(¢),

which implies that if N(T") is bounded by a small positive constant inde-
pendent of T', then

NA(T) < Clluo — allz. O
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