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Abstract

Silverman proved that when the second iterate of a rational function ¢ is not a
polynomial, there are only finitely many S-integral points in each orbit of a rational point.
We will survey prior results that attempt to generalize this result to higher-dimensions,
and then we will discuss some extensions. More specifically, one new result incorporates
geometric properties from multiple iterates simultaneously, while another generalizes to
maps with some indeterminancy. All of these general theories assume some version of a
very deep Diophantine conjecture by Vojta, but we will give explicit examples for which this
conjecture can be avoided. We will also give some examples of maps for which these general
theories do not apply directly but for which deviations from S-integrality in orbits can be

analyzed unconditionally. We will end by posing many questions still to be answered.

Given a self-map ¢ : X — X, dynamics studies the asymptotic be-
haviors of the n-fold iteration ¢ = ¢o---0¢. One of the fundamental
—_——

n times

objects of interest in dynamics is the orbit Og4(P) = {P, ¢(P), ¢? (P),...}
of a point P. For instance, P is called preperiodic for ¢ if Oy(P) is finite,
and the behaviors around (pre)periodic points are crucial in understanding
the dynamics. In arithmetic dynamics, we assume that X is an algebraic
variety over a number field £ and ¢ a morphism or a rational map over k.
Here, some additional questions arise, such as whether there is a uniform
bound for the number of preperiodic points defined over k as we vary ¢ in
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some family. Another natural object of study in the arithmetic setup is the
intersection of an orbit with the set of integral points. This was completely
analyzed by Silverman [9] in the case of morphisms on P!, proving that un-
less ¢ satisfies a special geometric property, the points in an orbit become
further and further away from being integral.

Theorem 1 (Silverman). Let ¢ € Q(z) be a rational function of degree > 2.

(i) If ¢ is not a polynomial (i.e. not in Q[z]), then Oy4(P)NZ is a finite
set for any P € Q.

(ii) Assume that neither ¢ nor -
¢(m) (P) = am/bm in a reduced form, then for any P with |Oy(P)| = oo,

is a polynomial. If we write

li log |am| o
1m =
m—o00 10g by, |

As an attempt to generalize Theorem [1] to higher dimensions, we pose
the following question:

Question 2. Let ¢ : PV --» PV be a rational map of degree > 1 defined
over a number field k, D be an effective divisor of PV, S be a finite set of
places of k, and Rg be the set of S-integers of k.

(1) What kind of geometric condition pertaining to ramification forces Oy (P)
N(PN\D)(Rs) to be Zariski-non-dense in PV for any P € P (k) whose
orbit avoids the indeterminancy locus of ¢?

(2) More specifically, can we take the “geometric condition” in (1) to be
not having any completely invariant subvarieties (i.e. possibly reducible
subvariety V of PV such that ¢~!(V) = V set-theoretically) defined over

Q?

In this article, we will discuss previous and new results which can be
viewed as potential answers to the above central question. There are three
main difficulties in generalizing Silverman’s result to higher dimension. First,
Diophantine approximation results are not quite fully developed. Silverman
used Roth theorem, which does not yet have a true analog in higher dimen-
sions, as Schmidt’s subspace theorem only deals with hyperplanes and the
known approximation results for hypersurfaces are still weaker than opti-
mal. Secondly, as discussed at the end of Section 4, the geometry of divisors
is obviously much more complicated in higher dimensions. In dimension 1,



2014] DEVIATIONS FROM S-INTEGRALITY IN ORBITS ON PV 605

all irreducible divisors are just points, while an irreducible divisor in higher
dimensions can be non-smooth or can self-intersect. Thirdly, a self-map
on PV can be a rational map, and the presence of indeterminancy causes
complications for degree growths and for height inequalities.

Because of these difficulties, we will resort to assuming a very deep
Diophantine conjecture of Vojta for most of the theoretical results presented
here. This has the unwanted consequence that we can only deal with normal-
crossings divisors; this type of assumption is perhaps not necessary to answer
Question 2, but it is unavoidable if one is using Vojta’s conjecture. We also
present specific examples where this conjecture can be avoided by using the
known special cases of the conjecture. As for rational maps, the results
presented here involve the notion of arithmetic degree, introduced recently
by Silverman. As will be discussed in a remark after Theorem [12] Question 2]
is nontrivial only when Oy (P) is Zariski-dense, in which case the arithmetic
degree is conjecturally equal to the dynamical degree and thus a geometric
notion.

We now discuss the results in a bit more detail. In Section 2, we quote
the main theorems from [14]. They give some candidates for Question 2 (1)
for morphisms on PN, assuming Vojta’s conjecture. We also quote another
result (Theorem [ from [14] which avoids this conjecture, by instead using
the known cases of the so-called Lang—Vojta conjecture for integral points.
In Section 3, we prove several new results that generalize prior results. The-
orem [7] incorporates geometric properties from pullbacks by multiple iterates
simultaneously. Theorems [0 and give two attempts at generalizing re-
sults of Section 2 to rational maps, using the notion of arithmetic degree.
Section 4 goes back to analyzing P!, and we show that while there are ex-
amples which indicate that Theorem [7] for dimension 1 is not strong enough
to give Silverman’s theorem, we make a new observation that we can actu-
ally use Theorem [ to recover the full-strength of the P! result. Section 5
discusses a special family of rational maps on P? that have a completely in-
variant point. Although Theorem [0 does not apply to these maps, we prove
its analog (Proposition [I5]) without assuming any conjecture. This actually
shows that the condition in Question [2 (2) is not a necessary condition, per-
haps indicating that searching for the necessary and sufficient condition in
(1) might be very difficult. In the last section, we mention some examples
that demonstrate why the nonexistence of completely invariant subvarieties
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is a potential candidate for Question 2] and discuss many further related
questions.

1. Background on Heights and Vojta’s Conjecture

In this section, we will set some notations and introduce height functions
and Vojta’s conjecture. We will limit ourselves to working with projective
spaces since this is all we need, but the height theory can be developed for
projective varieties and Vojta’s conjecture can be stated for any smooth pro-
jective variety. For a more complete account of height theory and Diophan-
tine geometry in general, see [1] or [4], and for Vojta’s conjecture specifically,
see the original account |12] or a more recent survey |13].

Let k£ be a number field, and let My be the set of places of k. Given

v € My, we will use the convention that |- |, restricted to Q is the [k[};%f} -th

power of the normalized absolute value on @, namely the usual absolute
value for archimedean and |p|, = %. This convention makes the product
formula simpl(i [Toens, |zl = 1 for x € k*. We then define a (global) Weil
height on P¥(Q) by

h([xg : -+ an]) = Z log max(|zgly, .-, |[TN|v)s
vEM,

where k is any field containing the field of definition of the point [z : - - - :
xy]. We can check that this function is well-defined. When ¢ : PV -—» PM
is a rational map defined by homogeneous polynomials of degree d in each
coordinate, there exists a constant C7 such that

h(o(P)) < dh(P) + C (1)

for all P € PV(Q), and when ¢ is a morphism (i.e. well-defined everywhere)
of degree d, there exists a constant Cy such that

Wo(P)) = dh(P) — Cy

for all P € PN(Q). For a divisor D on PV, we simply define hp(P) =
(deg D)h(P).

Local height functions are more arithmetic in nature. Given an effective
divisor D on PV and v € M, choose a homogeneous polynomial F, of degree
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d defining D such that coefficients are v-adically integral, with one of them
having valuation zero if v is non-archimedean. We then define the v-adic

local height of D to be

max(|zoly, - ., \xN\U)d
‘FU(IL’(), . ;«TN)|1)

(D, [xg s -+ zy]) = log

This function has a logarithmic pole along |D|, it is big when the point
[xg: -+ : zn] is v-adically close to the divisor D, and is non-negative for any

non-archimedean v. A key property of local heights is the decomposition
> A(D,P)=hp(P)+0(1)  P¢|DI. (2)
veMjp,

Note that the sum on the left-hand-side is always finite for all P ¢ |D| and
it only changes by O(1) when we choose different F,’s.

Given a rational map ¢ = [Gg : --- : Gn] : PM ——s PV defined by
homogeneous polynomials G;’s in M + 1 variables of degree e, we have by
definition

max(|Go(P)v, ..., |GN(P)|y)?
Ao(D, ¢(P)) = log
|Fy(Go(P),...,GN(P))|v
max(|zoly, . . ., |2ar]o) %
Ao(¢"(D), P) = log
[Fy(Go(P),...,GN(P))lo
for P=[zg: - :2ym] ¢ ¢~ 1(|D|). Therefore, it immediately follows from

the triangle inequality that
Ao(D,¢(P)) < A(¢*(D), P)+0(1)  PePY(kN\o' (D))  (3)

for any rational map ¢ : PM --» PN, obtaining the local height version
of (). When ¢ is further a morphism, we have the full functoriality with
respect to the pullback:

Ao(¢"D, P) = \y(D,¢(P)) +O(1) P ePY(k)\¢~'(|D)).

Another useful property of local heights as defined above is that when &’ is
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a finite extension of k, we have

Ao(D,P) = " Ay(D, P) (4)

weMp,
wlv

for all P € P¥(k)\|D|. We also note that on P!, one can alternatively define
local heights by

My, ) = max(0, —log |z — aly), (5)

as one can for example use Lemma 6.2 of [13] to show that the two definitions
differ only by a bounded function and this new definition still satisfies (2]).

When D = (Xy = 0) and S C Mg containing the archimedean place,
writing P € PV(Q) as [zo : -+ : 2n] with ; € Z with ged 1, we see from the
definition that

> (D, P) =log |znls,
vgS

where | - | is the prime-to-S part of an integer. More generally, a set of
S-integral points with respect to D is a set of the form

{P > X(D,P) < C}

vgS

for some constant C, while a set of quasi-(S, €)-integral points as defined in
[5] is a set of the form

{P;ZAU(D,P) < (1—e)hD(P)+C’} (6)

vgS
for some 0 < € <1 and a constant C.

Given a morphism ¢ : PV — PV of degree d > 2, we can mimic
the Néron—-Tate construction to give a (dynamical) canonical height. More
precisely,

h(p(™) Caes
RO (g s an]))

m—oo dam

converges by a telescoping sum, and we call this the canonical height ﬁ¢([x0 :
-+ xy]). It is zero if and only if the point is preperiodic, just as the
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Néron—Tate height distinguishes torsion points. There is a vast literature on
canonical heights and their dynamical applications; see for example [10].

To introduce Vojta’s conjecture, recall that a divisor is said to be normal-
crossings if near each point it is defined by x1---x; = 0, where z1,..., xg
is a subsystem of (analytic) coordinates. By definition, the multiplicity of
each irreducible component of a normal-crossings divisor is 1. We are now

ready to state Vojta’s conjecture (restricted to PV):

Conjecture 3 (Vojta’s Conjecture for PV). Let D be a normal-crossings
divisor on PN defined over k, and S C My, finite. Then given € > 0, there

exist a finite union Z. of hypersurfaces and a constant C such that for P €
PN (k)\Z,

> X(D,P) < (N +1+e)h(P)+C. (7)
veES

This NV 4 1 comes from the fact that the degree of the canonical divisor
of PN is —(N 4+ 1). Since the local heights are big when P is v-adically
close to D, the conjecture says that the arithmetic property of how close a
rational point P can be to D is controlled by the global geometry of how
negative the canonical divisor is. When N is equal to 1, this conjecture is
equivalent to Roth’s theorem |I, Proposition 14.2.7]. Thus, viewing Roth’s
theorem in the framework of Vojta’s conjecture gives a geometric meaning
to the approximation exponent 2. When D is a union of hyperplanes, this
conjecture is equivalent to the Schmidt subspace theorem. The other cases
are mostly unknown, and it is a very deep and a powerful conjecture.

2. Prior Results

In this section, we briefly quote results from [14] that are relevant for
this article. There are other works dealing with integral points in orbits such
as 2] treating maps on P! x P!, but we will omit the history here; see the

introduction of |14] for a more thorough account.

Given an effective divisor D on PV defined over Q, we consider all the
normal-crossings subdivisors of D over Q and the one with the highest degree
will be called a normal-crossings part of D, denoted by D,.. We denote
the pullback (¢™)*D by D™ and its normal-crossings part by DI when
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the map ¢ is clear. The following theorem is an improvement of the main
theorem of [15].

Theorem 4 (cf. Theorem 2 in [14]). Let ¢ : PV — PN be a morphism
defined over Q of degree d > 2, and let D be an effective divisor on PN. If
deg DEJE’ > N +1 for some n, then Vojta’s conjecture on PV for the divisor
D implies that for any P € PN (Q), Oy(P) N (PN\D)(Z) is Zariski-non-
dense.

The hypothesis in this theorem for N = 1 agrees with the hypothesis
in (i) of Silverman’s theorem (Theorem [I). Indeed, if a rational function
satisfies ¢(?) ¢ k[z], then it can be shown from the Riemann-Hurwitz formula
that ¢ has at least 3 distinct poles. Alternatively, one can use a geometric
lemma of Silverman (see Lemma [I4] in Section 4) to show the existence of n
such that ¢(™ has at least 3 distinct poles. Conversely, if ¢(2) e klx], then
it is clear that the number of poles for any ¢ is exactly one. Therefore,
Silverman’s hypothesis is equivalent to the hypothesis in the above theorem

for N = 1, assuming a geometric lemma based on Riemann—Hurwitz formula.

This theorem shows that the “existence of n for which deg DEE) > N+17
is one answer to Question [2] (1), under Vojta’s conjecture. This condition is

related to ramification, as highly ramified maps keep deg Dnz) low.

We now state the analog of the second part of Silverman’s theorem:

deg DY —(N+1)
dn deg(D)

S C M, be finite. Then assuming Vojta’s conjecture for PN, for all € > 0
and P € PN(k),

Theorem 5 (cf. Corollary 1 in [14]). Let ¢ = sup,, , and let

5 A(D, 6 (P))
degDIG(P)) = }

{¢<m><P> -

1s Zariski-non-dense.

When D is the point at infinity in P! and S is just the archimedean
place of Q, Zv¢ g (D, x) is the logarithm of the denominator of x, so this
corresponds to the second part of Theorem [l Using (@), this theorem states
that the intersection of a set of quasi-(.S,1 — (¢ — €))-integral points with an
orbit is Zariski-non-dense. All the remaining results in this paper are similar
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in the sense that we show the Zariski-non-density of an appropriately-chosen
set of quasi-S-integral points in orbits.

The obvious shortcoming of the above two theorems is the need to as-
sume Vojta’s conjecture. An irreducible divisor in higher dimension can be
highly singular and can even self-intersect, unlike in dimension 1. Since it
is difficult in general to control the pullback of a divisor by an iterate, this
deep conjecture in Diophantine geometry is employed. To compensate for
this problem, we discuss several results in [14] which avoid the usage of this
conjecture. One case is when the normal-crossings part of D™ is a union of
hyperplanes, since then Schmidt’s subspace theorem can be used in place of
Vojta’s conjecture. This has the additional advantage that the exceptional
set to the height inequality (7)) is a union of hyperplanes defined over the
same field as the map and the initial point. This is exploited in Example 1
of |14], but we will not discuss it further as it is not needed in this article.

Instead, we quote the following, which takes advantage of another known
special case of Vojta’s conjecture, known as Lang—Vojta conjecture for inte-
gral points:

Theorem 6 (cf. Proposition 2 of [14]). Let ¢ : PN — PN be a morphism
of degree d > 2 defined over Q. Let D be an effective divisor on PN defined
over Q, and let P € PN(Q). Let k be a number field that contains the fields
of definition of ¢, of irreducible components of D over Q, and of P, and let
S C My, be a finite subset. Suppose there exists n with (qﬁ(”))*D =D+ Do
such that

e Dq contains N + 2 distinct geometrically-irreducible components,

e Jda <deg(Dy) such that 3 Ay(Da, o™ (P)) <ah(¢™ (P))+0(1) Ym:>>0.
vES

> Au(D, ™ (P))

m . vgS deg(D2) i
Then {525( '(P): (deg D)h(¢(m) (P)) = (deg D)dn

} 1s Zariski-non-dense.

We now generalize these results, and use them to analyze in some special
examples the deviation from S-integrality in orbits.
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3. A Generalization of Theorems [4] and

In this section, we will discuss some generalizations of Theorems [ and
Bl First, we discuss a result that incorporates pullbacks by multiple iterates
simultaneously.

Theorem 7. Let ¢ : PN —s PN be a morphism of degree d > 2 and
let D be an effective divisor on PV, both defined over Q. Let n,...,ng
be natural numbers and let D' be the normal-crossings part of the divisor
D™M) ... D) Let k be a number field containing the fields of definition
of $ and D'. If ¢ := deg D’ — (N + 1) is strictly positive, then Vojta’s
conjecture on PN (k) for the divisor D' implies that given S C My, finite and
e >0,

> Ao(D, gt (P))
{ —eWzl,...,E}

m . vgs ¢
M) Qg Dy (P)) = (deg D) (@ b+

9)

is Zariski-non-dense for any P € PN (k).

Proof. The proof of this is very similar to the proof of Theorem 4 in
[14]. This theorem is obvious if P is preperiodic, so we may assume that
|04(P)| = oo. In particular, h(¢(™ (P)) — 0o as m — oo since they are all
defined over k. By applying Vojta’s conjecture to the divisor D',

S (D,Q) < (N+ 1+ f) hQ) +0(1) (10)

2
veS

for all @ € PN (k) except for points on a finite union Z, of hypersurfaces.
Since global heights change only by bounded functions in linear equivalence,

Z)‘” (D(m) 4 ... Dme) _ D’,Q)

vES
< hpey) 4.y pmo_pr(Q) + O(1)
< ((@" +---+d™)deg(D) — (c+ N +1)) h(Q) + O(1).

Thus, by adding these two inequalities, for Q ¢ Z,

ni Ny mi Ty — E
;Av(D( VD, Q) < ((d" -+ -+d™) deg(D) c+2)h(Q)+O(1).
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Now, note that by @), A, (D, $™)(Q)) < A\p(D"), Q) + O(1) for each i and
v € S. Therefore, plugging in Q = ¢(™ (P), we obtain

l
DO (D, ¢t (P))

i=1 veS
< (@ 4+ d")deg(D) — e+ £) (@™ (P) +0(1) (1)

as long as ¢™(P) ¢ Z.. On the other hand, if m is such that ¢(™ (P) is in
the set (@), we have

¢
>3 MDD, ¢mI(P))
=1 v¢S
é ‘ (mtne)
- de . m—+n;
= Z((degD) (d™ 4 -+ dne) _6> deg D - h(¢ (P))+0(1)

=1

J4
‘ — €] -de . d (m)
<2 ((degD) (d™ + -+ dm) > deg D - d" h(¢"™ (P)) + O(1) (12)

i=1

<(deg D) (d”l 4o e
= (c—degD - (d" + -~ +d") e) ("™ (P)) + O(1),

)—e> deg D - (d™ +- - -+d™) h(¢™ (P))+0(1)

where we used () in (I2]). Combining with (II) and using (2)), we conclude
that

)4
Y hp(e"I(P)) —O(1) (13)

=1

< (@t deg(D) - (deg D (@ oot )5 ) ) o) (P)

if (™ (P) is in (@) but outside of Z.. We now use the assumption that
¢ is a morphism, so that we have the height inequality h(¢p(™+)(P)) >
d™h(p(™ (P)) + O(1) for each i. As h(¢!"™(P)) — oo as m — oo, we have
a contradiction for sufficiently large m. Thus, ¢ (P) in (@) either comes

from a finite set or is in Z, finishing the proof. O



614 YU YASUFUKU [December

Remark. Of course, one would like to conclude that

> (D, ¢ (P))
{¢<m><P>: - < ot }

deg(D) - h(¢(™(P)) ~ (deg D)dme

is Zariski-non-dense even when we use the normal-crossings part of D) 4
-+« + D) this could mean that

the existence of ny,...,ny such that deg (D("l) +-- 4+ D("‘f)> >N+1

nc

is an answer for Question [2] (1). On the other hand, this type of conclusion
seems beyond reach by our method: to get a contradiction at the end, we

must have 37 A, (D, o) (P)) to be sufficiently small for each i, necessi-
vgS
tating a condition for each ¢(™+)(P) in ().

Example 8. Let ¢ = [Z2(X +Y + Z) : F1 : XY?] be a morphism on P?,
where F; € Q[X,Y, Z] is homogeneous of degree 3 such that F; at [0:1: 0],
0:1:—-1],[1:0:0], and [1 : 0 : —1] are nonzero. For D = (Z = 0),
¢*(D) is defined by XY? and (¢()*(D) is defined by Z>(X +Y + Z)FZ.
Assume that F} is geometrically irreducible, and F} = 0 goes through the
point [1 : —1 : 0] and has a cusp there. Then DY = (XY = 0) and
D = (Z(X +Y 4+ Z) = 0). Neither of these produce enough normal-
crossings parts, and in general, Dr(ﬁ) for n > 3 will be a divisor for which
Vojta’s conjecture is not yet known. Therefore, Theorems [ and Bl do not
give us unconditional results. On the other hand, D) + D®) contains the
divisor D' = (XYZ(X +Y + Z) = 0), which is linear of degree 4. Since
Vojta’s conjecture for D’ is known by the Schmidt subspace theorem, given
e >0 and S C My finite, we can unconditionally conclude from Theorem [7]
that

10g|cm|19
™ (P) <
{ ( ) logmax(‘am‘7 |bm|7 ‘cmD

log |em+1s < i — 6}
logmax(\amﬂ\, |bm+1|7 ‘Cm-i-l‘) 12

and

is Zariski-non-dense, where we write ¢(™ (P) = [ay, : by : ¢,] With integer
coordinates without common divisor. Further, since the exception to the in-
equality of the subspace theorem is contained in a finite union of hyperplanes
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defined over Q, we can even conclude finiteness of the above set if no line
defined over QQ contains an infinite subset of the orbit of P (cf. Proposition
1 and Example 1 of [14]).

Next, we discuss some extensions of Theorem [ to rational maps. For
this, we will first recall the notion of dynamical degree and arithmetic degree.
Given a rational map ¢ : PN --» PV deg ¢(™ may not be equal to (deg ¢)".
The (first) dynamical degree, introduced by Russakovskii and Shiffmann [§],
is

0p = lim (deg(¢™)))"/".

When ¢ is a morphism, é, = deg ¢, so d4 gives some indication of how far ¢
is from being a morphism.

The arithmetic degree ag(P) of a point P is defined to be

ag(P) = limsup h(¢™ (P))Y/m
m—o0

whenever the orbit of P does not intersect the indeterminancy locus of ¢.
This is a very new concept introduced by Silverman [11/], intending to capture
the arithmetic complexity of the orbit, and it has already been intensely
studied. Many conjectures have been raised by Silverman in connection
with the arithmetic degree, including the conjecture that we can use the
limit rather than limsup in the definition of ay(P). In this article, what is
relevant is the following.

Conjecture 9 (Silverman). Let ¢ : PV ——» PN be a dominant rational map
defined over Q. If P € PN(Q) is such that O4(P) is Zariski-dense, then
Oé¢(P) = 5¢.

This conjecture is nontrivial even for morphisms. It has been verified
for monomial maps and regular affine automorphisms [11], and its general-
ization to projective varieties has been proved for endomorphisms on abelian
varieties [6].

Now we are ready to state the extensions of Theorems[d] and[Glto rational
maps. In fact, we will prove two results. Theorem is actually a special
case of Theorem [I2, but the conditions in Theorem [I2 are difficult to check
in explicit examples, so we highlight one specific case in Theorem [I0 and
then discuss an explicit example (Example [IT]).
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Note that one extension to rational maps was already proposed in Theo-
rem 5 of [14], using the notion of D-ratio introduced by Lee [7]. The D-ratio
gives a useful height inequality, but its drawback is that it only applies to
rational maps whose indeterminancy is contained in a hyperplane. The con-
dition in the following theorems involves the arithmetic degree, and thus it
might be possible to prove deviations from S-integrality in orbits for certain
points even when the map overall is very complicated. The multiple-iterate
version similar to Theorem [7 is also possible, but to keep the statement

relatively simple, we only state here for one iterate.

Theorem 10. Let ¢ : PN -5 PN be a rational map of degree d > 2 defined
over a number field k such that deg(qS(”)) =d". Let D be an effective divisor
on PN defined over Q. Let us suppose that P € PN (k) and a natural number

n satisfy:

(i) Oy(P) does not intersect the indeterminancy locus of ¢.
(i) Writing h(¢(™ (P)) = (day,)™, lima,, = 1 (in particular, ay(P) can
be defined by the limit and is equal to d = dy).
(iii) ¢:= deg(DI(fZ)) — (N +1) is strictly positive.

am+n

(iv) For any 6 > 0, ’;LTt” > 1— 4§ for all sufficiently large m.

Then Vojta’s conjecture on PN for the divisor DnTCL) implies that given S C

My, finite and € > 0,

> Auo(D, 9™ (P))
T e} (14)

m . vgs c
{¢( )(P) : T CRIE) < @D

is Zariski-non-dense.

Remark. Of course, as a corollary of Theorem [I0, we now have Theorem @
for rational maps on PV and points P satisfying (i)—(iv). Indeed, if O4(P)
is not Zariski-dense, then the statement is obvious, so we may assume that
h(¢(™(P)) — oo as m — oo. The sum of local heights outside S are
bounded for S-integral points, so by taking € = W, every ¢(™ (P)
which is S-integral will be in (I4)) for all sufficiently large m. Thus, we can

conclude that S-integral points in an orbit are Zariski-non-dense.
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Remark. When Oy4(P) is Zariski-dense, (ii) should be automatic according
to the conjecture of Silverman. Therefore, assumption (ii) is quite natural.

On the other hand, assumption (iv) is unwanted.

If we assume (ii) and {a,,} is an eventually-monotone increasing se-

quence, then (iv) is unnecessary. Indeed, for large enough m, a,, > /1 — 94,

m-+n m
Qa a.
—min _ < m+n> ca o> 1-—06.

m—+n
an am

and so

On the other hand, there are sequences that satisfy (ii) but not (iv): let
n = 1, and define the sequence {a,,} inductively by

1
A2m = € 20mQgm—1

_1
a2m+1 = €20m bma2m7

where aq [] by, converges to 1. This sequence satisfies (ii) but

2m 2m—1
a5 aom 1 1
= . a _= eX B — [ . a s
21 <a2m_1> 2m = CXD ( 0" 20m> 2m

which goes to exp(—1/10) < 1. We would of course like to remove assump-
tion (iv), but the condition ag(P) = d4 does not seem to be quite enough
to obtain the result. We note that Theorem [[2] below can handle a sequence
like this.

Proof. We note that the proof of Theorem [7] holds for rational maps until
the last paragraph when we obtain the contradiction. Everything before
uses just (I]) and (3]), which are true for rational maps. So we still have (I3]),
using Q = ¢ (P):
hp (6™ (P)) < <d” deg(D) — <degD " - %) e> h(¢™m~™ (P)) + O(1)
(15)
for (™= (P) ¢ Z.. By assumption (ii), we have

S)

MomP)
nomn ()~

m
m

33

—-n
—-n
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By (iv), for sufficiently large m, this is greater than d" —e, so by dividing (I5])
by deg(D) throughout, we see that h(¢™ (P)) must be bounded. Hence, we
conclude that the set ([d) comes from a finite set of m’s plus ¢ (Z.). O

Example 11. Let ¢ = [256X2 : (X +Y)(X +2Y + Z) : YZ] on P2 1t is
a rational map undefined at [0 : 0 : 1], but because of the first coordinate,
it is clear that deg¢™ = 27. The divisor (¢(?)*(Z = 0) is defined by
(X +Y)X +2Y + Z)YZ, so it is a normal-crossings union of four lines.
Note that [a : a : 1] gets mapped to [256a : 6a+2 : 1], so there is no constant
C such that h(¢(P)) > 2h(P) — C for all P. On the other hand, if we look
at P=1[4:1:1], ¢(P) = [45 : 35 : 1], and it is easy to see by induction
that the first coordinate of ¢(™) (P) is always a power of 2 while the last two
coordinates are odd. In particular, there is never a common factor when
computing the orbit. Moreover, one can easily prove by induction that the
first coordinate of ¢(™)(P) is always at least six times as large as the second
coordinate for all m > 1. Thus, the height comes from the first coordinate,
and we see by induction that
R(¢"™(P)) (1 +2+4---+2m71) .8 +2™.2)log?2

m —
apy = =

2m 2m

1
:<6—|—2+1—|———|----+

5 2m_3> log 2 < 101log 2.

It is now easy to see that both (ii) and (iv) are satisfied in this case. More-
over, we can use Schmidt’s subspace theorem in place of Vojta’s conjecture,
so we unconditionally conclude that for any finite set S of primes and € > 0,

{0 @) e < )

"~ log max(|an|, [bm|, [cm]

is Zariski-non-dense, where we write ¢ (P) = [ay, : by, : ¢] with integers
with ged 1. In this example, from the analysis of the 2-adic behavior of orbit
points (together with global height computations), we obtain information
about arithmetic of orbit points with respect to other primes.

As mentioned earlier, we end this section with a generalization of The-
orem [I0l There are fewer hypotheses, but as a consequence, the conclusion
might be vacuous in certain cases. Since one needs to know the Weil height
of orbit points in advance, it is probably of little practical use, but this
indicates what we can say using the arguments of this article.
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Theorem 12. Let ¢ : PV -5 PN be a rational map of degree d > 2 defined
over a number field k. Let D be an effective divisor on PV defined over Q.
Let n be such that deg(Dr(fz)) > (N+1). Let P € PN(k) be a non-preperiodic
point such that Og(P) does not intersect the indeterminancy locus of ¢, and
let « = ay(P). Define the sequence {an} by h(¢U™ (P)) = (ca,)™. Finally,
let o be such that

~ deg(¢™) - deg(D) — deg(D)) + (N + 1)

m—+n

<1
7 a" deg(D) liminfa,, 1 /a

. (16)

(n)

Then Vojta’s conjecture on PN for the divisor Dy
S C My, finite,

implies that for any

% D, (P)
(m) .V

is Zariski-non-dense.

Remark. Theorem [1(is a special case. Indeed, we have lim inf aﬁiz Japy =
1: > 1 follows immediately from (iv), while if the liminf is § > 1, then one

can easily show by induction that there exists a nonzero constant C such
m
that a)} > C <\"/ 1+ %) for all sufficiently large m, contradicting (ii).

Therefore, using deg((b(”)) = d" = o" and dividing both the numerator and
the denominator of (I6]) by d" deg(D),

deg(D{M)—(N+1 n
1- %((D)) - deg(DI(‘lC)) —(N+1)

1-— =
7= lim inf d™deg(D)

More generally, (I6)) indicates that if deg(¢(™) is sufficiently smaller than
a™, then o can be chosen positive and this theorem becomes nontrivial.
So in this sense, the deviation from S-integrality in orbits is connected to
questions about the arithmetic and the dynamical degrees.

Remark. As noted in the introduction, the condition (I€) can be viewed as
a first step toward answering Question [2] for rational maps. Indeed, when
the entire orbit Oy(P) is not Zariski-dense, the theorem is trivial; otherwise,
« is conjecturally equal to the 4, which is a global geometric invariant that
does not depend on the arithmetic of the initial point. On the other hand,
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because of the liminf term in ([I6]), the condition as of right now depends

heavily on the arithmetic of the initial point and thus is not geometric.

Proof. The structure of the proof is very close to the proofs of Theorems [7]
and 10, but we need to be more careful with the inequality estimates. Since

the condition on o is a strict inequality, we can choose € > 0 so that

deg(¢")) - deg(D) — deg(Die)) + (N +1) + ¢

min/

1—0> P
deg(D)a™ liminfa
m
As a result, a similar adjustment shows that there exists an M such that for
all m > M, we have

deg(¢™) - deg(D) — deg(DI) + (N +1) + ¢
deg(D)amapy iy /am

m+n

1—0>

Therefore, by the definition of {a,,}, it immediately follows that

(1 - o) deg(D)h(6 ™" (P)) (18)
> (deg(¢™) - deg(D) — deg(D{E)) + (¥ +1) + ) h(6(™) (P)).

(n)

Now, we argue as before. From Vojta’s conjecture on Dy’ and degree con-

siderations (cf. the argument up to (IIJ)), we have

> A(D, ¢ (P)) (19)

veES

n n € m
< (deg(¢™) deg(D) — deg(D{) + (N +1) + 5 ) h(¢™)(P)) + O(1)
if (™ (P) ¢ Z.. On the other hand, if $(™*™)(P) is in the set (7)), we have

D XD, ¢ T(P) < o deg(D)h(e" I (P)).

vgS

Combining with (I9) and rearranging using (2]), we obtain

(1= o) deg(D)h(6™ ) (P)
< (deg(@™)) deg(D) — deg(D) + (N + 1) + ) A(&™(P)) + O(1).
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By possibly making M larger, this contradicts (I8]) for all m > M. Thus, if
#m+7) (P) is in the set ([IT), then m < M or ¢"+™)(P) ¢ ¢ (Z,). O

4. The Case of P!

We have noted after Theorem [ that its hypothesis for N = 1 agrees with
Silverman’s Theorem (i). In contrast, Silverman’s theorem (ii) is different
from Theorem [Bl for N = 1. We now discuss an example that demonstrates
that Silverman’s conclusion is strictly stronger. To remedy this situation,
we will show after the example that Theorem [f] for N = 1 can be used to
show the full strength of Silverman’s Theorem (ii). This enables us to view

Silverman’s result in the framework of a higher-dimensional theory.

Example 13. We create rational functions of degree d > 3 which do not

become polynomials upon iterations but for which

deg <(¢(n)) (a))m—2 (# of distinct preimages of a via ¢(™)—2
sup o = sup o

is not 1. Intuitively, although Silverman’s lemma (see Lemma [I4] below)
shows that the maximum ramification is not very big, the number of critical
points can also grow exponentially upon iteration, slowing the growth of the

number of distinct preimage points.

More specifically, suppose that a rational map only has 0 and oo as the
preimages of 1. Since preimages of any point via ¢ are at most d points, the
number of distinct preimages of 1 via ¢(™ is at most 2d"~!. Then the above
expression is at most

247" 2 <2<1
dn d ’

We can also create ¢ such that the number of distinct preimages of 1 by
™ is precisely 2d"~1. For example, let ¢ be a degree-4 rational map of the
form %. This ¢ has just 0 and oo as preimages of 1. Differentiating,

we obtain

(g'(x) +22)9(2) — (9(x) + 2%)¢'(x) _ 2z9(x) — 2%¢' ()
g(x)? g(x)?
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Thus, we find that x = co and x = 0 are both critical points, and there should
be four others (counting with multiplicity). Note that since 2g(z) — x¢'(z)
does not have a quadratic term, the location of three other critical points
determines the last. Letting 2, 3, and 4 to be critical, we see that the last

. 26 .
one is —%. Solving

/ 26
29(x) — g/ () = (v = 2)(a = e — ) (2 + ),

g(z) = —%m‘l + %mg’ + %x— %. If P is a preimage of 1 via ¢*~1) for k > 2
and ¢~ 1(P) does not split into d points, then there is a Q € ¢~1(P) which
is a critical point. So @ is 0,2, 3, 4, —2—96 or co. In particular, @ is a rational
point, so so are all the points in the orbit of (). Since (;S(k)(Q) =1, qﬁ(k_l)(Q)
must be 0 or co. On the other hand, neither g(z) nor g(x)+2z? has a rational
root, contradicting the fact that QS(k_z)(Q) is rational. Thus, after the first
step, all the preimages split up completely, making the number of distinct

preimages of 1 via ¢(™ to be precisely 2d"~!, as desired.

Thus, Theorem [l for N = 1 does not directly show Theorem [I] (ii).
However, we will now derive this using Theorem [6l In fact, we will prove
the S-version: if ¢ is a rational function such that ¢(®) ¢ k[z] and P € k is

not preperiodic, then

3 A(o0, 6 (P))
lim &5
e R(GUI(P))

=1. (20)

We will still use the following geometric lemma of Silverman [10, Lemma
3.52], giving a bound on the worst ramification. This lemma is based on the
Riemann—Hurwitz formula and combinatorics, and it does not involve any

arithmetic.

Lemma 14 (Silverman). Suppose that ¢ is a rational function of degree
d > 2 such that ¥ ¢ k[x]. Then letting e, denote the mazimum of the

ramification indices at the poles of ™), we have
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Given € > 0, Lemma [I4] allows us to fix n such that 3;7,? < €. Because

of ), we can extend k and S if necessary to assume that k contains the
fields of definition of Q1, ..., Qy, the distinct poles of (™. Given v € S, let
Cy be the half of the minimum v-adic distance between (); and @);; here we
use the v-adic absolute value that is an extension of the normalized one on
Q, so that we are guaranteed to have the triangle inequality. Given a point
Q € Pl(k), there is a ;, which is the closest to @ in the v-adic distance, and
this may occur with multiplicity e,, in (¢{™)*(cc). The rest of the points Q;
are at least C), away from @, so using the definition of local heights ([Bl), we

can estimate

[kvz(QA

Ao(Qj, Q) < max <0, _W

log C’U> .

We have a maximum of d” — 1 of these in (¢(™)*(cc) for each v, excluding
the closest @;,. We next deal with the closest one. For each {Q;, }ves €
{Q1,...,Qu}5!, we apply (with e = 1) the following Lang’s version of Roth’s

theorem [1, Theorem 6.2.3], which is equivalent to Vojta’s conjecture on P!:
Y (@i, Q) <3h(Q) +0(1),  VQEP(W)\{Q1,....Qr}.
vES

By making O(1) larger, we have the above inequality for any choice of

{Qi, }ves and Q. Hence, in total we must have

> (00,6 (P)) < 3 A ((6™)*(20), 6™ (P)) + O(1)

veES vES

< Benh(em (P + (@ — 1) Y max (0, ~F @l 0) Lo
UGZS ( keq * >

< 3eah(e™ " (P)) + O(1),
where this O(1) only depends on n (not on m). Therefore,

D Auloo, ¢ (P)) = h(¢™ (P)) = Beah(¢™ ™ (P)) — O(1)

v S

> (152 ) o) - 01) > (1= ™ (P)) - O
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Since h(¢™(P)) — oo as m — oo, this finishes the proof that Vojta’s
conjecture on P! together with a geometric lemma (Lemma [I4]) shows the
S-version of Theorem [I] (ii). O

Remark. Of course, the above discussion did not prove anything new. The
hope is that it illustrated what is special about dimension 1, namely Lemma
[[4 The Diophantine content even in dimension 1 is precisely Vojta’s con-
jecture, agreeing with the framework set forth for higher dimensions in The-
orems [ Bl, and [[l To elucidate this point further, one can actually use The-
orem [ to prove @0): we let D; be three distinct points of (¢(™)*(c0) and
Dy be the rest and employ the above argument with Dy. What distinguishes
dimension 1 is that divisors are simply bunch of points with various multi-
plicities, and that the multiplicity can be controlled via Riemann—Hurwitz.
In contrast, in higher dimensions, irreducible divisors are much more com-
plicated geometrically, and one cannot for example estimate the distance of
a point to a divisor by the “worst” contribution. As a result, it is more
difficult to obtain a sharp result in higher-dimensions.

5. Maps on P? with a Totally Ramified Fixed Point

In this section, we analyze rational maps on P? which have a totally
ramified fixed point, that is, a point P which is completely invariant. In
Example 5 of [14], we treated an example of this type to demonstrate that
the hypothesis in Theorem M is not a necessary condition. In fact, Theo-
rems [, [, and [ do not apply to these maps because there are not enough
normal-crossings part. Instead, we will use Silverman’s theorem (Theorem [I])
to obtain the following result on deviations from integrality in orbits, with-
out needing to assume Vojta’s conjecture. Note that we can even conclude
finiteness rather than just Zariski-non-density in this case.

Proposition 15. Let ¢ = [Fy(X,Y,Z) : F1(Y,Z) : F5(Y, Z)] be a rational
map on P? defined over Q, where Fy and Fy are homogeneous polynomials in
justY and Z without a common factor over Q. Write P € P2(Q) as[a : b : c],
where a,b,c € 7 with ged 1, and similarly ¢ (P) = [am : by : cm]. Let
v =[F(Y,Z): F»(Y,Z)] be the map on the P! defined by X = 0, and assume
that Oy([b : c]) is infinite and that @ is not a polynomial, i.e. does not
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have a totally ramified fixed point at [1 : 0]. Let S be a finite set of primes.

Then there exists a positive constant ¢ > 0 such that

IOg‘ch?
10gmax(|am|v |bm|v |Cm|)

>c

for all m sufficiently large.

Remark. We can easily conclude even finiteness of (P*\(Z = 0))(Z)NOy(P)
from Silverman’s theorem. Indeed, since ¥ is not a polynomial, Oy([b: cl)
only has finitely many integral points. Since the orbit of [b : ¢] under ¢ is
infinite, this means that ¢, |b,, for only finitely many m’s, so we do not even
need to consider the first coordinate to conclude finiteness of integral points.
On the other hand, the comparison of the number of digits of coordinates
is not entirely obvious. There can be less cancelation for [a,, : by, : ¢
compared with points of Oy ([b : ¢]), and the ratio of the number of digits is

affected by the amount of cancelation between coordinates.

Remark. It is necessary to assume that Oy([b : c]) is infinite. If ¢ =
(X2 :YZ :Y?2-3Z% and P = [4 : 2 : 1], then 1 fixes [2 : 1] while
h(¢™) (P)) = 2™log4. Of course, in this case, the orbit points are on the
line Y = 2Z. The assumption of |Oy([b : ¢])| = oo can be removed if we
change the conclusion to just Zariski-non-density. This theorem thus shows
that the nonexistence of completely invariant subvarieties is not a necessary
condition for having Zariski-non-dense integral points in orbits, so even if
Question [2] (2) is proved in the affirmative, this geometric condition will not

be the necessary and sufficient condition.

Remark. We can generalize this theorem from Q to a number field k, re-
placing log e s by >,z5 Ao((Z = 0), 6™ (P)).

Proof. Since Oy([b : ¢]) is infinite, hy([b : ¢]) # 0. We also note that
degvy = d, as F; and F3 do not have a common factor. Let us denote
Y™)([b: ¢]) by [, : ¢,,] in the reduced form. Then Silverman’s theorem in

m

the form of (20)) tells us that

log |c;, [
m—o0 log max(|b,|, |c},[)

)
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while the definition of canonical height tells us that

log max(|bf,,, [, )

lim

M50 dm :hw([bic]).
Combined, % goes to izw([b : ¢]), so for sufficiently small 6 > 0, we have

log |, |'s > d™(hy([b: c]) =8)  m >0, (21)

We note that because there can be less cancelation among coordinates of
@™ (P) compared with (™) ([b: c]), log|cim s > log |c), |'s-

From the height inequality h(¢(R)) < dh(R) + C, we obtain
W™ (P)) < d™h(P) +d™ 'C +d™2C+---4+C  forallm. (22)
Therefore, using (21), for all sufficiently large m,

log |Cm|/S

h(¢(™ (P))

log |c),|s _ log |, | ' dam
WP RGP
hy([b:c]) — 0 - hy([b:c]) =6
MP)+S+ -+ &7 WP+ 5

>

=:c,

where c is visibly independent of m. Since C' can be assumed to be positive,
we note that ¢ > 0. This concludes the proof. O

Remark. By choosing ¢ appropriately, we can actually make c in the state-
ment of the theorem to be any number strictly less than %, where

C'is the minimum of h(¢(R)) — dh(R) as R runs through P?(Q) (or actually
Oy(P)).

6. Question [2] and Further Problems

In this final section, we discuss Question 2] and pose a few related prob-
lems for further study. Some of them are completely new and some of them
are more refined versions of the questions raised at the end of [14].

6.1. Completely invariant subvarieties

We now discuss why the nonexistence of completely invariant subvari-
eties can be a candidate for Question[2 Although the normal-crossings part
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of (¢(™)*(D) discussed in this article is a geometric and dynamical notion,
it is in some sense more natural dynamically to think of completely invariant
subvarieties, i.e. (possibly reducible) subvarieties V' such that ¢=1(V) = V
set-theoretically (in the terminology of classical dynamics, V' is an excep-
tional set). In dimension 1, ¢?) € k[z] is equivalent to ¢{™ € k[z] for some
n, which in turn is equivalent to the condition that {co, ¢(c0)} is completely

invariant.

We now discuss some examples of maps which have completely invariant
subvarieties and whose orbits can contain Zariski-dense integral points. Let
¢1 = [Fo : --- : F3] on P3 be such that Fy, Fy are degree-d homogeneous
polynomials in Z[X7, X5] without any common factors and Fj = Xng_l.
In this case, the line defined by X7 = X5 = 0 is completely invariant. When
B = XY

|0, ([ao : 1+ az = as]) N (P\(X1 = 0))(Z)]

is obviously infinite when a; € Z. This set is also Zariski-dense when Fj and
F, are chosen generically.

Some may give an objection to the above example that the hyperplane
X1 = 0 with respect to which integrality is defined is completely invariant,
so we provide another example. As discussed in Example 6 of [14], the orbit
of 2V : 2N=1 ... 2: 1] under the rational map ¢ = [X3 : X3 : X1 X2 :
X5X2 1 --+ : Xy-_1X%] has Zariski-dense (in particular, infinitely many)
integral points with respect to X5 = 0. Here, the hyperplane Xy = 0 with
respect to which integrality is defined is mot completely invariant, though
hyperplanes Xg = 0 and X; = 0 are completely invariant.

As a further example, monomial maps can have infinitely many S-
integral points in orbits. In fact, based on some explicit conditions on the
eigenvalues of the tangent map at the identity, monomial maps on P? having
just finitely many integral points in orbits have been classified completely [3,
Theorem 2]. In dimensions greater than 2, a complete classification becomes
harder as the number of possible Jordan decompositions grows rapidly, but
it is easy to create monomial maps having Zariski-dense integral points in
orbits. As an example, ¥ = (x1 /12, 2372) on (G,,)? has some orbit contain-
ing infinitely many integral points because it corresponds to a matrix with

complex eigenvalues [3, Theorem 2], and so ¢ = (z1/z2, 2322, 23,23, ..., 2%)
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on (Gy,)N C P¥ has the property that Oy (P)N(PN\(Xy = 0))(Z) is Zariski-
dense for some P. Of course, all monomial maps on PV satisfy ¢~'(D) = D
set-theoretically for the divisor D = (Xg--- Xy = 0), so they always contain
a (reducible) completely invariant subvariety.

We have so far discussed maps having completely invariant subvarieties
and having Zariski-dense integral points in orbits. The examples like ¢; and
¢ above seem possible only when some completely invariant subvarieties are
present, serving as evidences for Question 2] (2). We can even go further,
and expect the true analog of the quasi-S-integral version of Silverman’s
Theorem (Theorem [I] (ii)) to hold in higher-dimensions: if ¢ does not have
any completely invariant subvarieties over Q, then for all € > 0,

> Ao(D, 6™ (P))
{¢(m)(p): v¢S §1—6}

deg(D)h(¢™ (P))

is Zariski-non-dense. Either an affirmative or a negative answer to this
statement would be an important step in understanding integrality in orbits
in higher-dimensions.

Of course, as indicated already, having a completely invariant subvariety
will not prevent orbits from being Zariski-non-dense. Proposition [13]is one
example, and there are many monomial maps on P? having just finitely many
integral points in orbits. Even in dimensions higher than 2, the monomial
map (z2/71,21,23,...,7%) on PY for example has just finitely many integral
points in orbits. Further, when the second iterate of [F} : Fy] of ¢; above
does not have a totally ramified fixed point on the line defined by Xg =
X3 =0, it follows immediately from Silverman’s theorem that orbit points in
(P3\ (X7 = 0))(Rgs) are finite (just by looking at the middle two coordinates).
So even if Question 2] (2) were answered in the affirmative, this will not be
a necessary condition in higher-dimensions.

6.2. Extensions and complements

Here we collect together various possible extensions and complements
to the results of this article. Since Theorem @ shows that the existence of n
such that deg D > N +1is a candidate for Question 2 (1), it is natural to

ask what happens when sup,, deg Dr(lré) is less than or equal to N + 1. This
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would be complementary to Theorem M and would help us with the search
for a necessary condition for the Zariski-non-density of integral points in
orbits. We will assume that D is geometrically irreducible; we are mostly
interested in the case when D is a hyperplane.

)

We can create a map ¢ on PV satisfying sup,, deg D,(fg = 2 as follows,
just as in Proposition we let Fiy_1 and Fy be homogeneous of Xy_1
and Xy, where ¢ = [Fyy : --- : Fy]. Note that for these maps, even finiteness
of integral points in orbits is immediate from Silverman’s theorem as long
as the second iterate of the restriction to the P! defined by Xy = --- =
Xn_2 = 0 is not a polynomial. In contrast, as remarked earlier, Theorem-
[BHike results analyzing the deviation from S-integrality in orbits are not as

obvious. Proposition [[8]lis an example of what we can show in this case.

To create a map with supdeg DEE) = 3, we let Fy be the product of
powers of Xny_1 and Xy, and then let Fy_s and Fy_1 be homogeneous
in Xy_o and Xny_1. Then ((b(”))*(XN = 0) is defined by the product of a
power of Xn and a homogeneous polynomial in Xny_o and Xy_1. Thus,
this divisor always factors into linear components over Q and the degree of
the normal-crossings part is 3 for all n. It would be interesting to determine
whether S-integral points in orbits are Zariski-dense. We would also like
results pertaining to deviation from S-integrality in orbits for maps of this

type.

So far, the author has not been able to construct a map on PV with
N > 4 such that DEJE’ is always linear and sup deg D,({Z) = N. The author
believes that this is possible, while there might not exist morphisms on PV
with sup deg D,({Z) = N + 1. In fact, even for N = 1, supdeg DEE) = 2 never
happens: when ¢®) is not a polynomial, Lemma [I4] shows that there exists
n such that deg DnTCL) > 3, and when ¢® is a polynomial, deg DI(KCL) is always
1. It would be worthwhile to create various maps for which sup,, deg Dnz) <
N + 1, so that we have a better idea of when integral points in orbits are

Zariski-dense.

Another desired complementary result would be a generalization of
Proposition In particular, we would like to have similar examples in
higher-dimensions, such as ¢1 = [Fy : F1 (X1, X2) @ Fo(X1, Xo) : Xng_l]
discussed above. Because of the insufficiency of the normal-crossings part,
results such as Theorem [7 do not apply to these examples. The maps sat-

n)

isfying sup,, deg Dne” < N + 1 and the examples generalizing Proposition
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should help us obtain a condition closer to a necessary condition for Question

2l

As for extensions, we would like to strengthen Theorems[I0land[I2l Both
of them require knowing the heights of orbit points, so it would be much
better if we can instead come up with a condition that relies solely on the
arithmetic degree, regardless of how the limsup (or the limit, conjecturally)
is attained. Even if we can only conclude smaller o, we would like to have a
hypothesis that is more easily verifiable and that only uses notions that do
not depend on the arithmetic of the initial point. This would enable us to
obtain a potential candidate for Question [2] (1) for rational maps.
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