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Abstract

The classical (m, k)-Landen transform §,, x is a self-map of the field of rational func-
tions C(z) obtained by forming a weighted average of a rational function over twists by
m’th roots of unity. Identifying the set of rational maps of degree d with an affine open
subset of IP’Q‘“'I, we prove that §m,0 induces a dominant rational self-map Ry m,o0 of p2d+1
of algebraic degree m, and for 1 < k < m, the transform §,, » induces a dominant rational
self-map PRq,m i of algebraic degree m of a certain hyperplane in P24+l We show in all
cases that PRq m,, extends nicely to ]P’%d"'l, and that {R4,m,0 : m > 0} is a commuting

family of maps.

1. Introduction

The Landen transform, also known as Gauss’ arithmetic-geometric mean,
is a self-map of the space of rational functions in one variable. The purpose
of this note is to study the generalized Landen transform from the viewpoint

of arithmetic geometry and arithmetic dynamics. We defer until Section 2 a
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discussion of the history and historical applications of the Landen transform,
and devote this introduction to describing our main results.

The following proposition characterizes the generalized Landen trans-
form.

Proposition 1. Let m > 1 and 0 < k < m be integers, let K be a field in
which m # 0, and let (,, be a primitive m’th root of unity in an extension
field of K. Then for each rational function ¢(z) € K(z) there is a unique
rational function §Fmi(p)(z) € K(z), called the (m,k)-Landen transform
of ¢, characterized by the formula

m—1
Brk(@) ™) = — 3™ CM(Cw). (11)
t=0

As a warm-up for our main result, we give the elementary proof of Proposi-
tion Il in Section 2; see Proposition

We denote the space of rational functions of degree d by Raty, and we

]P)2d+1

identify Raty with an affine open subset of by assigning the degree d

rational function

(2) :== aozd + alzd_1 + a2zd_2 t--taq
Pa,b = bozd + by 291 + byzd=2 + ... 4 by

to the point

[a,b] = [ao,al,...,ad,bo,bl,... ,bd] S P2d+1.

In this way Raty is an affine scheme over Z, and for any field K, we may
view K (z) as a disjoint union

K(z) = Cj Raty(K) C Cj P2TL(K). (1.2)
d=0 d=0

However, we note that in general, the degree of §p, x()(2) may be
strictly smaller than the degree of ¢(z), so the Landen transform §, :
K(z) — K(z) does not respect the disjoint union decomposition (L.2)). For
example, if ¢(z) is a polynomial, then degFmi(¢)(z) < L degy(z); see
]P;%d—i-l

Section 7. Our main result describes the rational self-maps of induced

by the action of §,, . on a Zariski open subset of Rat,.
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Theorem 2. Let m > 1 and 0 < k < m be integers.

(a) For each d > 1 there is a unique rational map
Ry i« PLEHT oy PRI+

with the property that for all fields K in which m # 0 and for all
degree d rational functions pqp(2) € Ratg(K) C K(z) whose (m,k)-

Landen transform satisfies

degz gm,k((pa,b)(z) = d7
we have
gm,k(@aﬁ)(z) = E)CiclmlJﬁ([a’v b]) .

(b) The indeterminacy locus of Ram i s the linear subspace
Z(Ramp) = {[a.b] e P :b=0} =P,
and the rational map Ry m i induces a morphism

%dmuk: : ]P)%d—’_l AN Z(fﬁd7m7k) — P%d—H AN Z(%dmuk)-

. m2d+1 2d+1
: PZ - PZ

(c) The map Ram.o s a dominant rational map of alge-

braic degree m.

(d) For 1 <k < m, the image of the rational map Rqm i is the hyperplane
{[a,b] € P2 :ag =0} = PE. (1.3)

For all 0 < k < m, the map Ry induces a dominant rational map of

algebraic degree m from the hyperplane (L3) to itself.

Example 3. We consider the case d = 2 and m = 2. Using the calculation
given later in Example[I3] we find that fRg 2 o and Ry 21 are degree 2 rational
maps P5 --» P given by the formula

Mo20 = [boao, baag — biay + boaz, baag, b3, 2baby — b, b3,

Roo1 = [0, —biag + boar, baay — biag, b3, 2bsby — b7, b3].
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As predicted by Theorem 2(b), both Ra 20 and P21 have indeterminacy
locus equal to the 2-dimensional linear subspace {[a,O]} C P5. One can
check that it requires more than simply blowing up P° along this subspace
in order to make PRg 29 and Mg 21 into morphisms.

Taking £ = 0 leads to interesting families of commuting maps. (See
Proposition [I6 for general composition properties of Ry, 1 4.)

Corollary 4. Fix a degree d. Then

{Rimo:m=1,2,3,...}

]P’%dJrl of alge-

braic degree m. More precisely, dehomogenizing and specializing, the maps

is a set of commuting dominant rational endomorphisms of

Ry,m,0 induce commuting dominant polynomial endomorphisms of the affine
linear subspaces

{[CI,, b] e ]P;2d+1 = bo 7é O} ~ A2d+1
and
{la,b] € P**!:qy=0 and by # 0} = A*,

Remark 5. The classification of commuting rational maps in one variable
was solved by Ritt [22] in the 1920s. More recently, there has been some
work on classifying commuting endomorphisms of P™ |10, [L1], as well as
various papers, including |1, 9], that study higher dimensional Lattes maps,
and work on commuting birational self-maps of P? (and more generally of a
compact Kéhler surface) [7]. But there seem to be few non-trivial examples
known of commuting rational (non-birational) self-maps of P", and as far as
we are aware, the family of commuting Landen maps described in Corollary (]
has not previously been studied.

Remark 6. If we treat rational maps of degree d — 1 as degenerate maps of
degree d, we obtain a natural embedding

L 1.d . ]P;Qd—l ]P)2d+1 ’

[ao,. .. ,ad_l,bo,. .. 7bd—1] — [0,&0,. .. ,ad_l,O, bo,. .. 7bd—1]'
Then the maps in Theorem [2] fit together via

Rdmk © td—1,d = td—1,d © Rd—1,m.k-
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Remark 7. Since ]P’%C“rl is smooth, the rational function Ry, 1 is defined
off of a codimension 2 subscheme. (Theorem 2Ib) says that in fact, the
indeterminacy locus has codimension d + 1.) In particular, Rq . induces a
rational map on every special fiber ]P’?Fiﬂ - IP’?FZH, even if p | m, despite

the % factor appearing in the formula (I.I]) defining &, k-

Remark 8. It follows from Proposition [I6] and Theorem 2c) that
deg 9%27%0 =degRgmro=m" = (degRamo)

50 Ra,m,0 is algebraically stable, and its dynamical degree is m. And similarly
for the restriction of My, 1 to the hyperplane (L3)).

Question 9. There are many further natural questions that one might ask
about the Landon maps described in this paper, including for example:

(1) Is there a birational covering X — ]P’%QdJrl such that Ry, 0 extends to a
self-morphism of X, and similarly for %4 ,, 1 on the appropriate hyper-
plane in ]P’?Qdﬂ? And the same question over Z.

(2) Does R4 m i preserve a pencil?

(3) Is Ry m,k birationally conjugate to a higher-dimensional Lattes map?

We conclude the introduction by summarizing the contents of this ar-
ticle. Section 2 briefly describes some of the history and uses of the Lan-
den transformation. Section 3 illustrates the Landen transform by giving
explicit formulas for §,, r(¢) when ¢ has degree 2 and 3 and m equals 2
and 3. Sections 4 and 5 give, respectively, the effect of §,, ; on formal Lau-
rent series and an elementary composition formula for §,, . In Section 6
we prove a key proposition that writes §,, 1(¢)(2) as a quotient of poly-
nomials Gg pmk(2)/Hpm(z) whose coefficients are Z-integral polynomials
in the coeflicients of ¢, and we describe various properties of Gg . m k(%)
and Hp,(2). This material is used in Section 7 to prove our main result
(Theorem [2). We conclude in Section 8 by showing that the coefficients of
the denominator Hp,,,(2) of the Landen transformation induces a morphism
P? — P? that is birationally conjugate to the m’th power map.
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2. History and Applications

Let K be a field that is not of characteristic 2. The classical Landen
transformation is the map § = §2,1 on the space of rational functions K (z)
given by the formula

p(Vz) = p(=VZ)
2\/z '

When K = R or C, the Landen transformation can be used to numerically

§(p)(2) =

compute the integral fooo ©(z) dz for certain choices of the rational function .
More precisely, for appropriate ¢ one shows that

/ " o) dz = / 32 ds

and then studies the dynamics of §, i.e., the behavior of the orbit (F"(¢))n>1
of the rational map ¢ under iteration of the transformation §. See |2, 13, |4,
5,18, 113, 116, 17, 19, 21] for work in this area, as well as [18] for a survey of
the theory of Landen transformations.

The origins of the subject go back to Landen’s work [14, [15] on iter-
ative methods to compute certain integrals. The method was rediscovered
and extended by Gauss [12] and is often referred to as Gauss’s Arithmetic-
Geometric Mean (AGM) method.

The authors of 3] also point to a related transformation

p(Vz) +o(=v7)
2

€(¢)(2) = F20(p)(2) =
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whose dynamics is analyzed in [6], and they indicate that there are natural
generalizations to higher degree transformations that they plan to study
in a future work. These higher degree transformations are the maps §, i

described in Proposition [II

Remark 10. The formula (L)) for §,, is given in [20], where the author

determines a basis for the set of rational functions ¢(z) € C(z) that are fixed
by Sme'

Remark 11. We observe that if we view K (2) as a K-vector space, then §, »
is clearly a K-linear transformation of K (z). However, when we view K (z)

as a field, the action of §,, ; is more complicated.

Proposition 12. Let m > 1 and k € Z. Then for all p(z) € K(z), the
expression (L.II)

— " GMe(ctw) (2.1)

appearing in Proposition [ is in K(w™). Further, it is independent of the

t

choice of a particular primitive m** root of unity Cp,.

Proof. Let K/K be an algebraic closure of K. The field extension
K(w)/K (w™) is a Kummer extension whose Galois group is cyclic and gen-
erated by the automorphism w — (w. (As always, we are assuming that m
is prime to the characteristic of K.) But it is easy to check that the expres-
sion (Z.0)) is invariant under the substitution w — (w. Hence it is in K (w™),
and indeed in K ({,,)(w™). Next we observe that (2.I]) is also invariant under
an element o in the Galois group of K ((p,)(w™)/K (w™), since the effect of
such an element is to send (,, to C,%; for some j satisfying ged(j, m) = 1, so it
simply rearranges the terms in the sum. This proves that 2.1]) is in K (w™),
and also shows that (2.]) does not depend on the choice of (,,. O

3. Examples

We compute some examples of Landen transforms for generic rational

maps of degrees 2 and 3, i.e., we give explicit formulas for the rational maps

Ram g : P2ATL ——5 P2+ for small values of d, m, k.
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Example 13. Consider the generic rational map of degree 2,

() apz® + a1z + as
2) = )
bpz2 + b1z + by

A simple calculation shows that the two transformations §2¢ and §2,; are

given by
B b0a022 + (bga() — b1a1 + boag)Z + b2a2
S20(p)(2) = D222 + (2baby — b2)z + b2 ’
_ (=brag + boar)z + baay — bias
Sa1(e)(z) = 0222 + (2bsby — b2)z + B2
and
o bgaon + (—b2b1a0 — bgbo&l + b%al — blboag)z + b%GQ
F30(p)(2) = 3 3 3 ;
’ bg22 + (—=3babibo + b3)z + b3
g ( )(Z) _ (—beoao + b%ao — b1b0a1 + b%GQ)Z + (b%al — bgblag)
B 0322 + (—3babibo + b)z + b3 ’
5 2(90)(2,) _ (—blboao + b%al)z + (b%ao — bobrar — babgas + b%ag)

b3z2 + (—3babibg + b3)2 + b3
Example 14. Similarly, for a generic rational map of degree 3,

(2) a0z3 + a1z2 + a2z + as
Z) =
14 b023 + b12’2 + bQIL’ + b3 ’

the first few Landen transforms act by

boaoz® + (beao — bra1 + boaz)z? + (—bza1 + baas — asb1 )z — bzas

S20 = D223 + (2babo — b2)22 + (—2bsby + b2)z — b2 ’
. (=brao + boa1)z® + (=bzao + b2a1 — biaz + azbo)z + (—bzaz + aszbs)
>t D223 + (2boby — b2)22 4 (—2bsby + b2)z — b2 ’
and
b3a023+(2b3b0a0—bzblao—bzboal-i-b%al—b1b0a2+b(2)a3)z2
3 o +(b§a0—b3b2a1—b3b1a2+b%a2+2b3b0a3—b2b1a3)z+b§a3
30 = b3 23+ (3b3b3 —3b2b1bo+b3) 22+ (363 b0 —3b3b2b1 +03) 2+ b3 ’
(—bgboao—l—b%ao—b1b0a1+bga2)z2
Fsq = +(—bsbzao—bsbia1+b3a1+2bsboaz —babiaz —baboas+b3as)z+b2az—bsboas

bgz3+(3b3bg—3b2b1 b0+b%)z2+(3b§bo—3b3b2b1 +b§)z+b§ ’
(—bl boao-ﬁ-b%al )22+(—b3b1a0+b§ao+2b3b0a1 —bobiay —bgboag—‘rb%ag—bl b()ag)z
S, o +b§a1 —b3b2a2—b3b1a3+b%a3
32— b3 23+ (3b3b2—3b2b1bo+b3 )22+ (362bo —3b3b2b1 +03)z+ b3 :
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4. The Effect of §,, on Laurent Series

An elementary calculation reveals the effect of §,, ; on a Laurent series
around 0, and in particular on the series associated to a rational function.

Proposition 15. Let

JEZ
Proof. We compute
1 m—1 1 m—1
—k —k
Brmas(@)@™) = o 37 M) = — o 37 G S an(Chw)”
t=0 t=0 nez
1 m—1
ST D Sl EED DR
nez m t=0 nez
n=k (mod m)
This completes the proof of Proposition O

5. Composition of §,, ; Operators

The transformations §,, » and §, ¢ do not generally commute, but they
doif k(n—1) = ¢(m—1). In particular, if £ = ¢ = 0, then they commute for
all values of m and n. The next elementary result gives a general composition
formula.

Proposition 16. For all m,n > 1 and all k,0 € 7Z,

sm,k © sn,é = gmn,kn—i-l-

In particular, the r’th iterate of §pm k 5 given by

T —
m,k — gmr7(mT—1+mT—2+...+m+1)k.

Proof. This is easy to prove directly from the definition of §p, , but as
pointed out by the referee, it is even easier to use Proposition Thus
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taking ¢(2) = Y,z @iz, we find that
gm,k (gnl((p)) = gm,k (Z ani-{-ézi) = Z an(mj—i-k)-',-ézj = gmmkn—i—ﬂ(qb)'
i€Z JEZ
This proves the first formula, and the second follows by induction. O

Proposition allows us to describe the monoid of §,,; operators in
terms of a matrix monoid.

Corollary 17. Let M be the monoid of integral matrices

M:{(”}j 2) :m,keZ,mzl}

under matriz multiplication. Then the map

m 0

M — {Fmp :m,k € Z, m > 1}, <k: |

) — gm,ky (51)

is @ monoid isomorphism.

Proof. The map (B5.0)) is clearly surjective, while Proposition 16 and the
matrix multiplication (79) (79) = (%, 9) shows that (5.I) is a monoid
homomorphism. For injectivity, we suppose that §,, » = §n¢. Proposition[I5]
tells us that §,, (%) is equal to 2(*%)/™ if d = k (mod m), and equal to 0

otherwise. Taking d = k+me, our assumption that §,, » = §, ¢ implies that

2 =3 k(zme—i-k) =3, Z(Zme—i-k) — Z(me-i—k:—é)/n’
where necessarily n divides me + k — £. Equating the exponents, we have

(n—m)e=k—{¢ foralleecZ.

The right-hand side is independent of e, and hence we must have n = m and
k = ¢, which concludes the proof that (5.1J) is injective. a

6. Writing §,, » as a Quotient of Integral Polynomials

Our primary goal in this section is to write §,, r(¢), for a generic rational
function ¢ of degree d, as a quotient of Z-integral polynomials in z and the
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coefficients of . We recall from the introduction that we are identifying
the space Raty of rational functions of degree d with an affine open subset
of P24+1, More precisely, for a (d 4 1)-tuple a@ = [ag, ..., aq], we let

Fo(X,Y) = a0 X4+ a1 XY 4+ a2 X2V + .- £ a4V,
and we associate to each point [a,b] € P24¢+1 the rational map
Pap P — Pl 0ap([X,Y]) = [Fa(X,Y), Fp(X,Y)].
Then Ratg is the complement of the resultant hypersurface
Raty = {[a, b] € P2+l Res(Fy, Fp) # 0}.
In order to emphasize this inclusion, we let
Rat, = P21,

Points [a, b] € Raty\ Rat, correspond to rational maps ¢q p of lower degree,
but we note that different points in Raty \. Raty; may correspond to the the
same rational map. (For a discussion of Rat, and its various extensions,

quotients, and compactifications, see for example [23, Section 4.3] or [24].)

It is often convenient to dehomogenize z = X/Y, so by abuse of notation

we will write

 Fa(z)  Fa(z,1)
90a7b(z) - Fb(z) - Fb(Z, 1)

for the associated rational function and its dehomogenized numerator and

denominator.

Proposition 18. Let m > 1 and 0 < k < m.

(a) There are unique polynomials
Gmb,m,k(z) € Z[av b7 Z] and Hb7m(2) S Z[b, Z]

satisfying

m—1

Gapmi(™) = —— 3" CFF L) [[ FolCw), (6.1)

t=0 s#t
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m—1

Hym(w™) = ] Fo(¢hw). (6.2)

(b) Let @qb(2) = Fo(2)/Fy(2). Then

Gabmi(2)

Smk(Pap)(2) = Hy (2)

(c) The polynomials Ggbmk(2) and Hp ., have the following homogeneity
properties:
(i) The z-coefficients of Hpm(2), considered as elements of Z[b], are
homogeneous of degree m.
(ii) The z-coefficients of Ga bmk(2), considered as elements of Z[a,b],
are bi-homogeneous of bi-degree (1,m — 1).

(iii) If we make Z[a,b, z] into a graded Z-algebra by assigning weights
wt(z) =m and wt(a;) = wt(b;) =1, (6.3)
then G pmk(2) and Hy (%) are weight homogeneous with weights
wt(Gapmi(2) =md—k and wt(Hpm(2)) = md.

(d) The polynomials Gg pmo(z) and Hy . (2) have the form

Gabmo(z) = (=1 D aoby =124 + O(271),
Ga,b,m,k(z) = O(Zd_l) fO’f’ 1<k< m,
Hy(z) = (1) Ddgmd 4 0241,

In particular, both Ggpmo(z) and Hp,(z) have z-degree d, while
Ga,bm,k(2) has z-degree strictly smaller than d for 1 < k < m; cf. Re-
mark 2.

(e) Let

d
Fy(z) =bo [J(z - 8:)
=1



2014] LANDEN TRANSFORMS AS FAMILIES OF MAPS 559

be the factorization of Fy(z) in some integral extension of Z[b,z]. Then

d
Hpn(2) = (=) %0 [ (= = 8.
1=1

(f) We have
Disc(Hp
Res(Ga,b,m ke Hom) = (_1)d(m_k+1)b6n_1b:ln_l_k Res(Fa, Fb)ﬁfl‘:l’)))
(6.4)
(g) We have
Disc(Hp,m)
7DiSC(Fb) S Z[bo, .. ,bd],

i.e., the polynomial Disc(Fy) divides the polynomial Disc(Hp,y,) in Z[b).
(h) Let B1,...,Bq be the roots of Fp(z) as in (e), and assume that m > 2.
The quotient Disc(Hp ,,)/Disc(Fp) vanishes if and only if there is a pair
of indices i # j such that either:
(i) Bi=pB;=0.
(ii) Bi # Bj and B = ﬁ;-”.

Remark 19. Note that the resultant formula (6.4]) implicitly assumes that
F, and Fp have degree d. In other words, they should first be homogenenized
to be polynomials of degree d, then the polynomials Gg pm 1 and Hy ,, are
also homogeneous of degree d and the resultant is calculated accordingly.

With this convention, we see that

deg, (Fmk(ap)) = deg.(vap) < Res(Gapmpi, Hom) # 0.

Thus Proposition [I8(f) can be used to answer the question of whether the

operator §, j preserves the degree of (2).
Example 20. We illustrate Proposition [I8 for d = 2 and m = 2. We have
Ga.b2,0 = boao?® + (baag — biay + boas)z + baas,

Gap21 = (—biag +boai)z + baar — bras,
Hp o = b32% + (2b2bg — b3)z + b3,
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from Example I3l The resultant of the quadratic polynomials F, and Fp is
given by a well-known formula [25, §27], while

Disc(Hp2) = b? (—4babg + b7) = b? Disc(F}p).

Then formulas for Res(Gq p2,0, Hp2) and Res(Ggp 2.1, Hp2) can be derived
using Proposition [I8|f).

Remark 21. It is possible to compute some of the other monomials ap-
pearing in Gg pm k() and Hp , by evaluating more complicated sums and
products of powers of roots of unity. For example, as an element of Z[a, b, z|,

the polynomial G p m k(2) contains the monomials
(—1)(m+1)dam_kb6n’_lzd_l and (_1)(m+1)d+1am_k_lbgm—2b1zd—l‘

In particular, if 1 <k < m, then Gq p m (%) has z-degree equal to d—1. We

omit the proof.

Since it will come up frequently, we record here the elementary fact

1T ¢ =(=pm. (6.5)

t=0

Proof.[Proof of Proposition [I§ For the moment, we let

m—1 m—1
9w) = — o 3 G Falchn) [T FulGw), hiw) = T Folchuw)
=0 st =0
Then the identity
Smk(Pap)(W™) = %

follows directly from the definition (LLI)) of §,, x by putting the terms in the
sum over a common denominator.

We note that the coefficients of g(w), viewed as a polynomial in b and w,
are Gal(Q((n)/Q)-invariant, hence are in Z((y,) N Q = Z. Further, we
clearly have h(¢,w) = h(w), so h is a polynomial in w™. This proves that
h(w) € Z[b, w™].
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Next we observe that ¢4 p(2) can be expanded as a power series

Qoa,b(z) € Z[bgla b7 CL] [[ZH

It follows from Proposition [I5] that

Fimk(vab)(2) € Zlby ', b, al[[2]],

and hence that
g(w) = h(w) : gm,k(spa,b)(wm) € Z[bglﬂ b7 a][[wm“

On the other hand, the definition of g shows the coefficients of maw®g(w)
are Gal(Q((m)/Q)-invariant and in Z[(y], so we find that that g(w) €
(mw*)~'Z[a, b, w]. Hence

g(w) € Z[b;l, b, a][[w™]] N (mwk)_lZ[a, b, w| = Z[a, b, w™].

This proves that there are polynomials Ggpmi(2) € Zla,b,z] and
Hp 1 (2) € Z[b, 2] satistying

Gapmp(w™) =g(w), Hpm(w™)=h(w), and
sm,k(goa,b)(z) = Ga,b,m,k(z)/Hb,m(z)'

Since the uniqueness is clear from the defining formulas ([€.I]) and (6.2]), this
completes the proof of (a) and (b).

We next consider the homogeneity properties described in (c). We know
from (a) that the z-coefficients of Ggpmi(2) and Hpp(2) are in Za, b]
and Z[b], respectively. It is clear from the formula (6.1I) for Gg b m, that it
is a Q((y,)-linear combination of monomials of the form

M;(a,b,w) = w Faj,w1bj,w2b; w5 .. b wd=im

— aj,by, - by, W,
The (a,b) coefficients of these monomials are clearly bi-homogeneous of bi-
degree (1, m—1) in the variables (a, b). Further, using the weights described
by (6.3), so in particular deg(w) = & deg(z) = 1, we have

—m

wt(Mj(a,b,w)) =md — k.
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This completes the proof that Ggpm i has the indicated bi-degree and
weight. The proof for Hy ,, is similar, but easier, so we leave it for the

reader.

We turn to (d). We will make frequent use of (6.5) without further

comment. The highest degree term of Hp ,(w™) is

m—1
bo(Cyw)? = (1) "D,

t=0

so Hp (%) has the indicated form. Similarly, the highest degree term of
Gapmp(wW™) is

1 sy —kt t d s d

aghp~lwmd R { 1)(m+Ddgobm—tymd if k=0,

_ kt
B ng HC if1<k<m.

Hence Gg pmk(2) also has the indicated form. This completes the proof
of (d).

For (e) we compute

m—1 m—1 d
Hym(w™) = T Fo(¢hw) = TT (bo [T (¢l = 5)
t=0 t=0 =1
m—1 d
= o5 TT TT (G = 8 = b5 TT ((—0m (8 = w™))
i=1 t=0 =1
d
= (1)l T (w0 - 87
=1

To prove (f), we use the fact that for any polynomials we have

Res(f(w™), g(w™)) = Res(f(w), g(w))™.

So we compute the resultant of Gg p m k(2) and Hp ,(2) with respect to the w

th

variable and then take the m"™ root. We use various elementary formulas
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such as

Res (f(az), g(az)) — qldeg f)(degg) Reg (f(z), g(z)),
Res(Af(z),Bg(z)) = AdeggBdegfRes(f(z),g(z)),
Res(f(2), f'(2)) = (—1)(”2_”)/2% Disc(f(z)), where n = deg(f).

Then

Res (Ga,b,m,k (w)7 Hb,m(w)) "
= Res(Ga,bmk(W™), Hom(w™))

m—1
= Res < Z katF (¢t w) HFb (¢w) H Fb(Cfnw))
s#t r=0
—1 m—1
= H Res< o Cm ktF (¢t w) HFb (Gnw) Fb(C:nw))
r=0 t=0 s#t
m—1
= Res< kakTF (¢w) HFb (Chw), Fp(¢w ))

S#ET

r=0
_ ”ﬁ Res (G Fa(Gryw), Fo(Chw)
B - Res(muwk, Fy(¢hw))

o

T

m—1
X H H Res (Fp(G,w), Fy(Crw))

r=0 s#r

3

— (C%kr)d(gzn)dz Res (Fa(w)va(w))

mabk

\3
Il
o

X H [T Res (Fo(w), Fo(C*w))

r=0 s#r

:i(Res(Fa(w),Fb( m~; ) (H Res (Fy(w), Fy (CTw )))m.

Taking m'™" roots yields

Res (Ga7b,m,k (’UJ), Hb,m( ))

m—1

= £Res (Fa(w), Fy(w)) m™ ;" T Res (Fp(w), Fo(Grw)) (6.6)

r=1
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for some & € o, and aside from evaluating &, it only remains to deal with

the final product.

As in (e), we factor Fp as Fp(z) = bo H?Zl(z — fBi). Then

i (Hﬁm l"ﬁ o) (T T

i=1 r=1 i#j r=1
— :tb(zd 1)(m—1) bm 1 <H H Cmrﬁ] >
i#j r=1
T <HH ;ﬁ@))
i#J J
(2d-1)(m—1) ym—1, d i
= +b; o H -
i#] J

g Disc(Hp )

::l:bm—lbm—l
0 Pa T Disc(Fp) '

where the last equality uses the formulas

Disc(Fp) = +b3¢ 2 H (6.7)
i#]
Disc(Hp,m) = +by 2 T (8" - 57, (6.8)
i

the latter of which follows from (e). Hence

Ly Disc(Hp )
r . m—1ym—1__d , M
[T Res (Fy(w), Fy(¢hw) = £b5 05 'm BielF
Substituting this into (6.6]) gives
Disc(Hp
Res(Gapom s Hom) = € Res(Fa, Bty g+ Di5cUHbm) (6.9)

Disc(Fp)
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In order to complete the proof of (f), it remains to evaluate £. Since ([6.9])
is an identity in Z[a, b], we see that { € {£1}, and it suffices to compute £
for a single pair [a,b] € Z such that Res(Gg b m i Hom) # 0. We only
sketch the proof, since for our applications, it suffices to know that £ is a
root of unity. Taking F,(z) = 2% and Fp(2) = (2 — 1)?, an easy calculation
shows that the right-hand side of ([.3) equals &(—1)"=F)pdd=1) " while a
slightly more complicated calculation shows that the left-hand side of (6.9])
equals (—1)%m@=1) Hence & = (—1)Um—k+1),

For (g), we use (6.7) and (6.8]) to write

Disc(Hp m) (m—1)(2d—2) gy
—bm) DR kpgmiok, 6.10
DlSC(Fb) 0 g k;) /B /B] ( )

The product of sums is symmetric in i, ..., B4, so Disc(Hp )/ Disc(Fp) is
in Z[b,by']. On the other hand, we know that Disc(Fp) is in Z[b] and that
it is irreducible in C[b]; see [25, §28]. In particular, it is not divisible by by,
so Disc(Hp,,)/ Disc(Fp) is in Z[b]. Alternatively, we can see that Disc(Fp)
is not divisible by by in Z[b] directly from the formula

Disc(boz? + b1z%1 + bg) = b4 2(dbgbd " — (~1)4(d — 1) 1b9)

for the discriminant of a trinomial. This gives (g).

Finally, we see that (h) follows immediately from (6.I0) provided that
we can show that Disc(Hp ,,)/ Disc(Fp) does not vanish when by = 0. We
will show that Disc(Hp ) is not in the ideal of Z[b] generated by by. It is
convenient to work in the ring

R:Z[b;17’}/17’y277’7d] with ’YZ:/BZ_I

We note that 1, ...,vg satisfy

d
2 Fp(z7) = by + biz+ -+ gz =ba [ (2 — ),
i=1
so in particular v1,...,74 are algebraically independent and integral over

Z[b;*,b]. Further,

bo = (—1)%bgv172 -+ 74, S0 as ideals we have byR = v172 - - - Y4 R.
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Rewriting the formula (6.8)) for Disc(Hp ) in terms of 71, ..., 74 yields

Disc(Hp,m) = +b; "2 T[ (4" — 7).
i#j

Since by € R*, we are reduced to the following assertion.

Claim:  [[(7* =~7") ¢ 2+ 4R (6.11)
i#]

In the product (611 we consider the monomial

PPV ()2 D (5P ()P () ()0 (6.12)

There is a unique way to choose a term in each binomial in the product (6.11])
to get this monomial, since to get (7{”)2(‘1_1) we need to take 7" in every

7)2(@=2) we need to

term ;" —~7" in which either i or j is 1; then to get (v
take 75" in every remaining term ;" — ;" in which either ¢ or j is 2; etc.
Hence the product on the left-hand side of (6.11]) contains a monomial (6.12))
that is not in the ideal 12 - - - 4 R. (Notice that the monomial (6.12]) is not
a multiple of v4.) This completes the proof that Disc(Hp ) is not in the

ideal byZIb]. O

7. The Operator §,,; as a Rational Map

In this section we show that §,, » induces a rational map on the projec-

]P>2d+1

tive space Raty = , and in particular, we prove Theorem [2] stated in

the introduction.

It is natural to ask whether the §,, ; operators preserve the degree of the
rational map . The answer is clearly no. For example, if ¢(2) = " a;2* €

K|z] is a polynomial of degree d, then Proposition [IH] tells us that

[(d=k)/m) |
Fmk(@)(2) = D akrm?,

J=0

deg(Fmi()) < {W

SO 1
<_d o).
J_m eg()
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We start by describing a large class of degree d rational maps whose
degree is preserved by §, 1.

Definition 22. Let F(X,Y) € K[X,Y] be a homogeneous polynomial of
degree d, and let m > 1. We say that F' is m-nondegenerate if F'(z,1) has
degree d and if the roots 71, ...,7q of F(z,1) in K are nonzero and have the
property that for all ¢ # j,

either ; = v; or 4" # ;™.
If F' is m-nondegenerate for all m > 2, we say simply that F'is nondegenerate.

Definition 23. We set
Ratgl'nondeg = {@ab € Raty : F} is m-nondegenerate}.

Corollary 24. Let m > 2 and 0 < k < m.

a) Identifying Raty as a subset of P24+1 the set Rat™1°nd8 ¢ the comple-
d
ment of a hypersurface of P24+1,
b) All pap € Rat”monde sqtis Y
9 d

degz (gm,k(Soa,b)) =d.

Proof. (a) Indeed, we see from Proposition [[8(e,g,h) that F'(z) = Fp(z) is
m-nondegenerate if and only if bobg # 0 and Disc(Hp, )/ Disc(Fp) # 0. But
Proposition [I8(g) tells us that Disc(Hp, )/ Disc(Fp) € Z[b], so Rat:ln'nondeg
is the complement of the hypersurface defined by

bobd DiSC(H@m)/DiSC(Fb) = 0.

(b) This is immediate from Proposition [I8(f,h) and the definition of m-
nondegeneratcy. We note that the nondegeneracy includes the condition
that bgbgy # 0, which is needed due to the bg”_lb?_l_k factor in (6.4), al-
though for k = m—1, there are maps with by = 0 satisfying deg, (Smk(goa,b))
=d. O

7.1. Proof of Theorem 2(a,b)

Proposition [I§ tells us that Gg pmk(2) and Hpn,(z) are of degree at
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most d in z, and that their z-coefficients are homogeneous polynomials of

degree m in Z[a, b]. We write

d
abmk ZGmkzab - and Hbm Z

More precisely, Proposition [I8(d) tells us that

Hypo = (=12 Dy,
G0 = (=14 gopm=1,

Gmio=0 forl<k<m.

Further, the formula §, %(Yab)(2) = Gabmk(2)/Hsm(z) in Proposition
[I8(b) implies that the rational map Rq , k P2+l __5 P2+ g given by

Ramk = [Gmk,0s- - Gmeds Hmyos - - - s Hm dl- (7.1)

Hence Mg i is a rational map of degree at most m. We are next going to
show that

GmJi’,Oa s 7Gm,k7d7 Hm,Oa s 7Hm7d

have no nontrivial common factor in the polynomial ring Z[a, b], which will

complete the proof that R, 1 has degree exactly equal to m.

Let

Gm (ab):---:Gmkd(ab):O
W =4 [a,b] € P2t TmAOND hdi :
{[ | Hopo(b) = -+ = Hpa(b) = 0

so (1) tells us that Z(MRgmix) C W. We first observe that if b = 0, then
the formulas for Gg p m (%) and Hyp ,(2) given in Proposition [I8imply that
Ga,bmk(2) and Hp (2) are both identically 0, which shows that {b = 0} C
W. Conversely, let [a,b] € W. In particular, every coefficient of Hp (%)
vanishes. Since Hp,,,(w™) = [[ Fp(¢},w) by definition, it follows that there
is some ¢ such that Fy(¢t w) = 0 as a polynomial in w, which in turn implies

that b = 0. This gives the other inclusion, so we have proven that

W = {[a,b] € P**: b =0}.



2014] LANDEN TRANSFORMS AS FAMILIES OF MAPS 569

Suppose now that degRg , r < m. As noted earlier, this implies that
Gm k05 Gmeds Hm 05 - - - s Hyp g have a nontrivial common factor u(a, b) €
Z|a,b]. But then W contains the subvariety {u = 0}, which has dimen-
sion 2d, contradicting the fact that

dim W = dim{b =0} = d.

This shows that deg Ry, x = m, which completes the proof of Theorem 2l(a),
while simultaneously proving that

ZRamr) =W = {[a,b] € P> : b= 0]}.
Finally, let [a, b] € P2+ \ Z(Ry,mk). Then

Ramk(a,b) € Z(Ram,k)

Hp m(z) = 0 as a z-polynomial,
m—1

Hp pp(w™) = H Fy(¢t,w) = 0 as a w-polynomial,
t=0

<

<

<= (¢l w) =0 as a w-polynomial, for some ¢,
— b=

[

0
< a, b] S Z(%d,m,k)' (72)

This completes the proof of Theorem 2{(b).
7.2. Computation of a Jacobian matrix

The proof of the remaining parts of Theorem [2]is more complicated and

requires some preliminary results.

The rational map Rq ., x(a,b) is given by a list of 2d + 2 homogeneous
polynomials of degree m. We write

Tam.k(a,b) = JacRg i (a,b)

for the associated Jacobian matrix. We note that since G4 p m 1 has degree 1
in a and Hy,, is independent of a and k, the matrix Jg,, 1 has block form

o Ad,m,k(b) 0
a6, 0) = <cd,m,k<a,b> Dd,m<b>)’ 7:3)
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In particular, the Jacobian determinant
det jd,m,k = (det Ad7m7k’)(det Dd7m) S Z[b] (74)

is independent of a.

Lemma 1. With notation as in (Z3), in the case that k =0 we have

Dd,m = mAd,m,O .

Proof. With our usual identification of z = w™, we have by definition that
the (4, j)’th entry of Ay, is the coefficient of 2977 in the partial derivative

8Ga b.d.m o(z) 8 1 m] t
it iiie) _ F F S )
aai aaz (m a(me) H b(me)
t=0 s#t
1 m—1
- S @ T A
t= s#t
Similarly, the (i,7)th entry of Dy, is the coefficient of 2¢=7 in the partial
derivative
OHpam(z) 0 ("o = 1
, @, - t d—Z S
o = o (11 A = [T A
t=0 t:0 s#t
Comparing these formulas shows that Dg ., = mAg.m.0. O

Example 25. We illustrate Lemma [Il and the block form (Z3)) of Jgm « by
computing

bg by O 0 0 O

0 —b O 0 0 0

0 by by 0 0 O

apg ag 0 2b0 2b2 0

0 —a; 0|0 =26 O

0 ag a2z 0 2b0 2b2

J2.20 =

The next lemma, which includes a somewhat complicated calculation, is
the key to showing that the matrix Ag,, o is generically non-singular in all

characteristics.
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Lemma 2. Write the entries of the matriz Ag ., x(b) as

Ad7m7k(b) = (ad7m7k(b)i,j)ogi,j§d'

(a) Then agmk(b)i; € Z[b] is homogeneous for both degree and weight, and
satisfies

deg Ozd7m7k(b)i7j =m—1,

Wt g m k(b)i; =mj —i—k.

(b) det Ay i(b) € Z[b] is homogeneous for both degree and weight, and
satisfies

degdet Ay = (m —1)(d+1),
wtdet Agmp = %(m —1)(d® +d) — k(d+1).

(c) Let I; C Z[b] be the ideal generated by b, by,...,bj_1, where by conven-
tion we set Iy = (0). Then

agmo(b)i; =0 (mod I;) foralli> j,
and for i = j, we have
aamo(b)j; = (1)1 (mod I).

(d) When det Agpo(b) is written as a polynomial in Z[b], it includes the
monomial

(_1)(m+1)(d2+d)/2(b0b1 . bd)m—l.

(Note that (c) and (d) refer to the case that k = 0. For 1 < k < m, see
LemmaBl.)

Proof. The (i,7)'th entry of Ag, is equal to the coefficient of 297 in the
partial derivative

0Ga.b.dm 1 p
,ng' k() — Z R (L ZHFb(Cﬁlw)- (7.5)
! =0

sF#£t
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A typical monomial in the right-hand side of (TH]) is a Z[(,,]-multiple of

md—i—k—u1—-—Um—1

wFw i, wd b wdm=1 =p, b

Um—1 Um—1

This quantity will be a multiple of 247 = w™(@=7) if and only if
md—i—Fk—(uy + -+ up—1) =m(d — j).

Hence ag m,1(b);,j is a sum of monomials whose b-degree is m—1 and whose b-

weight is

This completes the proof of (a).

For (b), we see that each monomial in det Ag,  is a product of d + 1
homogeneous polynomials of degree m — 1, which shows that det Ay, is
homogeneous of degree (m — 1)(d + 1). Further, if 7 € Sg4; is any permu-

atation, then det Ay, 1 is a linear combination of terms having weight

d d
wt <H ad7m7k’(b)i77r(i)> = Z wt ad7m7k’(b)i77r(i)
i=0 i=0
d

= Z(mﬂ(z) —i—k)

i=0
=(m—1)d(d+1)/2 —k(d+1).

This completes the proof of (b).

The weight and degree formulas from (a) say that g n,0(b); ; is a linear

combination of terms of the form
d d
bbby with Zet:m—l and Ztet:mj—i.
t=0 t=0

Suppose that
ad,m,O(b)i,j 5_’3 0 (mod I])

This means that g, 0(b); j includes a monomial having eg = --- = e;_1 =0,
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i.e., a monomial of the form

d d
b - b5 with Zet:m_l and Ztetzmj—i'
t=j t=j

This leads to the inequality
d d
mj—i=Y te,>Y jer=j(m—1), (7.6)
t=j t=j

which implies that ¢ < j. We have thus shown that
ad,m,O(b)i,j 5_’3 0 (mod I]) = 7 < ] (77)

The contrapositive of (7.7 is the first part of (c).

For the second part, we suppose that
agmo(b)i; Z0 (mod I;) and i=j.

Then mj —i = j(m — 1), so the middle inequality in (7.6]) is an equality.
Hence
d d

d
0= Ztet — Zjet = Z(t —j)et.

t=j t=j

Every term (¢ — j)e; is non-negative, so we must have (t — j)e; = 0 for all
j <t <d, which implies that e, = 0 for all j+1 <t < d. It follows that the
only monomial appearing in ag,,0(b);; that is not in I; has the form b;j )
and by degree considerations we must have e; = m — 1. This proves that

agmo(b)j;= ’ybgn_l (mod I;) for some constant vy € Z[(y,].

In order to complete the proof of the second part of (¢), it remains to compute
the constant ~.

We are looking for the coefficient of b;”‘lwm(d_j ) in the expression (note
that k£ = 0 by assumption)

—_

3

1 .
— > (¢hw) ] Fo(Gw).

Il
o
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The only way to get b;-”_l is to take the b;(¢5,w)? 7 term in each Fp(¢3,w)
appearing in the product. This gives

m—1
1 t d J s
m 2 Gy L br( G
t= s#t
1 m—1
_ m—1_ m(d— d—j)t d—
_Ebj w™d=9) ¢ld=3) HC( —J)s
t=0 s#t

m—1

1 m—1, m(d— m -7
:Ebj Lym(d J)Z( 1)m+DA=1) - from 65

m+1)(d—j7)pm—1 md—'
(—1)mH1( J)b] (d—3)

This proves that v = (—1)"+D(@=7)  which completes the proof of (c).

Using (c), we see that the entries of the matrix Ag, r(b) have the form

:I:bg"_1 * * * *
IO ibgn_l + Il * * *
Iy I +07 1+ I * e *
Iy I I o7+ I * 7
Iy L I I3 e VT Iy

where we write I; to indicate an element of the ideal I;, and where stars
indicate arbitrary elements of Z[b].

We now consider how we might obtain the monomial (bgb; ...bg)™ ! in
the expansion of det Ag,, 1(b). Since Iy = (0), the only nonzero entry in the

first column is the top entry of :l:bg”_1

, so we expand on that element and
delete the first row and column. But we’ve now used up all of our allowable
factors of by, so when we take the determinant of the remaining d x d subma-
trix, we're not allowed to use any monomials containing a by. Equivalently,
we might as well set by = 0 before taking the determinant of the d x d sub-
matrix. When we do this, since I; = (by), the only nonzero entry in the first
column (of the submatrix) is the top entry, which is +b7"~!. Expanding on
this entry and deleting the top row and column, we’ve now accumulated a
factor of (bob1)™ !, which uses up all of the allowable factors of by and by.

This means that we can set by = by = 0 before taking the determinant of the
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remaining (d — 1) x (d — 1) submatrix. Since Iy = (bp, b1), the first column
of the (d — 1) x (d — 1) submatrix is zero except for the top entry of +b7"*.
Continuing in this fashion, we see that the monomial (bb; ... bg)" ! appears

in the expansion of det Ay, 1 (b) with coefficient £1.

This would suffice for most purposes, but we can use the explicit formula
for the sign in (c) to exactly determine the coefficient. Thus det A4, 1 (D)

contains the monomial (—1)#(bgby ...bg)" ! with

d &2 +d
uEZ(m—I—l)(d—j):(m—l—l) (mod 2).
§=0
This completes the proof of Lemma 2 O

7.3. Proof of Theorem 2(c)

Our goal is to prove that the rational map JRg o : ]P’A%dJrl - ]P’A%dJrl is
dominant. We observe that Lemma [2(d) and the elementary Jacobian for-
mula (7Z4) imply that the Jacobian determinant of the rational map Ry m 0,
considered as a homogeneous polynomial in Z[b], includes a monomial of the

form

m&(bgby ... bg)?™ 2,

It follows that
det Jymx(a,b) #0 in Z[m '][b].

This proves that PRy, 0 is a dominant rational map provided that m is
invertible, i.e., as long as we’re not working in characteristic p for some
prime p dividing m. In particular, it proves that Rg,,0 is a dominant

rational self-map of ]P’?Qdﬂ.

However, for characteristics p dividing m, this tangent space argument
will not work. Indeed, we will soon see that the map Ry, 0 is inseparable
over ). So we proceed as follows. Theorem[2{(b) says that the indeterminacy

locus of Ry, is the set

zZ = Z(md,m,k) = {[a7 b] € P2d+1 :b= 0}7
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and that Ry, ;. induces a morphism
2d+1 2d+1
md,m,k:PZ+ \Z—)]P’Z+ N Z.

We note that Z is independent of m and k, so compositions of various Ry, i
for a fixed d and different m and k give well-defined rational self-maps
of ]P’%dﬂ, since they are self-morphisms of the Zariski dense subset ]P’%dJrl NZ.
Contained within this set is the Zariski dense set on which Ry, . agrees with
the Landen transform §,,  (cf. Corollary 24l(a)), so the composition formula
in Proposition [1] implies the analogous formula

R,k © Rane = Rdmn, knto- (7.8)

The composition formula (7.8]) is valid as rational self-maps of ]P’%dﬂ. Tak-
ing k = ¢ = 0 in (Z8) and applying it repeatedly, we see that if m has
a factorization m = pips---p, as a product of (not necessarily distinct)
primes, then

Ra,m,0 = Rap1,0 ©Rap0 00 Rap,.0- (7.9)
Hence in order to prove that $Rg ,, ¢ is @ dominant rational self-map of ]P’%dﬂ,
it suffices to consider the case that m = p is prime. Further, since we have
already proven that R, o is dominant over Z[p~'], it suffices to prove that
the reduction modulo p,

< . m2d+1 2d+1
Rapo Py, " - P,

is dominant.

In order to analyze 97{[1,;,,0, it is convenient to write IF, as the quotient
field

with p the ideal p = (1 — (,)Z[(p).
Then using the fact that (, =1 (mod p), we see that
p—1
Hyp(w?) = [ [ Fo(¢w) = Fy(w)” = Fyp(w?)  (mod p),
t=0

where we write b” for the p-power Frobenius map applied to the coordinates
of b. This proves that the last d + 1 coordinate functions of Mg, 0(a,b)
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are bgv oo 7b§7 i-e-, Sﬁdﬁmo haS the fOI'IH
£~Rd7p70(a7 b) = [éa,bmﬂa bg’ b;i)v S bs],

where we write éa,b,p,o for the list of z-coefficients of Ggpp.0(2), reduced
modulo p.

Viewing P21 as (A2 < 0)/G,,, we lift the rational map Ry, 0 to a

morphism

R:AF? — AF2 (a,b) — (Gappo, 05, 0)).

It suffices to prove that R is dominant. We write R as a composition R =
T o S with

S - A]%d+2 A]%d+2 T - A]%d+2 A]%d+2
p p p P

(mv y) — (Gm,y,p,Oa y) (mv y) — (m7 y;D)

Lemma [2(d) tells us that S is dominant, and it is clear that 7" is dominant,
hence R is also dominant. This completes the proof that Ry o is dominant,
and with it the proof of Theorem [2l(c).

Remark 26. Theorem [2] describes the algebraic degree of the rational map
Rd,m,k» Where in general, the algebraic degree of a rational map ¢ : PN -
PV of projective space is the integer d satisfying ¢*Opn (1) = Opn (d). It is
also of interest to compute the separable and inseparable degrees of dominant
rational maps ¢ : X --» Y of equidimensional varieties. By definition,
these are the separable and inseparable degrees of the associated extension
K(X)/¢*K(Y) of function fields. (Over C, the separable degree is equal
to the topological degree of ¢, i.e., #p~1(y) for a generic point y € Y(C).)
The proof of Theorem 2(c) shows that in characteristic 0, the induced map
Rd,m,0 : P(z@dﬂ -3 P(z@dﬂ has (separable) degree m®, while in characteristic p,
we factor m = p°n with p { n, and then Ry, 0 : IP’?FZH -— IP’?FZH has
separable degree n and inseparable degree p°®. The same statements are
true for Ry, i as self-maps of {ap = 0} = P2,

7.4. Proof of Theorem 2(d)

The proof of (d) is similar to (c¢), but longer and computationally more
complicated, so we only give an outline and leave the details to the reader.
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We use a prime to denote restriction to the hyperplane {ay = 0} in

P24+l So for example %Zlm’k is the restriction of Ry, i to {ag = 0}, and

Ji.mx(@,b) is the Jacobian matrix of Ry, ;. We observe that J;, ,(a,b)
is obtained from Jj (@, b) by deleting the first column and the first row
of Jamk(a,b), and then setting ag = 0. Looking at the block form (Z.3]) of
Jamk(a,b), we see that 7, (a,b) has the form

/ _ Aél,m,k(b) 0
jd,m,k(a’v b) - <Cc/l7m7k(a7 b) Dd,m(b) ) (710)

where A2l7m7 i is the d-by-d matrix obtained by deleting the first column and
row of Agm i, and Dy, is the (d 4+ 1)-by-(d + 1) matrix already appearing
n Jam.k-

We note that Lemmas [Il and 2(d) tell us that det Dg,,(b) includes the
monomial

md+1(—1)(m+1)(d2+d)/2(b0b1 . bd)m_l. (7.11)
We recall Lemma 2f(c,d) gives various formulas when & = 0. The next
result gives analogous formulas for 1 < k < m.

Lemma 3. Let 1 < k < m, and write the entries of the matriz A}, . as
A:i,m,k(b) = (aél,m,k(b)ivj) .
(a) For1<j <d, we write I} C Z[b] for the ideal generated by

b07 b17 s 7bj—27 bfi_ll
Then

g mi(0)ij =0 (mod I}) foralli>j,
a2l7m7k(b)j7j = (_1)(m+1)(d_j)+kb§_lb;n_1_k (mod I],)

(b) When det A}, ,.(b) is written as a polynomial in Z[b], it includes the
monomial

(_1)(m+1)(d2—d)/2+dkbg(b1b2 . bd—l)m_lb?_l_k-

Proof. We omit the proof of Lemma [Bl which is similar to the proof of
Lemma 2(c,d). O
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Resuming the proof of Theorem [2(d), we note that (Z10), (Z11]), and
Lemma [3(b) imply that

det Jgm k(a,b) = det A&7m7k(b) det Dy, (b)

has a monomial term of the form

md+1(_1)(m+1)d2+dkb6n—1+k(b1b2 . bd_1)2m—2b§m—2—k‘

In particular, we conclude that %Zlm’ ;. is @ dominant rational self-map of P2
over Z[m™1.

The next step of the proof is to note that that the restriction of Ry, 0
to P24 = {ap = 0} C P2¥*! gives a map Ry o from {ag = 0} to itself.
This follows from the fact that Gg p 1m0 = :l:aobgl_lzd + O(2471). We claim
that %;’m’o is a dominant rational map over Z. To see this, we first perform
a Jacobian calculation for 9{&7%0 similar to those already done to check
that 2/, , is a dominant rational map over Z[m~!]. We then decom-
pose Ry 4 as a composition of maps R, with p prime, cf. (Z9), so it
suffices to show that 9‘{&%0 is dominant over F),. The proof of this last as-
sertion is similar to the final step in the proof of Theorem 2l(c) earlier in this
section.

Finally, writing m = np with p prime and using the decomposition
dmk = Ryno© %;’p’k, we are reduced to showing that %&’p’k is domi-
nant over F,. But we know from Lemma [3(b) that det Aj;  ,(b) includes
a monomial whose coefficient is 1, while the matrix Dy, (b) does not de-
pend on k, so the argument used at the end of the proof of Theorem [2(c)
earlier in this section can be used, mutatis mutandis, to complete the proof
of Theorem [2(d).

Remark 27. Let A}, (b) be the d-by-d matrix described in (Z.I0), i.e.,
the matrix obtained by deleting the first column and row of Ag,, x(b). For
k =0, we have

det Agm,0(b) = (—bo)™ " det A}, (),

since only the first entry of the first column of Ag,,o(b) is nonzero. It
appears from examples that the following formula is true:

?

b det Al o(b) = (1) TRk det AL, o(b). (7.12)
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We also remark that an easy calculation shows that if 1 < m < d+ 1,
then the top d rows of Ag,y, k41 are equal to the bottom d rows of Ay, k.
while the last row of Ag,, k41 is equal to the (d +1 — m)’th row of Ay, k
shifted one place to the right. But this relation between Ay, x and Ag 41
is not sufficient to explain (7Z.12]).

8. The map on P? induced by Hy

In this section we discuss the map on P? induced by using only the de-
nominator of the Landen transform. We write the function Hy ,,(2) defined
by the formula (6.2]) in Proposition [I8 as

d
Hpm(2) =) Hpni(b)2,
i=0

and we use the z-coefficients of Hp ,(2) to define a map
B : PT— P By (b) = [Hino(b), ..., Hya(b)].

Thus h,, is the map formed using the final d + 1 coordinate functions of the

rational map Ry, . described in Theorem 2((a). We start with an easy fact.

Proposition 28. The map h,, is a morphism.

Proof. The computation (.2) done during the course of proving Theo-
rem [2(b) shows that

Hm’o(b) == Hm7d(b) =0 < b= 0,
$0 Z(hy) = 0. O

More interesting is the fact that h,, is closely related to the m’th-power
map. In order to describe the exact relationship, we dehomogenize by setting
by = 1. Since H,,o(b) = (—1)"+Ddpd this has the effect of restricting h,
to an affine morphism (which by abuse of notation we also call h,,) given by

B« AT — A?,

hin(b) = (1), (B), ..., (~1)™ D, (b)), (7.13)
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where again by abuse of notation, we now use affine coordinates b = (by, .. .,
by). We let

Tom 2 AT — A7, Tm(T1, .. xq) = (..., 2),
be the m-power map, and we let
od: Ad — Ada O-d(w) = (_Ucll(m)v U?l(m)v ) (_1)d0-g(m))a

be the map defined by the elementary symmetric functions, taken with al-

ternating sign. So for example, when d = 3 we have

o3(r1,22,73) = (—961 — T2 — X3, T1T2 + T1X3 + T2T3, —9619622133)-

It is well known that o4 induces an isomorphism that takes the quotient
of A? by the action of the symmetric group Sy on (z1,...,24) to A% We

denote this isomorphism by
o4 : Ad/Sd =5 Al
Proposition 29. With notation as described in this section, we have

R = Gg © T © 5';1 as self-maps of A%.

Proof. In order to relate h,, to m,,, it is convenient to let uq, ..., ug be the
z-roots of Fp(z) = 0 in some integral closure of Z[by,...,bq]. (Remember

that we have set by = 1.) In other words,

d
bi = (—1)'oh(u1,...,ug) and Fp(z) = H(z — ug).
s=1
This allows us to compute
d ' m—1 m—1 d
ZHmi(b)wm(d—l) = Hb,m('wm) — Fb(gtnw) = H( fnw — US)
=0 t=0 t=0 s=1
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d
= (1)) S (1Yo )
i=0
d . .
= (=)D (—1)' 0l 0 m(ua, - - ug)w™ )
i=0
Hence for 1 <4 < d we have
Hpi(b) = (=) ™D (168 0 mp (ur, .. ., ug).
Combining the H,, ; to form h,, as in (ZI3)), we obtain
hn(B) = G 0 Tom (i1, -, 1),
However, by construction (ug,...,uq) satisfies
5-d(u17 s ,’LLd) = b7
which gives the desired formula
Ry, = g 0T 06;1.
This completes the proof of Proposition O

Remark 30. Although the equality in Proposition 29]is only valid on the
affine set {by # 0}, we note that on the excluded hyperplane by = 0, the
definition of h,, is given via a product of polynomials of degree d — 1. This
allows us to completely describe h,, on P4 via a natural decomposition. More
precisely, we decompose P? as a disjoint union

d d
P = J{bo=---=bp1 =0and b, #0} = | J A™.
n=0

n=0
Then Proposition 29 applied to each affine piece implies that the restriction
of h,, : P4 — P4 to A™ satisfies

-1

him|gn = Gnompmoa, .

Remark 31. In some situations it may be more convenient to view Ry, i
itself as a map of affine space by dehomogenizing with by = 1. We write
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fi’m’k for the resulting polynomial map

/ . A2d+1 2d+1
Rimp A7~ — A7,

where we identify
AZTL = P2 (b = 0}

We observe that there are a number of vector subspaces of A%dﬂ that the

morphism R, leaves invariant, including for example

Ui:{aozalz...:ai:()} f0r0§1§d7
w:{ad:ad_lz...:ad_izo} fOI'OSZSd,
Wi={bg=0b4_1 = =bg_; =0} for0<i<d.

(Note that for 1 < k < m, we have %;’m’k(A%dH) =Up.)

Writing @ as a column vector and letting A4, x(b) be the matrix ap-
pearing in the Jacobian, see (Z.3]), we see that %R/, , takes the form

Rymil(a,b) = (Adgm,k(b)a, hm (b)).

With this notation, the composition law for the Landon transform described
in Proposition [16] becomes the matrix formula

Ad,m,k (hm(b)) Adm,Z(b) = Ad,mmkn—i—ﬂ(b)'
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