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| | I Abstract

This is the third and last in our series of papers concerning solution of the Einstein-
scalar field Lichnerowicz equations on Riemannian manifolds. Let (M, g) be a smooth
compact Riemannian manifold without the boundary of dimension n > 3, f, h > 0, and
a > 0 are smooth functions on M with fM advol;, > 0. In this article, we prove two major
results involving the following partial differential equation arising from the Hamiltonian

constraint equation for the Einstein-scalar field system in general relativity

2% -1 a
Agu + hu = fU + W,
where Ay, = —divy(V,:), 28 = 22, In the first part of the paper, we prove that if

fM advoly is sufficient small, the equation admits one positive smooth solution. In the
second part of the paper, we show that the condition for |’ ar @dvoly can be relaxed if sup, f
is small. As a by-product of this result, we are able to get a complete characterization
of the existence of solutions in the case when sup,, f < 0. In addition to the two main

results above, we should emphasize that we allow a to have zeros in M.
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1. Introduction

This is the third and last in our series of papers concerning solution
of the Einstein-scalar field Lichnerowicz equations on compact Riemannian
manifolds. Given a smooth compact Riemannian manifold (M, g) without
the boundary of dimension n > 3, in this paper, we prove some existence
results for the following simple partial differential equation

Agu+hu=fu* a7 w0, (1.1)

where A, = —div,(V,-) is the Laplace-Beltrami operator, 2* = % is the
critical Sobolev exponent, and A > 0, f, a > 0 are smooth functions.

The analysis of Eq. (L)) is motivated by the constraint equations for the
initial value problems of general relativity by using the conformal method.
Recently, Eq. (LI) has received much considerable attention due to the
nature of their origin. To make the paper self-contained, we briefly recall
how the conformal method can be used when we study the Cauchy problem
in general relativity and how Eq. (1)) appears. For interested readers, we

refer to M, Chapter III], see also M, B, B, H, IE, IE]

Roughly speaking, by a given initial data set (M, g, K) we mean an n-
dimensional Riemannian manifold (M,g) and a symmetric (0,2)-tensor K,
then the initial value problem asks for a Cauchy development of (M, g, K),
simply denoted by (.#, g), which is a Lorentzian manifold of dimension n+1.
Here the spacetime metric g is required to satisfy the following Kinstein

equation
1
Ricg — §Scalgg =97,

where Ricg and Scalg are the Ricci tensor and the scalar curvature of the
spacetime metric g. Also, the symmetric (0,2)-tensor .7 appearing in the
Finstein equation is the energy-momentum tensor which is supposed to
present the density of all the energies, momenta and stresses of the sources.

In order for (.#,g) to be a Cauchy development of (M,g, K), it is

required that (M, g, K) must embed isometrically to (.#,g) as a slice with
the second fundamental form K; and the metric § becomes the pullback of
the spacetime metric g by the embedding. It turns out that the initial data

(g, K) cannot be arbitrary, they must satisfy some conditions. As a direct
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consequence of the Gauss and Codazzi equations, those conditions can be
rewritten in a form consisting two equations known as the Hamiltonian and

momentum constraints which are defined on (M, g), namely,

Scaly — |K |2 + (traces K )? — 2p = 0,
{ g ’ ‘g ( g ) 14 (1.2)

V§ . F - Vgtracegf - f = O,

where all quantities of (L2) involving a metric are computed with respect to
the spacelike metric g and Scaly is the scalar curvature of g. Also in (L2),
p is a scalar field on M representing the energy density and _# is a vector
field on M representing the momentum density of the nongravitational fields;

they are related to the energy-momentum tensor 7 as follows

p=7mmn), 7 =-T(n,),

where n is the unit timelike normal to the slice M x {0}, see M, Ia] and ﬂ,
Section 5].

By a simple dimension counting argument, it is clear that Eq. (I2) forms
an under-determined system of variable (g, K ); thus they are generally hard
to solve. However, in literature, the conformal method can be effectively
applied in the constant mean curvature setting as remarked in M], that is to

look for

. - (1.3)
Kﬁzﬁﬁ Gy +u (o + LW,

where the metric g is fixed, u is a positive (smooth) function to be deter-
mined, and W is a 1-form. Note that the operator . appearing in (L3
is the conformal Killing operator acting on W which can be given in local

coordinates by
2
cw%:mm+wm—#Wmmﬁ

where V and V are the Levi-Civita connections associated to the metrics g
and g respectively. Here 7 = gV K;; is the mean curvature of M as a slide
of .. The choice for the two-tensor o is somehow arbitrary.

When the conformal method is applied in this setting, the constraints
([C2) can easily be transformed to a determined system of partial differential
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equations of variable (u, W) given by

4(n—1 —1 x *
7(1”— Z)Agu + Scalgu = —(nTTQ—Qp)UQ 4o +$W|§u_2 ~1(1.4a)
-1 * (n+2)
divy (ZW) = 22w dr tunz g, (1.4b)
n

In the vacuum case and when 7 is constant, e.g. .7 = 0 and hence p = 0
and ¢ = 0 as well, we know exactly which sets of data lead to solutions and
which do not, see ﬂﬂ] This is because Eq. (L.4D]) then only involves W and
generically implies W = 0 (for example, if M admits no conformal Killing
vector field). Therefore, one is left with solving Eq. (L4al). Clearly, Eq. (1)
already includes Eq. ([4al) as a particular case. Throughout this paper,
equations of the form (III) are called the Einstein-scalar field Lichnerowicz
equations.

While, as we have noted, the conformal method can be effectively applied
for solving Eq. (2] in most cases, it should be pointed out that there
are several cases for which either partial result or no result was available,
especially in the non-vacuum case, when gravity is coupled to field sources.
To see this more precise, we assume the presence of a real scalar field v
on the space time (.#,g) with a potential % being a function of %), then
Eq. (L4a) takes the form of (L)) with

-2 -2
h = h(SCalg—]VWg), a:h(’0+gw‘§+ﬂg),(l5)
and_ n=2 (n=l oy 1.6

where 7 is the transformed normalized time derivative of ) restricted to
M and v is the restriction of ¥ to M, see ﬂa, H] for details. Based on the
division in ﬂa], one can observe that there are three cases corresponding to
either h < 0, or h = 0, or h > 0 with sign-changing f, for which either
partial result or no result was achieved.

In the preceding papers ﬂﬁ, IE], we have already proven that, in the
case h < 0, a suitable balance between coefficients h, f, a of the Einstein-
scalar field Lichnerowicz equations is enough to guarantee the existence of
one positive smooth solution. In addition, it was found that under some

further conditions we may or we may not have the uniqueness property of
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solutions of the Einstein-scalar field Lichnerowicz equations. This paper is

a continuation of those papers above ﬂﬁ, IE]

In the present paper, we continue our study of the existence of the
positive smooth solutions to (LI)) when h > 0. We assume hereafter that
f and a are smooth functions on M with a > 0. The latter assumption
implies no physical restrictions since we always have that ¢ > 0 in the
original Einstein-scalar field theory. We also assume [ ) advoly > 0. This
assumption prevents us from the study of the prescribing scalar curvature
problem in the positive case. Thanks to the conformally covariance property
of the Einstein-scalar field Lichnerowicz equations, we can freely choose a

background metric ¢ such that manifold M has unit volume.

As far as we know, Eq. (L) with A > 0 was first considered in m]
by using variational methods. In that elegant paper, Hebey—-Pacard—Pollack
proved, among other things, a fundamental existence result which roughly
says that a suitable control of [ ) advoly from above is enough to guarantee
the existence of one positive smooth solution. Their result basically makes
use of the fact that the operator Ag+h is coercive. Although the coerciveness
property is slightly weaker than the condition h > 0, however, this condition

is enough to guarantee that the following

1
2
yuHH1:</ V|2 dvol, /hzﬁdvolg)

is an equivalent norm on H'(M). The advantage of this setting is that the
first eigenvalue of the operator A + h is strictly positive, and thus, various
goods properties of the theory of weighted Sobolev spaces can be applied.
In particular, for all u € H'(M), there holds

2
/ |Vu|2dvolg+/ hu? dvol,, 5h</ |ul|? dvol) , (1.7)
M

where the constant s, is called the Sobolev constant and is independent of

u. Using our notations, their result can be restated as follows.

Theorem A (see @]) Let (M, g) be a smooth compact Riemannian man-
ifold without the boundary of dimension n > 3. Let h, a, and f be smooth
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functions on M for which Ay + h is coercive, a > 0 in M, and supy; f > 0.
There exists a constant C = C(n), C > 0 depending only on n, such that if

C
(Snsupyy | f]

* a
Iy | vl < = (18)

and
/ fo? dvol, >0 (1.9)
M

for some smooth positive function ¢ > 0 in M, then the Einstein-scalar field

Lichnerowicz equation (1)) possesses a smooth positive solution.

As can be seen from Theorem A, the condition sup,,; f > 0 is crucial
since the condition (L9) does not hold if f < 0. Moreover, it could be nec-
essary to have a > 0 in M in order to get a positive lower bound for smooth
solutions of (I)). Besides, if we denote f~ = min(f,0) and f* = max(f,0),
then the condition (LX) involves not only sup,, f* but also infy; f~. In
other words, for given a, the negative part f~ of f cannot be too negative.
This restriction basically reflects the fact that the energy functional has to
verify the mountain pass geometry as their solution was found as a moun-
tain pass point. It is worth noticing that an upper bound for | a advoly as
in (L8] is predictable since for given h and f, a cannot be too large, see |10,
Section 2].

The present paper was also motivated by a recent paper by Ma—Wei ﬂﬂ]
In their paper, provided u is a positive smooth solution, Ma—Wei proved the
existence of some mountain pass solution of (II]) of the form w4+ v for some
positive smooth function v. In terms of our notations, we can formulate

their result as the following.

Theorem B (see ﬂﬂ]) Assume that a, f, h are positive functions on the
compact Riemannian manifold (M, g) of dimension 3 < n < 6. Let u be a
positive smooth solution of ([LIl). Assume that the first eigenvalue of

4 3n—2 4an-a

n+2 4
n—2 n—2 ].].0
n—QfQ * n—2 ¢ ( )

Ay+h—

is positive. Then the Einstein-scalar field Lichnerowicz equation (L) pos-
sesses a mountain pass, smooth, positive solution.
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It is easy to see that the positivity of the first eigenvalue of the operator
given in (LI0) immediately implies that the solution u is strictly stable.
Therefore, it is natural to seek for positive smooth solutions of (ILI]) as local
minimizers. Another reason that supports this approach is to look at the
profile of the functional associated to (ILI). Due to the presence of the term
au~2" "1, the energy of u is very large when maxj; u is small. Clearly, in the
case f < 0, the energy of u is also large when maxy; w is large. Consequently,
a local minimizer of the energy functional should exist which could provide
a possible solution. Similarly, if one assumes that sup,, f > 0 and that the
energy functional admits some mountain pass geometry, a local minimizer

of the energy functional again exists.

While searching for positive smooth solutions of Eq. (I.T]), we found that
the method used in @, IE] still works in this context. While the non-positive
Yamabe-scalar field invariant h < 0 involves more conditions and our analy-
sis of solvability of the Lichnerowicz-scalar field equations strongly depends
on the ratio between sup,, f and | a |f|dvoly, the positive Yamabe-scalar
field invariant A > 0 requires fewer conditions than the non-positive case.
In fact, as we shall see later, in the case sup,, f > 0, no condition for f is
imposed and we are able to show that if | 1y @dvoly is small, then (L)) pos-
sesses at least one smooth positive solutions since the condition for sup,; f
can be absorbed to the condition for [}, advoly. The first main theorem can
be stated as follows.

Theorem 1.1. Let (M, g) be a smooth compact Riemannian manifold with-
out the boundary of dimension n > 3. Assume that f, h > 0, and a > 0
are smooth functions on M such that fM advol, > 0 and sup,,; f > 0. We
assume further that there exists a constant T > max{l, (% I hdvolg)%}
such that

(277, o 1)n—1 Sh ShT n—1
dvol — 1.11
/Ma VOl < 22n=Ipn 1 \ rsupy f — [y, fdvolg (1.11)

holds. Then (L)) possesses at least one smooth positive solution.

Observe from ([LIT]) that 7 plays no role but a scaling factor. There-
fore, for given [, advoly, we could select 7 sufficiently large and sup,, f
sufficiently small in such a way that (IT) is fulfilled. This suggests that
under the case when sup,; f is small, the condition for [ ) @dvoly appearing
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in (LII)) can be relaxed. In the second part of the present paper, we prove
this affirmatively. That is the content of the following.

Theorem 1.2. Let (M, g) be a smooth compact Riemannian manifold with-
out the boundary of dimension n > 3. Let f, h, and a be smooth functions
on M with h >0, a >0 in M, fM advoly > 0, and sup,; f > 0. Then there
exists a positive constant ¢ to be specified later such that if sup,; f < ¢, then
Eq. ) possesses one positive smooth solution.

Apparently, Theorem provides a slightly stronger result than that of
Theorem A as the negative part f~ of the function f could be arbitrarily
small. In addition, the condition (ILTT]) also suggests that if i is large enough,
(CI) always admits at least one positive solution. This is because, as a
function of h, sp, is monotone increasing. It turns out that the size of h
really affects the solvability of (ILI]). We shall not prove anything about
this interesting feature but to summarize the role of A in Table 1 in the last

paragraph of the present paper.

In the third part of the present paper, we focus our attention to the case
when f < 0. In this context, we are able to get a complete characterization of
the existence of solutions of (LI]) in the case when f < 0. Roughly speaking,
it should mention that in the statement of Theorem [[I] sup,, f is exactly
sup,, fT where fT is the positive part of f. Therefore, without any sup,; f,
one can immediately observe that the right hand side of (ILII) goes to 400
as 7 — +o00. This suggests that under the condition f < 0, no condition is

imposed.

Theorem 1.3. Let (M, g) be a smooth compact Riemannian manifold with-
out the boundary of dimension n > 3. Let f, h, and a be smooth functions
on M with h >0, a >0 in M, [,,advoly >0, and f < 0. Then Eq. (L)

always possesses one and only one positive smooth solution.

Concerning Theorem [[2] it is worth noticing that it generalizes the same
result obtained in ﬂa] when the functions f and a take the form (LI)—(L8).
Loosely speaking, it was proved in ﬂa, Proposition 3] by the method of sub-
and super-solutions that (II]) always possesses one positive solution so long
as the functions f and a take the form (LH)—(LE) with f < 0 and a > 0.
The main ingredient of the proof in ﬂa] is the conformal invariant property
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of the functions f and a when they take the form (LI)—(L6). Apparently,
this property is no longer available in our general case.

Besides, we would like to comment that we do not expect that the result
in Theorem is original and completely new. Recently, it has just come
to our attention that other approaches could lead us to the same result,
for interested reader, we refer to ﬂﬂ] and ﬂa] However, more or less, our
approach is different from the others.

When written in the form (IIl), one can easily see that the Einstein-
scalar field Lichnerowicz equations is closely related to the Yamabe problem
and the prescribing scalar curvature problem, which has been studied for
years by many great mathematicians, for example, Yamabe ﬂﬂ], Trudinger

|, Aubin H], Schoen ﬂﬁ], Kazdan—Warner ﬂa], Escobar—Schoen ﬂg], Rauzy
|, Chen—Xu |3] and references therein.

As already used in @, Iﬂ] for the case h < 0, the original idea of our
approach was based on Rauzy |. However, we found that in the case
considered in @], the assumption of the negative Yamabe invariant h < 0
is important; in fact, this approach cannot be applied to the case of the
positive Yamabe invariant h > 0. Nevertheless, and thanks to the presence
of the term with a negative exponent, we can still use the idea of [20] in our
case. As always, in the first step to tackle (L), we look for positive smooth
solutions of the following subcritical problem

au

— q—2
Agu + hu = flu| u+(u2+€)%+1.

(1.12)
Our main procedure is to show that the limit exists as first ¢ — 0 and then
q — 2* under various assumptions. It is worth noticing that in m], the
authors just considered Eq. (LI2) with ¢ replaced by 2*. This difference
somehow reflects the fact that we need the compact embedding H(M) <

L9(M) while searching for minimum points.

Before closing this section, we briefly mention the organization of the
paper and highlight some techniques used. Section 2 mainly concerns basic
properties of positive solutions of (II]) such as point-wise estimate and reg-
ularity. In Section 3, a careful analysis of the energy functional is presented
by proving the various properties involving the asymptotic behavior of the
energy functional that is needed in later parts. Having these preparation,
we spend Sections 4, 5 and 6 to prove Theorems [Tl [[L2] and Some
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comments and remarks will appear in Section 7. Part of this paper is a
revision of Chapter 6 of the first author’s doctoral thesis ﬂﬁ] submitted to
the National University of Singapore under the supervision of the second

author.

2. Preliminary

2.1. Notations

As usual, let HP(M) be the standard Sobolev space equipped with the
standard norm. We also denote by 2° the average of 2 and 2*, that is,
2 = 21?:22. Observe that 7 > 1 and therefore 7sup,, f > [ v Jdvoly. Having

this, we then introduce

Y

2 )
q+2 ST !
kig = koo = Tkig. 2.1
ha <4q TSUpr_fodV()lg) P T T @1)

One can observe that ki ; < k2 4. Moreover, one can easily bound kq 4 from
below and kg, from above, that is, there exists two positive numbers k < 1
and k > 1 independent of ¢ and ¢ such that k < ki1g < kog < k. In order to

find such bounds, one first observes that

q

ok o q+2 ShT -2
Le = 4q Tsupy, f — fM fdvol, ’

Therefore, we can choose

(=
I

1 1 ShT 2b 9
— — 1 2.2
Tmln{(47supr—fodvolg> ' } (2:2)

and

Enl
I

1 ShT 2% 2
max{(iTsupr - fodvolg) ’1}' (23)

2.2. Basic properties for positive solutions

This section is devoted to proving several properties of positive solutions

of (LIZ). We first derive a lower bound for positive C? solutions of (TIZ).
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It is worth noticing that such a result was already proved in M], here we
just derive a precise lower bound for positive C? solutions of (LIZ). Then
we recall a regularity result for weak solutions of (LI2]).

Lemma 2.1. Let u be a positive C? solution of (LI2) with h > 0. Then it
holds

1
1 inf 242
min v > min (—b A > o .1 (2.4)
M 22 supyy h+ supyy | f|
for any q € [2°,2*) and any
1 inf P2
& < min (—b e a >“2,1 . (2.5)
2% supyy h + supyy [f]

Proof. Following ﬂﬂ], we let 6 > 0 be the unique positive solution of the
following algebraic equation

1
q+2 =2 ) —
) (Sup h+ (sup | f])d > o inf a. (2.6)

Since § depends on ¢, we shall prove that for ¢ € (2°,2%), 6 has a strictly
positive lower bound. We have the following two cases.

Case 1. Suppose

1
h > — infa.
sup +8Ep\f\ o nfa

In this case, there holds § < 1. Consequently, we can estimate

1
—infa < 6912 (su h + su >
R, up h + sup| f|

which immediately gives us

1

5><1 infara >Q+2><1 infar a )m*—u
~ \ 2% supy; b+ supy, | f] ~ \ 2% supy; b+ supy; | f] '

Case 2. Suppose

1
h — infa.
Sup +skldp|f|<22b infa
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In this case, there holds § > 1 which immediately gives us a lower bound for

J.

Combining two cases above, we conclude that

1
. L
5> min <ib infyra >2+2,1 .
2% supyy h + supyy | f|

Suppose that u is a positive C? solution of (LIZ) with £ > 0 satisfying
the condition (ZH]) above, that is,

a

(u? 4 )2+

A
_gu+h:fuq—2+
U

Let us assume that u achieves its minimum value at x(, then we have

a(zo)

h(wo) + (= (xo))u(wo)?? = S i1 (2.7)
(u(wo)” +¢)?
We assume u(xg) < J. From the choice of §, one can verify that
sup [h] + (sup |F1)0972 = h(wo) + (= f (o) u(z0)?>. (2.8)
Since e < 6% and u(zo) < 4, it is easy to see that
a(xp) - infys a N 1 infy a (2.9)

(u(zo)? +e)* " (Va)TTE T 2%

Using 7)), 28], and ([Z3), we easily get a contradiction, thus proving that
u(zo) = 0. In particular, there holds

w>0 in M.

This proves our lemma. O

From (2.4]), our lower bound for miny; u clearly depends on infy;a. As
mentioned in Introduction, it could be necessary to have infy; a > 0 in order
to guarantee that miny; u stays away from 0 for any positive solution u. We
now quote the following regularity result whose proof can be mimicked from

a similar result proved in @]
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Lemma 2.2. Assume that u € H' (M) is an almost everywhere non-negative

weak solution of Eq. (L12)). Then

(a) Ife > 0, then w € C®(M). In particular, uw >0 in M.
(b) Ife =0 and u=t € LP(M) for all p > 1, then u € C*(M).

3. The analysis of the energy functionals when sup,,; f > 0

As indicated in the title of this section, throughout this section, we
mainly consider the energy functional associated to (ILI2]) in the case when
supy; f > 0. As such, unless otherwise stated, we always assume that

supys f > 0 and infyra > 0.

3.1. Functional setting

For each ¢ € (2,2*) and k > 0, we introduce %, a hyper-surface of
H'(M) which is defined by

By = {u e HY(M) : |Jull . = k:} . (3.1)

1
Notice that for any k > 0, our set %y, , is non-empty since it contains k«.
Now we construct the energy functional associated to problem (LI2]). For
each € > 0 small satisfying (23]), consider the functional F; : H'(M) — R
defined by

1 1 1 a
Fe(u :—/ Vul? + hu?) dvol ——/ flu|?dvol +—/ ———dvol,.
a(w) 2M(! | ) ngH Y Y S

2

By a standard argument, F¢ is differentiable on H L(M). Since .T-(ﬂ 2, is
b »q
bounded from below by —k|sup,, f|, we can define

€ _ : (3
:U’k,q - ué%i,q ‘Fq (u)

Since critical points of F are weak solutions of ([L12]), we wish to find critical

points of the functional F7. Tt was proved in @] that pj , is achieved by
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some smooth ﬁsitive function, say u.. The proof is standard and we refer

the reader to [16] for the details of the proof.

3.2. Asymptotic behavior of Pk g in the case sup,; f >0

In this subsection, we investigate the behavior of pj  when both & and
e vary. We first study the behavior of puf q 38 k — +o0o. Using the idea
developed in @], we can easily prove the following lemma.

Lemma 3.1. ,u;q — —00 as k — +oo if supys f > 0.

We are going to show that ,uilmq < “2241761 where k1 4, and ko, are given
in (Z7)). To this purpose, we first need a rough estimate for ,uil’q, »
Lemma 3.2. There holds

1 2 k 1
MiLq,q < §kf,q /M thOIQ - % /M deOIg + le /M adVOlg (32)
7q

where ky 4 is given in (2ZI)).
1
Proof. This is trivial since pf = < Fg(k{,). The proof follows. O
As a consequence of Lemma and thanks to the fact that £ < 1 and
k > 1, we can bound Ky o with the bound independent of ¢ and ¢ as follows

k 1
H217q7q < Y /M hdvol, + 3 S]l\l4p |f] + ok /M advoly.

As can be seen, the right hand side of ([B2)) is always positive. In order to
make ,uilq’q > ,uilmq with ko 4 > k1,4, we need sup,; f to be small. We now
study the asymptotic behavior of pj, q 88 k — 0. This result together with
Lemmas B and give us a full description of the asymptotic behavior of
Mi“?q.
2

Lemma 3.3. There holds limy_,o+ ,ullzf; = +o00. In particular, there is some
ks sufficiently small and independent of both q and € such that

— 1
Py g = K2 /M hdvol, + k:skldp |f|+ z /M advol,

for any e < ky. In particular, there holds iy, , > ,uim’q.
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Proof. The way that € comes and plays immediately shows us that ,uk
strlctly monotone decreasmg in ¢ for fixed k£ and ¢. Following ﬂﬁ Lemma

3.1], for any € < ki ,any 1 < ¢/2 < 2*/2, and any u € %y, 4, we have

/M Vadvol, < 24Vk (/M mczvol ) . (3.3)

By squaring (B3] and using ¢ < 2*, we get that

/Mﬁdvol 22§k</ \/_dvol> .

This helps us to conclude

S

fg(u)>—ﬁsupf—i—22qk</ \/_dvol>

which proves that ,uii — 400 as k — 0. Since the right hand side of the
preceding inequality is independent of u, in order to get the desired estimate,
it suffices to find some small k, < 1 independent of both ¢ and ¢ such that
the following inequality

—k—supf—l— </ \/_dvol>
q M 22(]*

2 — 1
> k2"/ hdvolg—l—ksup]f]—i——/ advol, (3.4)
M M k Ju

holds. In order to find such a k,, we first let k, < 1. Since ¢ > 2, it suffices

to select k, in such a way that

1
2% 2k,

2 — 1 1
</ \/Edvolg> > k2 / hdvolg—l—k:sup]f]—i—%/ advolg+§supf
M M M kM M

which is equivalent to

2% 9 </ Vadval, >

_2 _ 1 1 !
(kgb / hdvoly + ksup |f| + — / advoly + — sup f) .
M M k Ju 2 M

ki <
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Hence, one can choose k, as

1 2
ke = min{T</ \/advolg>
222 \UM
_z 1 1 !
<k2b/ hdvolg+(k+—)sup|f|+—/ advolg> ,E,l}. (3.5)
M 27 M k Ju

2

Since ky, < 1, we always have k, < k. By Lemma [B2] we can check that
Phvg > ,uilmq, thus concluding the lemma with e < k,. Notice that, we have
used k in (B3]). The reason is that we wish to ensure that k., < kj 4 in any
case. The proof now follows easily. O

Our next result concerns the continuity of the function pj, o With respect
to k for each ¢ > 0 and ¢ € (2°,2*) fixed. Since a similar result has been
proved in @], we omit its proof here and refer the reader to @, Proposition
3.9].

Proposition 3.4. For ¢ > 0 and q € (2°,2%) fized, the function g 05
continuous with respect to k.

In the rest of this section, our aim here is to study ,u;q when £ > Ky 4.
It is found that ,uilm g < uizq’ o provided sup,, f is sufficiently small. To this
end, we need to estimate ,ui’ g for k > ki4. A similar result was studied in
@, Proposition 2], ﬂﬁ, Proposition 3.14], or ﬂﬂ, Proposition 4.5]. Recall
that s, is the Sobolev constant appearing in (7).

Proposition 3.5. For any u € By, with k > ka4, any q € [2b, 2%), and any
e > 0, there holds

fa(u)>15 k%—ﬁsu f
q /2/7, qu

In particular,

Mg = 15/1]‘3% - Esupf
w2 4 M

for any k = ko 4.

Proof. Suppose u € %y, where k is arbitrary. We now estimate F(u)
from below. In view of (7)) and the Holder inequality, we obviously have

/ |Vul*dvol, +/ hu? dvol, > 5hk§
M M
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Using this, we then easily have

1 1
Fo(u) > = (/ \vuy2dvolg+/ hu2dvolg> ——/ fT|ul?dvol,.
2 \Jm M q.Jm

In particular, there holds

fe(u)>15 k%—ésu !

Thus, we can conclude the lemma by taking the infimum with respect to

u € e%’k,q. O

In order to prove the existence of a local minimum point, the following

lemma plays an important role in our analysis.

Lemma 3.6. Assume that, for some T > 1, the total integral of a satisfies

a+2

/advol <q_25_h<Q+2 SKT >“‘2
M g 4q T 4q Tsupr—fodvolg

Then there holds

(3.6)

£ : € £
iukl’q,q < mln{lu’k*,q’ lu’kg’,pq}

for any q € [qn,,2*) and any € € (0, k).

Proof. First, using Lemma B.3} it suffices to verify ug wa < K, o for all
q € [qny,2%). By Lemma and Proposition 3.5 the following facts have
already proved

2
kq k 1
Mil’q,q < % /M hdvol, — % /M fdvol, + e /M advol,
7q

and
1

2 k
_ 9 2,9 £
25hk27q . sup f < Pk g

Therefore, it suffices to prove that

2

2 1 B
k:f,q/ hdvoly — qu/ fdvoly + P / advoly < Spky , — ko gsup f,
M M l.g JM M



468 Q. A. NGO AND X. XU [September

for any ¢ € [gy,,2*). Notice that, from the choice of 7, we can verify that
2
SpTa =2 [, hdvoly. This amounts to saying that
2

ko / hdvol, < Ssprikt = Lsks
VOl & —SpTY = =—Sh .
La [, 939 Lg ™ 9°h™2q

Therefore, it suffices to show that

1 1 2 2
_qu/ fdvoly + k—/ advoly < §5h7qkf7q — Tkygsup f
M l,g JM M

or equivalently,
I oz 142
advol, < §5h7q ki —kig(Tsupf— fdvol,
M M M

1 2 2=q
= k%q (—5h72k1‘é — <Tsupf—/ fdvolg>>, (3.7)
w2 ’ M M

for any ¢ € [gy,,2*). Again, from the choice of ki g4, it is clear to see that
2 -1
Tgk%Tq =14 q+2 ST
La 4q Tsupy f — fodvolg

~Aq Tsupy f— [y, fdvol,
Cq+2 Sh '

Therefore,

2 —1
¢=2 z(q+2 ShT ¢
T 4q " 4q Tsupy f— [y fdvoly )

By using this, (87 is equivalent to

M

2 q

/ dvol, < 12 2<Q+2 ShT4 )ﬂ
advol, < BT a
M g 4q 4q Tsupy f— [y, fdvol
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+2
B q—25_h q—+2 SKT a2 (3.8)
o dq 7\ 4q Tsupy f— [y, fdvol, ) '
The proof follows easily by comparing ([B.6]) and (3.8]). O

4. Proof of Theorem [1.1]

In this section, we prove Theorem [Tl The proof that we provide here
consists of two steps. First, in view of Lemma 2] we need to make use of
the condition infp; @ > 0 in order to guarantee the existence of one solution.
Second, by using a simple sub- and super- solutions argument, we prove that

Eq. (L) still admits one positive smooth solution even that infy; a = 0.

4.1. The case infy;a >0

In this subsection, we obtain the existence of one solution of (L.I) under
the assumption infy; a > 0. For the sake of clarity, we divide the proof into

several claims.

Claim 1. There holds

£ : € £
Mkl,qu < mln{’uk*y(I’MkQ,qvq}

for all ¢ € (g, 2*) and for all € € (0, k) satisfying (Z3l).

Proof of Claim 1. This is a consequence of Lemma In order to apply
Lemmal[3.6] we have to derive ([B.0) for suitable ¢ close enough to 2*. Observe
that

2
lim &:n—l

)

42
poa—2(q+2\iE _ (n— )"
1im ——-—- _— = -
q—2* q — 2 q—2* 4q

4(] 22n—1nn

Hence, we can choose ¢, € [2°,2%) sufficiently close to 2* such that the

2
condition Sp79 > 2 and the following inequality

a+2

/advol <q_25_h<q+2 ShT >q2
M g 4qg T\ 4q Tsupy f— [, fdvol,

(4.1)
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holds for any ¢ € [gy,,2"). Thanks to (&I]), we can now use Lemma to
finish the proof of this claim. Note that the condition inf,; a > 0 is crucial
since this makes the right hand side of (23] strictly positive.

It is important to note that ¢, is independent of ¢ and . Thus, from
now on, we only consider g € [gy,,2%).

Claim 2. Eq. (IL.I2]) with ¢ replaced by 0 has a positive solution, say uj g,

that is, u1 4 solves the following subcritical equation

a

_ -1
Agurg +hurg = fuig)?™ + (uyg,q)a+t’

(4.2)

for any ¢ € [gy,,2%).

Proof of Claim 2. Again for the sake of clarity, we divide our proof into two
steps.

Step 1. The existence of ui , with energy pg. We now define

= ot 7w

where the set 7, is given by
Dy = {u e H' (M) : k, < lul|%, < k‘27q} .

In term of %y 4, we can rewrite &, as follows %, = Uk*<k<k2q'%)k7q' It
follows from ki 4 € (ky, k24) and Lemma [3.2] that

— 1
Ig < Hiy yqg S K2 / hdvolg 4+ ksup | f| + E/ advol,.
M M EJm

In other words, we have proved that pg is bounded. By a standard argument
and the Ekeland Variational Principle, one can show that there exists a H!-
bounded minimizing sequence for ug in ;. A standard argument shows
that pg is achieved by some positive function uj, € %,. Notice that one
can claim uf , € %, since ¢ < 2%, furthermore, by Claim 1, uf , does not
lie on the boundary of Z;; hence uj , is a weak solution of (LI2)). Thus,
the regularity result, Lemma 2.2(a), developed in Section 2 can be applied
to (LI2) to conclude that uj, € C*°(M). Finally, with Lemma 2.1] and
the Strong Minimum Principle in hand, in order to see why uj , > 0, it is
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necessary to rule out the case uj , = 0. To this purpose, we observe that
[uf 170 > Fu > 0.

Step 2. The existence of u1,4 with energy pix, - Next, in order to send
e — 0, we need a uniform bound for uf , in H'(M). Using the Hélder
inequality and the fact that [juf ,[|z2 < [[u] ,[|Le, it is not hard to prove that
|uf 4|l is bounded from above with the bound independent of g and ¢. In
what follows, we let {¢;}; be a sequence of positive real numbers such that
gj — 0 as j — oo. For each j, let ui{q be a smooth positive function in M
solving

au’’
1,9

: : .
Agup, +huP, = f(uP )i + — T (4.3)
((ulg)® +&5)

Being a bounded sequence in H(M), there exists u1, € H*(M) such that,

up to subsequences, as j — oo,
o uijq — uy 4 in HY(M);
o uy’, — uy 4 strongly in L?(M); and

€4 .
e uy’, — uy 4 almost everywhere in M.

Using Lemma 1] the Lebesgue Dominated Convergence Theorem can be
applied to conclude that [, (u1,4) Pdvoly is finite for all p. Now sending
Jj — oo in ([3), we get that u; 4 is a weak solution of the subcritical equation
#2)). Thus Lemma 22(b) can be applied to [@2)). It follows that u;, €
C°(M). Using the strong convergence in LP(M) and the fact that k§ > k.,
one can see that |lui4l|?, > k. > 0, thus proving uy, # 0. Again with
Lemma 2] and the Strong Minimum Principle in hand, it is easy to prove
that u; 4 is strictly positive. Keep in mind that [Ju14(/%, < k24 since we still
have a strong convergence. This settles Claim 2.

Claim 3. Eq. (II) has at least one positive solution.

Proof of Claim 3. Let us denote by py, 4 the energy of uy 4 found in Claim
2, i.e.,

1 1
Pki,g = / |Vuq q\ dvol, +2/ h(uq q)2dvolg

- - f(u1,4)?dvol, / —— dvol,.
/ ! (qu)
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Here by k1 we mean |u4||%, = k1. Since ¢ < 2*, by strong convergences,

we have

. Ej
fiky,q = limsup pg’
J]—00

. Ej
< J
< limsup [N

Jj—ro0
_2 _
k2> k 1
< hdvoly + =sup|f| + = [ advol,. (4.4)
2 Ju 2 M 2k Jm

We now estimate the H'-norm of the sequence {u 4},. Clearly, since h > 0
and a > 0, we get that

1 1
5/ Nul?q’?d‘“)lg = Hkiq — 5/ h(ulvq)Qd"Olg
M M
a

1 1
—i——/ f(u1,q)%dvol, — —/ dvol
q9Jm (t1,) " q)u (u1,9)? !

1
Mg+ — / f(ul,q)quOIQ
q.JmMm

N

k1
Fokyq + = SUp |fl.
M

N

Since ki € [ky, k2 4, we then easily obtain

T

1 2 _ 1

5/ |V 4| *dvol, < 5 / hdvolg—i—kzsup|f|+%/ advol,.
M M M L JM

—2
This and the fact that ||u17q||%2 < (k)2 imply that the sequence {ujq}4
remains bounded in H'(M). Thus, up to subsequences, there exists u; €
H'(M) such that, as ¢ — 2%,
e uy, — up in HY(M);
e u; , — up strongly in L?(M); and

® U1, — up almost everywhere in M.
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Our aim is now to prove that u; is the desired solution. Notice that w4

verifies

/ Vuy 4 - Vodvol, +/ huy qvdvoly,
M M

1 a .
— /M f(qu)q UdVOlg — /M WUdVOlg =0

for any v € H'(M). As a standard routine, all we need to do is to take the
limit in (£3) as ¢ — 2*. First, thanks to Vu; ; — Vuy, there holds

(4.5)

/ (Vui,qg — Vuyg) - Vudvol, — 0
M
as ¢ — 2*. Since uy 4 — uy strongly in L2(M), it is not hard to see

/ (u1,g —u1)vdvoly — 0
M

as ¢ — 2*. Lemma [2.1] and the dominated convergence theorem imply that

av av
———dvol, — ——————dvol
/M (u1,q)qJrl I M (ug)* 9

as ¢ — 2*. So far, we can pass to the limit every terms on the left hand side

of (A1) except the term involving f. By the Holder inequality, one obtains

*

g—1 oF
— * 2% 1 .
H(m,q)q 1HL2*2_11 < <</M (u1,4)° dvolg> ) = [Ju1q)l %, - (4.6)

Making use of the Sobolev inequality and (£06l), we can prove the bounded-
ness of (u1,4)?" in L2*2—i1(M) In addition, since uj, — u; almost every-
where, (ug,4)7! — (u1)* ~! almost everywhere. According to E, Theorem
3.45], we conclude that (u;4)? " — (ul)% weakly in L2*2—i1(M) There-

fore, by definition of weak convergence and the smoothness of f, one has

/f(qu)q_lvdvolg—)/ f(ur)* “twdvol, (4.7)
M M

as ¢ — 2*. Using (47)), one can see, by sending ¢ — 2* in (LX), that u; are
weak solutions to (ILI)). Using Lemma[22(b) we conclude that u; € C°(M)



474 Q. A. NGO AND X. XU [September

and w1 > 0 in M.

4.2. The case infy;a =0

Under this context, making use of the method of sub- and super-solutions
is the key argument. As far as we know, this idea was first introduced in
ﬂa, Pages 43-44] 1|. However, it is worth mentioning that our construction of
sub-solutions is different from that of E] We let g9 > 0 sufficiently small
and then fix it so that the following inequality

(2n _ 1)n71 Sh ShT n—1
ol - Sh 4.8
/Ma volg 4 €9 22n=Ipn 7 \ rsupy, f — fodvolg (48)

still holds. Since the manifold M has unit volume, we can conclude that
from (48]), the function a + £¢ verifies all assumptions in the previous sub-
section, thus showing that there exists a positive smooth function @ solving
the following equation

_ _ _ox_q a+ €0
Obviously, @ is a super-solution to (L.1J), that is

a
H2*+1 :

AT+ ha > far !+

Our aim is to find a sub-solution to (ILI). In this context, we consider the

following equation
Agu+ (h— fu=a. (4.9)

Since h— f~ >0, a > 0, a # 0, and the manifold M is compact without the
boundary, the standard argument shows that (£9]) always admits a weak
solution, say ug. By a standard regularity result, one can easily deduce that
ug is at least continuous. Thus, by the Maximum Principle, we conclude

ug > 0.

As before, we now find the sub-solution u of the form eug for small € > 0

1Some other unpublished results can also be found in [d].
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to be determined. To this purpose, we first write

Agu+hu=ca+ fu. (4.10)

2541
Since max s ug < +00, it is easy to see that, for any 0 < £ < (maxps ug) ™ 2°+2,

there holds

a
ca <

BN W. (4.1].)

Besides, since f~ < 0 and 2* > 2, it is not difficult to see that the following

inequality

cunf™ < ¥
holds provided 1 < maxys ug. In particular, the following
cugf~ <Xl (4.12)

holds provided 1 < maxjsup. Combining all estimates (£10), (@I1]), and
([£12) above, we conclude that for small e, there holds

a

2*—1, 2*—1
Agg+hg<e uo f—f—m

In other words, we have shown that u is a sub-solution of (LI). Finally,
since @ has a strictly positive lower bound, we can choose £ > 0 sufficiently
small such that v < u. Using the sub- and super-solutions method, see ﬂa,
Lemma 2.6], we can conclude the existence of a positive solution u to (L.II).

By a regularity result developed in ﬂﬁ], we know that u is smooth.

5. Proof of Theorem

In order to prove Theorem[I.2] we need to show that the condition (LITI)
is fulfilled. Although we have not assumed that | ) advoly is bounded from
above, we are able to show that we can recover the condition (LII]) provided
sup;, f is bounded from above by some small constant ¢ depending not only
on f~ but also on a and h. Here we only consider the existence of such a c,

the dependence of ¢ in a and h will be considered in the last section of the

paper.
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As usual, we first assume inf; a > 0. Depending on the sign of fM fdvolg,
we have two cases.
Case 1. Suppose [ a fdvoly = 0. In this context, we can easily verify that

Sh ShT
< .
supys f 0 Tsupy f — fM fdvol,

Therefore, it suffices to show that

9 — 1 n—1 n—1
/ advol, < ( n2 ) Sl “h )
M 22n=lpn 7+ \ sup,, f

which is equivalent to

1

@2n—1)""1  or )”1

<
Sﬁpf ( 22n=Ipn 7 [} advol,

Case 2. Suppose || w Jdvoly < 0. In this context, we assume for a moment

that sup,, f > 0 is small in such a way that we can select

2*

1 2 2
_ > 1, (= | hdvol .
e max{ (2 [ hiv,) }

Then, we have

ShT B 1 Sh
Tsupy f— [y fdvoly  supy f1— [}, fdvol,
1 Sh

> .
supys f 1+ [y, 1f~|dvol,

Therefore, it suffices to show that

(2n —1)"! ( 1 Sh >"1
advol, < ————35psu ,
/M g 22n—Tpn ~h Mpf supys f 1+ [y, [f~|dvol,

which is equivalent to

1

(2n —1)"! st -z
< .
s}\l/[pf ( 22n=Ipn (1 + [}, |f~|dvoly) [y, advol,
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From calculation above, we conclude that there exists some positive
constant ¢ > 0 depending only on a, h, and f~ such that if 0 < sup,, f < c,

our equation (ILT]) always admits at least one positive smooth solution.

It remains to consider the case infy; a = 0. However, since the size of
a plays no role in the above calculation, we can freely add a small constant
€0 to a as in the second stage of the proof of Theorem [Tl This procedure
ensures that we get a super-solution of ([LI]) with a strictly positive lower
bound and this is enough since a suitable positive sub-solution always exists.

6. Proof of Theorem

This section is devoted to the proof of Theorem Since we are in the
case sup,s f < 0, we generally have two cases. First we observe that if f = 0,
then it is easy to see that (LI} always admits a positive solution since a
small constant and a large constant are sub- and super-solutions. Therefore,
it suffices to study the case f # 0. This and the condition sup,; f < 0
immediately imply that [, fdvol, < 0.

To prove Theorem [[L3l we use the same approach as in the proof of
Theorem [Tl However, unlike the case when sup,, f > 0 that forces uj, "
—00 as k — oo, in the case sup,; f < 0, we always have uiq — 400 as

k — oo and this is enough to guarantee the existence of at least solution.

Before doing so and since f™ = 0, throughout this section, let us denote

q

2 7—2
+2 ST a ?
ki,q = <q i > o kog=Tkig, (6.1)

4q —fodvolg

where 7 > 1 is a scaling constant to be determined later. Thanks to
| v favoly <0, k4 and then ks 4 are clearly well-defined.

6.1. Asymptotic behavior of ,u;q in the case sup,; f <0

As we have already seen that the behavior of j, , for small k and small
¢ depends strongly on the term involving a. Despite the fact that we are
under the case sup,, f < 0, we can still go through Lemma B3] without any
difficulty, that is, for small e, ,u; g > too as k — 0. It is worth noticing
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that we always assume infy; a > 0. We now study the behavior of uj, g for
k — 400 when sup,; f <0.

Proposition 6.1. Suppose sup,,; f < 0, then Py.qg — 00 as k — +o0 for
any € >0 and any q € [2°,2%) but all are fized.

Proof. By using (7)) and the Holder inequality, for any u € %y 4, any
q € (gny»2%), and any € > 0, there holds

1 1 1 a
Fe(u :—/ Vul? + hu?)dvol ——/ flu|?dvol +—/ ———dvol
q()QM(!\ ) ngH Y Ve i
>1 kz
/§5h 9,

2
which immediately implies that uj > %sth. Thus, we have shown that
g — 00 as k — +oo. O

Our next lemma gives a full description for ,u; q similarly to that proved

in Section 3.

Lemma 6.2. There holds

€ : € €
Mkfl,qvq < mln{‘uk*vq,’uquﬂ}

for any € € (0,k.) and any q € (Gny,2").

Proof. As in the proof of Lemma B.6] the proof is similar and straightfor-
ward. To see this, for new kq 4, and kg 4, we can also bound by k and k given
in (Z2) and (23) by dropping sup,, f. Therefore, we can define k, as in
(B3). Having such a k., the estimate uilm ¢ S H, 4 still holds; therefore, it
suffices to prove g, . < Ui, W by choosing a suitable 7 > 1. Equivalently,

we need to prove that

2

2 1 2
o / hdvol, — ki 4 / fdvoly + — [ advoly < sk,
M M l,g J M

for any ¢ € [gy,,2*). From the choice of 7, we only need to prove that

1 2 2—q
/ advoly < kiq <§5h7q ky g +/ fdvolg> . (6.2)
M M
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A simple calculation shows that (6.2)) is equivalent to

V]

q

4.q—2 qg+2 Sh q=2

advol, < 742 5h< ) .
/M g 4q 4q — [y fdvoly

Hence, by choosing 7 sufficiently large, one easily gets the desired result. [J

6.2. Proof of Theorem [I.3t The existence

The proof of the existence part of Theorem consists of two parts.

Case 1. In the first stage of the proof, we assume that infy;a > 0 and
e € (0, k,) satisfying (Z3). With information that we have already proved
in Lemma [6.2] we can define

=t 750

where
Dy ={ue H' (M) : ke < |[ul|y < kog}-

Then by an usual routine as we have already used before, we can easily prove
the existence of at least one positive smooth solution to (II]) that conclude
the proof of Theorem [L.3]

Case 2. In the second stage of the proof, we assume infy; a = 0. Since we
have no control on |’ 1 advoly, we can freely add small g9 > 0 to a as in the
proof of Theorem [Tl Since the trick that was used in the proof of Theorem
[Tl still works in our context, a sub- and super-solutions argument as used
before concludes that (II]) has at least one positive smooth solution for any
q€[2°,2%).

6.3. Proof of Theorem [I.3t The uniqueness

The uniqueness of positive solutions of (LI)) follows from the fact that

the following functions t — —t2"~1 and t — ¢t~2"~! are monotone decreasing.

We note that this type of argument is standard and was used once in the
proof of ﬂﬁ, Theorem 1.2].
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Suppose that there exists two positive smooth solutions u; and us of
(CI). By setting w(z) = uy(z) — v(x) with x € M, we arrive at

wA w + hw? = f(u%*_1 — 1)2**1)(u1 —ug) + a(ul_Q*_1 — v*2**1)(u1 — uy).

Thanks to h > 0, simply integrating both sides over M gives

0</ |Vw|2dvolg—|—/ hlw|?* dvol,
M M
/ Fl? =t — w2 (g — ug)dvol,
M

+/ a(uy? = uy? 7 (ug — ug)dvol,
M
< 0.

Thanks to f < 0 and a > 0 with @ # 0, the only possibility for which
the preceding inequality holds is that w vanishes in M, thus proving the
uniqueness of positive smooth solution of Eq. (LIJ).

7. Some Remarks and Discussion

7.1. The constant ¢ in Theorem

As can be seen from the proof of Theorem [[.2] our choice for ¢ basically
depends on both f~, h, and a. Then one can ask whether or not there is
some constant ¢ independent of h and a such that the result in Theorem [I.2]
still holds for any f with sup,; f < ¢. Here we prove that such a constant
¢ never exists. Indeed, the key argument is a non-existence result due to
Hebey—Pacard—Pollack [10, Theorem 2.1]. In our context, their result claims
that (LI) has no positive solution if f > 0 and the following inequality holds

n+2
n Tdn n n— n )
(#) /afff34n2dvolg>/ R dvoly.  (7.1)
n — M M

Therefore, by contradiction, if such a constant ¢ existed, we would have an
existence result for (1)) for any given a > 0 and h > 0. However, for any
f fixed with sup,, f < ¢, this is impossible as one can construct counter-
examples by either enlarging a or reducing A in such a way that the condition

(1) holds.



2014] EINSTEIN-SCALAR FIELD LICHNEROWICZ EQUATIONS... 481

Note that the dependence of ¢ in a and h could be seen from the proof
of Theorem [[.2], for example, the larger |  advoly is, the smaller supy, f is.

7.2. Translation of f and a turning point

In view of Theorem [[L3 Eq. (LI) always admits at least one posi-
tive smooth solution provided sup,; f < 0. In particular, the condition
| a fdvoly < 0 holds. We now assume at the beginning that the smooth
function f verifies the condition sup,; f < 0. For each A € R, we construct

a new family of functions, say fy, given as follows
f@) = f@) + A we M.

Let us now consider the following equation

* a
Agu+hu:f)\u2 _1+u2*+1’ u > 0. T2 »

Obviously, Eq. (T2, always admits one positive smooth solution provided
A < 0. We are now interested in the case A > 0. By using Theorem [[L2] we

can prove the following theorem.

Theorem 7.1. There exists a constant \* > 0 such that

(i) Problem (T2)x has no positive smooth solution if A > \*.

(ii) Problem (T2A)x has at least one positive smooth solution if A < \*.

We now sketch a proof of this theorem.

Proof. In order to prove this theorem, let us observe from Theorem [[.2] that
Eq. (C2), has at least one positive smooth solution for some small A > 0
since f) depends continuously on A. In order to see this, let us observe that
in this context, sup,; fA = A. Since fM fdvol, < 0, we can select A > 0
small such that [ a fadvoly < 0. As usual, let us first suppose infy;a > 0.
Now we show that there exists some

2 2%
T> max{l, <—/ hdelg) 2 }
ShJMm
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and some A € (0,1) small enough such that

(2n —1)""1 8, ( SuT )"—1

dvol, < —
/Ma Vol 22n=Ipn 7 \ 7supy, f)\—fM frdvoly

Indeed, we can start with small A having

1 2 Z
N > max< 1, (5 o hdvolg)

and [ a fadvoly < 0. In particular, we can choose 7 = % and observe that

0<1 —/ fadvoly =1 —)\—/ fdvol, <1 —/ fdvoly.
M M M
Therefore, a simple calculation shows that it suffices to show that

(2n—1)" " 5P 1 nl
dvol
/Ma Vol S oty w2 \1= . fdvol,)

or equivalently,

1 n—1
Vo (e ntoosp " 1 =
22n=1pn [, ~advol, 1— [, fdvol, ’

which proves the existence of some small A as claimed in the case inf; a > 0.

In the case infy; a = 0, as in the second stage of the proof of Theorem [LT],
we simply replace a by a + gy for some small g > 0 and repeat the above
procedure to obtain a super-solution. Since a sub-solution always exists, the

existence result for small )\ follows.

Therefore, we can define

A* = sup{ (T2), has at least one positive smooth solution }.
AER

We now prove the following comparison: if 0 < Ay < Ay < A* such that
(2, has at least one positive smooth solution, then (Z2])y, also has at
least one positive smooth solution. Indeed, suppose that us is a positive
smooth solution of (T2),,, we then see that us is a super-solution of (Z.2),

since fy, > f\, pointwise. Having such an wugy, one can easily construct a
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sub-solution w; of (T2)y, with u; < ug. By the method of sub- and super-
solutions, one can prove the existence of at least one positive smooth solution

of (EEDM'

In order to see why should we have \* < +o0o, we make use of @,
Theorem 2.1]. Indeed, for sufficiently large A, we obviously have fy > 0.
Moreover, the following estimate

n+2
n In i Bn—2 i 2-n
(#) / a5 f dvolg>/ WAL dvol,
n — M M

holds, which immediately proves the finiteness of A* since n > 3. O

Clearly, the theorem above does not cover the critical case A = A*. In
fact, it would be interesting if one can answer whether or not we have the
solvability in the critical case above. Since we do not have any good control
for solutions when A is near A\*, we cannot say anything about this critical
case.

7.3. Interaction between coefficients

Finally, before closing the present paper, we would like to mention the
interaction between the coefficients of the Einstein-scalar field Lichnerowicz
equations (L)) for any sign of h. Using our previous results for the negative
case in ﬂﬁ] and for the null case in E] together with Theorems [LL1], [.2]
and in the present paper, one can obtain the following table which shows
us how the coefficients in ([LI]) depend on each other in order to get the
existence of solutions.

Table 1: Interaction between the coefficients of (L] for any h.

hl =Xy <h<O0 h=0 h=0 h >0 h >0 h>0
flsup f* < C(f7)[sup f* < C(f7) sup f* < C(f7,a)

The second column basically says that h cannot be too negative as it
must satisfy A > — Ay for some positive constant A; given in @, Eq. (2.1)].
Under this condition, we guarantee an existence result for (ILI) provided
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supy; fT and [ ) advoly are bounded in terms of f~. This result still holds
for the case h = 0; however, the boundedness of sup,; f* can be relaxed if
we replace [ a @dvoly by supy, a as shown in the third column. The fourth
column shows that in the case h > 0, the boundedness of sup,;a can be
weakened by using [ a @dvoly. For the fifth column, it shows that no con-
dition is required if sup,; f* is small in terms of f~ and a. In the last
column, it shows that (LI)) is always solvable if infy, h is sufficiently large,

for example, if h satisfies
h > sup f +supa
M M

in M. (See also the paragraph right after the statement of Theorem [[L2] in
Introduction.) This is because in this case the constant 1 is a super-solution
for (II)) and this is enough since a sub-solution for (LI]) which is less than
1 always exists.
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