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Abstract

In this article, we present that ball concepts could be applied to solve existence and

non-existence of solutions in semilinear elliptic equations.

1. (PS)-values and Index of a Domain

Let Q be a domain in RV, N > 1, 2* = 00 if N = 1,2, 2*:]\2[—]j2if

N > 2, and 2 < p < 2*. Let H}(Q) be the Sobolev space in 2. Consider the
semilinear elliptic equation
—Au+u= |[ulP"2u in Q.

u € HLH(Q). @

Associated with Equation (1), we consider the energy functionals a, b and
J, for u € HL(R), as follows

(u) Jo (IVul* +u?).
(w) = [olul?.
J(u) = %a(u) — %b(u).

S

S

The solutions of Equation (Il) and the critical points of the energy func-

tional J are the same. The existence and the nonexistence of solutions of
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Equation (I]) in a domain 2 have been the focus of a great deal of research
in recent years. They are affected by the geometry and the topology of the
domain ). To characterize, in what kind of domains, the existence and the
nonexistence of solutions of Equation () is an open question. In this article,

we try to obtain new compactness results to answer partially the question.

We give the definition of a Palais-Smale (briefly (PS)) sequence.

Definition 1.

(i) For B8 € R, a sequence {u,} is a (PS)g-sequence in H}() for J if
J(up) = B+ o(1) and J'(uy,) = o(1) strongly in H~(Q) as n — oo.

(ii) B € R is a (PS)-value in H}(Q) for J if there is a (PS)g-sequence in
H(Q) for J.

(iii) J satisfies the (PS)g-condition in H}(Q) if every (PS)g-sequence in
HE(Q) for J contains a convergent subsequence.

(iv) J satisfies the (PS)-condition in H}(Q) if for every 8 € R, J satisfies
the (PS)s-condition in H} ().

A (PS)g-sequence is bounded.

Lemma 2. Let 3 € R and let {u,} be a (PS)g-sequence in H}(Q) for J,
then

(1) [Jun|lg2 < ¢ for each n.

(i1) a(un) = blun) +0(1) = 258 + o(1).
(iii) B8 > 0.
Proof.

(i) Since {u,} is a (PS)g-sequence in H}() for J, we have

Enllun| m 1, (1 1) 2
+ 0 + > J(up) — —(J (un),un) = | = — = Unp, s
1Bl ) (un) p( (un),un) = | 3 ’ l[wn 7
where 6, = o(1) and &,, = o(1). Take
en(B) = — <€ V21 20— 2B+ 0 ))
mn p_2 n n n bl

then ¢,(8) = o(1) as n — oo and  — 0. There is a constant ¢ such
that ||up| g1 < en(B) < ¢ for each n.
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(i) Since {u,} is bounded, we have o(1) = (J'(uy), un) = a(u,) — b(uy,), or

B+ o(1) = J(un) = %a(un) - %b(un) _ p;an(un) +o(1).

Therefore,
2p
a(uy) = bluy) +o(1) = mﬁ +o(1).
(iii) By (ii), we have g > 0. O

Consider the Nehari manifold M(Q) = {u € H}(Q)\{0} | a(u) = b(u)},
clearly, the Nehari manifold M(£2) contains every non-zero solutions of equa-

tion (). Let

Q)= inf J(v).
a(®) vell\r/}(ﬂ) )

Theorem 3. There is a constant ¢ > 0 such that a(2) > c.

Proof. By the Sobolev embedding theorem, there is a constant d > 0 such
2
that, for each u € M(Q), a(u) = b(u) < dPa(u)?, so a(u) > d_P_—Z)Q, we have

then
s = (-3 )alw) > ¢,

11\ 25

where ¢ = (5 - 5) d »=2. Thus «(f2) > c. O
Consider the unit ball U(Q) = {u € HJ(Q) | |lullz1 = 1} in the space

H(Q), we have

Lemma 4. There is a bijective CY1 map from U(Q) to M(Q).

Proof. By Calculus. O

A minimizing sequence {u,} in M(Q2) of a() is a (PS),q)-sequence in
H}(Q) for J .

Theorem 5. Let {u,} be in Hj(Q). Then {u,} is a (PS)qq)-sequence for
J if and only if J(up) = () +o0(1) and a(uy,) = b(uy,)+o0(1). In particular,
every minimizing sequence {un} in M(Q) of a(Q2) is a (PS)yq)-sequence in
HE(Q) for J. Therefore, a(Q) is a (PS)-value in HE(Q) for J .
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Proof. (i) Suppose {uy} is a (PS)qq)-sequence in Hg(Q) for J. By Lemma
2 we have a(uy,) = b(up) + o(1).

(ii) Let {u,} satisty J(u,) = «(2)+o0(1) and a(uy,) = b(u,)+o(1). We have

1 1 p—2
a(Q) +o(1) = J(uy) = §a(un) - ];b(un) = 5 a(u,) + o(1).
Therefore,
a(ttn) = blun) + o(1) = %Q(Q) +o(1). )
For n=1,2,..., denote
() = [ funPPung for € HY(E). )
Q

Let ¢ € H}(Q), ||¢llg = 1, t > 0 exists such that tp € M(Q) : [[tg[3, =

_—p
[tdll7 »; we conclude that ¢ = ||¢||7,* and

1 1 p—2 p—2
o@) < (5 -3 ) ol = 22 = 2ol

—2p
p—2

2—p

Therefore, ||@||rr < (%Q(Q)) " For each n,

p—1

e 1/p
a(6)] = \ / |un|p—2un¢\ < ( / |un|p) ( / |¢|p>
B

< <]%a(9)> ’ (ma(m) +o(1)

we have

Furthermore, by (8), we have

() = e (o) ot

unlles ) [l
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9 1/2
[lnllg-1 = (p%a(ﬁ)) +o(l) asn— oco.

By the Riesz representation theorem, for each n, w, € HZ(Q) exists such
that, for each ¢ € H}(Q),

ln(@) - <wna(P>H1 :/Q(vwn'v@"i‘wn@)7

and

1/2
funlin = laligs = (5250(@) o0 (6)

Consequently,

(st = tn(un) = [ funl = ~Z2a(2) + (1), @

By @), (@), and (@), we obtain

Hun - wn”%p = <unaun>H1 - 2<unawn>H1 + <wnawn>H1
= ||unH%{l — 2(Up, wp) g1 + HwnH%rl
2p 2p 2p

= p a() — QEQM(Q) + ﬁa(ﬁ) +o(1)

For ¢ < H&(Q), llell g = 1, we have
(" (un), ) = / (Vn - Vo + tnp) - /Q [tn [Pt
Q
= (Un, )1 — (Wns @)1 = (Un — Wy, O) 1

so || (un)||g—1 < |lun — wpllgn = o(1). We conclude that J'(uy,) = o(1)
strongly in H~1(Q) as n — oc. O

a(€2) is the minimal positive (PS)-value in H}(2) for J.
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Theorem 6. Let 8> 0 be a (PS)-value in HE(Q) for J. Then B > a(Q).
In particular, () is the minimal positive (PS)-value in HL(SY) for J.

Proof. Let {u,} in H}(Q) is a (PS)g-sequence for .J, by Theorem 2 we
have that J(u,) = 8+ o(1) and a(u,) = b(u,) + o(1), therefore we may
assume that w, # 0, for each n. By Lemma [4 there is a sequence {s,}
in R* such that {s,u,} is in M(Q): s2a(u,) = shb(u,) for each n. Since
a(uy) = b(uy)+o(1) and J(u,) = f+0(1), we have s,, = 14+0(1). Therefore,
J(spun) = B+o0(1). Since for each n, we have a(Q) < J(s,uy), so 5 > a(N).
Moreover, by Theorem [5 «(f2) is the minimal positive (PS)-value in H{ ()
for J. O

Definition 7. «(f2) is called the index of J in Q. If u is a nonzero solution
of Equation (), then J(u) is a positive (PS)-value in H{(Q) for J. Thus
J(u) > a(9). Let u be a nonzero solution of Equation () in H (£2).

(i) uw is a ground state solution (or a least energy solution) if J(u) = a(Q).

(ii) w is a higher energy solution if J(u) > a(Q).

Theorem 8. Let u € M(Q) be such that J(u) = «(Q). Then u is a nonzero
solution of (1).

Proof. Set g(w) = a(w) — b(w) for w € H}(). Let v € M(Q), then
g(v) = a(v) —b(v) =0
(g (v),v) = (2—pa(v) #0.

Since the minimum of J is achieved at u € M(Q2) and is constrained in the
manifold M(Q), by the Lagrange multiplier theorem, A € R exists such that
J'(u) = A\g'(u) in H}(2). Thus,

0= (J'(u),u) = Mg'(u), ).

Since (¢'(u),u) # 0, we have A = 0. Thus, J'(u) = 0. Hence, u is a weak
solution of (1) such that J(u) = (). O

Lemma 9. Let u in H}(2) be a change sign solution of (1). Then J(u) >
2a(92).
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Proof. Let u~ = max{—u,0}. Then u~ is nonzero. Multiply (1) by v~ and

integrate to obtain

/VuVu_ —i—/uu‘ :/]u\p_Quu_.
Q Q 9]
/ Vu | + / PP = / .
9] Q 9]

Thus, v~ € M(2) and hence J(u™) > a(2). Suppose that J(u™) = a(Q).

By Theorem [§ u~ is a nonzero solution of (1). By the maximum principle,

Consequently,

u = u~, which contradicts the sign assumption on u. Thus J(u™) > ().
Similarly, J(ut) > «(Q), where ut = max{u,0}. Thus, J(u) = J(ut) +
J(u™) > 2a0(Q2). O

Remark 10. A ground state solution admits rich nice properties: by Lemma
[ a ground state solution in H{ () is of constant sign. Note that if u is a
solution of Equation (), then —u is also a solution of Equation (). By the
maximum principle, if u is a nonzero and nonnegative solution of Equation
(@), then w is positive. From now on, by a ground state solution in H} (),
we mean a positive solution of Equation (). A ground state solution in

Hg () is symmetric if Q is symmetric.

2. (PS)-condition

We first present the following useful result.

Theorem 11.

(i) For each (PS)g-sequence {u,} in HY() for J, there is a subsequence
{un,} and a w in H(Q) such that u, — u weakly in H}(SY).
(ii) Let {un} be a (PS)aq)-sequence in Hy(Q) for J and u in H(Q) sat-
isfying un, — u weakly in HJ(Q). Then u is a solution of Equation
@.
(iii) Let {un} be a (PS)yq)-sequence in HE(Q) for J and u in HL(Y) such
that u, — u weakly in H}(Q) and u is nonzero. Then u is a ground

state solution of Equation (0) and u, — u strongly in H} ().
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(iv) The (PS)y(q)-condition holds for J if and only if for each (PS)qq)-
sequence {up} in H}(Y) for J, there is a subsequence {u,} and a
nonzero u in H&(Q) such that u,, converges to u weakly and strongly in

Hg ().

Proof. (i) By Lemmas

(ii) By (i), there is a subsequence {u,} such that u, — u weakly in H}(Q),
a.c. in €, and strongly in L] () where 1 < ¢ < 2*. We obtain, for
¢ € Hy(Q) NC(Q), supp¢ = K,

/S]vun-v¢—>/ﬂvu-v¢, /S]ungzb—)/guqb.

Let g, = |un[P~!|¢| and g = [u[P~|¢| . Then |Jun[P"2un¢| < g, for each
n, gn — g a.e. Since 1 < p — 1 < 2%, by the Rellich-Kondrakov theorem
@3 g, — ¢ in L'(K). By Generalized Lebesgue Dominated Convergence

/|un|p_2un¢—>/ |u|p_2u¢.
Q Q

Thus, (J'(un), @) — (J'(u), @) for each ¢ € HL(Q)NCZ(Q). Since (J'(un,), @)
= o(1), for each ¢ € H} () N C>(Q), we have J'(u) = 0 in H1(£2). There-
fore, u is a solution of Equation ({I).

Theorem,

(iii) By (ii), u is a nonzero solution of Equation (1), hence u € M(2) and

T(up) = %a(un) - %b(un) — a(Q) + o(1),

<J/(un)’un> = a(up) — b(u,) = o(1).
Thus,

Since a is weakly lower semicontinuous, we have

a(Q) < J(u) = (% - 1) a(u) < (% - 1) liminfa(u,) = a(Q),

p p n—oo

or J(u) = «(2). By Remark [[0] we may assume that u is positive. Let
Pn = Un — u, by Brézis-Lieb Lemma, we have

J(pn) = J(uy) — J(u) +o(1) = o(1).
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We have that {p,} is a (PS)-sequence for J, thus (J'(p,),pn) = o (1). We
have

a(pa) = 25T a) + of1) = o(1).

Thus, u, — u strongly in H}(£2).
(iv) This follows by (iii). O

Theorem 12. Let Q be a domain in RY. If the (PS)o(q)- condition holds
for J, then there is a ground state solution of Equation () in 2.

Proof. By Theorem [[I] let {uy,} be a (PS)yq)-sequence in H(Q) for J,
there is a subsequence {u,} and a nonzero u in H}() such that u, — u
strongly in HJ(Q), so a(u) = b(u) and J(u,) = J(u) + o(1), we have that u
is a solution of equation (Il) and J(u) = (). O

Recall the well known theorem.

Theorem 13. (Rellich-Kondrakov Theorem) Let Q2 be a domain of finite
measure in RN. Then the embedding H}(Q) into LY(Q) is compact, where
q € [1,2%).

Theorem 14. The (PS)qq)-condition for J holds in a bounded domain 2.
In particular, there is a ground state solution of (1) in a bounded domain §).

Proof. Let {un} be a (PS)qq)-sequence in Hj () for J, by Lemmal {u,}
is bounded and

J(un) = a() +o(1), a(u,) = b(uy,) + o(1).

Take a subsequence {u,} and u € H}(Q) such that u, — u weakly in
H(Q). By the Rellich-Kondrakov Theorem [3] u, — u strongly in LP(2).
Suppose u = 0, then b(u,) = o(1). Thus, a(u,) = o(1) and J(u,) = o(1),
contradicting that «(2) > 0. By Theorem [l u is a ground state solution
in H}(Q) for J and u,, — u strongly in H} (). O

Therefore, only interesting domains for studying existence of non-trivial
solutions of equation ([l are unbounded domains. We establish the following

very useful characterization of (PS)-conditions.

Theorem 15. Let Q1 G Qy and J : H}(Q2) — R be the energy functional.
Let aq = (1) and ay = a(Q2). Suppose that oy = ay. Then
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(i) Equation (@) does not admit any ground state solution in €.
(ii) J does not satisfy the (PS)q, -condition.
(iii) J does not satisfy the (PS)q,-condition.

Proof. (i) Suppose that Equation (1) admits a ground state solution u €
M(©1) € M(Q3) such that J(u) = a;. Then we have J(u) = ag = ay =
min,en(a,) J/(v). By Lemmal8 u is a ground state solution of (1) in Q2. By
Remark [0, u > 0 in ), which contradicts the fact that u € H} ().

(ii) By part (i) and Theorem [I21

(iii) Let {uy,} in H} () satisfy J(u,) = a1 +0(1) and J'(u,) = o(1) strongly
in H1(Q). By Lemma H {s,} in RT exists such that s, = 1+ o(1),
Wy, = Spuy € M(Qq) and J(wy,) = a1 + o(1) and J'(w,) = o(1) strongly in
H=YQq). Since M(2;) C M(£s), we have {w,} C M(Q2) and J(w,) =
ag + o(1). By Theorem [B], we have

J(wyp) = as+o(1),
J'(w,) = o(1) strongly in H ().

Suppose that J satisfies the (PS),,-condition. Then there is a subsequence
{wy} and a w € Hy(fy) satisfying w, — w strongly in H}(Q2) and J(w) =
ag. By Theorem [§ w is a ground state solution of (1) in 2, by Remark [I0]
u > 0 in Q. Since {w,} C M(€;) and w, — w strongly in H} (), we
have w = 0 in (€21)¢. This contradicts the fact that w is a positive solution

of Equation () in Q9. Thus, J does not satisfy the (PS)q,-condition. O

Let 2z = (x,y) € RV~! x R. Consider the infinite strip A", the section
strip A” 5,5, the ball BN (20;5), the upper semi-strip A%, and the interior

flask domain F7, as follows.
A" = {(z,y) e RV |||z < r}.
ALy ={(z,y) RV [s <[yl <t}
BN(z;5) = {z € RN : ||z — || < s}
A ={(z,y) c A"[s <y}
F7 = A, U BM(0;s).
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Definition 16. We call Q a large domain in RY if for any r > 0, z €
exists such that BV (z;r) € Q. We call Q a large domain in A" if for any

positive number m, a, b exist such that b —a =m and A’ , C (1.

By Theoem [I3 we have

Theorem 17. Let Q be a proper large domain in RY, then

(1) a(Q) = a(RY).
(ii) lim, oo ( BN(0;7)) = (RN).
(i) Equation () does not admit any ground state solution in €.
(iv) J does not satisfy the (PS)-condition in €.
(v) J does not satisfy the (PS)-condition in RY.

Proof. Tt suffices to prove part (i). By Theorem 22 below, there is a ground
state solution w € H}(RY) of Equation () satisfying

w) = [ (Vul + o) =bw) = [ julr = (525 ) @)

For 7, — oo, take {z,} C Q such that BY(z,;7,) C Q. Consider the cut-off
function n € C£°([0,00)) as follows

1 forte[0,1];
n(t) =
0 forte[2,00),

For each n, let n,(z) = n( 2z |) and wy(z) = n (mzr;nz"‘) w(z — z,). Then
wy, € HY(Q) and

alwn) = [[(Vun 4 ) = (525 ) alRY) +o)

b(wn) = /Q‘wn’p = (%) a®Y) +o(1) asn — oco.
Thus,

J(wy) = a(RN) +o(1),

a(wy) = blwy) +o0(1) asn — oo.

By Theorem [, {w,} is a (PS),rx)-sequence in Hj(Q) for J. Therefore,
() < a(RN). Clearly, a(RY) < a(Q), thus we have a(Q) = «(RY). O
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Similarly, we have

Theorem 18. Let ) be a proper large domain in A", then

(i) a(®) = a(A").
(ii) Equation () does not admit any ground state solution in ).
(iii) J does not satisfy the (PS)-condition in €.

(iv) J does not satisfy the (PS)-condition in A".

For &k > 2, let € be a domain and let €2; be a proper subdomain in
Q for i = 1,2,...,k, such that Q@ = QU QU --- U and ; N Q; is
bounded, for each ¢ # j. Let o = () and «; = «(£;), then we have

a < min{ay, @, ..., 0}
Theorem 19. The following properties are equivalent:

(i) J satisfies the (PS)q-condition.
(i) a < min{oq,ag,...,ar}.

Proof. See Wang B] for the proof. O

3. Periodic Domains

Let © be a domain in RY. By Theorem [2] if the (PS)qa(q)- condition
holds for J, then there is a ground state solution of Equation (I]) in Q. By
Theorem [I7, J does not satisfy the (PS)
we may use the concentration theorem of P. L. Lions to assert that there is

o(rN)-condition in RYN. However,

a ground state solution of Equation () in RY.

Balls with various centers and a fixed radius was used to the concepts
in the concentration theorem. Define the concentration function of |u,|? in
RY by

Qult) = sup / fun 2,
2€RN Jz+ BN (05¢)

where ¢t > 0. Then we have the following concentration theorem.

Theorem 20 (Lions’ Concentration Theorem). Let {u,} be bounded in
HE(RY) and for some tg > 0, we have Qn(to) = o(1). Then

(i) u, = o(1) strongly in LY(RN) for 2 < q < 2%;
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(ii) in addition, if u, satisfies
—Auy + up — |un P 2u, = o0(1)  in HYRY),

then up, = o(1) strongly in H(RY).

Proof. (i) Decompose R into the family Fy = {P?}2, of unit cubes P? of
edge 1. Continue to bisect the cubes to obtain the family F,, = {P/"}7°, of
unit cubes P™ of edge 2%” Let myq satisfy \/NQ%O < to. For each i, let B
be a ball in RY with radius ¢y such that the centers of B and P"° are the
same. Then P/ C B"*, RY = U2, P and {P"°}>°, are nonoverlapping.

Write P; = P/, 2 < ¢ <r < 2*, we have
o0 o

] — /uq: /u2(1—t)urt

[ DY ATIED By AR

<3 ([ ml?) ([ o)
< (@Qu(t0)) " fj ([ 1ual')
c(Qn(to)) Z /Pl‘vung_i_u%)rtm’

where 0 < ¢t < 1. Since %t — 4 >1asr — ¢, we may choose r satisfying

2<q<r<2*and5:%t>1. Recall that

00 1/s 00
[{an}les = <Z|an|s> < lanl = {andlle, € c -

n=1
Thus,

> ([ 9l + 1) Z [, 1l + )’

i=1

= (/N(|Vun|2 + |un|2)) = Hun||%f1(RN) <c¢ forn=1,2,....
R
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Therefore,
/ [un]? < ¢(Qn(to))™,  or / lun|?=0(1) asn — co.
RN RN
(ii) In addition, if u, satisfies
— Aty + Uy — |un P 2u, = o(1) in HY(RY), (8)
Multiply Equation (8) by u, and integrate it to obtain
a(uy) = b(uy) + o(1).

By part (i), b(u,) = o(1). Thus, a(u,) = o(1), or ||u,||z1 = o(1) strongly in
HE(RN). O
Definition 21. A domain © in RY is a periodic domain if a partition
{Qm}_, of © and points {2z, }°_, in RV exist, satisfying the following
conditions:

(i) {zm}5o_; forms a subgroup of RY.

(ii) Qo is bounded;

(i) Qm = zm + Qo for each m.

Typical examples of periodic domains are the infinite strip A™ and the
whole space RY. In Theorem [[T}, we proved that if a (PS),(£)-sequence for
J admits a nonzero weak limit u, then u is a ground state solution for J.
However, even though the weak limit is zero we can still obtain a ground
state solution for J if the domain is periodic.

Theorem 22. Let © be a periodic domain in RY. Then there is a ground
state solution of Equation () in ©. In particular, there is a ground state
solution of Equation () in the infinite strip A" and in the whole space RN

Proof. 1t suffices to prove the case Q = A". Let {u,} be a (PS)yar)-
sequence such that

J(un) = a(A") + o(1), J'(u,) = o(1).
By Lemma [ there are a subsequence {u,} and a u € H}(A") such that

u, —u weakly in H}(A").
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Suppose that u is nonzero, then by Theorem [[1] we are done. Suppose that
u, — 0 weakly in H(A"). Since () is positive, we have u,, - 0 strongly
in H&(Q) By Lions’ Concentration Theorem 20, there is a subsequence
{un}, and a constant o > 0 such that for n =1,2,...,

Qn = Sup/ lun (2)2dz > a > 0.
yeER J(0,y)+A" 5 5

Take {z,} in A", where z, = (0,y,) such that f2n+AT22 [un(2))2dz > /2,

and let wy,(z) = up(z + 2,). Then forn=1,2,..., ’

/ wn(2)Pdz = / fun(2)Pdz > 02,
A Zn+A7;2’2

T
—2,2

lwnllmiary = llunllmar) <

so w € H}(A") exists such that w, — w weakly in Hg(A"). Clearly, {w,}
is a (PS)-sequence in H(A") for J. By Rellich-Kondrakov Theorem [I3]

[ k=t [Pz ag
Ar—2,2 AT—2,2

so w # 0. By Theorem [T1] there is a ground state solution of Equation ()
in H}(Q). |

4. Esteban-Lions Domains

Definition 23. A proper smooth unbounded domain € in RY is an Esteban-
Lions domain if x € RY exists with |x|| = 1 such that n(z) - x > 0, and
n(z) - x #Z 0 on 912, where n(z) is the unit outward normal vector to 9 at
the point z.

Example 24. The epigraph Il = {(x,3) € R" : f(z) < y} and the degener-
ate interior flask domain F” are Esteban-Lions domain, where f : RV =1 — R

is a smooth function.

Since the epigraph II is a proper large domain in RY, by Theorem [I7]
Equation () does not admit any ground state solution in II. Moreover,
Esteban-Lions H, Theorem 1.1] proved that Equation () does not admit
any higher energy solution in II as follows.
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Figure 1: Degenerate interior flask domain (left) and Epigraph II (right).

13

Figure 2: Degenerate interior flask domain (left) and interior flask domain (right).

Theorem 25. Equation () in an Esteban-Lions domain Q does not admit
any nontrivial solution. In particular, the epigraph 11 or the degenerate

interior flask domain F). admits no any non-trivial solution.
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5. Interior Flask Domains

By Theorem 25, Equation () does not admit any ground state solution
in the degenerate interior flask domain F]. In this section, we try to study
the existence and non-existence of solutions of general interior flask domains
Theorem 26. There is sy > 0 such that

(i) the interior flask domain ¥, admits (PS)-condition domain if s > sg,
in particular, Equation ([II) admits a ground state solution in F7, for
S > 8.

(ii) Equation ([I) does not have any ground state solution in F7 if s < sq.

Proof. By Theorem 22] the infinite strip A™ admits a ground state solution.
Then by Theorem [H (i), a(A") > a(RY). By Theorem [[§ (ii), we have
a(A") = a(A}) and by Theorem [T, lims o a( BY(0;5)) = a(RY). Take s
large enough so that

(BN (0;5)) < a(A") = a(Af).

By Theorem [[4] there is a ground state solution of Equation (I in BV (0;s).
Then by Theorem [I3 (ii), we have

a(F%) < a(BN(O; s)).
We conclude that

a(F}) < a(BY(0;5)) < a(Aj),

a(F;) < min{a(BN(O;s)),oz(Ag)}.

By the equivalence of (i) and (ii) in Theorem [[9, Equation (IJ) has a ground
state solution in F7, for large s. If Equation () has a ground state solution in
F’ and s; < sg, then F}, = F, UB"(0;s;). By Theorem [[4 and Theorem
(ii), a(F5,) < a(BN(0;52)) and a(F%)) < oF7;,). By the equivalence of
(i) and (ii) in Theorem 19, Equation (d) has a ground state solution in F%,.
Let

so = inf{s > r : Equation (] has a ground state solution in F}.
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We then conclude that Equation () has a ground state solution in F7 if
s > sg, and Equation (IJ) does not have any ground state solution in F7, if
s < 8p. Od

References

1. M. J. Esteban and P. -L. Lions, Existence and non-existence results for semilinear el-
liptic problems in unbounded domains, Proc. Roy. Soc. Edinburgh, Sect. A, 93 (1982),
1-12.

2. P. -L. Lions, The concentration-compactness principle in the calculus of variations.
The locally compact case. I, II, Ann. Inst. H. Poincaré Anal. Non Linéaire, 1 (1984),
109-145; 223-283.

3. P. -L. Lions, The concentration-compactness principle in the calculus of variations.
The limit case. I, II, Rev. Mat. Iberoamericana, 1, No. 1 (1985), 145-201; No. 2 (1985),
45-121.

4. H. -C. Wang, A Palais—Smale approach to problems in Esteban—Lions domains with
holes, Trans. Amer. Math. Soc., 352 (2000), 4237-4256.

5. H.-C. Wang, Palais-Smale Approaches to Semilinear Elliptic Equations in Unbounded
Domains, Electron. J. Diff. Eqns., Monograph 06, September 2004 (142 pages).



	190x260-null
	190x260-null
	BN09N32
	1. Introduction
	2. The proof of Theorem 1.3
	3. Equivalence between PDE and IE
	3.1. The proof of Theorem 1.1
	3.2. The proof of Theorem 1.2

	4. The proof of Theorem 1.4
	4.1. The critical exponent


	190x260-null
	BN09N34
	1. (PS)-values and Index of a Domain
	2. (PS)-condition
	3. Periodic Domains
	4. Esteban-Lions Domains
	5. Interior Flask Domains


