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| | I I | Abstract

In this paper we consider the following higher order or fractional order Hardy-Sobolev

type equation

a uP (z e
(=A)2u(r) = ﬁ z = (y,2) € (R"\{0}) x R, (1)
where 0 < a < n, 0 < t < min{a, k}, and 1 < p < 7 := 2Ee=2t,

In the case when « is an even number, we first prove that the positive solutions of

(I are super poly-harmonic, i.e.

(—A)u >0, ¢:1,...,%71. (2)

Then, based on (2]), we establish the equivalence between PDE ([]) and the integral

equation

uP
uw) = [ Glo% P
Rn I
where G(z,€) = ‘x_cgﬁ is the Green’s function of (—A)?% in R™.

By the method of moving planes in integral forms, in the critical case, we prove that
each nonnegative solution u(y, z) of () is radially symmetric and monotone decreasing in
y about the origin in R* and in z about some point zy in R"~*. In the subecritical case,

we obtain the nonexistence of positive solutions for ().
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1. Introduction

Let n > 3,1 < k <n, and R* = RF x R" %, Write = (y,2) €
RF x R"*. We study the following higher order or fractional order Hardy-
Sobolev type equation

_uP(x)
lyl*

€ (RA\{0}) x R"™, (3)

n+a—2t
n—o

where 0 < a <n, 0 <t <min{a,k}, and 1 <p < 71:=

For even values of a, we assume u € C*(R") and satisfies (@) in the

distribution sense

| 81 Pu@) syds = [l @pe)ds, Vo € G (RY).

n

For other real values of o, we assume
we DERY) = {u| [ [eFli©Pds < oo}
and satisfies
| catunton = [ pirtw@oa, vo e D8R, @)

Here,
[ 8 tu-a)tod

is defined by the Fourier transform

~

| Jera©deas
.

where @ and ngb are the Fourier transform of u and ¢ respectively.

Equations (3)) is closely related to the study of the sharp constants of
the Hardy-Sobolev inequality and the Caffarelli-Kohn-Nirenberg inequality
(cf. B, Iﬁ, @] and the references therein). The quantitative and qualitative
properties of solutions for these types of equations are also interesting in

critical point theory and nonlinear elliptic equations (cf. ﬂ, B, Iﬁ])
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In particular, when o = 2, ([B]) is the Euler-Langrange equation corre-
sponding to the well-known Hardy-Sobolev-Maz’ya inequality (cf. ﬂﬁ, @]),
which has been extensively studied by many authors (cf. [1, (10, 24, 135, |38]

and the references therein).

In this special case, equation (Bl becomes

~Au(z) = % 2 € (RF\{0}) x R"F. (5)

This equation has been systematically studied in H] by Cao and Li. For
the critical exponent p = %, and in the special case when ¢t = 1, they
first established radial symmetry of the positive solutions in y and z respec-
tively, and then they classified all the positive solutions. In addition, they
conjectured that the similar results should hold for any 0 < t < min{2, k}.

n+2—-2¢
n—2

For the subcritical exponent 1 < p < Cao and Li proved the

nonexistence of positive solutions.

In this paper, by using an entirely different approach—the method of
moving planes in integral forms, we generalize Cao and Li’s results from

a = 2 to any real value o between 0 and n and for any 0 < ¢t < min{a, k}.

In order to apply the method in integral forms, we first establish the
equivalence between PDE (B)) and the integral equation
uP (&
e = [ Gl )

R”

where £ = (n,(), and G(z,¢) o js the Green’s function of (—A)%

~ g
in R".

Theorem 1.1. Let « be any even number between 0 and n. If u is a classical
positive solution of [@)), then u satisfies integral equation ([6)). If u € C*(R")
is a solution of ([l), then u satisfies (3.

Theorem 1.2. Let o be any real number between 0 and n. If u € D2?(R")

is a solution of [B)), then u satisfies integral equation (@), and vice versa.

The proof of Theorem [[LTis based on the following super poly-harmonic
property of solutions.
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Theorem 1.3. If u is a positive solution of ([B)), then
(=A)u(x) >0, i=1,...,m—1, € R" (7)

where m = 5.
Due to the equivalence between (B and (@), in order to derive the prop-

erties of solutions of (@), we only need to deal with integral equation ({@l).

By the method of moving planes in integral forms @], we prove

Theorem 1.4. (i) For 0 < a < n, p =7, 0 < t < min{$(1 + &), k},
let |y|~'u1(x) € Lic(Rk x R"K). Assume that uw € L} (R") for some
q > "=. Then each positive solution u(y,z) of (@) is radially symmetric
and monotone decreasing in y about the origin in R and in z about some
point zg in R"%; that is, u = u(|y|, |z — 2°]).

(ii) Forl<a<mn, 1 <p<r, let |y 'uP~1(z) € Ll%c(R’l‘C x R"k). Assume
that w € L}, (R™) for some q¢ > L= If u is a nonnegative solution of (@),

loc

then u = 0.

Combining Theorem [[4] with Theorem [Tl we conclude, for each even

number « between 0 and n,

Corollary 1.1. (i) For0<a <n,p=7,0 <t <min{§(1 + %),k}, then
each positive solution u of [Bl) is radially symmetric and monotone decreasing
in y about the origin in R¥ and in z about some point z in R"F.

(ii) For 1 <a<mn, 1 <p <, ifuis a nonnegative solution of [Bl), then

u=0.

Theorem [[L4] and Theorem yield, for each real number o between 0

and n,

Corollary 1.2. (i) ForO<a<n,p=7, 0 <t < min{%(1 + ).k}, then
each positive solution u of [B)) is radially symmetric and monotone decreasing
in y about the origin in RF and in z about some point zy in R" .

(ii) For 1 < a<mn, 1 <p<T,ifuis a nonnegative solution of (3), then

u=0.
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To apply the method of moving planes in integral forms, one usually
needs to assume some global integrability on the solution u. Here by properly

using Kelvin transforms, we only need to assume that u is locally integrable.

In the special case k = n, when p = 7, Lu and Zhu @] proved that
every positive solution of (@) is radially symmetric and strictly decreasing
about the origin; when 0 < p < %, Lei [30] obtained the nonexistence of

positive solutions for ([B]). For more related results, please see E, H, Ia, IEL Ig,
4, 14, 15, [1d, (14, 1, ud, b, 21, 2, o, s, lod, (34, 27, 2, 2o, 31, I3, [12)

and the references therein.

The paper is organized as follows. In section 2, we obtain the super poly-
harmonic properties of the positive solutions of partial differential equation
by the method of re-centers, and thus prove Theorem In section 3, we
show the equivalence between the partial differential equation and the inte-
gral equation, and thus prove Theorems[L.Iland .2l In the last section, when
the exponent is critical, by moving planes in R* and in R"* separately, we
conclude that each nonnegative solution of the integral equation is radially
symmetric and monotone decreasing in y about the origin in R* and in z
about some point zp in R"*. When the exponent is subcritical, we move the
planes in the whole R" to derive that each nonnegative solution is radially
symmetric and decreasing about any given point 2° = (0, 2%) € R¥ x R"*,
Hence we conclude that the solution depends only on |y|. By exploring a
Pohozaev identity in integral forms, we derive v = 0, and therefore prove
Theorem [L41

2. The proof of Theorem

In this section, we establish super-poly harmonic properties of positive
solutions for PDE ([B]). In the following, C, ¢, and ¢y denote positive constants

whose values may vary from line to line.
Let
ui(z) = (=A)u(z), i=1,...,m—1, z € R"

Part I. We first show that

Um—1(z) >0, x€R" (8)
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Suppose in the contrary, then there are two possible cases.

Case i) There exists x! € R", such that

Up—1(x!) < 0. (9)

Case ii) upy—1(x) >0,V € R", and there is a point € R", such that
umfl(f) = 0.
In this case, 7 is a local minimum of w,,—1, and we must have —Aw,,_1(z) <

0. This contradicts with

uP(z)

o >0, xe (RM\{0}) x R"7k.

_Aum—l =

Therefore we only need to deal with Case i).

Step 1. In this step, we will show that m must be even. If not, we assume

that m is odd. Let

1
u(r) = ———— u(z)do (10)
0B, ()| JoB, (21
be the spherical average of u. Then by the well-known property that
Au = Au,

we have

_Aﬂm—l — uP(z)

_Aﬂm—Q = Um—1, (11)

—AU = ;.
From the first equation in (IIJ), by Jensen’s inequality, we have

1 uP(z)
0B, (z)| JoB, a1y |yl
-
0B, (z1)] JaB, 21

— AUy = do

> (r+ ') uP (a)do
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P
1
> (r+ 2Dt ——— u(x)do
el (\aBr(ﬂﬁl)’ OB, (1) ®) )
= (r+ |z')"taP(z) > 0, for any r > 0. (12)

Then integrating both sides from 0 to r yields

L (1) <0, and Ty, 1 (1) < Tyn—1(0) = U1 (z') := —co < 0, 7 > 0.

(13)

u

By the second equation in (IIJ), we deduce

1 r
1 (r" M, 5) = Tm-1(r) < —co, Vr>0.

That is

—1— / —
(r" @ o) > 1" Yeg, Vr > 0.

m—
Integrating yields

w,,_o(r) > %07’, and Up,—2(r) > Up—2(0) + 26—;7"2, Vr > 0. (14)

Hence, 9 1 > 0 such that
ﬁm_g(m) > 0.

Making average at a new center x? with |z! — 22| = rq, i.e,

(1) =
T =
0B, (2%)| JoB, (22)

]

u(x)do,

we have

am_Q(O) = ﬂm_g(.%'Q) > 0. (15)
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By (I6) and Jensen’s inequality, we obtain

— Ay, 1(r) > (r + |2% — 2t + |2 ) 7' () > 0, for any r > 0.
By the same arguments as in deriving (I4]), we conclude

Tma() > Tm_2(0) + 20—27«2, Vr > 0. (17)

By ([I3), (I3)), and (I7), we have
Um—1(1) <0, Wpy_o(r) > 0, for any r > 0.

Continuing this way, after m — 1 steps of re-centers (denotes the results by

@), we conclude, for any r > 0,
~Adipy1(r) > (r+ 2™ =22+ 4 2 =2t + |2t]) aP(r) > 0, (18)

and

(=1)’@yp—i(r) >0, i=1,...,m — 1, for any r > 0. (19)
Since m is odd, (I9) implies

ug(r) < 0, for any r > 0.

And then we derive

@y (r) > 0 and @1 (r) > @1(0) := ¢ > 0, for any r > 0.

From the last equation in (If]), we deduce

a(r) < a(0) = o-r?

— —00, as T — 00

which contradicts with the positiveness of u. Hence m must be even.

Step 2. Let
2m—t

upx(z) = AP T u(Az)

be the rescaling of u. It still satisfies equation (@) for any A > 0. By (I3,
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we derive
a(r) > u(0) > 0, for any r > 0.

Then we choose a sufficiently large A such that for any ag > 0,
a(r) > ag > agr’®, ¥ r € [0,1], (20)
where o9 > 1 and ogp > 2m + n. By (I8) and (20), we have

—Aﬂm—l(T) > (7“ + |xm71 _ xmf2| NN |$2 _ :C1| + |$1|)7tﬂp(:c)
> (T4 [a™ =™ 4o |2 =2+ [a!]) T agrP

= coahr??, 0 < ¢y < 1.

It follows that

cOagr00p+2

U1 (r) < im—1(0) = (oop +n)(oop +2)

Since m is even, by ([I9)), we obtain

00a8r00p+2 cOagroopJJ

) S G e +2) = oy SO Y

Similar to (ZII), by the second equation in (I6), (I9), and (ZII) , we deduce
coagr00p+4

T2 2 " oy

, Yrelo,1]. (22)

Continuing this way, we derive

coabraoPt2m. — coahy2oop
(200p)*™  ~ (200p)*™’

a(r) > Vrelo,1].
Set

01 = 200]97 Ok = 20’k71p7 k= 27 ey

P p
Coay Coay_q
ag=—,a,=————, k=2,....
(200p)?™ (204—1p)*™
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Repeating the above arguments, by induction, one can prove
a(r) > agr, Vre[0,1]. (23)

Through elementary calculations, we have

k

pr—1 k
et ab
an — 0 4
k Qm(pk—l)
(2p)2m(k+(k71)p+(k72)p2+---+pk—1)0.0 p—1
k
p-—1 k
p—1 D
> % 4
- Qmpkﬂ,p 2m(pk —1)
—1)2 p—1
(2p) (p—1) o
1 p"
—1 p—1
— C, a
p—1 0 0 _
Z CO 2mp 2m ’ k - 1’

(2p) 0% 0

We take

1 2mp 2m

ag = 2¢, " (2p) P 0Z P

Then by ([23]), we deduce
a(l) > 2" s 00, as k — o0o.

This is impossible. Hence (§) must hold.

Part II. Now we show that all other ug(z), k=1,...,m—2, x € R", must
be positive. On the contrary, suppose for some i, 2 <i <m —1, 320 € R",
such that

Um—1(z) >0, Up—2(x) >0, -+, Up_i+1(z) >0, € R", (24)
Ui (2°) < 0. (25)

Repeating the similar arguments as in Step 1 of Part I, after a few steps
of re-centers, the signs of uy,,—;(r), j =1,...,m — 1, are alternating, and by
the positiveness of u, we must have

a1(r) <0, for any r > 0.
Therefore,
a(r) > u(0) := ¢>0, for any r >0.
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By (I8]), we obtain
—Adlyy 1 (r) > (142 =™ 24 |2 =zt |zt ]) TP (1) > cocf i= C>0.

Integrating both sides from 0 to r yields

C
Up—1(r) < Upy—1(0) — % — —00, as I — 00.

This contradicts with (8]), and therefore (@) must be true. This completes
the proof of Theorem [L.3]

3. Equivalence between PDE and IE
3.1. The proof of Theorem [I.1]

In this subsection, we consider the positive classical solution u of higher

order equation
m uP(z) k n—k
(—A)"u(x) = TR (y,2) € (R"\{0}) x R"™", (26)
where m is a positive integer and 2m < n.
We show that wu is also a solution of the integral equation, and vice versa.

Let §(z — €) be the Dirac Delta function. For fixed z = (y,2) € R* x
R"* G, (x,€) is the Green’s function:

(=A)"Gy(z, 5)— (x — ) in B, (z),
{ Gr(z,8) = AG,(2,8) = --- = A™ ' G,(2,€) = 0, on IB,(). (27)

By the Maximum principle, one can easily verify that the outward normal

derivative

a—[(—A)iGr(m,g)] <0,i=0,...,m—1, on B,(x). (28)
Ve

Multiply both sides of 26) by G, (z,£) and integrate on B, (z). After inte-
grating by parts, and due to Theorem and (28)), we arrive at

4
SNTGE
/ PR
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m—1
= U(év)+§ mm[(—A)%]%[(—A)m—l—iar(x,g)]da (29)

< u(x). (30)

Solving equations (27]) directly and letting r — oo, we have

C
o= g2
C
‘.%' _ é“n—l—Zi—Zm’

Gr(z,§) —

(=A)YGp(x,6) — i=1,...,m—1, (32)

and

9
81/5

C

(A" GO € g

i=0,...,m—1. (33

It follows from (30) that

1 uP(§)
o e e €< o
Rn n
By (34), there exists r, — oo, such that
1 1 uP (&)
0< Tn72m71(|x| +r )t/ up(g)da < n—2m1/ ‘ ’t do — 0.
k k)" JOBy, (x) Tk OBy, (z) |1
We further deduce that
1 / P(&)do — 0 —
e U o , as rr — oo.
rp Pl o, (@)
Then by Jensen’s inequality, we have
1
72%/ u(§)do — 0, as 1 — 0. (35)
ST JoB, (@)
k
Since t < 2m, it is easy to see
1
— / u(§)do — 0, as rp — 0. (36)
Tk aBrk(x)
Set
(~Au=w, i=1,...,m—1, (37)

(=A)'Gp(x,8) = Gi(x,€), i=1,...,m — 1.
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Multiply both sides of [B7) by G,—i(x,&) and integrate on B,(z). After
integrating by parts, by Theorem [[3] and (28] again, we deduce

/ 4i(€) G, €)dE
Br(x)

i—1 ; 9 S
= u(z) +]ZO aBT(x)[(_A) u]a—%[(—A) Gr(x,8)]do
< wu(z),i=1,...,m—1 (38)

32) and @8) imply
/ ) e oo im1 . me .
R

o= g

Then there exists r, — 00, such that
1 .
m/ ui(§)do — 0, 1=1,...,m—1. (39)

From equation (29)), by (33), (34), (B8), and (39), letting ry — oo, we arrive
at

1w,

u(z) =C
@ =C | =g

3 (40)

Now assume that u € C?™(R") is a solution of integral equation (@),
then

(-arue) = [ (A Gw o) e

s WO )
= [, o= %= T

This completes the proof of Theorem [L1]

3.2. The proof of Theorem

In this subsection, we consider fractional order PDE (8] and and show

that its weak solutions satisfy IE (@l); and vice versa.

Set f(x,u) = ur;(‘f), r = (y,2) € RF x R"F,
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(i) We first assume u € D22(R") is a solution of (B). Then we have

/ [€l°u(e)a(e)de = f(w u(z))p(e)de, Ve DI?(RY).  (41)

For any ¢ € Cg°(R"), let

C
p(z) = /Rn Ww(ﬁ)dﬁ-

o
2

Choose an appropriate constant C' such that (—A)z¢ = 1. Consequently,

1 ~

¢ € D**(R") C D2*(R™) and 3(€) = e

(&)-

Combining this with (1), we deduce

[ i@ = [ (i) vleda, Vo e G

Then

/n u(z)y(z)de = /n <f * C_ ) Y(z)dx, V1 € Cg°(R™).

|x|n o
Therefore, we obtain

c C cC U
O [ O e ue)de= d
e /R gpad GUOE= | e T

(i) If w is a soution of (@), differentiating under the integral sign, one
can show that u satisfies ([B]). This completes the proof of Theorem

4. The proof of Theorem [1.4
4.1. The critical exponent p =17
Because there is no global integrability assumptions on the solution w,

one is not able to carry on the method of moving planes directly on u. To

circumvent this difficulty, we resort to Kelvin type transforms. Let

) = () (42)
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be the Kelvin transform of u. If u(x) is a solution of

“T(f) de, (43)

uw) = | 6ot

then v is also a solution of [@3). Since |y|~tu™"1(z) € L2

loc

(RF x R"F) it is
easy to see that v has no singularity at infinity; i.e, for any domain 2 that

is a positive distance away from the origin

(59 e

We divide the proof into two parts. In Part I, we show that each positive

solution u of (@) is radially symmetric about the origin in R*. In Part II,
we prove that u is radially symmetric about some point zy in R*~*. Then

we derive the monotonicity of u with respect to y and z.

4.1.1. Part I: Move the Plane in RF

Let X\ be a real number and let the moving plane be

Ty = {z=(y,2) € R* x R" ¥ |y, = A}.
We denote

Yy = {ze RFx RN7F |y < A}
Let

2 = (1N 2) = A —y1, U 2)

be the reflection of the point = = (y1,...,yk, z) about the plane Ty, and
oa(z) == v(z) and wy(z) := vy(z) — v(z).
For any z,& € Xy, x # &, it is easy to check

Gz, &) = G(a",6) > G(z,6") = G(2},¢). (45)

The following lemma is the key ingredient in integral estimates.
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Lemma 4.1. For any x € Xy, it holds

o) =i = [ o0 -6t o] | - 5 ae

it I

Proof. Since

N0 %)
() ZAG( €) ol d¢ + EAG( € )W’tdf,
() = 2 v (§) 2 A v1(§)
() . G(z",§) il dé + ., G(z", ¢ )|77A|t dg,
by (@3, we have
— () = v 6 — ol ey E)
vw) o) = [ [0t 6 o6 o] T
N Qe e vy (§)
+ [, [owe) o e] TN

- [ oo - et o] [ - B ae

We also need the following inequality.

Lemma 4.2 (ﬂﬁ]) (An Equivalent Form of the Hardy-Littlewood-Sobolev
Inequality) Let g € L#ZP(R") for 1~ < p < o0o. Define

1
Tg(x :/ —g(y)dy.
R
Then
1Tgllr < C(n,p,a)gll 2z (46)

[ ntap :

In Part I, the proof of Theorem [[4] (i) consists of two steps. In the first

step, we will show that for sufficiently negative value of A,
wy(z) >0, Ve X\{0"}. (47)

In the second step, we will move the plane T\ = {z = (y,2) € RF x

RN~k | 41 = A} along the positive direction of y;-axis as long as inequality
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([@T) holds up to the limiting position, and show that v is symmetric about
the limiting plane.
Step 1. Start Moving the Plane from near y; = —oo.
Define
2y = {z € Z3\{0"} | wa(x) < 0}.

where 0" is the reflection of 0 about the plane T). We show that for A
sufficiently negative, 3, must be measure zero, and thus (#Z) holds. In fact,

for any 2 € X, by the Mean Value Theorem and Lemma 1], we obtain

0 < v(z) —vx(z)

] Toma-aol [ 30]
Té‘ T

" U5 [G@’@‘G“@HW o %

# [ owa- [Inlt e
< [, [owo-aw )Hrn(\t) o %
< [ 6o 7O - (e

DI
= 7 [ G OO - (el

=3 Ul

1
<7 G(xag)—tvq—i
by 7]

HOP() —uale)lde, (48)
where 15 (§) is valued between v(§) and vy (), and

0 < wr(€) < ¥a(§) <v(f), £ € Xy

We apply Hardy—Littlewood—Sobolev inequality (6] and Holder inequality
to ([@8)) to obtain, for any ¢ > -

a?

—t, 7—1
||w>\HLq(2;) < C|||77| v wAHL%(E;)

< Ol M ol e (49)
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By (@4]), we can choose N sufficiently large, such that A < —N, we have

DO | —

Ol g s <
Now inequality (9] implies
HwAHLq(EX) =0,

and therefore ¥} must be measure zero.
Step 2. Move the Plane to the Origin to Derive Symmetry.

Inequality (7)) provides a starting point to move the plane
Ty ={z = (y,2) € R* x R" " y1 = A},

Now we start from the neighborhood of y; = —oo and move the plane to the
right as long as (A7) holds. We show that by moving this way, the plane will
not stop before hitting the origin in RF.

Define
Xo = sup{A < 0| w,(z) >0, p< A, VaeX\{0 ]
Now, we prove
Ao = 0. (50)
First, we show that v(z) is symmetric about the plane T), i.e.

wy, =0, ae ¥zeXy\{0"}. (51)

Suppose in the contrary, then we have wy, > 0, but wy, # 0 a.e. on
Y \{0*}. We will show that the plane can be moved further. More precisely,
there exists an € > 0 such that for all A in [Ag, Ao + €)

wy(z) a.e on Ey\{0"}.
In fact, by inequality ([49]), we have

el < O™ 2 o Toall g (52)
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Again by (44]), we choose € sufficiently small so that for all A in [Ag, Ag + €),
Ol 3 o) < 5 (5)
Le(33) = 27

We postpone the proof of (53) for a moment. Now by (52) and (53)), we have
[lwall La(zy) = 0, and therefore 3, must be measure zero. Hence, for these
values of A > \g, we have

wy(z) >0, a.e Ve Xy\{0*).

This contradicts with the definition of A\g. Therefore (&I) must hold.

Next, we show that (B0) is true. Otherwise, if the plane stops at y; =
Ao < 0, then

vy () = v(z), Ve By \{0"}.
By Lemma BTl we have, for any = € Sy, || < |n,

vT(§) v, ()
In|t nloft

0= v(z) — vy, (2) = /

2o

6.9 - 6.9 | J =0

This is obviously a contradiction. Therefore A\g must be zero, and hence

wo(z) >0, ae Vel

If we move the plane from the positive infinity to the left and carry on
the same procedure as done above in Steps 1 and 2, we can also prove that

wo(z) <0, ae Vel

This implies that v(x) is symmetric about the plane Tj.

Since the direction of 4, in R¥ can be chosen arbitrarily, we deduce that
v(z) must be radially symmetric in y € R* about y = 0 and decreasing
about the origin in R*. By expression (@), we conclude that u(x) must be
radially symmetric in y € R* about y = 0.

Now what left is to derive inequality (53). For any small n > 0, we can
choose R sufficiently large so that

—t, 7—1
[In]™"v HL%(R”\{O}\BR(O)) <7 (54)
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We fix this R and then show that the measure of ¥ N Br(0) is sufficiently
small for A close to A\g. By Lemma (] it is easy to see

wy,(z) >0 (55)

in the interior of ¥y,\{0*}.

For any v > 0, let

Ey = {z € (83,\{0*}) N Br(0)] wa,(2) >~}

and

By = ((2u\{0') N Br(0) \E,.

It is obviously

lim p(F,) = 0.
Jim pu(Fy) =0

For A\ > g, let
Dy = (50 D\, ) N Br(0).

Then it is easy to see that
(X3 NBgr(0)) C (3, NE,)UFE,UDi. (56)

Apparently, the measure of D) is small for A\ close to A\g. We show that the
measure of X" N K, can also be sufficiently small as A close to Ag. In fact,

for any x € ¥ N E,, we have

wi(z) = vp(x) —v(x) = va(T) — VN (T) + V) (2) — v(2) <O.
Hence

Un () —ua(z) > wy(x) > 7.
It follows that
(X3 NE,) CGy={x € Br(0)| vy (x)—vr(z) >~} (57)

By the well-known Chebyshev inequality, we have

1

WG < o [ o) = ea(o)P s

v
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< — oy, () — oy ()P de.
71 [, o @) 0@

For each fixed 7, as A close to Ag, the right hand side of the above inequality
can be made as small as we wish. Therefore by (B0 and (&7), the measure
of ¥, NBR(0) can also be made sufficiently small. Combining this with (54)),
we obtain (G3]).

4.1.2. Part II: Move the Plane in R" %

For each real number A, let the moving plane be

~

Ty = {x=(y,2) € RF x R" % | 21 = \}.
We denote
Sy = {x=(y,21, -y 2nr) € RFE X RVNF| 21 < A}

Let

2 = (y,2") = (1, 2\ — 215+ - -, Zn—ic)

be the reflection of the point x = (y, z1,...,2,_x) about the plane T.

For any z,£ € 3y, z £ &, it is easy to see
G(x,8) = G(a",6") > G(x,6) = G(*,9), (58)
and then

—u\(z) = z, &) — Gz 1 v (&) — v} .
@)~ ne) = [ [0~ 66 0] i b€ (e e

The proof is similar to that in Part I.
Step 1. Define
S5 = {z € 23\{0} | wa(x) < 0},

where 0" is the reflection of 0 about the plane T\. We show that for A
sufficiently negative, ¥} must be measure zero. We only need to check, for
T € 2;, we have

0 < v(z) —uvr(z)
- [ [eto-cag
PPN

1

m,t [07(6) - U;(&)] d§
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- [_[6@0 - 669)] or @ - v
=3 ul
t ), o [e@o-ce o] priie — e
1 T T
<[ [e9 - 6626 1 070 - 501
< [ Gl (&) —vi(©)] e
3 ul
— 7 [ Gl =0T OO - ual©)lde
b 7]
< [ GO () — o)), (59)
by ul

The rest is similar to Step 1. in Part 1.

Step 2. Define

Ao = sup{A <0 | w,(z) >0, p <A, Vo € 3,\{0*}}.

Through a similar argument as in Step 2. in Part I, we can show that

v(z) is symmetric about the plane Ty, i.e.

wy, =0, a.e. Vre Iy \{0).

If the plane stops at z; = Ag < 0, then v(z) must be symmetric and
monotone about the plane z; = A\g. This implies that v(x) has no singularity

at the origin in R"~*. Then we have

1

’x‘n—a

u(z) = O( ).

Combining this with 0 < ¢ < min{§(1+ %), k} and |y|~fu""t(z) € Lo (RF x

loc
R, we derive
7—1 %
/ <u ££)> dé < 0.
AN

In this case, we can carry on the moving of planes on u(z) directly to obtain

the radial symmetry and monotonicity of u in z about some point z° € R"*.
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Otherwise, we can move the plane all the way to z; = 0. Since the
direction of z; can be chosen arbitrary in R"~*, we deduce that v(x) must
be radially symmetric in z € R"* about z = 0 and decreasing about the
origin in R"~*. Similar to the case when p = 7, one can deduce that u(z)
must be radially symmetric in z € R"* about z = 0.

Now we prove the monotonicity of u. Without loss of generality, we may

assume
u(z) = u(lyl, [2]) := u(r,s) = u(rey, sea),
where e; and ey are unit vectors in R* and R" " respectively.

Since

uP(§)n - e

/ [(rex —1)? + (se2 — <)?]
J

dg
n— a+2
Inf*

p
/ u (|77| lsD)n - 61" = dnds
Rn—k JRE [(7“61 (362 —§) ] Wt
%) p
_ / / / uP(|nl,|<)n - eln = do,drds
n—k Jo 9B+ ( 7“61 77)2 + (362 - §) ] Wt

oo p .
- / u ’g‘ / L rdoydrds
R+ Jo Br(0) [(rex —n)? + (se2 — )]

= O’

::3

we calculate

0 u?(§)
v , — n—o d
R T S R T T

. w(©)(rer — 1) -
= )/n [(req neg ®

— )+ (sez — )’ Il
_ w(©) )
= (@ —n)r n— a+2 5
| ! /" [(rex = n)? + (se2 — <)?] Inf*
< 0, for any r > 0. (60)

Similarly, we have

0
a—u(rel, sey) < 0, for any s > 0.
s

This completes the proof of Theorem [[4] (i).



340 WENXIONG CHEN AND YANQIN FANG [September

4.2. The Subcritical Case -~ <p<T

For any given 20 = (0,2°) = (0,...,0,2%,...,2% ) € R¥ x R"F let
M —
k n—~k
1 r—a° 0
v(x) = |x—x0|n_0‘u(|x—x0|2 + ) (61)

be the Kelvin transform of u centered at 2°. We calculate

1 r—a°

v(z) = |x_x0|n—au(|x_x0|2
1 z — x° uP(§)

G + o’ d

(\x—xw”’g’ P

+ xo)

I

z—29 0 0N, p [ 0
1 / G(|zfx0\2 +x a|§ 0|2 +x )u (‘g_$0|2 +x )dg

S
- 2 o 11 — 20

p
/ G(\§m0|2+x7‘§ 0‘2+x) (|£5 0|2+$) 1 -
R

e e | e | [E- P
p
_ e vP(§) 62
o OO o

where 1 <p <7,and = (n—a)(t —p) > 0.

We apply the method of moving planes on v(x). Since |y['uP~! €
0

Ly c(R") for any domain §2 that is a positive distance away from z", we
have
wHE) m
——=—lad .
= st < o
Since
_ vP(§) oL oR(E)
) = [, GOt [, G - e — a0
1 WP(§) vy (€)
Ay G A d A& TANS) d
o(a) /E ) e+ [ G g

we have

v(x) — vy(z)
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1 R
+ [ [0~ 66 6] Lo

_ e ool [L e 1 Q)
_/ZA G(a,€) - G, €)] [!n\t\&—mow e | 4 (69

We now outline the ideas of the proof of Theorem [[4] (ii). First, by
the method of moving plane in integral forms, we prove that v(z) must be
radially symmetric and decreasing about z°. Take any line passing through

20, and call it x; axis. We move the plane
T\ ={z|z1=M\}

along the direction of x; axis. The proof consists of two steps. In Step 1,

we show that for any sufficiently negative A,

v(z) < v(@?), in T\ {(2°)*}, (65)

where ¥\ = {x € R" | z; < A}, and (2°)* is the reflection of 2° about the
plane T).

In Step 2, we move the plane T along the z; direction continuously
from near negative infinity to the right as long as (Gol) holds. We show that

the plane can be moved all the way up to the point z°.

Since the direction of x; can be chosen arbitrarily, we deduce that v(z)
is radially symmetric and decreasing about z", hence u(z) is also radially
symmetric about z°. Since 2° = (0,2°) € RF x R"* is any given point,
we further derive that u(z) = u(y, z) is independent of z. We analyze the
integral itself to obtain Pohozaev identity. Then we deduce that u = 0 in

the case of subcritical exponent.

Step 1. Define
2y = {z € 2\{(@")*} | wa(x) < 0},

We show that for A sufficiently negative, ¥ must be measure zero.
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By the Mean Value Theorem, we have, for sufficiently negative values

of A, and for z € Xy,

0 < v(z) —wvr(x)
1 wP(¢ 1 ()
[G(%f) - G(ﬂﬁAaf)] [W|§v_(x3|5 BT |£AA_330|B} d
R (ORI S (Y
[t 1€ =208 Mg} — 20

A 1o 1 R }
/m\zA [G(x’g) G(x’g)] [Inltlé—wolﬁ A |Er — 207 “

I
51\..

- [ [ewo -9 |

25

o

_l’_

el [ e 1 R
< [, [6wo-aeto) T T ) %
</ |69 - 660 [H] d
<[ O 1) —ue)lae
R S L g
c o »
< / T L GRTGILS (66)

Here we have used the fact that [n*| < || and [¢* — 20| < |¢ — 2.

We apply Hardy-Littlewood-Sobolev inequality (46) and Holder inequal-
ity to ([€0) to obtain, for any ¢ > —2—

n—ao’
vP~1
- < IR E——
lwallLomry < CHwt‘g_xO‘Bw’\HL%(z;)
p—1

(%
CHWHL%(EDHw/\HLq(z;)- (67)

By (@3]), we can choose N sufficiently large, such that for A < —N,

Pl

e =g et )

1
< —.
-2
Now inequality (67]) implies

HwAHLq(z;) =0,
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and therefore ¥} must be measure zero. Then we get

wy(x) >0, a.e x € Xy, (68)

Step 2. (Move the plane to the limiting position to derive symmetry.)

Inequality (68]) provides a starting point to move the plane 7). Now we
start from the neighborhood of 1 = —oco and move the plane to the right

as long as (68]) holds to the limiting position. Define
Ao = sup{A <0 | wy(z) >0, p< A, Vo€ X \{(=")*}}.

The rest is similar to the case when p = 7. We only need to use [ [%] ade
instead of [ [N;P(y)]%% . We also conclude

wy, () =0, a.e.Vx e Iy \{(=) ).

Now, we show that the plane can not stop before hitting the point x°. If
not, by symmetry, since v is singular at 2°, v must also be singular at (z°)*.

This is impossible.

Since the direction of z; can be chosen arbitrary in R", we deduce that
v(z) must be radially symmetric and decreasing about the point 2° in R".
O| _

For any !, 22 € R", choose 2 as the mid point such that |z! — z

|z2 — 29| Set

1 0 2 0
. T —x 0 o T —X 0
X' = |21 — 202 T, X°= 22 — 202 +a
Then
Xt — 2% = |Xx? - 20
Therefore,

(XY = v(X?).

By the relation between v(x) and u(z), we have
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which implies that u(x) is radially symmetric about the point z° in R".

For any z' € (y,2'), 2% € (y,2%) € R* x R"F, set 20 = ZIT‘FZQ Let
2% = (0, 2") be the projection of Z = (y,2). Repeat the above arguments,

we conclude that u(z) is radially symmetric about the point 2° in R”. Due
to |zt — 2% = |22 — 20|, we have u(z') = u(z?). Since x! € (y,2!), 22 €

(y,2%) € R* x R"™¥ are arbitrary, u is independent of z variables, i.e,
u(z) = u(y, 2) = u(y).

We calculate
uP(§)
u(y, 2) :/ T et %
go |z — &)t
P d
_ / u (?)dn/ ¢ _
re [0l SRk (fy — g2 + 12 - [2) 73"
/ / / " dody
= C t e—
Rk |77| 9B, (2) |y 77|2—|-r) 2
B / / / k=ldodr
Rre [nl* !y 77!’“ @ 9B, (=) (1+72)"2"

uP(n)
. —dn.
/Rk In[tly —nlk—2

Now, we consider

uP (y) k
wiz) = | —2 gy 4 e RE 69
@ = [, T (69)
By ([@9), we have
uP (y)
u(pr) = / S s——r 70
(k) R | — ylF=oy|t (70)
Since
d a—k
@(W—y\ )

d a—
= gine =y

a—Fk

= (|px —y| )__1di (a1 — )% + -~ + (g — )7
(2

—k
= (lpx —yH T (pr1 —y1)z1 + - + 2(pry — yr)ok)
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k
= (a—k)|pz—y[*F 2 (pai—yi)z = (a—k)|jpz—y|* 2z - (ur—y),
=1

we differentiate (7)) with respect to pu:

x - Vu(px) = (a — k) /Rk \gjw(ﬁm ’_k y(zjf;( ‘)tdy, x # 0.

Letting p = 1 yields

x-Vu(z) = (a—k) /R z- (@ = ylu(y) dy, x # 0. (71)

K|z —ylkat2|yt

uli(ff) and integrating on B;\Be := B;(0)\

B(0), we integrate by parts to obtain

= up(x) X - ulxr X
Loft — /BT\B e Vule)d

1 ) . 1 upﬂ(x)x‘i "
= i e ety e

p+1 |=|* || p+1 |z[* ||
k—t pHl
et
p+1 /g5, |7l
1 1
= —— Pt (2)do + —— e P (2)do
p+1Jog, p+1Jop.
kE—t p+1
B i””)dm, (72)
p+1/gaB. |zl
, uP (y)uP (x)
Right = (o — / / dydzx. 73
<o T )

Similar to ([@0), we derive

d
au(r) < 0, for any r > 0.

Then we have

=u(re) = —up(y)
w0 =) = |, rre—y\k*a\yrtdy

——>  —dods
/ /BBS !re—y\’“ a!y\t

Y
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/ / — sF 1"t dwds
OB, \re—sw[
/ / k 1—t¢
= ——— dwds
,,ak « 9B, e—;w|k «

= e (T)/O k—1— tf() (74)

rk—a

Y

Obviously, for each fixed 0 < s < r, f(s) >0, set t = 2, then 0 < ¢t < 1,
g(t) :== f(s). Since [0, 1] is a compact set, g(t) is continuous in ¢, we must
have g(t) > ¢y > 0. Then by (74]), we deduce

u(r) > cuf (r)r*t.

This implies

u(r) < — as r — 0. (75)
rp—1
Since p < 7, by (78]), we deduce
p+1
/ “ ’y‘gy)dy < 00. (76)

RE

Then there exists a sequence r; — oo as j — oo such that

r;t/ Pt (x)do — 0. (77)
0By

Since z - (x —y) +y - (y — ) = |x — y|?, by symmetry, we have

—k p+1
a / uP™(z) dx
Rk

j[*

o — (z)
= dxdy
/Rk /Rk Iw— I"c °‘|y| |z[*
_ P
Lok [ [ s,
Rk J Rk |l“—y| ar2y|t|z|
_ _ P P
e
R+ JR¥ |Cﬂ—y| 2 y|*| ]
uP (y)uP ()
= (a—k dydz. 78
) o L e 78)
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By (@) and (78)), let € — 0 in (72)) and (73]), we derive

1 k—t ptl
— =P (2)do — / “ (x)dx
p+1 Jop, p+1/p, ol

y)uf (y)u?(z)
/T/Rk [z =y I’“ oF2ly|*at

Combining this with (7)) and (78]), we arrive at

+1 +1
i1 e = e (79)
If a > k, () yields
u=0 in R".
If a < k, since
prl< % :2+27(1%_0f) <2+ 25:‘__;) - 2;’“__;),
([@) implies
u=0 in R".

This completes the proof of Theorem [L4] (ii).
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