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Abstract

Following J. Leray and J. L. Lions (]), we can say that this paper presents some
results by N. Trudinger, concerning linear degenerate elliptic problems, revisited by the
methods of M], B] (without the use of the weighted Sobolev spaces). Moreover, we study

some cases completely new.

1. Introduction

In this paper we are interested in the study of the following boundary

value problem

—div(a(z)Du) = f(x) in €,
{ u=0 on 0f2, ()

where € is a bounded open subset of RV, N > 2, a(z) ia a non negative

measurable function such that

acL"(Q), r>1, (2)
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Ler@), s>1 3)

a

and the datum f belongs to some Lebesgue spaces, that is

fer™Q), m>1. (4)

Degenerate problems of this type have been considered by M. K. V.
Murthy and G. Stampacchia ME] in the framework of suitable weighted
Sobolev spaces Wol’p(a, Q). We recall that, given p > 1 + %, WhP(a, Q)
denotes the weighted Sobolev space obtained by completing C'*°(Q) with
respect to the norm

lollworagy = [ Lw@p + a<m>rm<m>rp>] g

while Wol’p(a, Q) denotes the closure of C§°(Q) in WhP(a, Q).

A more general version of problem ([II) has been studied by Neil Trudinger
, @] The results he has obtained

concern with existence, uniqueness, local and global regularity of solution

during the seventies in the papers

in weighted Sobolev spaces and under various hypotheses on the datum f.
Moreover, the methods introduced have enabled the hypotheses employed in
| to be considerable relaxed. Concerning the nonlinear case, some exis-

tence and regularity results in weighted Sobolev spaces can be found in E],
ﬂa] and @]

The aim of this paper is twofold.

e We revisit some of these results by choosing as functional setting the
usual Sobolev spaces (Theorems 2] 27). To do this we will approximate
problem (Il) with some non-degenerate Dirichlet’s problems and we will
prove some a priori estimate on the solutions of this problems depending
on the summability of f. Once this has been accomplished, the linearity
of the operator and the summability assumptions on the weight will
allow to pass to the limit, thus finding a distributional solution of our
problem. We notice that, the solution obtained in ﬂﬁ] by means of
weighted Sobolev spaces satisfies our results and, conversely, our solution
has the same properties of that obtained in ﬂﬁ]
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e Moreover, if f € L'(Q2) we study the existence of solutions of () satis-
fying an entropy condition (see inequality (I6]) below), without the use
of the duality method (Theorem ZI0). Furthermore, if flog(1 + |f|)

belongs to L'(£2) we prove the existence of a distributional solution u of
sN

13N
(@) in the borderline case W, *"~V*(Q) (Theorem ZI2).

We point out that some of the existence results concern solutions be-

longing to the nonreflexive space WO1 ().

2. Statement of the Results

The first result concerns the existence of solutions when the datum f

has a “good” summability.

Theorem 2.1. Let hypotheses [2)), @), (@) be satisfied and

1 2

4+ - <1 5
o< L (5)
1 1 1 1

I R (6)

1,2
Then, there exists a distributional solution u € Wy ***(Q) of the problem

@ such that
2
/Qa(:v)|Du| §/qu (7)

Moreover, u € L> () if
2

! +1 < (8)
m s N’

while u € Lstm™ (Q) if
2 1 1
— < — 4 —. 9
N<m+s (9)

Remark 2.2. Note that the inequality (§) can be written in the form % +
% < ﬁ + %, which implies (@).

Remark 2.3. We note that the right-hand side of inequality () is finite
thanks to the assumption (@) and that (7)) means that u belongs to the
weighted-Sobolev space I/Vou(a7 Q).
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In the framework of weighted Sobolev spaces inequality (6 implies f €
(VVO1 ’Q(a, ))" and, under this assumption, the existence of a weak solution of
problem () in the space Wol’2(a, ) has been studied in ﬂﬁ], Theorem 3.2;

1,2
moreover, it is easy to prove that this solution belongs to W, *** ().
If we assume neither (8) nor (@), previous Theorem and Sobolev im-
25 \*
mersion imply only u € LG (©). Note that, as a consequence of The-

2sN
orem 3.2 of ﬂﬁ] and weighted-Sobolev immersion, v € L<®-2+N (Q) and

25 \k __ 2sN
(s-‘rl) — s(N-2)+N"

The assumption (@) implies m > 2N/(N + 2) and then f € H1(Q);
nevertheless u ¢ HE(Q).

Remark 2.4. Note that if s — oo, then % — 2; while, in the case s =1,

previous theorem gives the existence of solutions in the nonreflexive space
1,1
Wy (92).

Remark 2.5. We point out that, under the hypothesis (8), Theorem 4.1, I
of ﬂﬁ] states that problem (II) has a weak solution u € Wol’z(a, Q)N L>(N).

Remark 2.6. Let % —1—% > %

In this case, the same regularity result stated in Theorem [2.I] has been
obtained in Theorem 4.1, of ﬂﬁ], where it is also proved that, if % + % =2,
the solution of problem (IJ) belongs to the Orlicz space Ly(2), with ¢(t) =
eltl —1 (see also Remark below). Moreover, we point out that Siﬁ* >1
iff % + % <1+ % and the last inequality follows by ().

In the following, given k > 0, we set, for every s € R

T (s) = max(—Fk, min(s, k)).

Next results concern with the case in which inequality (@) does’t hold.

Theorem 2.7. Let hypotheses [2)), @Bl), @) be satisfied, m > 1 and

1+1+1 1+1 (10)
m s T N’
1+1 >1+1 (11)
m  2s 2 N’
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*
sm

17 *
Then, there exists a distributional solution w € W, **™" (Q) of (@) such
that, for every k >0

2s

Ti(u) € W, 7 (Q)

and

[a@IpTiP < [ i), (12)
Q [9]

Remark 2.8. Note that ;:fn >1if
L + L <1+ ! (13)
m s N’

and we achieve the existence of a distributional solution in VVO1 1(Q) in the

1 1 1
particular case — + — =1+ N and r = co. Furthemore, by virtue of (1))
sm* < 2s m 5

s+m* s+1°

At least, we point out that here, as in Theorem 2] the exponent 83_—31

plays the role of exponent 2 of the non degenerate case.

Remark 2.9. Let the assumptions of Theorem 2.7 be satisfied. Then, in
Theorem 4.3 of ﬂﬁ], by a duality method, it is proved that there exists a

unique solution u of problem ([I) such that

2sm*

_ 14
2s + m* ( )

/ a(e) ¥ |Dulr < oo, g, =
Q

Note that such solution has the regularity stated by Theorem 27 and that
1,2m
it belongs to W, **™" (Q).

Conversely, we can prove that the solution u given by Theorem [2.7]
satisfies condition (Id]) (see Remark 377 below).

Now, we point out that in the previous theorems we cannot take m = 1.
In order to handle this last case we recall the following functional setting.

Given o > 0 the Marcinkiewicz space M7 (£2) is the space of measurable

functions v on ) such that

3C>0:{ze:|ul@)| >t} <=, Vt>0. (15)
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We recall that the following inclusions hold, if 1 < p < 0 < 0,
L7(Q2) ¢ M7 (Q) C LP(Q).

Theorem 2.10. Let hypotheses @), @) and @) be satisfied. If f € L'(Q),
there exists a solution u of problem ({l) such that

sN sN
uwe M-N-2%N(Q),  Du e (M-®N-0t8 (Q)N,
2s

1
log(1 + |ul) € W, """ (),

25
Ti(u) € W, 7 (Q)

and ([I2) holds. Moreover u is a solution of the elliptic problem () in the

following sense

/ a(2)DoDTiu — ] < / @) Thfu — o, (16)
Q Q

2s \/
Vk>0,Voe Wo = (@) n o).

Remark 2.11. The definition (I6) was introduced in H]

If s > N, then ﬁ > 1 and assuming only f € L!(Q) the previous
theorem gives the existence of distributional solutions belonging to I/VO1 Q)

N N _ sl*
for every 1 < ¢ < S(wa Note that S(Nf1)+N = I

Theorem 2.12. Let the hypotheses @), @) be satisfied, s > N, r = oo and
flog(1+f]) € L' (). (17)

17 sN.
Then, there exists u € W, *"~V*(Q), distributional solution of ().

Remark 2.13. Note that if s = N and, in addition, ({I7) holds, then we
obtain solution in the space VVO1 Q).

Remark 2.14. Let the assumptions of Theorem .10 be satisfied. Then in
Theorem 4.3 of ﬂﬁ] the author proved, by duality, that there exists a unique
solution wu of problem (II) such that

[ a@iipul? < +o0 5 <. (18)
Q
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where
2s1*

T o5+ 1%

4z

Note that such solution has the regularity stated by Theorem 210l that is,
sN
its gradient belongs to M s(V=D+N ().

Conversely, we can prove that the solution u given by Theorem [ZT0]
satisfies condition (I8]) (see Remark [3.9] below).

Remark 2.15. In the paper ﬂ], dedicated to Neil Trudinger on the occasion
of his 65th birthday, local versus global properties of solutions u of uniformly
elliptic problems with non regular data are studied. Namely, if the right hand
side f belongs to L'(Q) and 1 is a positive function belonging to W1>(Q),
even if u only belongs to VVO1 1Q), q < %, then the function uy", for some

n > 1, is more regular.

In the same spirit of this result, it is interesting to study the same

property for the solutions u found in the present paper.

3. Approximate Problems and a Priori Bounds

We define

1
- f 1
- if a(z) < -

an(r) = Qa(z) ifL<a(x)<n
n if n < a(x),

f(x)
fn(z) =
1+ 5l f ()]
and we consider the Dirichlet problems
up € W2 (Q) 1 —div(an(2)Duy) = fu(z). (19)

The existence of the solution u,, € WO1 2(Q) ia a consequence of Lax-

Milgram lemma; moreover, for every n € N, the function w,, is bounded (see

(1), [13)).
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Remark 3.1. Note that {a,(z)} converges to a(z) a. e. x € Q and a,(z) <

a(x) + 1 for every n € N, so that {a,(z)} converges to a(z) in L"(Q); in a

similar way anl(x) converges to ﬁ in L*(2). Moreover, for every n € N

Hl/an

; < Hl/aHSLS 9. (20)

In the following, given k > 0, let Tj(s) the truncation operator already
defined in the previous section and set, for every s € R

Gr(s) = s — Ti(s).

3.1. Boundedness of the sequence {u,} in Lebegue’s spaces

Let us define

2s
= 21
e s+1 (21)
and note that ¢ < 2 and ¢ = liffs = 1.
Lemma 3.2. Assume that @), @), @) and
! + ! < 2 (22)
m s N
hold. Then there exists M > 0 such that
HunHLOO(Q) <M, VneN. (23)

Proof. We choose Gj,(uy,) as test function in (I9)

/ an(2)| DGl < / 1 (@)|G(un)|
Q Q

and using the Sobolev and Holder’s inequalities (with exponents 2/q and
2/(2 — q)) we obtain

s !Gk<un>\Q*]q% < [ 6w - [ (00)} DG ()

(an)?

s, ]

IN
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[ 111G
Q

C (171 g G ) | | A

q

[l

1 1 1
1 q N m>2
)

q
2

IN

IN

where

AR = fr e Qi k <|un(2)]}, |AF| = meas(A4F).
Thus we proved that

A k=g =
Gl gy < CorlAE T,

which implies

1

2-2% -1
[ 1Gu(wn)] < CoplabP# .
Q
By standard arguments, last inequality implies

C
h—k

2 1
|45 < AR [* T (24)
for every h > k > 0. Note that the assumption [22]) gives 2 — q% — % > 1;
then, thanks to the Stampacchia’s method (see ﬂl_AI], ﬂﬂ]), we conclude that
there exists M > 0, independent of n, such that |luy|| < M, forn € N.

O

L= (Q)

Remark 3.3. If we assume

1 1 2
J— + —
m s
instead of (22)), the inequality (24]) becomes

Cy
h—k

|47 < AR,

which implies (see ﬂl_AI]) that the sequence {e”1*#!} is bounded in L'(£2), for
some p > 0, according to the results by M.K.V. Murty and G. Stamapacchia
and by N. Trudinger.

Now we assume that the datum f is less regular and we study the

boundedness of the sequence {u,} in some Lebesgue space.
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Lemma 3.4. We assume

2 1 1 2
N

Then there exists C' > 0 such that

HunH m <C,VneNlN.
Proof. Define
ml
v= 2m/ — g*

and note that v > % and ¢*y = (2y — 1)m/

— <-4+ —<1+4 =, > 1.
s+m_ +N m

[September

(25)

(26)

(27)

Given € > 0 we use [(€ + |u,|)? ™ — €2 Ysign(u,) as test function in ()

and we get

(27—1)/96%1(90)|Dun|2(6+Iunl)”2S/Qlf(l’)l(eJrIunl)”1 (28)

which implies

C, [ an(@IDle+lual)” = 17 < 1l [ [+l

Recall that s = 2%’(1. Then

o] fjemar-ov]’

(an)%\D!uan
D Y4 — L S N
< [ 1Dl /Q o
s o]
< | [ o@Dl wly - e1p|'| [
(27 l)m 7
< a\lf\lgmm[/[(ﬂrlunl |

The limit as € — 0 implies

g i . (@y=1)m/
Sof [ a1\ < Cug| [ ()55
Q Q

wl»Q

Al

q
:| 2m/

1

(2y— 1)m m/
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Now the assumption %%—% > £ gets q% > 5L (recall that ¢*y = (2y—1)m’ =

s ) and then the estimate (26) follows. O

stm**

3.2. Boundedness of the sequence {u,} in Sobolev’s spaces

Lemma 3.5. Assume that ), @), @) and (@) hold. Then, up to subse-
2s

1,2
quences, the sequence {u,} weakly converges in W, ***(Q).

. S 1
Proof. First of all, we note that the assumption .- + 23 <35+ N implies

2N
that m > L

Choosing u,, as test function in (I9]) we obtain

2
/Qan(ﬂf)lDunl S/Qlf(:v)llun(:v)l- (29)

Using Sobolev and Hélder’s inequalities (with exponents 2/g and 2/(2 — q))
and working as in the proof of Lemma B2 we give

/Q!Dunyq :/QW
: -4

[ nwionr]] [ <§}

[/Q |f||un|] : |:/Q (ai)srg < Ca||f||§(q*)'(Q Ju n”Lq o

Now we note that (¢*)" < m since (@) holds and by previous inequality it
follows that the sequence {uy} is bounded in W0 = Q).

Sallual -

IN

IN

IN

If s > 1 then m > 1 and, up to a subsequence still denoted by {u,},
2s

1,
{u,} converges to some function u weakly in W, **"' (Q), strongly in L'(£2)

and almost everywhere in €.

In the case s = 1 (which implies ¢ = 1), since the a priori estimate is
not enough to pass to the limit, we need something more in order to prove
the weak compactness of the sequence {u,} in VVO 1(Q) and we follow some
techniques already used in E E ﬂa]

Note that (@) with s = 1 gives m > N. Let E be a measurable subset
of Q, and let ¢ be in {1, ..., N}. Then we adapt the above inequalities and



306 LUCIO BOCCARDO AND G. RITA CIRMI [September

we have

/ 19ytun)
E

IN

- 8 [ [ o[ | ]

1 1 % 1 %
= (HfHLN(Q)HunHLl*(Q))2[/EZ} §01|:/EZ:| '

Since the sequence { } is compact in L!(€2), we can use the Vitali theorem
on the last term; thus we can say that the first term {0;u, } is equiintegrable.
By Dunford-Pettis theorem, and up to subsequences, there exists Y; in L(Q)
such that {d;u,} weakly converges to Y; in L'(Q). Since d;u, is the distri-
butional derivative of u,,, we have, for every n in N,

/aiun@:_/unai@a V@GCEO(Q)
Q Q

We now pass to the limit in the above identities, using that {9;u,} weakly
converges to Y; in L'(Q), and that {u,} strongly converges to u in L*(12),
l<pu< %; we obtain

/E-soz—/u@zso, Vp € C°(),
Q Q

which implies that Y; = 0;u, and this result is true for every i. Since Y;
belongs to L'(f2) for every i, u belongs to Wol’l(Q). O

The next results concern with the case in which m doesn’t satisfy in-
equality ()

Lemma 3.6. Let hypotheses @), @), @) be satisfied and (I1) and (I3)
hold. Then, up to subsequences, the sequence {u,} weakly converges in

*
sm

Wy = (Q).

Proof. In the first part of the proof We assume s > 1. First of all, we note
that assumptlon (D) implies 2+ L > 2: thus the sequence {un} is bounded

in L5+m** (Q), by virtue of Lemma B4l Moreover, if v > 3 is the number
defined in the proof of Lemma [B4] the inequality (28] can be rewritten as
follows, with e = 1,

@- [ ; +<|u'f“"' < [ 1510+
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We point out that here the assumption (II]) implies v < 1 and that the
right hand side of the above inequality is bounded (with respect to n), since

2y —1)m' = Then

s+m** :

an($)|Dun|2
/Q TS < G, e (30)

Let us define

*

7= "~ (31)
q_s—i—m*
and p such that
Sm**
pqg(l—n)=—. 32
PIl =)= (32)

Note that g > 1, since % + % <1+ %, q < 2 and easy calculations show that

Then in the equality

- an(gzc)g]Dun]a 21— 1
/g'Du"|q - /g 0+ e T )7 —
n an(;ﬂ)2

we can use Holder’s inequality with exponents %, p and %. At least, thanks

(33)

to the choice of p and using the inequalities (B0) and (20) we prove that the
sequence {u,} is bounded in W,%(€).

If % —|—% <1+ % (which implies § > 1), up to a subsequence still denoted
by {u,}, {u,} converges to some function u weakly in I/VO1 1(Q), strongly in

LY(Q) and almost everywhere in ().

If L —|— =1+ N (which implies § = 1), we work as in the proof of
previous lemma. Let E be a measurable subset of Q and i € {1, ..., N};
by adapting (33]) and using Hoélder’s inequality with exponents 2, p and 2s,

we obtain

Duy,| _ 1
Ojun| < / Duy, / ( ) | - €+ |un (1 7)71
/‘ U |Dup| = (1 + [un )@~ 7)( |unl) an(z)}
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<o f o]

Then we prove that the sequence {u,} converges weakly in VVO1 ’1(9), up to
subsequences, to some function u. As a matter of fact, we can repeat the
last part of the proof of Lemma [B5] since in the framework of this case the
choice s = 1 implies m = N.

2sm™

2s5+m

there exists a constant ¢ > 0, independent on n such that

Remark 3.7. Let ¢, = 522", 7 and ¢ as in the previous lemma. Then,

/ an(z)F [Dup|?r < ¢ VneN. (34)
Q

As a matter of fact, by Holder’s inequality we have

4T

ap |Du |2 qTT ap (1=7) ==
an(x) 2 |Du,lir < /an T —n} / 1+|uy,|) 29 .
L@ T Dufor <] [en@ramer= ] | [

2—q,

using the estimate ([B0) we conclude that the right hand side of previous
inequality is bounded.

We note that estimate ([34]) says that {u,} is bounded in the weighted
Sobolev space VVO1 At (©), where g, is the summability exponent obtained by
N. Trudinger in Theorem 4.3 of [15].

3.3. The case m =1

Here we study the case f € L'(Q), since, if m = 1, in the previous
inequalities it is not possible to use m’.

Lemma 3.8. Let the hypotheses ), @), @) be satisfied and m = 1. Then

25

{Tx(up)} is bounded in VVOLS+1 (Q), Vk>0, (35)
25

{log(1 + |up|)} is bounded in VVOLS+1 (Q), (36)

{un} is bounded in MW (Q), (37)
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the sequence {Duy,} is bounded in (MS(NiJYHN (Q))N (38)

Proof. Let k > 0; if we choose Ty (uy,) as test function in (I9]), we obtain

/ n ()| DT (uy)] /fn )Tk (un) < Kl fllzr), VneN. (39)
Q

S

Let ¢ = % (recall that ¢ =1 if s = 1). Working as in the proof of Lemma

and using the previous inequality we get
/ DTy ()7 < Co k4. (40)
Q

Now we follow the proof of Lemma 4.1 in H] Indeed (@0Q) and the Sobolev
inequality give
k9 meas{k < |un|} = / |Th (un) | < Oy K ,
E<|un|
which implies that
C

meas{k < |up|} < —-,
k 2

that is the estimate stated in (B7).
Moreover Q) also implies that

A meas{|un| < k, A < |Duy|} < / |Du,|9 < Co k2.
[un|<k, A<|Dunp |

Then

meas{\ < |Duy|} = meas{|u,| < k, A < |Duy|} + meas{k < |up|}

aq

k2 Ch
COF+ s

2(N—q)
The choice k = X\ 2N-4 gives the estimate stated in (38]).
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In order to prove (B6), we use in (I9) as test function

/ _IDun®_ < [1s
1+ un))? =

which implies (once more we use the Holder inequality)
|Duy |71 Dua |57 1
s+1 s s+1
/ L% :/ an ()1 o 25 ——
2 (14 |up|)st /o (1 + |un]) 5T an(@) =1

<[ ]

Remark 3.9. Let the assumptions of previous lemma be satisfied. Then,

and we have
+| nl

there exists a positive constant ¢, independent of n, such that, for every

n € N the following estimate holds
/ an(2)2|Dun? < ¢, VB < qy, (41)
Q

where ¢, = % is the number introduced in Remark 2141

As a matter of fact, let us take as test function in (I9) the function
1— (1 +|Gr(un))'™

20 — 1
obtain

sign(uy,) where § > 3 will be choosen later on and we

| DG (un)[?
| o) ez < v (42)

Let us fix 8 < q,. We have

(Z.’]Z‘g ’LLB: (Z.’]Z‘g U B (Z.’]Z‘g U B
/Qnm Du| /Qnm DTy ()] +/Q () 21DC ()

The first integral in the right hand side of above equality is bounded by

virtue of ([9), while the second one can be treated as follows

/ an(2) 3 (DG (un)|?
Q

(i DGl u ) [)98
= [ @) T e (1 Gl
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oottt [ (o)

: [/Q“"(:”)g<1+|ak<un>|>2é

Using the estimate ([2]) and the boundedness of {u,} (and consequently of
sN
{Gk(upn)}) in the space M «(N=2+~ (1), we conclude that the second member

203 sN
2—ﬁ<s(N—1)+N

of previous inequality is bounded if we can take § > % such that

and this choice is possible, since 5 < ¢q,..
Lemma 3.10. Let s > N and flog(1+|f]) be a function belonging to L*(Q).
(43)

Then
{un} is bounded in LN (Q)
{Duy,} is bounded in LN (Q). (44)
(45)

Moreover if s = N then
{Duy,} is weakly compact in (L*(Q))N

Proof. We use log(1 + |uy,|)sign(u,) as test function in (I9) and we get

|DUn|2 /
ap(r)——— < log(1 + Up|)-

We recall now the following inequality (for positive real numbers z,t )

zt < zlog(l+2)+e —1,

< /Q Fllog( + £]) + /Q e

so that we have
| Dy, |?
an(x
f w1
~ N .
Let q = m7 fI'OH’l

Du a 3 1
an(:c)§

e
1+ |up|

D= [ o
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we deduce, thanks to the Holder inequality with exponents %, 22* and %

Ry T e R

Here we can use 7)), with s > N, since now —+%
s(

N—2)IN
/ un| < C4
9]
and

q _

~ - 2 q

q q 2
suun\|mms/ﬂ|0un| §C2[/Q|f|10g(1+|f|)+01 1L+ I

is strictly grater than
1. Thus we have

which implies @3] (note that ¢* = ﬁ ) and then (4.

If s = N, then (@) says that {Du,} is bounded in L'(£2) and we need
something more in order to prove ([H). Let E be a measurable subset of €;

since

1 ‘Dun‘ 1
| Du !=/ ()2 ————=/1+ [tn| ——
/E e T VT Jual " (z)2

due to the Holder inequality with exponents 2, % and 2N, we deduce

JALIE {/Q|f|1og<mf|>+/ﬂ|un|ﬁ[/Q<1+|un|>ﬁ% {/Eﬁ}_

Here we can use ([43]), thus we have

foomssol ]

Since the sequence {%} is compact in L'(£2), the sequence {0;u,} is equi-
integrable. Thus, by Dunford-Pettis theorem, as in the proof of Lemma [3.7]

we prove ({EH)).
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4. Proof of Existence Theorems

4.1. Proof of Theorem 2.1

Lemma says that, up to subsequences, the sequence {u,} weakly

L2 o
converges to a function w in W, **'(€). Then, thanks to (@), it is easy to

pass to the limit in the weak formulation of (I9))

1’(s+sl

/an(x)Duan:/fn(x)v, Vove W, !
Q Q

(62).

Moreover, the summability (boundedness) of u is a consequence of the
boundedness of the sequence {u,} in Lebegue’s spaces proved in Sub-

section 3.1. O

4.2. Proof of Theorem [2.7
Here we use Lemma instead of Lemma

4.3. Proof of Theorem [2.12]

Here we use Lemma [B.10] instead of Lemma

4.4. Proof of Theorem [2.10]

As a consequence of (3@]), there exists a subsequence (not relabelled)

such that

1.-2s_
{log(1 + |up|)sign(u,)} converges weakly in W, **'(2) and a. e. in Q
(46)

Then, {u,(z)} Converges a. e. in  to a measurable function u(z) such that

log(1 + |u|) € WO S“(Q). Moreover, as a consequence of ([BH]), for every

2s

k > 0, the sequence {T(u,)} converges weakly in VVOLS+1 (Q) to Tk (u).

Thus, if we take Tj[u, — @] as test function in the weak formulation of

25 \/
problem (IT) , we have, Yk > 0 and Vg € W, 1) (Q) 1 L*(9),

/Q a0 () Dity D Tyt / F (@) Tifum — o,
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which implies
| an@DeD Tifun o) < [ f@)Tidun— o
Q Q

Here it is easy to pass to the limit, due to (Bl and the weak convergence in
2s

W017s+1 (Q) of {Tx(un)} to Ti(u), and we obtain (). g
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