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Abstract

We construct and use solutions, subsolutions, and supersolutions of differential equa-
tions as catalysts to link hypotheses on radial curvature of a complete n-manifold (M, g)
to conclusions on the analysis or geometry of quadratic forms and second order differential
operators. These conclusions are formulated in terms of pointwise estimates on the Hes-
sian and pointwise and weak estimates on the Laplacian of the distance function r from a
fixed point xo in M. In particular, we prove Hessian Comparison Theorems and Laplacian
Comparison Theorems, generalizing the work of Greene and Wu |2]: If the radial curvature
K of M satisfies —62‘1—12 <K(r)< % on D(xo) where 0 < a?,0 < b* < %, 0<¢?, and

D(z0) = M\(Cut(zo) U{z0}), then

V1 — 402 / 2
#(g—dr@dr) < Hess(r) < #(g—dr@dr)

on D(xg), in the sense of quadratic forms, and

141 —4b2
(n— 1)
-

<Ar<(n-1)
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), and Ar < (n — 1)71+ ”21T+4a2

holds pointwise on D(zo holds weakly on M. This is equiv-

alent to that if the radial curvature K on D(zo) satisfies
A(A-1)

S S K(n) <

B(1 - B)

where 1 < A, and % < B <1, then

g(g—dr(@dr) < Hess(r) < é(g—dr@dr) and (n — 1)?

SATS(H—U?

holds pointwise on D(zo), and Ar < (n — 1)2 holds weakly on M. We also prove and
apply Hessian Comparison Theorems via Jacobi Type inequalities, Comparison Theorems
on Riccati type inequalities, and Sturm Comparison Theorems. An analog of a theorem

of Greene-Wu on negatively pinched manifolds, —T% < K(r) < —% < 0 for pointwise

Hessian estimates is given. On positively pinched manifolds, 0 < i—z < K(r) < ff—z,
pointwise Hessian estimates are also made. Pointwise Laplacian Comparison Theorems on
D(z0) are then immediately obtained by taking traces in Hessian Comparison Theorems.
The corresponding weak upper bound estimates of the Laplacian on all of M are then

obtained by Green’s Identity and a double limiting argument(cf. Lemma [0.1] u], B])

1. Introduction

Robert E. Greene and Hung-Hsi Wu have proved a Hessian Comparison
Theorem on a manifold (M, g) with a pole zg, which can be stated as follows:
Let r(z) = distas(z, zo) be the distance function on M from xy.

Theorem A (B, p.38]). If the radial curvature K of M satisfies

A A
_ﬁ < K(T) < _7,_21 on M\B(a_l)(aj‘o), where 0< A1 < A,1<a,
then
1++/1+4A 1++v1+4A
;@—dr@dr) = Hess(r) < L(g—dr@dr).
2r 2r
Here we denote for two functions fi, fa : [a,00) — R,
o . f1
fizfo if lim=—(r)<1 as r — oo.
2

In this pioneering result, the radial curvature was required to be neg-
atively pinched off a compact set, and the estimates obtained were (off a
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compact set and) of asymptotical nature near infinity. Since then many
efforts have been made to study the behavior of the Hessian under the as-
sumption of radial curvature with a mixed sign, or positively pinched, or
0< K(r) < @, and to improve the asymptotic estimates to pointwise
ones and to weak ones on the entire manifold. There are many statements
regarding Hessian comparison theorems in various special cases that are
discussed, made, or applied, however, a general yet detailed result with a
complete proof is still needed to support some works in the literature.

To this end, we prove in this paper the following fundamental results
in a complete n-dimensional Riemannian manifold M: Let g € M be a
fixed point. Denote Cut(zg) the cut locus of xg in M and let D(zg) =
M\ (Cut(zo) U {z0}).

Theorem 1.1 (Hessian Comparison Theorem). If the radial curvature K of

M satisfies
2 2
a b
— < Kliry< ————
c4r? = ()—c2+r2

(1.1)

on D(xq), where 0 < a? 0 < b? < %, and 0 < 2, then

14+ /1 — 4b2 14+ V1 +4a?

SR <g—d7“®d7“) < Hess(r) < ﬁ@—dr@dr) (1.2)
2r 2r

on D(xg) in the sense of quadratic forms.

This is equivalent to the following:

Theorem 1.2.
a2 b2 . 2 2 1
Let 3 gK(r)gﬁ on D(xo) with 0 <a®and0<b SZ (1.3)

Then (L2) holds on D(x).

By taking A = 1ty lida® V;FW and B = 1407 V%““’z in Theorem [[2] one has

the following equivalent result:
Theorem 1.3. If the radial curvature K of M satisfies

_AAZY g BO-D)

. 1
7 = = on D(zg) with 1§Aand§§B§1, (1.4)
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then

B (g —dr® dr) < Hess(r) < é(g —dr® dT’) on D(xo). (1.5)

~
Theorems [[.1], and [[L3] are sharp whena =b=0 or A= B =1, and
M = R". By setting ¢ = 1, Theorem [[T] takes the following form:

Corollary 1.1. Suppose the radial curvature K of M satisfies

a? b?
— < K(r)< 1.
T2 <K= (1.6)
on D(z¢) where 0 < a? and 0 < b% < %.
Then (L2) holds on D(xg).
By setting A = 1, Theorem takes the following form:
Corollary 1.2. If K of M satisfies
B(1 - B)
0<K(r) < ——5— (1.7)
on D(zg) where £ < B <1, then
B 1
g — < < Z(g—
. (g dr ® dr) < Hess(r) < . (g dr ® dr) (1.8)

on D(xp).

When B = 1, and D(zg) = M\{z}, Theorem [[3] takes the following
form:

Corollary 1.3. If the radial curvature K of M satisfies

A(A -1
A <k <o (1.9)

on M\{xo} where 1 < A, then

! (9 —dr® dr) < Hess(r) < é(g —dr® dr) (1.10)

r

on M\{xo} in the sense of quadratic forms.
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Corollary 1.4 (cf. E]) If M is a manifold with a pole and

0< K(r) (resp. K(r) < 0), (1.11)

then
Hessr < %(g —dr @dr) (resp. %(g —dr@dr) < Hess(r)) on M\{xzo}.
(1.12)

In particular,
. 1
if K(r)=0 then Hess(r)= ;(g —dr @dr).

The technique we employed is to construct and use solutions, subsolu-
tions, and supersolutions of differential equations as catalysts to link hy-
potheses on radial curvature of a complete manifold M to conclusions on the
analysis or geometry of quadratic forms and second order differential opera-
tors. These conclusions are formulated in terms of pointwise estimates on the
Hessian and pointwise and weak estimates on the Laplacian of the distance
function r from a fixed point xzg in M. Comparison theorems in differential
equations lead naturally to comparison theorems in differential geometry and
the second order linear Jabobi equations are transformed to the first order
nonlinear Riccati equations. More specifically, to obtain Hessian comparison
theorems, we construct and use solutions, supersolutions and subsolutions of
the Jabobi equation in Sect. 3, and apply Hessian Comparison Theorems via
Jacobi type inequalities (in Sect. 4), Comparison Theorems on Riccati type
inequalities (in Sect. 5) and the Sturm Comparison Theorem (in Sect. 6).
For more discussion, background, or insight of geometric analytic approach,
we refer the reader to Stefano Pigola, Marco Rigoli, and Alberto G. Setti’s
book (M]), Peter Petersen’s book (E]), and recent articles H], B], etc.

The above technique of constructing and using solutions, subsolutions,
and supersolutions of the Jacobi equation as catalysts to link radial curvature
with the Hessian can be employed to more general settings. In Sect. 7, we
prove an analog of Theorem A for pointwise estimates of the Hessian as

follows:
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Theorem [T.T(An extension of a theorem of Greene-Wu). Let the radial
curvature K of M satisfy

A A
— 3 < K(r) < _7“_21 on M\{zo}, where 0< A; <A.
Then

1+\/1+4A1< <1+\/1—|—4A
2r 2r

g—dr® dr) <Hess(r) (g—dr ® dr) on M\{zo}.

By constructing different comparison functions for solutions of Jacobi

type equations in consideration, we have the following:

Theorem Let the radial curvature K of M satisfy

2 2
a a7 2_ 2
—m S K(T) S —m on M\{IL’O}, where 0<CL1 <a ,OSC.

Then

1++/14+4a? 1+v1+4a?
_ < <Y (g .
0+ 0 (g dr ® dr) <Hess(r) < 5 (g dr ® dr) on M\{xg}

We then turn to the study on positively pinched manifolds in Sect 8 and
obtain

Theorem B.I|(An analog of Theorem [T1)). Let the radial curvature K of M
satisfy
b2 b2

—SK(T)Sﬁ

1
2 on D(xg), where 0<b?<b*< 1 (8.1)

Then

/1 —4p2 /1 _Ah2
#(g—dr@dr) §Hess(r)§H271T4bl(g—dr®dr) on D(

:L’()).

In Sect 9, we obtain immediate pointwise Laplacian Comparison Theo-
rems by taking traces in Hessian Comparison Theorems. The corresponding
weak upper bound estimates of the Laplacian on all of M (c.f. Theorems
9.1, 9.2, 9.3, 9.4, 9.5 and 9.6) are then obtained by an exhaustion method,
Green’s Identity, and a double limiting argument(cf. Lemma[0.T] M], ﬂa]) In
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particular, we prove

Theorem 9.6 Under the radial curvature assumption (81 on D(xg), the
Laplacian of the distance function satisfies:

1+v1—4b?

1 \/1 4b2
o <Ar < (n—-1)———— + pointwise on D(zg), (@6

/ 2
and Ar < (n —1)1+ 1= dby

(n—1)
weakly on M.

We end this paper in Sect 10 by discussing the equivalence of Hessian
Comparison Theorems and the equivalence of the Laplacian Comparison
Theorems with their immediate consequences (cf. Theorems [I0.] and T0.2)).
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2. Preliminaries

The radial vector field @ on D(x() is the unit vector field such that for
any z € D(xg), 0 (z) is the unit vector tangent to the unique geodesic joining
o to x and pointing away from x(. A radial plane is a plane m which contains
d(z) in the tangent space T, M. By the radial curvature K of a manifold,
we mean the restriction of the sectional curvature function to all the radial
planes. We define K (t) to be the radial curvature of M at x such that
r(x) = t. Let a tensor g—dr ®dr = 0 on the radial direction, and be just the
metric tensor ¢ on the orthogonal complement 0. At 2 € M, the Hessian of
r, denoted by Hess(r) is a quadratic form on 7, M given by Hess(r)(v, w) =
(Vydr)w = ¢g(V,Vr,w) for v,w € T, M. Here Vr is the gradient vector field
of r, and hence is dual to the differential dr of r. Thus, Hess(r)(Vr, Vr) =
The Laplacian of r, is defined to be Ar = trace (Hess(r)). M is said to be a
manifold with a pole g, if D(xzo) = M\{zo}. We recall the following:
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Theorem B (cf. E] H]) Let (M,g) be a complete Riemannian manifold
with a pole xq, i.e. D(xg) = M\{xo}.

(i) If —a? < K(r) < =% with a > 0, 8 > 0, then
Beoth(Br)(g — dr @ dr) < Hess(r) < acoth(ar)(g — dr @ dr)
(i) If K(r) = 0, then
%(g — dr @ dr) = Hess(r)

then
1-2 et
(g — dr ® dr) < Hess(r) < T(g —dr @ dr)

(iv) If —Ar?1 < K(r) < —Br%* with A> B > 0 and q > 0, then
Bori(g — dr ® dr) < Hess(r) < (VAcoth VA)r?(g — dr @ dr)

forr > 1, where By = min{1, qH + (B + (qT) )1/2}

Proof. (i), (ii), and (iv) are treated in Section 2 of E]

(iii) is treated in H], for completeness, we include a proof here. Since for

every € > 0,

d _i(1+s2)_6) _

s
E( 2€

(1 + 82)1+e’

we have

/msLd—é<oo and /msids—§<1
0 (1 +82)1+e 2% o (1 _|_82)1+e - 2 :

Now the assertion is an immediate consequence of Quasi-isometry Theorem
A
due to Greene-Wu E, p.57] in which 1 <7 <e2 and 1 — % <upu<l. Od

3. Proof of Theorem 1.1

14++v/1+4a2

Let ¢1 = r®, where a = =55,

Then ¢,1 = ara_17 and (2a — 1)2 =1+ 4(12, ie. a(a — 1) = a’.
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Hence, for r > 0, ¢ = a(a — 1)r* 2 ie.
2
—a
1+ —5 61 =0. (3.1)
Furthermore,
¢ a  14+V1+4a? (3.2)
hor 2r ’
Let hq satisfy
|+ Gihy =0,
L (3.3)
Ba(0) = 0,,(0) = 1

2

where G| = —CQi—TQ, and let

rp=sup{r:hy >0 on (0,r), where h; satisfies B3)} (3.4)

We note r; = oco. This can be seen by comparing the solution h; of ([B.3])
with the solution A(r) = r of the following

R +0-hy =0,
h1(0) = 0,74 (0)

and applying a standard Sturm Comparison Theorem. Furthermore, (¢} h1—

Ri¢1)(0) = 0, and in view of (B1)),[33) and B4, for r € (0, c0)

(¢ih1 — hi¢1) = ¢{h1 — b ¢y
a? a?
- hlqbl(ﬁ 2 +r2)
>0

The monotonicity then implies that ¢jhy > hj¢1 on (0,00) which in
turn via ([B.2)) yields

! ! 1+vV1+4a?
it < o _ 1+ vitda on (0,00). (3.5)
h1 gbl 2r

Similarly, suppose § = HvV1=46% Vé_w, with b? < %, and ¢g = 2.
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Then (2,8 — ]_)2 =1 4b27 ie. ,B(,B _ 1) — _b27 and (bIQ _ ,87’5_1 for

r > 0.

Hence, for r > 0, ¢4y = B(8 — 1)r#72  i.e.

b2
5+ 52 =0. (3.6)
and
! 14+ V1 — 4b2
% SR for r>0. (3.7)
®2 2r
Let ho satisfy
hy + Gahs = 0,
2T (3.8)
h2(0) = 0,R5(0) =1
where Gy = %, and let

ro =sup{r:he >0 on (0,r), where hy satisfies @BI)} (3.9)

Then by ’'Hospital’s Rule,
. / / BT .
T1_1)151+(¢2h2 — hapo)(r) = rg%l+ —5 1
Furthermore, in view of (3.06]), (8.8]) and (39) for r € (0,72)
(¢5ha — hoyd2)' = dhha — hydo

—b? b?
= oha(Z5 + )

<0

Integrating the above inequality on [e1, 72 —€2] C (0, r2), where €1, €2 > 0,
and passing €1, € — 0 we have ¢hha < hhgpo on (0,72). This in turn via (37

implies that

L+ VI g _Hh

o =5 = on (0,72). (3.10)
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Integrating (3I0) on [e,7] C (0,r2), we have
0<C(e)r’ <hy on (er) for every 0<e<r<ry, (3.11)

where C'(e) > 0 is a constant depending on €. Thus he > 0 on (0,72). We
claim ro = 0o. Otherwise there would exist a § > 0 such that r9 + 6 < oo at

which hg > 0 by the continuity, and would lead to, via (B3] a contradiction

ro <19+ 0 < 7ro.

Applying (35) and (BI0) to the following Comparison Theorem E.T] we
obtain the desired (L2) on D(z).

4. Hessian Comparison Theorems via Jacobi Type Inequalities

Theorem 4.1. Let radial curvature K of a complete n-manifold M satisfy-
mg
Gi <K on D(x) (resp. K <Gy on D(mo)) (4.1)

where Gy (resp. Gy ) is a continuous function on RT U {0}, and (0,r;) C
(0,00) is the mazimal interval in which h;,i = 1,2 is a positive solution of

the following

W/ 4 Gahy > 0, hY 4 G1hy <0,

resp. (4.2)
hi(0) = 0,n7(0) =1 h2(0) = 0,h5(0) =1

Assume

Gy <Gy (resp. G‘VQ < évl)

Then

/

h
Hess(r) < h—l(g —dr ®dr) on By, (xo) N D(xz), (4.3)
1

hl
<resp. h_z (9 — dr ® dr) < Hess(r) on By, () N D(x0)>

in the sense of quadratic forms.
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For the case G1 = G = él = ég, hi1 = ho and (7 is a smooth function
on R, we refer the reader to Stefano Pigola, Marco Rigoli, and Alberto G.
Setti’s book M]

Proof. Let v be the unit speed geodesic curve joining xzyp = ~(0) to
x = 7(tp), and V be a parallel vector field along v(¢), for 0 < t < ¢3. In
view of Gauss lemma +/(t) = Vr(y(¢)). By the definitions of curvature ten-
sor R, geodesic, parallel vector field V' and zero torsion of the Riemannian

connection V, one has at x

Vv-VyVr =Vy Vv, Vr + V[VT,V}VT — R(V,Vr)Vr
= VVVT vV"r’ — VVVVTVT — R(V, VT‘)VT’
= —Vy,v,Vr— R(V,Vr)Vr

Taking the inner product with V|

(VorVyVr, V) +(Vy,v,Vr, V) = —(R(V,Vr)Vr, V) (4.4)

We note the above second term on the left hand

n

(VoyvrVr V) =Y (VyVr,e) (Ve Vr, V) = (VyVr, Vi Vr)
=1

where {e;}?_; is a local orthonormal frame field, and the last step follows

from the symmetry of the Hessian of 7.

Since V is parallel, it follows from ([@4]) and (£1I]) that

d
E(VVV?“, VY +(VyVr,VyVr) = —(R(V,Vr)Vr,V) < -G, (4.5)

Define
Hess r(v,v)

Amax () = max
{veTe (M)\{0},vLVr(2)}  (V,0)

Select a unit vector v at x = y(tg) such that

(Vo Vr,v) := Hessr(v,v) = Apax © ¥(t0)
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Then

(vvvr7 VUVT'> = )‘?nax © /Y(to)

Let the parallel vector field V along «y satisfying V' (tp) = v. Then the function
Hessr(V, V) — Amax ©¥(t) < 0, attains its maximum value 0 at ¢ = tg, and if

at this point Apax 0 7y is differentiable,

d Hessr(V,V) =

Amas 0 () (4.6)
dt|,_,

t=to

dt

It follows from ([@X), (&T), and the fact Hess(r) = (g —dr ® dr) + o(1) as

t — 07, that Apax 0 7 satisfies

L Xmax 07 + A2 07+ G1 <0, for a.e.  ¢>0, where ([0,¢]) C D(xo)
Amax 0y =71 +0(1) as t— 0"

On the other hand, one can transform Jacobi type inequalities ([£.2]) into

the following Ricatti type inequalities by setting ¢ = h—1

{¢' g2 = h_l > -Gy on (0,r) (4.7)
“i(t) =1 +0(1) =t 0"
Indeed, hy(t) =t + O(t?), hf =1+ O(t), and
oM _ 1400 _11+0()
¢1()_h1(t) T t+0(2)  t1+0(1) (4.8)

1 1 1 1
= ——=4+0#) |=—(1+0())=-4+0(1 t—07"
H(Trom o) =101+ 0@)=F+0(), u

Now the first part of result (£3]) follows from Comparison Theorem [5.]]
in which k1 = Apax © 7 is a supersolution of a generalized Riccati equation

and ko = ¢ is a subsolution of the other equation in (&1I).

Similarly, define

Hess r(v,v)

Amin (z) = min
{veTw (MN\{0},vLVr(z)}  (v,v)
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Arguing in the same way by setting ¢o = Z—; and using (48], one compares

I A\ min 0 Y+ A2, 0y+G2>0 for a.e. t>0, where v([0,t]) C D(o)
)\mino'y:%—l—O(l) as t—0F
with

hll —_—
{¢'2 +¢3 =12 <-G1 on (0,r) 49)

¢a(t) =1+ 0(1) as t— 0"

Now the counter-part of the results follows from Comparison Theorem
501 where supersolution k1 = ¢o and subsolution ko = Apin oy in (&),
ﬁzlanngzéggélzGl. Od

5. Comparison Theorems on Riccati Type Inequalities

Theorem 5.1 (Comparison Theorem for Subsolutions and Supersolutions
of Riccati type equations). Let Gy, G2 be continuous functions on [0, 00) with
Go < Gy. Fori=1,2, let k; € AC(0,t;) be solutions of

k1'+%12+ﬁG1§0 k2,+%2+/£@220 (5.1)
a.e. in (0,t;) satisfying the asymptotic condition
ki(t)=—-+4+0(1) as t—0T,
for some constant k > 0. Then ty <ty and k; < ko on (0,t1).

This is treated in M], where G = Ga.

Proof. Without loss of generality we may assume (G.1) with x = 1, since
we can rescale k; so that %,z’ = 1,2 satisfies (0.1 with x = 1. Now observe

ki(s) — % is bounded and locally integrable in a neighborhood of 0. Let

65(t) = texp ( /0 (s % ds> (5.2)

Then ¢; € C(0,t;),¢;(0) = 0 and ¢; > 0 on (0,;).
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Differentiating (0.2]) with respect to ¢t gives

G (t) = ki(t)pi(t) (5.3)

Hence, ¢;(0) = 1 and ¢; € AC(0,t;). Differentiating (53]) and applying
(GI0), one has

T4+ Gipr <0 on (0,t1) b+ Gado >0 on (0,12)

It follows from the following Sturm Comparison Theorem that

! !
t1§t2 and k‘lzi—llg(i—Z:k‘Q. O

6. Sturm Comparison Theorems

Theorem 6.1. Let G1,Gy € C([0,00)) with Gy < G1, and let Yy,19 €
CL([0, 00)) with ¥, % € AC([0,00)) be solutions of the problems

{ T+ G <0, a.e. in(0,00), { b+ Gy >0, a.e. in(0,00),
$1(0) =0, 2(0) = 0,45(0) >0

If i(r) > 0 for r € (0,t1) ¥1(0) < ¢5(0), and (0,t;) in the mazimum
domain in which ¥; > 0,1 = 1,2, then

ty <ty

and . ,
Ut

wl(o) > 07 1/}1 >~ ¢2

and g1 <¢p in (0,4).

For the case G1 = G2, please see M]

Proof. Let 7 = sup{s € (0,t1) : o > 0 in (0,s]}. Then 91,92 > 0 on
0,7), T < ta, (Vhv1 — Pj1h2)(0) = 0, and

(b1 — 1) = Yyu —bihy >0 ace. in (0,7)
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Whence 9411 — j1p2 > 0, and

v
Y1~
Integrating from e(> 0) to (< 7), and passing € to 0 from the right, one has
L _ i(e) _ $1(0) :
pi(r) = lm 4 (r) < lim (0 Ya(r) = w;(o)lbz(?”) < tho(r) in[0, 7)

Thus, ¥7(0) > 0. Or ¥;1(r) < 0 on some interval (0,9), a contradiction.
Furthermore, t; = 7 < t5. Otherwise, 7 < t; would lead to, by the continuity

0 < 91(7) < ¢2(7) and hence 19 > 0 in (0,7 + 4],

for some 0 < § < t; — 7, contradicting the definition of 7. O

7. An extension of A Theorem of Greene-Wu

In contrast to Theorem A, where asymptotic estimates are given, we

have the following:

Theorem 7.1. If

A A
] < K(r) < _r_zl on M\{zp}, where 0< A; <A, (7.1)
then
14++/1+4A 1++/14+4A
VoA 2:_ : <Q—d7’®d7°) <Hess(r) < %(g— dr®dr) on M\{xzo}.

(7.2)

Proof. Arguing as in the proof of Theorem [T}, Sect 3: We choose ¢1 = r®,
where o = Hv1tdd V;HA. and choose hy as in ([B3]) where G; = —7‘%, Then
(¢ h1 — h$1)(0) = 0, and for r € (0, 00),

(¢1h1 — hi¢1) = ¢1hy — hid:
A A
= h1¢1(r_2 - ﬁ)

= 0.
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Thus, corresponding to (3.3 one has

W ¢f 1+ VIT4A

i i ra— on (0,00).
Similarly, choose ¢ = r?, where g = 1=v1rdd V12+4‘41, with A7 > 0. Choose

hs as in (3.8]) where Go = —%, Then

(¢oho — hiygo)(r) = 0.

lim
r—0t+
Furthermore, for r € (0, c0)

(p5he — hiyga) = Phha — hyo
A A
= ¢2h2(r_2 + r2 )

=0
The corresponding (BI0]) becomes

1+v1+44, _(;5_’2_ 5

= = = 0 .

The assertions follow from Theorem A.11 O

The following Theorem recaptures Theorem [Z.I] when ¢ = 0.

Theorem 7.2. If

2 2
_ﬁ_K(T)S_c;j-—lr? on M\{xo}, where 0<ai<a®0<¢, (7.3)

then

14+ /14 4a? 14+ V1 + 4a?
vt g—dr®dr ) < Hess(r) < ﬁ@—dr@dr) (7.4)
2(r+c¢) 2r

on M\{xo}.

14+4a?
2

Proof. We choose ¢o = (¢ + r)?, where 8 = s and let ho satisfy
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2
B3), where Gy = _021—17«2' Then on (0, c0),

(pnhg — hoyd2) = dyha — hyda
2 2

_ ap aq
N ¢2h2((c—|—r)2 2 —1—7“2)

<0.
Since (¢hho — hhp2)(0) = —c? <0, ¢hha < hlygo on [0,00). Hence

1+ y1+dai ¢ _ by

T e sy on (0,72).

Arguing in the same way as in the proof of Theorem [[T] completes the
proof. O

8. Hessian Comparison Theorems on Positively Pinched Manifolds

In contrast to Corollary [0.1]in which ¢ = 0, we have the following:

Theorem 8.1. Let the radial curvature K of M satisfy

b? b2 1
T—; < K(r) < 3 on D(zg), where 0<b3 <b?< 1 (8.1)
Then
1+v1—4b2 144/1—4b?
v (g—dr ® dr) <Hess(r) < VI (g —dr® dr) on D(zp).
2r or (8 2)

Proof. We modify the first part of the proof of Theorem [[.I]by choosing o =
YTV
w, and G = f—z. Then by 'Hospital’s Rule, lim+(¢ﬁh1 — hi¢1)(r)
r—0

74l_i>1r(r)1+ﬁh’1(7“) r® =0, and for r € (0,71), r is as in (B.4)

(¢1h1 — hi¢1) = ¢1hy — hid
b2
= hi1(— r_; + Gh)

=0
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Thus, corresponding to (3.3 one has

By ¢ 1414kt

s 5 on (0,77)

which implies that r; = oo. Similarly, choose f = 1&v1=4b- Vé_‘lbg and Gy = ff—z.
Then 1_i>r(r)1+(¢’2h2 — hbhpo)(r) = l_i>10n+%h’2(r) r? =0 and for r € (0,73), o is
as in (B.9)
(¢hha — Ryga)' = Phhy — hydo
b2

= haa( — 2t G2)
=0
Thus corresponding to (BI0) one has
h : 1+ V1 —4b2
hy o S on (0,79).

h2 a (;52 2r

which implies that ro = co. Applying Theorem H1] completes the proof. O

9. Laplacian Comparison Theorems

Taking traces in Theorem [T Theorem L2, and Corollary [[LT], we imme-
diately obtain the pointwise estimates for Ar on D(xg). The corresponding

weak estimates on M follow from the following Lemma by a double limiting

argument (cf. M], ﬂa])

Lemma 9.1. If Ar < f(r) holds pointwise in D(xg), where f € C%(0, 00),
then Ar < f(r) holds weakly on M. That is, for every 0 < ¢(r) € C§°(M),

/Msommdvs | sy

M

Proof. Let Q = exp, (F), where E is the maximal star shaped domain
(C TpyM) on which exp,, : E — Q is a diffeomorphism. Then Cut(zg) =
d(exp,, (E)) has measure 0, and M = QUCut(zo), and €2 is star-shaped. We

can exhaust by a family {Q,}>°, of relatively compact and star-shaped
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domains with smooth boundaries such that

Q, C Q1 and U Q, =0
n=1

Since Cut(xp) has measure 0, for every 0 < ¢(r) € C§°(M),

/ rAgodv:/rAgodv: lim rApdv
M Q

n—oo QO
n

Let v, be the unit outer normal to 92, U 0Bs(zp). Then it follows from
Green’s Identity and 5972 > 0 on the boundary of star-shape €2,, that

/ rApdv
:/ TASOdv—F/ rAp dv
Qn\Bs(zo0) Bs(zo)
or 830
= pArdv — (p5— —r=)dS + rAg dv
Qn\Bg(IEQ) 8QnU8B5(x0) 81/7’1, 81/71 Ba(wo)
87’ agp
- Ardv—/ pa—dS+ / r——dsS
/Qn\Bé(IO) i O, Ovy, ( o0, vy, )
+(/ rAgpdv—/ @ﬁ—T%dS)
Bs(zo) 9Bs(z0) On vy,

::/ gpArdv—/ a—dS—i—I + I
)\ Bs (o) O  ou,

</ of () dv+ 0+ I + I
n\B5 C'3()
—>/ of(r)dv as 6 —0 and n— o0
Combining the above identity and the inequality gives the desired. O

Theorem 9.1. Under the radial curvature assumption (LII) or (L3) or
(T8) on D(xo), the Laplacian of the distance function satisfies:

1++/1—4b2 1+v1+4a?
(n—1)+27§Ar < (n—l)% pointwise on D(xg), (9.1)
r T
1+v1+4a?
and Ar < (n—l)u weakly on M.

2r
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As an immediate consequence of Theorem and Lemma [@.1],

Theorem 9.2. Under the radial curvature assumption (IAl) on D(xg), the
Laplacian of the distance function satisfies:

B A
(n— 1)? < Ar<(n-— 1)? pointwise on D(xg), (9.2)

A
and Ar < (n-— 1)? weakly on M.

Theorem ] and Lemma imply immediately

Theorem 9.3. Under the curvature assumption (LI) on D(xg), the as-
sumption [@2)) in which (0,r;) C (0,00) is the maximal interval in which
hi,i = 1,2 is a positive solution, with Go < G1(resp. Gy < 6’1), the Lapla-
cian of the distance function satisfies:

/

h
Ar < (n-— 1)h—1 on By, (zg) N D(xg),and weakly on B,, (o), (9.3)
1

/
(resp. (n— 1)% < Ar on By, (zg) N D(mo)).
2

Theorem 9.4. Under the radial curvature assumption (TI) on M\{xo},
the Laplacian of the distance function satisfies:

1+v1+44, SArg(n—l)H_\/Zl—HlA

2r r
1++v1+4A
2r

(n—1) pointwise on M\ {xo}, (9.4)

and Ar<(n-1) weakly on M.

Theorem 9.5. Under the radial curvature assumption (T3) on M\{xo},
the Laplacian of the distance function satisfies:

1++/1+4a? <Ap< 1+v1+4a?

(n—1) et ) (n—1) oy pointwise on M\ {zo}, (9.5)
1+ V1 + 4a?
and Ar < (n-— 1)% weakly on M.

Theorem 9.6. Under the radial curvature assumption [I) on  D(xp),
the Laplacian of the distance function satisfies:

(o) VI VI (9.6)

5 <Ar< o pointwise on D(zg),
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14 /1 —4b3
and  Ar<(n-— 1)¥

weakly on M.
2r

Corollary 9.1. Under the radial curvature assumption (I0I]) on D(xg), the

Laplacian of the distance function satisfies

14+ +v1 — 4b?
2r

1
and Ar < (n-— 1); weakly on M.

(n—1) < Ar < (n-— 1)% pointwise on D(xg), (9.7

Corollary 9.2. Under the radial curvature assumption [I03) on M\{xo},

the Laplacian of the distance function satisfies:

1 1+vV1+4a?
(n_1);gmg(n_1)+2—7ﬂ on Mz}  (9.8)
1+ V1 + 4a?
and Arﬁ(n—l)% weakly on M.

As an immediate consequence of Corollary [[.2]

Corollary 9.3. Under the radial curvature assumption (LT) on D(xg), the

Laplacian of the distance function satisfies:

n-1Z <ar<m-nl

. = pointwise on D(zg), (9.9)

-1
and Ar < nT weakly on M.

Corollary [[.3] implies at once the following:

Corollary 9.4. Under the assumption of ([L9)), the Laplacian of the distance

function satisfies:

—

n—1)-<Ar<(n- 1)é pointwise on  M\{zo}, (9.10)
r

<

A
and Ar<(n-—1)— weakly on M.
r

Corollary 9.5 (cf. E]) If (TII)) holds, then

[

Ar < (n-— 1)% (resp. (n—1)-< Ar.) (9.11)

<
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In particular,

if K(r)=0 then Ar:n_l.

r

10. The equivalence of Hessian Comparison Theorems and

The equivalence of Laplacian Comparison Theorems

Proposition 10.1. Three Hessian Comparison Theorems [T [L2] and L3l

are equivalent.

Proof. (i) Theorem [[LT] <= Theorem If (TI) holds then (I3]) holds
by choosing ¢ = 0 in ([II]). Conversely if (L3]) holds, then (L) holds, since
[—?‘fjr, p%g] C [—‘;72, 1%2] (ii) Theorem [[21 <= Theorem [[3t This is due to
the fact that A = 1=Vl VI;FW and B = Hv1=4b7 V§_4b2 if and only if a® = A(A — 1)

and b> = B(1 — B). O

Proposition 10.2. Three implications that state Laplacian Comparison

Theorems in Theorem [0}, i.e. (LI) = (@1, (3) = @), (LI —
©I) are equivalent.

By setting a = 0, Theorem [[T] takes the following form:

Corollary 10.1.

b2
0<K() < 5 — (10.1)
on D(x¢) where 0 < b? < %7 and 0 < ¢, then
1 1 — 4b2 1
# (g —dr ® dr) < Hess(r) < . (g —dr ® dr) (10.2)

on D(xg) in the sense of quadratic forms. Furthermore, the pointwise and
weak Laplacian estimates ([Q.71) hold.

By setting b = 0, Theorem [[.T] takes the following form:

Corollary 10.2. If

2

a
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on M\{zo} where 0 < a?, and 0 < ¢2, then

- 14++v/1+4a2

! (g—dr ® dr) <Hess(r) < o

. (g —dr® dr) on M\{zo}. (10.4)
Furthermore, the pointwise and weak Laplacian estimates (O8] hold.

Combining Theorem and Corollary [[0.1] in which ¢ = 0, one has
Theorem 10.1. Let the radial curvature K of M satisfy

b2 b2 1
B 5<K(@)<,; on Dlw), where 0<bf<t <.

Then the Hessian estimates ([82) and the pointwise and weak Laplacian
estimates ([@.8) hold.

Analogously, combining Theorem [T.2] and Corollary in which ¢ = 0,
one has

Theorem 10.2. Let

2 2
a
~ 2 < K(r)< _r_; on M\{zg}, where 0<a?<d’ (10.5)
Then the Hessian estimates (T4) and the pointwise and weak Laplacian es-
timates (O35 hold.
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