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Abstract

We consider a one-phase free boundary problem involving a fractional Laplacian
(—=A)%, 0 < a < 1, and we prove that “flat free boundaries” are C'7. We thus extend the

known result for the case o = 1/2.

1. Introduction

In the last decade, a large amount of work has been devoted to non
linear equations involving non local operators with special attention for the
so-called fractional laplacian (—A)“, where o € (0,1). This is a Fourier
multiplier in R™ whose symbol is [£|?®. The main feature of this operator is

its non locality, which can be seen from the alternative definition given by

Received December 16, 2013.
AMS Subject Classification: 35B09, 35B50, 35J05, 35J60.

Key words and phrases: Fractional laplacians, free boundary problems, viscosity methods, im-
provement of flatness.

The first author acknowledges the support of the NSF grant DMS-1301535. The second author
acknowledges support of the NSF grant DMS-1200701. The third author is supported by the ANR
project “HAB” and the ERC grant EPSILON.

111


mailto:desilva@math.columbia.edu
mailto:savin@math.columbia.edu
mailto:sire@cmi.univ-mrs.fr

112 D. DE SILVA, O. SAVIN AND Y. SIRE [March

its integral representation (see [11])

oy () u(z) —u(y)
(—A) 'U,(IL’) = PV o Wdy
where PV denotes the Cauchy principal value (up to a renormalizing con-

stant depending on n and «.)

This paper investigates the regularity properties of a free boundary prob-
lem involving the fractional Laplacian. More precisely, we are interested in

a Bernoulli-type one-phase problem. The classical one is given by

{Auzo, in QN {u >0}, (1.1)

[Vu| =1, on QnNo{u> 0},

with © a domain in R". A pioneering investigation of (IIl) was that of Alt
and Caffarelli [1] (variational context), and then Caffarelli [2, 13, 4] (viscosity

solutions context).

As a natural generalization of (L.I), we consider the following problem

(see for instance the book [7])

(=A)*u =0, in QnN{u >0},

1.2
lim ulwo + tv(wo)) = const., on QN J{u > 0}, (12
t—0+ te

with u defined on the whole R™ with prescribed values outside of Q. This
problem has been first investigated by Caffarelli, Roquejoffre and the third

author in [5].

The non locality of the fractional Laplacian makes computations hard
to handle directly on the equation. However by a result by Caffarelli and
Silvestre [6], one can realize it as a boundary operator in one more dimension.
More precisely, given a € (0,1) and a function u € H*(R™) we consider the

minimizer g to

: 2
mm{ /R”+1 2P \Vgl? dadz 9‘8R1+1 = u} (1.3)

+
with

B:=1-2a€(~1,1).
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The “extension” g solves the Dirichlet problem

{ div (:°Vg) =0 in R

— +1
g=u on OR! ™,

and (—A)*u is a Dirichlet to Neumann type operator for g. Precisely in [6]
it is shown that

—A)*u = —d, lim 270.g,
(287w = —do lig, #°0:9

where d,, is a positive constant depending only on n and «, and the equality

holds in the distributional sense.

Due to the variational structure of the extension problem, one can con-
sider the following functional, associated to (2],

J(g,By) = / 12|P|Vg|2dzdz + Lrn({g > 0} NR" N By).
By

The minimizers of J have been investigated in [5], where general properties
(optimal regularity, nondegeneracy, classification of global solutions), cor-
responding to those proved in [1] for the classical Bernoulli problem (I.1I),
have been obtained. In [j], only a partial result concerning the regularity
of the free boundary is obtained. The question of the regularity of the free
boundary in the case a = 1/2 was subsequently settled in a series of papers
co-authored by the first and the second author of this note [13, [14, [15].

In this paper, in view of the previous discussion, we consider the follow-
ing thin one-phase problem associated to the extension

diV(|Z|’8vg) =0, in Bf_(g) = Bl\{(x70) Zg(ZL',O) :0}7 (1 4)
99 =1, on F(g) := drn{z € By : g(z,0) > 0} N By, ’
where 8 =1 — 2q,
0 ) t
8—11(:%) = tl—1>H01+ M’ x € F(g) (1‘5)

and B, C R" is the n-dimensional ball of radius r (centered at 0).

A special class of viscosity solutions to (4] (with the constant 1 re-

placed by a precise constant A depending on n and «) is provided by mini-
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mizers of the functional J above.

We explain below the free boundary condition (LH). In Section 2 we
show that in the case n = 1, a particular 2-dimensional solution U(t, z) to
our free boundary problem is given by

U= <r1/2 cos g>2a’ (1.6)

with 7, € the polar coordinates in the (¢, z) plane. This function is simply the
“extension” of (t1)* to the upper half-plane, reflected evenly across z = 0.
By boundary Harnack estimate (see Theorem 2.14]), any solution g to

div(|z|°Vg) =0, in R\ {(t,0)t <0}

that vanishes on the negative t axis satisfies the following expansion near
the origin

g="Ula+o(1)),

for some constant a. Then gt—%(O) = a and the constant a can be thought as
a “normal” derivative of g at the origin.

The 2-dimensional solution U describes also the general behavior of g
near the free boundary F(g). Indeed, in the n-dimensional case, if 0 € F'(g)
and F(g) is C? then the same expansion as above holds in the 2-dimensional
plane perpendicular to F(g) at the origin. We often denote the limit in (L5])
as dg/0U and it represents the first coefficient of U in the expansion of g as
above.

We now state our main result about the regularity of F'(g) under ap-
propriate flatness assumptions (for all the relevant definitions see Section
2).

Theorem 1.1. There exists a small constant € > 0 depending on n and «,
such that if g is a viscosity solution to (L) satisfying

{reB iz, <—-€C{xeB:g(x,0=0}C{xeB:x, <€}, (1.7)
then F(g) is C17 in By ja, with v > 0 depending on n and «.

The previous theorem has the following corollary.
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Corollary 1.2. There exists a universal constant € > 0, such that if u is a
viscosity solution to (L2)) in By satisfying

{reB:z, < —€}C{xeB:uz,0) =0} C{xreb:z, <€},
then F(u) is C17 in By s.

The Theorem above extends the results in [13] to any power 0 < o < 1.
We follow the strategy developed in [13]. Most of the proofs remain valid in
this context as well, since they rely on basic facts such as Harnack Inequality,
Boundary Harnack inequality, Comparison Principle and elementary prop-
erties of U.

The paper is organized as follows. In section 2 we introduce notation,
definitions and preliminary results. In Section 3 we recall the notion of
e- domain variations and the corresponding linearized problem. Section 4
is devoted to Harnack inequality while Section 5 contains the proof of the
main improvement of flatness theorem. In Section 6 the regularity of the
linearized problem is investigated.

2. Preliminaries

In this Section we introduce notation, definitions, and preliminary re-
sults.

2.1. Notation

A point X € R*""! will be denoted by X = (z,z) € R® x R. We will also
use the notation z = (2/,z,) with 2’ = (21,...,2,_1). A ball in R**! with
radius  and center X is denoted by B,(X) and for simplicity B, = B,(0).
Also we use B, to denote the n-dimensional ball B, N {z = 0}.

Let v(X) be a continuous non-negative function in B;. We associate to
v the following sets:

Bf (v) := By \ {(z,0) : v(z,0) = 0} c R"*;

Bf (v) := Bf (v) N By C R™;
F('l)) = a]Ran_('U) N Bl C R".
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Often subsets of R” are embedded in R™*! as it will be clear from the
context. F'(v) is called the free boundary of v.
We consider the free boundary problem,

{div<|z|ﬁv9> =0, in B (g),

2]
s =1, on F(g),
where f=1-2a,0<a <1

, mg(l"o—l-tu(iﬂo)ao)
oU "ot to ’

Xo = (0,0) € F(g)-

Here v(z) denotes the unit normal to F(g) at ¢ pointing toward B (g)
and U is the function defined in (L.Gl).

2.2. The solution U

Recall that
0
Ul(t,z) = h*?, h:= 7‘1/20055.

The function A is harmonic and it is easy to check that it satisfies

h

1
t 27’7 ‘v | 2T )

We obtain
z — hZ
AU + [3% = 2a(20c — 1)R**72(|Vh|* — h—=)=0,
and since U is C? in its positive set, it is a viscosity solution.
Clearly the (n+ 1) dimensional function U(X) := U(zy, 2) is a solution
with the free boundary F(U) = {z,, = 0}. Notice that

Un_% «o

U U »r’

2.3. Viscosity solutions

We now introduce the notion of viscosity solutions to (2.I)). First we
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need the following standard notion.

Definition 2.1. Given g,v continuous, we say that v touches g by below
(resp. above) at Xy € By if g(Xo) = v(Xo), and

g(X) >v(X) (resp. g(X) <v(X)) in a neighborhood O of Xj.

If this inequality is strict in O \ {Xp}, we say that v touches g strictly by

below (resp. above).

Definition 2.2. We say that v € C'(By) is a (strict) comparison subsolution
to (1) if v is a non-negative function in By which is even with respect to

{z =0}, v is C? in the set where it is positive and it satisfies
(i) div(|]z[’Vv) >0 in By \ {z = 0};
(i) F(v) is C? and if 29 € F(v) we have
v(z,z) = aU((x—x0) - v(z0), 2) +o(|(x — 20, 2)|%), as (x,2) = (x0,0),
with
a>1,

where v(zp) denotes the unit normal at zy to F(v) pointing toward
By (v);
(iii) Either v satisfies (i) strictly or a > 1.

Similarly one can define a (strict) comparison supersolution.

Definition 2.3. We say that g is a viscosity solution to 2] if g is a

continuous non-negative function in By which satisfies

(i) g is locally C1! in B (g), even with respect to {z = 0} and solves (in

the viscosity sense)
div(|z|°Vg) =0 in By \ {z = 0};

(ii) Any (strict) comparison subsolution (resp. supersolution) cannot touch

g by below (resp. by above) at a point X = (x9,0) € F(g).
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Remark 2.4. Observe that the equation in (i) can be written in the follow-

ing non-divergence form
ANg+ B 9z _ .
z
This fact will be used throughout the paper.

Remark 2.5. We notice that in view of Lemma 2.1 in [16], g satisfies part
(i) in Definition 23] if and only if g solves

div(|z[’Vg) =0 in B (g),

in the distributional sense. Equivalently, g is a local minimizer in BlJr (g) to

the energy functional
[ 1P vgPax.

In view of this remark, we can apply the standard maximum/comparison

principle to functions that satisfy part (i) of Definition 2.3l

Remark 2.6. We remark that if g is a viscosity solution to (2.1]) in B, then
9p(X) =p %g9(pX), X e€bB (2.2)
is a viscosity solution to (2.I)) in Bj.

We also introduce the notion of viscosity solutions for the fractional

Laplace free boundary problem (2] in the Introduction.

Definition 2.7. We say that u is a viscosity solution to (L.2]) if u is a non-

negative continuous function in €2 and it satisfies

(i) (-A)*u =0 in Q;
(ii) at any point zg € F'(u) N that admits a tangent ball from either the

positive set {u > 0} or from the zero set {u = 0} we have
u(@) = ((z —z0)* - v(x0)) " + o(|(z — 20)[*),

where v(zy) denotes the unit normal at zy to F(u) pointing toward
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2.4. Expansion at regular points

In order to explain better the free boundary conditions in the definitions
above we recall Lemma 7.5 from [14] about the expansion of solutions g to
the equation

div(|z[°Vg) =0 in B (g), (2.3)

near points on F(g) that have a tangent ball either from the positive side of
g or from the zero-side. The proof in [14] is for the case o = 1/2, however
it uses only boundary Harnack inequality (see Theorem 2.14]) and it works
identically for any « € (0,1).

Proposition 2.8. Let g € CY(By), g > 0, satisfy 23)). If
0€ F(g), Bys(l/2en) C B (9),
then
g=aU +o(|X]|%), for some a > 0.
The same conclusion holds for some a > 0 if
Bi/2(=1/2en) C {g = 0}.
Since viscosity solutions have the optimal C* regularity (see [5], [14]), a

consequence of the proposition above is the following

Corollary 2.9. The function u is a viscosity solution to (L2) if and only if
its extension to R™1 (reflected evenly across z = 0) is a viscosity solution

to (2.10).

2.5. Flatness assumption

Theorem [I.Tlis stated under the flatness assumption of the free boundary
F(g). Asin Lemma 7.9 in [14] this implies closeness between the function g
and the one-dimensional solution U. Precisely we have

Lemma 2.10. Assume g solves ([21]). Given any € > 0 there exist € > 0
and § > 0 depending on € such that if

{reBi:ax, <—€é} C{xeB;:g(x,0) =0} C{x € By :z, <Ee},
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then the rescaling gs (see (2.2)) satisfies

UX —eep) < gs(X) <U(X +e€e,) in Bj.

In view of Lemma (Z.I0) we may assume from now on that
U(X —ee,) <g(X) <U(X +e€ey) in By,

for some € > 0.

2.6. Comparison principle

We state the comparison principle for problem (2.1J), which in view of
Remark holds in this setting as well. Its proof is standard and can
be found in [13]. As an immediate consequence one obtains Corollary
which is the formulation of the Comparison Principle used in this paper.

Lemma 2.11 (Comparison Principle). Let g,v; € C(B1) be respectively a
solution and a family of subsolutions to 2.1)), t € [0,1]. Assume that

i. vo < g, in By

ii. vy < g on OBy for all t € [0,1];

iti. vy < g on F(vy) which is the boundary in OBy of the set 88?(%) NoBy,
for all t € [0,1];

iv. v (x) is continuous in (z,t) € By x [0,1] and By (v;) is continuous in
the Hausdorff metric.
Then
vy < g in By, for allt € [0,1].
Corollary 2.12. Let g be a solution to 21 and let v be a subsolution

to (200 in Bo which is strictly monotone increasing in the ey,-direction in
B (v). Call

v(X) :=v(X +tey), X € Bj.

Assume that for —1 <tg<t; <1

vy < g, in By,
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and

vy <9 on 0B1, vy < g on ‘F(vtl)'

Then

vy, <g in By

2.7. Harnack inequalities for A; weights

The weight involved in our problem, i.e. w(z) = |2|® where 8 =1 — 2«
with @ € (0,1) belongs to the well-known class of Ay functions as defined
by Muchenhoupt [12]. Equations in divergence form involving such weights
have been studied in a series of papers by Fabes et al in & 19, [10]. In the
following, we review the results needed for our purposes.

Theorem 2.13 (Harnack inequality [8]). Let u > 0 be a solution of
div(|z|°Vu) =0 in By C R

Then,

supu < C inf u
By o B2

for some constant C' depending only on n and (.

Theorem 2.14 (Boundary Harnack principle [9]). Let Q C R™ be a Lipschitz
domain, 0 € 0. Let uw > 0 and v be solutions of

div(|2|PVu) = div(|2|°Vv) =0 in B\ (2 x {0}),
that vanish continuously on By N (2 x {0}). Then,

<C

s

for some constants C, v depending on n and the Lipschitz constant of 0f).
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3. The Function g and the Linearized Problem

In this section we recall the notion of e-domain variations of a viscosity
solution to (2II). We also introduce the linearized problem associated to

@1).
3.1. The function g
Let € > 0 and let g be a continuous non-negative function in Ep. Let
P={XecR":2,<0,2=0}, L:={XcR":z,=0,2=0}
To each X € R™""\ P we associate §.(X) C R such that

U(X)=g9(X —eweyp), Yw € ge(X). (3.1)

We call g, the e- domain variation associated to g. By abuse of notation,
from now on we write g.(X) to denote any of the values in this set. As noted
n [13], if g satisfies

U(X —eep) <g(X) SUX +ee,) in B, (3.2)

for all € > 0 we can associate to g a possibly multi-valued function g, defined
at least on B,_. \ P and taking values in [—1,1] which satisfies

U(X) = g(X - egs(X)en)' (33)

Moreover if g is strictly monotone in the e,-direction in B; (g9), then g,
is single-valued.

The following comparison principle is proved in [13] in the case a = 1/2.
The proof remains still valid as it only involves Corollary 2.12] and some
elementary considerations following from the definition of g.

Lemma 3.1. Let g,v be respectively a solution and a subsolution to (2.1I)
in By, with v strictly increasing in the e, -direction in B;(v). Assume that
g satisfies the flatness assumption [B.2)) in By for € > 0 small and that ¥, is
defined in Bo_. \ P and satisfies

15| < C.
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If,
Oe+c<ge in (Bsj\ Byj)\ P, (3.4)
then
et c<ge in By \ P, (3.5)

Finally, we recall the following useful fact. Given ¢ > 0 small and a

Lipschitz function ¢ defined on B,(X), with values in [—1, 1], there exists a

unique function ¢, defined at least on B,_(X) such that
U(X) = @e(X —ep(X)en), X € By(X). (3.6)

Moreover such function ¢, is increasing in the e,-direction. If g satisfies
the flatness assumption (3:2) in By and ¢ is as above then (say p,e < 1/4,
X € By)s,)

$<ge inBy(X)\P=¢<g inB, (X). (3.7)

3.2. The linearized problem

We introduce here the linearized problem associated to (2.1I). Here and
later U,, denotes the x,-derivative of the function U defined in (L0]).

Given w € C(By) and Xy = (2(,0,0) € B; N L, we call

/ _ / 0 0
\er\(Xo) — ( l;m( | w(xo,xn,z) w(a:o, 9 )7 7,2 — x% + 22'
Tn,2)—(0,0 r

Once the change of unknowns (B.I]) has been done, the linearized problem
associated to (1)) is

{div(\zW(Unw)) =0, inBi\P (3.8)

|V,w| =0, on B;NL.

Our notion of viscosity solution for this problem is below.

Definition 3.2. We say that w is a solution to @8] if w € C-1(By \ P), w

loc
is even with respect to {z = 0} and it satisfies (in the viscosity sense)
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i. div(|z|°V(U,w)) =0 in B\ {z = 0};

ii. Let ¢ be continuous around Xy = (g;’0707 0) € By N L and satisfy
O(X) = 6(Xo) +a(Xo) - (2' = p) +b(Xo)r + O|a’ —xpl* +r'47),
for some v > 0 and
b(Xo) # 0.

If b(Xo) > 0 then ¢ cannot touch w by below at Xy, and if b(Xp) < 0
then ¢ cannot touch w by above at Xj.

In Section 8, we will investigate the regularity of solutions to (B8] and
obtain the following corollary, which we use in the proof of the improvement
of flatness.

Corollary 3.3. There exists a universal constant p > 0 such that if w solves
B8) and |w| <1 in By, w(0) =0 then

1 1
aO':E’—gpSw(X)Sao-a:'—l—gp in Ba,

for some vector ag € R*~ !

4. Harnack Inequality

This section is devoted to a Harnack type inequality for solutions to our
free boundary problem (2.1]).

Theorem 4.1 (Harnack inequality). There exists € > 0 such that if g solves
1) and it satisfies

U(X + eagen) < g(X) SU(X + eboen) in B,(X7¥), (4.1)

with
€(bo — ao) < ép,
then

U(X +earen) < g(X) SU(X +ebiey) in Byy(X™), (4.2)
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with
ap < a1 < by <bg, (b1 —ai)<(1-n)(bo— ao),
for a small universal constant n.
Let g be a solution to (2.1I) which satisfies
UX —e€e,) <g(X) <U(X +e€e,) in By.

Let A, be the following set

Ac i ={(X,3(X)) : X € Bi_c\ P} C R"™ x [ag, bo). (4.3)

Since g may be multivalued, we mean that given X all pairs (X, g.(X))
belong to A, for all possible values of g.(X). An iterative argument (see
[13]) gives the following corollary of Theorem 4.1

Corollary 4.2. If
U(X —een) < g(X) SU(X +een) in By,
with € < €/2, given my > 0 such that
2e(1 — )™y <

then the set Ac N (Byp x [—1,1]) is above the graph of a function y = a.(X)
and it is below the graph of a function y = b.(X) with

be —ac < 2(1 - n)mo_l,

and ae, be having a modulus of continuity bounded by the Holder function ot®
for a, B depending only on n.

The proof of Harnack inequality follows as in the case a = 1/2. The key
ingredient is the lemma below.

Lemma 4.3. There exists € > 0 such that for all 0 < € < € if g is a solution
to (2.1)) in By such that

9(X) > U(X) in By, (4.4)
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and at X € Bl/g(ien)
9(X) > U(X + een), (4.5)

then
9(X) > U(X + Teey,) in Bs, (4.6)

for universal constants T,4d. Similarly, if
9(X) <U(X) in B1/2,
and
9(X) SU(X — een),

then
9(X) <U(X — Teep) in Bs.

A preliminary basic result is the following.
Lemma 4.4. Let g > 0 be C’lll’c1 in By (g) and solve 23) in By \ {z = 0}
and let X = %en. Assume that

g>U inBy, ¢g(X)-U(X)>d

for some dg > 0, then
g> (1+cb)U in By (4.7)

for a small universal constant c.

In particular, for any 0 < e < 2
U(X +eey) > (1+ce)U(X) in By, (4.8)
with ¢ small universal.

Its proof can be found in [13] (Lemma 5.1.) It remains valid since
Maximum principle, Harnack Inequality, Boundary Harnack Inequality, and
monotonicity of U in the e,-direction, which are all the ingredients of the
proof, are still valid. Harmonic functions in that proof are replaced by
solutions to

div(|z|’Vg) = 0. (4.9)



2014] REGULARITY OF FLAT FREE BOUNDARIES 127

The main tool in the proof of Lemma [4.3] will be the following family of
radial subsolutions. Let R > 0 and denote by

Vilt, 2) = U(t, 2)((n — 1)% +1).

Then set

vR(X) = VR(R = |2/ + (z, — R)%,2), (4.10)

that is we obtain the n + 1-dimensional function vy by rotating the 2-

dimensional function Vi around (0, R, z).

Proposition 4.5. If R is large enough, the function vg(X) is a comparison
subsolution to ([2.1l) in By which is strictly monotone increasing in the e,-

direction in By (vg). Moreover, there exists a function o such that

U(X) = vg(X —ogr(X)e,) in B\ P, (4.11)
and

~ C {13/2
5r(X) ~vr(X)| < CIXP, n(x) = 2]

2R

Tpr

2n —1)— 4.12
fafn- )™ (a12)
with r = \/x2 + 2% and C universal.

Proof. We divide the proof of this proposition in two steps.

Step 1. In this step we show that vy is a comparison subsolution in By

which is monotone in the e,-direction.

First we see that vp is a strict subsolution to (4.9]) in B\ {z = 0}. One

can easily compute that on such set,

Avp(x) + peRAX)

-1 0. Vir(R — p,
r OVrR(R —p,2) + ﬁMa

= At,zVR(R -0 Z) -

where for simplicity we call

pi= Vo + (a, — RP.
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Also for (t, z) outside the set {(¢,0) : ¢ < 0}

AszR(t, z) + ’BW

(Vr)-(t, 2)

z

= (O + 0.2)VR(t,2) + B

 2(n—1) t
= T@U(t, 2)+ (14 (n— 1)E)(At,zU(tv z)+ B

~ 2(n—1)
= T&U(t,z),

U.(t, z))

and
OVi(t,2) = (1+ (n— 1)%)@(]@, 2+ "leU(t, 2). (4.13)

Thus to show that vg solves (£9) in By \ {z = 0} we need to prove that in

such set

2(n—1) n—1 R—»p n—1

U] >0,

where U and 0;U are evaluated at (R — p, 2).
Set t = R — p, then straightforward computations reduce the inequality
above to

(n—1D[2R—t) — R~ (n— 120 U(t,2) — (n —1)*U(t,z) > 0.

Using that 0,;U(t,2) = aU(t, z)/r with r? = t? + 22, this inequality becomes

R22t+(n—1)2t+(nT_1)r.

This last inequality is easily satisfied for R large enough, since ¢,r < 3.

Now we prove that vg satisfies the free boundary condition in Definition
First observe that

F(’UR) = 8BR(R67~“ 0) N Bo,

and hence it is smooth. By the radial symmetry it is enough to show that

the free boundary condition is satisfied at 0 € F(vg) that is

vr(z, 2) = aU(xy, 2) + o|(x, 2)|¥), as (z,z) — (0,0), (4.14)
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with ¢ > 1.

First notice since U is Holder continuous with exponent «, it follows

from the formula for Vi that
|[Vr(t,z) — Vg(to, 2)| < C|t —to|* for |t —to] < 1.
Thus for (z,z) € Bs, s small

o, 2) = Va(an, 2)] = [VR(R — p,2) = Va(wn, 2)] < CIR - p—a,|* < O™,

where we have used that (recall that p := /|2/|2 + (2, — R)?)
|’ |?

_ 4.15
R—z,+p ( )

R—p—x,=—
It follows that for (x,z) € By

[vr(7, 2) — U(zn, 2)| < |vr(Z,2) = VR(TH, 2)| + |VR(T0y 2) — U205 2)
< Os* + \Vr(zn,2) — U(xn, 2)|.

Thus from the formula for Vg

lvr(z,2) = U(zp, 2)| < Cs* + (n — 1)%U(:pn, z) < C's*, (z,2) € By

which gives the desired expansion (£I4]) with a = 1.

Now, we show that v is strictly monotone increasing in the e,-direction
in By (vg). Outside of its zero plate,

Dy () = _5”"; R V(R — p, ).

Thus we only need to show that Vg(t, z) is strictly monotone increasing in
t outside {(¢,0) : t < 0}. This follows immediately from (4I3) and the

formula for U.

Step 2. In this step we state the existence of 0p satisfying (4II]) and
(#.12). Since we have a precise formula for vg in terms of U, this is
only a matter of straightforward (though tedious) computations which are
carried on in [13]. Also, one needs to use Boundary Harnack inequality for
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U and its derivatives, the fact that U is homogeneous of degree v and that
the ratio U; /U = a/r (with @ = 1/2 in [13].) All these are still valid in this
context. O

Then, one easily obtain the following Corollary.

Corollary 4.6. There exist 0, cg, Cy, C1 universal constants, such that

C _
vr(X + %]en) < (14 UX), inBi\ By, (4.16)

with strict inequality on F(vgp(X + $e,)) N B1\ Bya,

Co Co .

_— > _ .
V(X + —en) > U(X + 5 en), in Bs, (4.17)
vp(X — %1 en) <U(X), in Bj. (4.18)

We are now ready to present the proof of Lemma A3

Proof of Lemma [4.3. We prove the first statement. In view of (4.5])
g(X)—UX)>U(X +€eep) —UX)=0U(X + Xen)e >ce, € (0,¢).

From Lemma [£.4] we then get

9(X) > (1+eU(X) in By (4.19)
Now let
)
ce

where from now on the Cj, ¢; are the constants in Corollary Then, for €
small enough vg is a subsolution to (Z1I) in By which is monotone increasing
in the e,- direction and it also satisfies (A.16)—(418]). We now wish to apply
the Comparison Principle as stated in Corollary Let

VR(X) = vr(X +ten), X € By,
then according to (4IS),

Ve <U<g in By 4, with tg = —C1/R.
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Moreover, from ([4.16]) and ([4.I9]) we get that for our choice of R,
vg <(1+de)U<g on 0B /4, with t1 = o/ R,
with strict inequality on F' (vg) N 0By /4. In particular
g>0 on .F(v%) in 0By /4.
Thus we can apply Corollary in the ball By, to obtain
vg <g in By
From (£I7)) we have that
U(X + Ten) < o (X) < g(X) on Bs

which is the desired claim (4.6) with 7 = %—gl O

5. Improvement of Flatness

In this section we state the improvement of flatness property for solutions
to (21I) and we provide its proof. Our main Theorem [[] follows from the
Theorem below and Lemma 2,101

Theorem 5.1 (Improvement of flatness). There exist € > 0 and p > 0
universal constants such that for all 0 < e < € if g solves ([2.1I) with 0 € F(g)
and it satisfies

UX —een) <g(X)<U(X +¢€e,) in By, (5.1)
then
Ule-v—5p.2) <g(X) SUlw-v+3p.2) in B, (5.2)

for some direction v € R", |v| = 1.

The proof of Theorem [5.1]is divided into the next four lemmas.

The following Lemma is contained in [13] (Lemma 7.2) and its proof
remains unchanged, since it does not depend on the particular equation
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satisfied by ¢g but only on elementary considerations related to the definition

of ge.

Lemma 5.2. Let g be a solution to (2.1)) with 0 € F(g) and satisfying (5.1]).

Assume that the corresponding g. satisfies

1 1
ao.x/_ngge(X)gao-x'—i—Zp in By, \ P, (5.3)

for some ag € R"™1. Then if € < €(ag, p) g satisfies (5.2) in B,.

The next lemma follows immediately from the Corollary [£.2] to Harnack

inequality.

Lemma 5.3. Let €, — 0 and let gi, be a sequence of solutions to (2.1I) with
0 € F(gx) satisfying

U(X —eren) < gp(X) <U(X + €exen) in By. (5.4)
Denote by Gy the ex-domain variation of g,. Then the sequence of sets
Ak’ = {(ngk(X)) 1 X € Bl—ek \P}v

has a subsequence that converge uniformly (in Hausdorff distance) in By 5\ P

to the graph
Ao = {(X,§o (X)) : X € Byjp \ P},

where Joo s a Holder continuous function.

From here on g, will denote the function from Lemma 5.3

Lemma 5.4. The limiting function satisfies Goo € 01,1(31/2 \ P).

loc

Proof. We fix a point Y € By, \ P, and let ¢ be the distance from Y to
L. Tt suffices to show that the functions §. are uniformly C*! in Bs 5(Y).
Indeed , since g — U is an even function that solves the extension problem
in Bs/o(Y) we find

19e = Ullor(ms,0)(v) < Cllge = Ullpoo(B;,5(vy) < Cé,
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and, by implicit function theorem it follows that

19ellcr1(Bs,) ) < C-
Here the constants above depend on Y and 4 as well. O

Lemma 5.5. The function s satisfies the linearized problem (3.8)) in By /s.

Proof. We start by showing that U,gno satisfies (£9)) in By, \ {z = 0}.

Let ¢ be a C? function which touches g strictly by below at Xy =
(z0,20) € B2 \ {# = 0}. We need to show that

A(Un§)(Xo) + 225

<0. (5.5)

Since by Lemma[5.3] the sequence Ay, converges uniformly to Ao in By o\ P
we conclude that there exist a sequence of constants ¢, — 0 and a sequence
of points Xy, € By s \ {z = 0}, X} — X such that ¢ := @ + ¢x touches gy
by below at X}, for all k large enough.

Define the function ¢, by the following identity

k(X — expr(X)en) = U(X). (5.6)

Then according to ([B.7) ¢ touches gx by below at Y, = X —e,pr(Xk)en
€ B1\{z = 0}, for k large enough. Thus, since g satisfies (.9 in B1\{z = 0}
it follows that

(or)nt1 (Vi)

App(Yy) + 8 p”

<0, (5.7)

with z;, denoting the (n + 1)-coordinate of Xj.

Let us compute Ak (Y:) and (@g)n+1(Yx). Since ¢ is smooth, for any
Y in a neighborhood of Yj we can find a unique X = X (Y') such that

Y =X — eor(X)ey,. (5.8)

Thus (5.6) reads
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with Y; = X; if i # n and

X,

Ty = dij, when j # n.
1

Using these identities we can compute that

0X,
Agk(Y) = Un(X)AX(Y) + S (U55(X) + 2050(X) 52)
j#n J
FUnn(X) VX, [2(Y). (5.9)
From (5.8)) we have that
DxY =1 — e Dx(@ren).
Thus, since ¢ = ¢ + ¢k,
Dy X =1+ e, Dx(pey) + O(er),
with a constant depending only on the C2-norm of .
It follows that
0X, -
- Sjn + €x0;0(X) + O(er). (5.10)
Hence
VX2 (Y) = 1+ 26,0,6(X) + O(e3), (5.11)
and also,

’Xy, _0X; X
—8sz = € ZZ: 3ji¢a—yj +0(e2) = ¢ ; 0jipoij + €xOjnP— oY, + 0(&3),

from which we obtain that

AX, = etA@ + O(e}). (5.12)

Combining (5.9) with (5.11]) and (5.12) we get that

App(Y) = AU(X) + ,UnAG + 26,V 3 - VU, + O(2) (Un(X) + Upn(X)).
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From the computations above it also follows that,

. aXn aXn—i—l
(ka)n+1(Y) - UH(X)8Yn+1 8Yn+1

= Un(X)(ex0p10(X) 4+ O(e2)) + U.(X).

+U.(X)

Using (5.7)) together with the fact that U solves (£9]) at X} we conclude
that

O | oy w0 + 872

02 AUG)(Xi) + 5= -

Upn(Xk)).

The desired inequality (5.5 follows by letting & — +oc.

Next we need to show that
|Virdool(X0) =0, Xo= (1’6,0,0) € Bl/g NnL,

in the viscosity sense of Definition The proof is the same as in the case
a = 1/2, once the properties of the function vy defined in Proposition

have been established. For convenience of the reader, we present the details.

Assume by contradiction that there exists a function ¢ which touches
oo by below at X = (2(,0,0) € By N L and such that

$(X) = ¢(Xo) +a(Xo) - (z' — xp) + b(Xo)r + O(|2" — z([* +77),

for some v > 0, with

b(X()) > 0.

Then we can find constants «,d,7 and a point Y’ = (y;,0,0) € By
depending on ¢ such that the polynomial

a(X) = 6(Xo) = S|’ = yol? + 2a(n — Daur

touches ¢ by below at Xy in a tubular neighborhood Nz = {|2’ —z(| < 7, r <
f} of Xg, with

¢—q>3d>0, on Ni\Ngp.
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This implies that

Joo —q>6>0, on Ni\ Ny, (5.13)
and
Goo(Xo) — q(Xo) = 0. (5.14)
In particular,
|Goo(Xk) — q¢(X)| — 0, Xi € N7\ P, X — Xo. (5.15)

Now, let us choose Ry = 1/(«ei) and let us define
wi(X) = vp, (X =Y+ epp(Xo)en), Y = (4,0,0),

with v the function defined in Proposition Then the e,-domain varia-

tion of wyg, which we call Wy, can be easily computed from the definition
wi(X — epwp(X)e,) = U(X).
Indeed, since U is constant in the z’-direction, this identity is equivalent to
v, (X =Y + exd(Xo)en — exg(X)e,) = U(X —Y'),

which in view of Proposition gives us
UR, (X —Y') = ex(Wk(X) — $(X0)).

From the choice of Ry, the formula for ¢ and (4.12]), we then conclude that
W (X) = q(X) + 2 0(|X = Y'[?),

and hence
|y, — gl < Ce in N7\ P. (5.16)
Thus, from the uniform convergence of Ay to A and (BI3)-(516]) we get

that for all k large enough

gk — W > 5 in (N7 \ Npjo) \ P. (5.17)

| >
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Similarly, from the uniform convergence of A to Ay and (G.I6)-([EI5) we
get that for k large

gk (Xg) —w(Xg) < —,  for some sequence Xy, € N \ P, X, — Xo. (5.18)

=

On the other hand, it follows from Lemma B and (5.I7)) that

§k—ﬁ/k2 ian\Pv

N S

which contradicts (5.18]). O

The main Theorem now follows combining all of the lemmas above with
the regularity result for the linearized problem, as in the case a = 1/2. For
completeness we present the details.

Proof of Theorem [5.1l Let p be the universal constant from Lemma [3.3]
and assume by contradiction that we can find a sequence ¢ — 0 and a
sequence gy of solutions to (2.1]) in By such that g satisfies (5.1]), i.e.

U(X —eren) < gi(X) <U(X + €ge,) in By, (5.19)

but it does not satisfy the conclusion of the Theorem.

Denote by gi the ex-domain variation of gi. Then by Lemma [5.3] the
sequence of sets

Ap = {(X, (X)) : X € Bi_., \ P},

converges uniformly (up to extracting a subsequence) in By, \ P to the
graph

A = {(X,§o(X)) : X € Byjo\ P},

where j is a Holder continuous function in Bj/,. By Lemma B3l the
function g solves the linearized problem (B.8)) and hence by Corollary [B.3]
Joo satisfies

1 1
ao.g;/_gpggoo(X)gao.;p/+§p iHBQP, (520)

with ag € R™ 1,
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From the uniform convergence of Aj to A.,, we get that for all k large

enough

1 1
ao-xl—nggk(X) §a0':ﬂ/—|—1p in By, \ P, (5.21)

and hence from Lemma [5.2] the ¢; satisfy the conclusion of our Theorem

(for k large). We have thus reached a contradiction. O

6. The Regularity of the Linearized Problem

The purpose of this section is to prove an improvement of flatness result

for viscosity solutions to the linearized problem associated to (2.]), that is

{div(|z\5V(Unw)) =0, inBi\P (6.1)

|V,w|=0, on B;NL,
where we recall that for Xy = (x(,0,0) € By N L, we set

/ _ /
Voul(Xo) = tim P I D 2000 a2y 2
(#n,2)—(0,0) r

The following is our main theorem.

Theorem 6.1. Given a boundary data h € C(dBy),|h| < 1, which is even
with respect to {z = 0}, there exists a unique classical solution h to (6.1
such that h € C(By), h = h on 0By, h is even with respect to {z = 0} and

it satisfies
[W(X) = h(Xo) —d'- (2’ —xp)| < O(l2' —ap +7'7),  Xo € ByjyNL, (6.2)
for universal constants C,~ and a vector a’ € R"~! depending on Xj.

As a corollary of the theorem above we obtain the desired regularity

result, as stated also in Section 3.

Theorem 6.2 (Improvement of flatness). There exists a universal constant
C' such that if w is a viscosity solution to ([6.1]) in By with

-1 § w(X) § 1 mn Bl,
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then
ap - ' — C|X|"7 < w(X) —w(0) < ag -2’ +CIX|', (6.3)

for some vector ag € R*™1.

The existence of the classical solution of Theorem will be achieved
via a variational approach in the appropriate weighted Sobolev space. The
advantage of working in the variational setting is that the difference of two
solutions remains a solution. This is not obvious if we work directly with

viscosity solutions.

We say that h € H(U2dX, By) is a minimizer to the energy functional

J(h) ::/ 121PU2|Vh|2dX,
By
if
J(h) < J(h+6), VéeC(By).

Since J is strictly convex this is equivalent to

o 700 = I (1 + €9)

e—0 €

=0, V¢e 5 (B),
which is satisfied if and only if

/B 12|PU2Vh-Vé dX =0, Yo e CP(By).

1
Below, we briefly describe the relation between minimizers and viscosity
solutions. First, a minimizer h solves the equation
div(|z|°U2Vh) =0 in B,

which in By \ P is equivalent to solving

div(|z|°V(U,h)) =0 in By \ P. (6.4)

Indeed, if ¢ € C§°(By \ P) then

/|z|5U3VhV(Ui)dX = 0.

n
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This implies,

/ 2|2 (U, VhV ¢ — VhoV U, )dX = 0.
Hence,

/ 2B (V(Uuh) V6 — VULV () = 0.

The second integral is zero, since U,, is a solution of the equation div(|z|*VU,)
= 0. Thus, our conclusion follows.

Moreover, we claim that if h € C'(By) is a solution to (6.4]), such that
lim h, (2, 2p, 2) = b(2'), (6.5)
r—0

with b(z’) a continuous function, then h is a minimizer to J in By if and
only if b= 0.

Proof of the claim. By integration by parts and the computation above
the identity

/|Z|BU5Vh-v¢dX:o, V6 € C(By),
By

is equivalent to the following two conditions

div(]z]°V(U,h)) =0 in By \ P, (6.6)
and

lim 12|PU24Vh - vdo = 0, (6.7)

00 0CsNBy

where Cj is the cylinder {r < 0} and v the inward unit normal to Cj.

Here we use that

lim |2|PU2ph, do = 0.
=0 J{|z|1=e}n(B1\C5)

Indeed, in the set {|z| = e} N(B1\Cs) we have, ( for some C independent
of €)

Un g C|z|1_67

and
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IV (Unh)|,|VU,| < C|2),
from which it follows that

IVh| < Oz~

In conclusion we need to show that (6.7)) is equivalent to b(z’) = 0.
This follows, after an easy computation showing that
lim . |2|PU2pVh - vdo = C, /L b(z")p(2',0,0)dz’
with
Co = /W (cos 0)°(cos 2)2_%(19. O

From the claim it follows that the function
Eds

v(X) = —

+ 2z,

is a minimizer of J. Using as comparison functions the translations of the
function v above we obtain as in Lemma [£.3] that minimizers h satisfy Har-
nack inequality.

Since our linear problem is invariant under translations in the 2’-direction,

we see that discrete differences of the form
h(X + 1) — h(X),

with 7 in the 2’-direction are also minimizers. Now by standard arguments
we obtain the following regularity result.

Lemma 6.3. Let h be a minimizer to J in By which is even with respect to
{z =0}. Then DEh € CV(By)s) and

(DY blc(B,,5) < CllhllLe(5y),
with C' depending on the index k = (k1, .., kn—1).

We are now ready to prove our main theorem.
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Proof of Theorem It suffices to show that minimizers h with smooth
boundary data on 0B; achieve the boundary data continuously and satisfy
the conclusion of our theorem. Then the general case follows by approxima-

tion.

First we show that h achieves the boundary data continuously. At points
on 0B; \ P this follows from the continuity of U,h, since U,, # 0.

For points Xy € 0B1 N P we need to construct local barriers for h which
vanish at Xo and are positive in By near Xg. If Xo ¢ L then we consider

barriers of the form
A7PW(x) /U,
with W harmonic in z. If Xy € L then the barrier is given by

(2" — () - xf.

By Lemma and (6.5), it remains to prove that

\h(z!, 2, 2) — h(2',0,0) = b(z')r| < Cr'™, (/,0,0) € By L, (6.8)
\hy (2!, 2, 2) — b(2")| < Cr7, (z',0,0) € Byp N L, (6.9)

with C, v universal and b(z’) a continuous function.

Indeed, h solves
div(|z|PV(U,h)) =0 in By \ P.
Since U, is independent on z’ we can rewrite this equation as
divg, .(|2[°V (U,h)) = —|2/PU,Ayh, (6.10)
and according to Lemma we have that
Agrh € L= (By ).

Thus, for each fixed z/, we need to investigate the 2-dimensional problem (in
the (¢, z)-variables)

div(|z|BV(Uth)) = |z|BUtf, in By \{t <0,2=0}
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with f bounded.

After fixing 2/, say 2/ = 0, we may subtract a constant and assume
h(0,0,0) = 0. Then U;h is continuous at the origin and coincides with the
solution H(t, z) to the problem

div(|z[°VH) = |2|°Usf, in By \{t <0,z =0}, (6.11)

such that
H = Uh ondByp, H=0 onBj,n{t<0,z=0}.

The fact that Ush = H follows from standard arguments by comparing
H — Uih with £eU; and then letting € — 0.

Using that U is a positive solution to the homogenous equation (G.11))
we may apply boundary Harnack estimate (see Remark [6.4]) and obtain that
H/U is a C7 function in a neighborhood of the origin. Thus

|H —aU| < CorU, 1% =1t>+ 2%, Cj universal,

for some a € R. Since U/U; = r/a we obtain (6.8]) with b = a/a.
We show that (6.9]) follows from (6.8) and the derivative estimates for
the extension equation. Indeed, the function H := H — alU above satisfies
Aiv(|lPVH) < Cr | = mms,) < O,
and the derivative estimates for the rescaled function H(r(t,z)) imply

|H,| < Cr’7U = CrU,.

Using that

H
Uthr,« = Hr,« + (1 — Oé)?,

we easily obtain (G.9).
Finally we remark that b(z’) is a smooth function since by the translation

invariance of our equaltion in the 2’ direction, the derivatives of b are the
corresponding functions in (6.8]) for the derivatives d,,h,i =1,...,n—1. O

Remark 6.4. In general boundary Harnack estimate is stated for the quo-
tient v /u of two solutions (and u positive) to a homogenous equation Lu = 0.
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The result remains valid if v solves the equation Lv = g for a right hand side
g that is not too degenerate near the boundary. In fact we only need to find
an explicit barrier w such that Lw > |g| and w/u is Holder continuous at 0.
Then the strategy of trapping v in dyadic balls between multiples agu and
bru can be carried out by trapping v between functions of the type aru + w
and bpu — w.

In the case of equation (6.11) an explicit w is given by w := rU and it
is easy to check that

div(|2[PVw) > eo|2°U/r,

for some positive constant cg.
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