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Abstract

The K-stability is closely related to the existence of canonical metrics on Kéahler
manifolds and is an important issue in complex geometry. In this paper we discuss the
K-stability on toric Kéhler manifolds and present an unstable example of toric Kahler

surface with eight T¢-fixed points.

1. Introduction

The existence of canonical metrics (Kéhler-Einstein metrics, constant
scalar curvature metrics, and extremal metrics) on Kéhler manifolds is a
central problem in complex geometry. A well known folklore conjecture
by Yau-Tian-Donaldson [43, 138, [14] asserts that a compact complex po-
larised manifold (M, L) admits canonical metrics in 2meq (L) if and only if
the underlying manifold is stable in the sense of geometric invariant theory.
Among various notions of stabilities, the K-stability is the most widely stud-
ied and significant progress has been made. It is sometimes also called the
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K-polystable when stressing the nontrivial holomorphic vector fields on the

manifolds.

The concept of K-stability was first introduced by Tian [37] in the study
of Kahler-Einstein metrics. He proved the “only if” part of the conjecture
for the first Chern class (if it is positive) on M, i.e, K-stability is a necessary
condition for the existence of Kéhler-Einstein metrics when the holomorphic
automorphism group is trivial. Later, Donaldson extended the K-stability
to general polarized varieties [15] and made a conjecture on the relation
between the K -stability and the existence of constant scalar curvature Kahler
metrics. Stoppa [32] generalized Tian’s result to a compact Kéahler manifold
M with a constant scalar curvature Kahler metric and discrete holomorphic
automorphism group. The assumption on the holomorphic automorphism
group in these results were later removed by Berman and Mabuchi [5, 125].
Mabuchi also introduced a stronger K-stability to study the conjecture |26,
217, 128].

As a generalization of Kéahler-Einstein metrics, the extremal metric in a
Kaéhler class on a compact complex manifold M was introduced by E. Calabi
in 1982 [6]. To study the extremal metrics, the definition of K-stability was
extended by Szekelyhidi [33] to Kéhler classes with nonzero extremal vector
fields and was called relative K-stability. Stoppa and Szekelyhidi also proved
that the existence of general extremal metrics implies K-stability relative to a
maximal torus of automorphisms [36]. However it is still unknown whether it
is true that the existence of general extremal metrics implies the K-stability
relative to the extremal C*-action. In the case of toric manifolds, a positive

answer was given in [45].

For the “if” part of this conjecture, a remarkable breakthrough has been
made very recently. In 2012, the existence of Kahler-Einstein metrics on a
Fano manifold is proved to be equivalent to the K-stability as originally
expected [39, 18,19, 10]. The cases for the constant scalar curvature metrics
and the more general extremal metrics are more difficult because one has
to solve a fourth order elliptic equation. It is a challenge in differential
geometry and PDE theory. On some special manifolds, for example, the

projective bundles, the conjecture was confirmed, see [3].
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With the success on the existence of Kéahler-Einstein metrics by Tian
and Chen-Donaldson-Sun, the notion of K-stability attracted more atten-
tions. On general complex manifolds, the K-stability is far from being well-
understood. However, on toric manifolds, Donaldson [14] set up a strategy
for this problem and he proved the conjecture for toric surfaces when the
Kéhler class admits vanishing Futaki invariant [15, 16, [17].

In this article, we discuss some issues related to Donaldson’s strategy
on the K-stability on toric manifolds. In Section 2, we recall the definitions
of extremal metrics and K-stabilities on general polarised manifolds. Don-
aldson’s reduction of the problem is described in Section 3. Then in Section
4, we focus on the dimension 2 case and state a further simplification of
K-stability on toric surfaces. Examples of stable and unstable polytopes as-
sociated to toric Kahler surfaces are discussed in the last section. In Section
5, we present a new example of unstable polytope with 8 vertices.

We refer the readers to the expositions [18, 129, 130] for more details on
this topic.

2. Extremal metrics and K-stability

In this section, we recall the definition of extremal metrics and K-
stabilities.

2.1. Extremal metrics

Let (M",wy) be an n-dimensional compact Kéhler manifold, where g
is a Kéhler metric and wy is its Kéhler form. In [6, [7], Calabi proposed to
study critical points of the energy functional

1 )2
V(M) /MS( ) n!

in the fixed Kéhler class [wy]. Here w € [wy], S(w) is the scalar curvature of
w, and V(M) is the volume of M. A Kahler metric in [wg] is called extremal
if it is a critical point of Calabi’s energy.

In [23], it is shown that for a given K&hler class [w,], there exists an
extremal holomorphic vector field X, no matter whether the extremal metric
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exists. An equivalent definition of extremal metrics can be given as follows:

A Kahler metric w in the Kéahler class [wg] is extremal iff
S(w) =8 +0x(w), (2.1)

where S is the average of the scalar curvature of w, and fx(w) is the nor-

malized potential of X with respect to w such that
ixw=v/—190x(w), and!/‘QX(w)%T::O. (2.2)
M .

In particular, if X vanishes (i.e., Fukaki invariant vanishes), the extremal
metric, if exists, is a constant scalar curvature metric. Furthermore, if we
choose the Kéahler class to be a multiple of the first Chern class and X

vanishes, then the extremal metric, if exists, is a Kéhler-Einstein metric.

2.2. Donaldson-Futaki invariant

In this subsection, we recall the definition of Donaldson-Futaki invariant.
Futaki invariant was an holomorphic invariant first constructed by Futaki
and Calabi on any K&hler manifold. It is an obstruction to the existence of
constant scalar curvature metric |7, 122]. This definition was extended to the
case of Fano normal varieties in [20]. Later, Tian defined the notion of K-
stability of a Fano manifold M using this invariant and some degenerations
of M. In [14], Donaldson defined the general Futaki invariant for polarized

scheme in an algebraic way. Here we state this definition as follows.

Let (M, L) be a polarized scheme, where L is an ample line bundle. Let
a be a C*-action on (M, L). Then for any positive integer k, a induces a
C*-action on the vector space H, = H(M, L*). Denote by d), the dimension
of the vector space Hj and wg(a) the weight of the induced action on the
highest exterior power Hy. Then d; and wj are given by polynomials of &

as

dp = agk™ + k™ -,
wi(a) = Bok™ ™ + Bk + - -



2014] K-STABILITY AND CANONICAL METRICS ON TORIC MANIFOLDS 89

The Donaldon-Futaki invariant of o on (M, L) is defined to be

a1y — B
(674} '

Fla) =

Donaldson also proved that when M is a smooth manifold and the C*-
action is induced by a holomorphic vector field X, this definition coincides
with Futaki’s original result [22]: let w be a Kéhler metric in 27cy (L), then

Fla)= - 4V(1M) /M X2, (2.3)

where h = G(S(w) — S), G is the Green’s operator, S is the average of scalar

curvature. Note that the integral in (2.3]) is the original Futaki invariant.
Hence, when M is a manifold, Donaldson-Futaki invariant is the original
Futaki invariant multiplied by a constant.

As was pointed out, Futaki invariant is an obstruction to the existence of
constant scalar curvature metric. When Futaki invariant does not vanish, we
consider general extremal metrics. Hence, a modification of Futaki invariant
is needed.

To define the modified Donaldson-Futaki invariant, we first need an inner
product for the C*-actions [33]. Let a, 8 be two C*-actions on a polarized
scheme (M, L). Suppose that Ay and By are the infinitesimal generators of
the actions on H(M, L*), respectively. The inner product (c, 3) is given by

Tr [<Ak — %fi’f)ﬁ (Bk — %ﬁ’“)lﬂ = (a, QK" + O(k™ ).

The modified Donaldson-Futaki invariant is given by

(a, B)
(8,8)

where F(a) and F(B) are Donaldson-Futaki invariants of « and /3, respec-

Fpla) = Fla) -

F(B); (2.4)

tively.

2.3. Notions of K-stabilities

As we said above, the definition of K-stability on Fano manifolds was
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first given by Tian [37]. Based on the algebraic definition of Futaki invariant
above, Donaldson established the K-stability of general polarized manifolds.
The definition is related to its degenerations, called test configuration [14].
A test configuration for a polarized Kahler manifold (M, L) of exponent r
consists of

(1) a scheme W with a C*-action;
(2) a C*-equivariant ample line bundle £ on W;

(3) a C*-equivariant flat family of schemes
m: W — C,

where C* acts on C by multiplication. We require that the fibers (W, £|w,)
are isomorphic to (M, L") for any ¢ # 0.

Note that since 7 is C*-equivariant, the C*-action can be restricted to
the central fiber. A test configuration is called trivial if W = M x C is a
product. The following definition of K-stability was given by [14].

Definition 2.1. A polarized Ké&hler manifold (M, L) is K-semistable if
for any test-configuration the Futaki invariant of the induced C*-action on
(Wo, £lw,) is nonnegative. It is called K-stable if in addition the equality
holds if and only if the test-configuration is trivial.

It has been proved that this K-stability is a necessary condition for
the existence of constant scalar curvature metrics in 27¢; (L) on a polarized
Kéhler manifold (M, L) [32, 25].

In the case that Futaki invariant does not vanish, we need a modified no-
tion of K-stability to study extremal metrics. In [33], Szekelyhidi introduced
the notion of relative K-stability based on the modified Donaldson-Futaki
invariant as a generalization of the K-stability. Let us recall the definition
of relative K-stability.

Let x be the C*-action induced by the extremal vector field X. We
say that a test configuration is compatible with y, if there is C*-action y on
(W, £) such that 7 : W — C is an equivariant map with trivial C*-action
on C and the restriction of x to (W, £|y,) for nonzero ¢ coincides with
that of x on (M, L") under the isomorphism. Note that C*-action o on W
induces C*-action on the central fibre My = 771(0) and the restricted line
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bundle £]57,. We denote by & and x the induced C*-action of o and x on
(Mo, £|n, ), respectively.

The relative K-stability is defined as follows.

Definition 2.2 ([33]). A polarized Kéahler manifold (M, L) is relatively K -
semistable if F5(-) < 0 for any test-configuration compatible with . It is
called relatively K-stable if in addition that the equality holds if and only if
the test-configuration is trivial.

As shown in |3] by examples, the relative K-stability may not be enough
to ensure the existence of extremal metrics on general manifolds. A refine-
ment of K-stability in the sense Fy(o) < —C|a| was introduced in [35],
where C'is a positive constant, || - || is a norm for the C*-action a. We will
discuss it later, in the setting of toric manifolds, which are the main objects
in this article.

Finally, we would like to point out that since Donaldson-Futaki invariant
can be defined for polarized schemes, all the above notions are also well
defined for schemes. We only stated the definitions for polarized manifolds
which is enough for this article.

3. Reduction on Toric Manifolds

A complex manifold M is called toric, if there is a complex torus Hamil-
tonian action T on M and the action has a dense free orbit, identified with
= (C*)" = (81" x R™. It is known that Kéhler metrics on toric mani-
folds can be characterised by functions on the associated moment polytopes
[1, 24]. With this property, Donaldson built up a program of studying the
existence of constant scalar curvature metrics and stabilities on toric mani-
folds [14]. He obtained a reduction of the problem on the moment polytopes.
Later, the reduction was extended to general extremal metrics [44]. In this
section, we will describe this reduction, for more details we refer the readers
to [1,12, (19, 14, 124, 44].

3.1. Delzant polytopes and Abreu’s formula

Assume that (M, g) is an n-dimensional toric Kéhler manifold with a
torus action T' = (C*)™. Then the open dense orbit of 7" in M induces an
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global coordinates (wy,...,w,) € (C*)*. To do the reduction we use the
affine logarithmic coordinates z; = logw; = & + /—1n;. If g is a (S1)"-
invariant Kahler metric, wy is determined by a convex function 1)y which
depends only on &i,...,&, € R™ in the coordinates (z1,...,2,), namely
wy = 2v/—1001p on (C*)™. Since the torus action T is Hamiltonian, there
exists a moment map m : M — R", and the image is a convex polytope in
R"™. Moreover, the moment map can be given by

(9o 0o
(ml,...,mn)— 6—517...78—&1 s

that is the gradient of 1y. Denote the image by P = Dy(R™). Then P is
a convex polytope. This polytope is independent of the choice of the metric
g in the class [wy]. However, P can not be an arbitrary polytope in R™. It
satisfies several special conditions, usually called Delzant’s conditions, which
can be stated as follows [19, [1]:

(1) There are exactly n edges meeting at each vertex p.
(2) The edges meeting at the vertex p are rational, i.e., each edge is of the
form p 4+ tv;, 0 <t < o0, v; € Z".

(3) The vectors vy,...,v, can be chosen to be a basis of Z".

As a conclusion, for an n-dimensional compact toric manifold M, together
with an associated Kéhler class [wy], (M, [wy]), there is an associated bounded
convex polytope P C R” satisfying Delzant’s conditions. Conversely, from a
convex polytope P C R"™ satisfying Delzant’s conditions, one can recover a
toric manifold and the associated Kéhler class (M, [wg]). See [19] for details.

We will characterize the (S1)"-invariant Kihler metrics under the poly-
tope coordinates. The polytope P can be represented by a set of inequalities
of the form

P={zxeR": (z,0;) <X\, i=1,2,...,d}, (3.1)

where /¢; is the normal to a face of P, ); is a constant, and d is the number
of faces of P. Delzant’s conditions can be equivalently stated as follows.

(1) There are exactly n faces meeting at each vertex p.
(3) The normals ¢; (i =1,2,...,d) are vectors in Z".

(3) At any given vertex p, let ¢;,,...,¢;, be the normals to the faces at p,
then det(4;,,...,4;,) = £1.
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Remark 3.1. (i) Note that if det(¢y,...,¢,) =1 and if ¢; € Z", the ma-
trix (41, ..., ¥¢,) can be reduced to the unit matrix by Gauss elimination.
Therefore (¢1,...,¢y,) is a basis of Z".

(ii) The constants Aj, ..., Ag are not necessarily integers, and can change
continuously. When they are all integers, the associated Kahler class is
called integral [24] and from the polytope P we can recover a polarized

toric manifold.

(iii) Two different polytopes may correspond to the same toric manifold
(M, [wg]). Indeed, all Delzant triangles correspond to the complex pro-

jective space CP2.

(iv) We also note that the set of all Kéhler classes on a toric manifold M is
a finite dimensional convex cone. Moreover, a Kéhler class is the first
Chern class if and only if A\; = 1 for all i = 1,...,d (up to translation

of coordinates).

By using the Legendre transformation ¢ = (D) (), one sees that
the function (Legendre dual function) defined by

uo(x) = (& Do(§)) — vo(§) = (€(x),x) — tho(&(2)), Vo € P

is convex. In general, for any Gy-invariant metric w € |wy], w = 2v/—100%
on (C*)™, where 9 is a convex function on R™. Then one gets a convex
function u,(x) on P, also called symplectic potential of w, by using the

above relation while 1 is replaced by ¥. Set
C={u=mwup+ f | uisaconvex function in P, f € C*°(P)}.

It was shown in [1] that there is a bijection between functions in C and Go-
invariant Kéhler metrics. For any function u in C, it can be explicitly given
by [24, 2]:

1

3 Z()\i — {li,z))log(Ni — (li, x)) + f, (3.2)

1

u =

where f is a function smooth up to boundary of P. We usually say that

a function satisfies Guillemin’s boundary condition if it can be written in
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the form of (8.2). The scalar curvature of w can be expressed through its
symplectic potential by |1/

S T

1,j=1

o . . 2 .
where (u*) is the inverse matrix of (u;;) = ( aza 5=—). In w-coordinates, the
10T

potential fx (w) of the extremal vector field X is independent of the choice of
w in [w,] and is an affine linear function, uniquely determined by the Futaki
invariant. We denote it by 8x. Therefore, on toric manifolds, the existence
of extremal metric reduces to finding smooth solutions u to

n 2, ij ~
-3 0"u =S5+ 6x, (3.4)

defined on a Delzant’s polytope P such that u satisfies Guillemin’s boundary
condition, which is given by ([3.2). Here S is the average of scalar curvature.
This equation is called Abreu’s equation.

3.2. Reduction of Futaki invariant

Let dog be the Lebesgue measure on the boundary P and v be the
outer normal vector field on OP. Then we define a measure

1
do = (V’:E)dao = mdao (3.5)

i

on the face (¢;,z) = A\; of P. Futaki invariant can be simply expressed on
the polytope by [14]

X‘/;)(lj(\i))f(%) =— </8Pa:i do — gfpxi dm) . (3.6)

For simplicity, we denote A := S + x, and define a linear functional £ by

L(u) = /Eipuda— /PAudac. (3.7

A is an affine linear function in the polytope coordinates {x1, ..., z,}, which

can be determined as follows. Let A = ag + Z’f a;r;. Then ag,aq,...,a,
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can be determined uniquely by the n + l-equation system

L(1)=0, L(z;) =0, i=1,...,n. (3.8)

3.3. Reduction of K-stability

We consider the relative K-stability of a polarized toric manifold (M, L)
which corresponds to an integral polytope P in R™ (i.e. when \; in (8.]) are
integers). In [15], Donaldson induced toric degenerations as a class of special
test configuration induced by positive rational, piecewise linear functions on
P. The reduction of the stability is based on these degenerations.

Recall that a piecewise linear(PL) convex function u on P is of the form

u = max{u',...,u"},
where u* = 3" alw;+c* A = 1,...,r, for some vectors (af,...,a)) € R™ and
some numbers ¢* € R. w is called a rational piecewise linear convex function

A

if the coeflicients af‘ and numbers ¢* are all rational.

For a positive rational PL convex function u on P, we choose an integer
R so that

Q={(z,t) |zeP, 0<t<R—u(x)}

is a convex polytope in R, Without loss of generality, we may assume
that the coefficients af‘ are integers and @ is an integral polytope. Otherwise
we replace u by lu and @ by [(Q for some integer [, respectively. Then
the n + 1-dimensional polytope @ determines an (n + 1)-dimensional toric
variety Mg with a holomorphic line bundle £ — Mg. Note that the face
QN {R"™ x {0}} of Q is a copy of the n-dimensional polytope P, so we have
a natural embedding i : M — Mg such that £|yy = L. Decomposing the
torus action T on Mg as T x C* so that T2 x {Id} is isomorphic to the
torus action on M, we get C*-action « by {Id} x C*. Hence, we define an

equivariant map
T : Mg — CP!
satisfying m71(c0) = i(M). One can check that W = Mg\i(M) is a test

configuration for the pair (M, L), called a toric degeneration |14]. This
test configuration is compatible to the C*-action y induced by the extremal
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holomorphic vector field X on M. In fact, x as a group is isomorphic to a
one parameter subgroup of T x {Id}, which acts on V. Since the action is

trivial in the direction of «, the test configuration is compatible.

The modified Donaldson-Futaki invariant for a toric degeneration has an
explicit formula in polytope coordinates. Indeed, the following proposition
relates the K-stability to the positivity of functional (8.7). It was first proved
in [14] for the case Futaki invariant vanishes and then extended to general

case in [44].

Proposition 3.2. For a C*-action o on a toric degeneration on M induced

by a positive rational PL-convex function u, we have

- 1
where x is the C*-action induced by the extremal holomorphic vector field

X, and Fy(&) is given by (Z4).

With this proposition, we call (M, L) is relatively K-stable for toric de-
generations if its associated polytope satisfies L£(u) > 0 for all rational PL
convex functions u on P and if £(u) = 0 for a rational PL convex function
u, then u must be a linear function. Then on direction of the Yau-Tian-

Donaldson conjecture for toric manifolds can be proved.

Theorem 3.3 ([45]). Let (M, L) be a polarized toric manifold which admits
an extremal metric in 2wei(L). Then (M, L) is relatively K -stable (for toric

degenerations).

The theorem is equivalent to that the linear functional £ is positive for
all nontrivial rational PL convex functions when equation (B.4]) is solvable.
In fact, a stronger result was proved in [45], i.e., L is positive for all nontrivial
PL convex functions. Due to this reason, we will use the positivity of £ as
the definition of relative K-stability on toric manifolds and we usually omit

the words “relative” and “for toric degenerations” for simplicity.

Definition 3.4. We call a polytope P associated to a polarised toric mani-
fold (M, L) is K-stable if L(u) > 0 for all PL convex functions u on P; and
if £L(u) =0 for a PL convex function u, then u must be a linear function.



2014] K-STABILITY AND CANONICAL METRICS ON TORIC MANIFOLDS 97

Remark 3.5. In [14] the above K-stability was defined on polarised toric
manifolds, that is the case when the constants \; in (B.I]) are integers. But
obviously this definition can be extended to general polytopes when the
constants \; in (B.I]) are not integers or rational numbers.

The ‘if” part of the Yau-Tian-Donaldson conjecture is rather difficult.
Most of the recent developments occur in dimension 2. In a series of papers,
Donaldson gave a confirmative answer to toric surfaces in the special case
that the Kahler class has vanishing Futaki invariant, by a continuity method.

Theorem 3.6 (|15, 116, [17]). A toric surface M admit a constant scalar
curvature metric in 2wci (L) if and only if (M, L) is K-stable and Futaki
invariant vanishes.

In the case that Futaki invariant does not vanish, the problem is still
open. An important progress has been made recently by [12] when the scalar

curvature is positive.

Another interesting problem is how to verify the K-stability condition
for a given toric Kéhler manifold. The following theorem gives a criterion
for the K-stability on toric manifolds.

Theorem 3.7 (|44]). Let (M, L) be an n-dimensional polarized toric mani-
fold and P be the associated polytope. Suppose that for each i =1,...,d, it
holds

- n+1

(3.10)

where N\; > 0 are d numbers defined as in B.1]). Then M is relative K -stable.

Note that 0x = 0 is equivalent to that the Futaki invariant vanishes. If
the Futaki invariant is not zero, (8.10]) becomes 0x < 1. It has been verified
on toric Fano surfaces [44]. It is interesting to ask whether this condition
is satisfied for higher dimensional toric Fano manifolds or not. In case that
M is a toric Fano manifold with the vanishing Futaki invariant, condition
(BI0)) in this theorem is trivial on the canonical Kéhler class 2me; (M) since
S = n and all \; are 1. Thus Theorem [B.7] is always true for these toric
manifolds. Indeed, the problem of existence of K&hler-Einstein metrics on
toric Fano manifolds, has been completely solved by Wang and Zhu [41]. A
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more general approach to verify the stability of polytopes will be discussed
in dimension 2 in the next section.

On the other hand, to find a toric manifold (M, L) which is K-unstable,
it suffices to find a bounded convex Delzant polytope P and a PL convex
function w such that £(u) < 0. Examples will be discussed in the final

section.

3.4. Uniform K-stability

The K-stability is determined by the positivity of the linear functional L.
Let P* be the union of the interior of P and the interiors of its co-dimension
1 faces. Denote

C1 = {u | u is convex on P* and ; u < 00} (3.11)
P

The linear functional £ is well defined in C;. Note that, for v € Cy, it may
not be uniform bounded at the vertices of P, but the value of u at vertices
has no effect on the integral |, ap | do. Without loss of generality, we assume
0 lies in the interior of P. Since L is invariant when subtracting an affine
linear function, and homogeneous with respect to scaling, we consider the
set of normalized functions

C1 = {u | wis a convex function in P* satisfying

(3.12)
/ udo =1 and infu = u(0) = 0}.
P P
By a simple observation that
/ugc wdo, u e Cy, (3.13)
P op

where C is independent of u, £ has a lower bound on C;.

When proving the existence of constant scalar curvature metrics on toric
surfaces |16, [17], Donaldson introduced a refinement of the K-stability. P is
called uniformly K -stable if

inf L(u) > Ap >0,
Cy
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where Ap is a constant depending only on P. In [11], it is proved that the
above uniform K-stability is necessary to the existence of extremal metrics
on toric manifolds. In particular, in dimension 2, the K-stability and uniform
K-stability are equivalent |14, 42].

A different definition of uniform K-stability with L7-T-norm of convex
functions was given in the thesis of Szekelyhidi. In [35], a polytope P is
called uniformly K-stable if

L) 2 AP o

for all normalised convex functions. He also showed that there exists a
constant such that

Hﬁmméc/(ma
oP

for all non-negative continuous convex functions on P.

The problem of optimal destabilisating test configuration was also stud-
ied by Szekelyhidi [34]. He considered the minimum of £ in the space of
L?-convex functions with || -[|;2(py = 1. It is proved that if P is K-unstable,
then there is a unique convex function w such that the infimum of £ in the
considered space is attained at u. Furthermore, it is shown that if u is piece-
wise linear, then the maximal subpolytopes of P on which u is linear give a
standard decomposition of P into semistable pieces. This is an analogous to
the Harder-Narasimhan filtration of an unstable vector bundle.

In the next section, one can see that when considering £ in Cy, the
destabilisation functions in dimension 2 can be reduced to simple piecewise
linear convex functions.

4. The Simple Characterisation on Toric Surfaces

In the next section, we focus on the dimension 2 case, that is, on toric
surfaces. A further reduction on the positivity of £ to simple PL convex
functions will be established.

Following Donaldson, we say a convex function w is simple piecewise
linear (SPL) if there is a linear function ¢ such that v = max{0,¢}. If u is
simple PL, the set Z, = P N {¢ = 0} is called the crease of u.
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Theorem 4.1. Let P be a convex polytope in R%. Then P is (relatively)
K -stable if and only if L(u) > 0 for all SPL convex functions with crease
T, # 0.

The theorem contains the following two issues on the simplification of
destabilizing functions.

(1) K-semistable case, i.e., if £L(u) > 0 for all u € C; but there is a nonlinear
convex function u € C; such that £(u) = 0. Then there is a SPL convex
function u such that £(u) = 0.

(2) K-unstable case, i.e., if there is u € C; such that £(u) < 0, then there is
a SPL convex function @ such that £(a) < 0.

(1) was first proved by Donaldson under the assumption A > 0 (Proposi-
tion 5.3.1, [14]). The condition A > 0 was removed in [42]. (2) was included
in [42] as a corollary, but we omitted the details there. By modifying the
proof in [42], we give a general proof combing the two issues together here.

As in last section, we assume 0 lies in the interior of P. In particular,
we assume 0 lies in the interior of {x € P | A(z) = 0} if it is nonempty.

Lemma 4.2. Let P be a convex polytope P C R™. Suppose i]nfc~1 L(u) <0.
There is a u € Cy such that the infimum is attained at v and u is continuous
at any co-dimension 1 face of the polytope.

Proof. Assume uy € C; be a sequence of functions minimizing £. Then wug
converges to a function u in P and fp up — fp u. We can extend u to any
co-dimension 1 face F' by letting

u(zg) = lim  u(z)
zePx—x0
for xy € F' (the value of u on the codimension 2 edges does not affect the
integral fé)P do). Note that by fé)P updo = 1, up converges to a function
on the set of all co-dimension 1 faces. If there is a point xg € F' at which
u < U, then we have £(u) < infs L(u). Multiply u by a constant ¢ > 1 such
that [,,cudo =1. Then cu € C; and

L(u) < cinf L(u) < inf L(u).
Cy Cy

The contradiction follows. a
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Lemma 4.3. Let P be a convex polytope P C R™. Suppose imfc~1 L(u) <0
and the minimum is attained at u, then u is a generalized solution to the
degenerate Monge-Ampére equation

det D?u = 0. (4.1)

Proof. We consider the case that {x € P | A(x) = 0} N P is not empty.
Denote

P, ={zeP|Ax)>0}, P.={zeP| A(z) <0}
Let
uy(x) = sup{f(z) | £ is a linear function with ¢ < wu in P_ UOP}. (4.2)

Then u, = uin P_ and on &P, and u. > win P,. This implies that uy € C;.
If there is a point x € P4 such that uy(x) > u(z), then L(us) < L(u), in
contradiction with the assumption that inf s £ = L(u). Hence uy = u in
P. By (4£2), u satisfies the degenerate Monge-Ampere equation (41I]) in Py.

Next let

u_(z)=sup{l(x) : ¢ is a supporting function of u at some point z € Py }.
(4.3)
Then u_ = win P, and u_ < u in P_. If there is a point x € P_ such that
u_(z) < u(z), then L(u_) < L(u). Let - = ([ypu_do) tu_ € C,. Since
faP u_do < 1, we have

L(a) < </8P u_ da> B L(u) < inf L.

u€eCy

The contradiction follows. Hence u_ = w in P.

The above facts imply that w satisfies the degenerate Monge-Ampere
equation (4.I)) in the whole polytope P. O

Let u be a generalized solution of (A1) in 2 € R™. For any interior
point z € Q, let L, = {z,4+1 = ¢(z),z € R"} be a supporting plane of u at
z. By convexity, the set 7 := {z € Q: wu(x) = 0} is convex. By (@Il), T
cannot be a single point. The following lemma often used in the study of
Monge-Ampere equation.



102 XU-JIA WANG AND BIN ZHOU [March

Lemma 4.4. An extreme point of T must be a boundary point of €.

Now we can prove the theorem by showing that £ can always be desta-

bilised by SPL convex functions.

Proposition 4.5. Let P be a convex polytope P C R%. Suppose i]afc~1 L(u) <

0. Then the infimum can be attained at a SPL convex function.

Proof. We prove it by contradiction. Suppose that L(v) > 0 for all SPL
convex functions in C;. Then there exists og > 0 such that £(v) > o for
any SPL convex function v = max(0,¢) with [D¢| =1 and |{z € P | v(x) >
0}] > do.

By the assumption infs L(u) < 0 and Lemma B3] the minimum is
attained at u, such that det D?u = 0. By Lemma 4], the extreme points
of T={xz € P | u(x) = 0} are located on 9P. Assume n = 2. Then T is
either a line segment with both endpoint on dP, or 7T is a polytope (which

is a convex subset of P) with vertices on 0P.

By a rotation of the coordinates, we assume 7 is contained in the x-
axis in the former case, or an edge of T is contained in the zj-axis and
T C {z2 <0} in the latter case. For any point (x1,0) € P, let

alan) = lim %(u(ml,t) — u(a1,0)).

By convexity the limit exists and is nonnegative. Let ay = infa(xz;). We

must have ag = 0, otherwise denote
Y(x) = max(0, z2), (4.4)

and u; = ux_, ug = (u — apy)x+, where xy— = 1 in {x2 < 0} and x_ =01in
{z9 > 0}, and x4 =1 — x_. Then % is a SPL convex function,

u = ui + ug + agy,
and u; + ug is convex in P. Hence

L(u) = L({ug + uz) + aoL() > L(ug + uz),
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Normalize u1 + ug by

-1
u1+u2:</ u1+u2da> (uy + ug)
oP

such that ulf—l\—/zm € él. It is clear that faP u1 + uodo < 1. Hence,
ﬁ(umg) < L(u). We reach a contradiction.

Since v > 0in PN{xz2 > 0} and the set G¢ := {x € P: u(x) < eyp(x)} #
(0, we have

G.C{0<zy< ¢} withd —>0ase—0 (4.5)

(otherwise by taking limit we would reach a contradiction as 7 C {x2 < 0}).
Denote
up = ux-,

Uy = (U - ET/J)X—i-a

Up = max(us,0).

Then u = u1 + uo + €y and uq + 9 is convex in P. Denote @ = uy + us + €.
We have

L(a) = L(uy + a2) + eL(Y) > L(u1 + G2) + €op. (4.6)

On the other hand, observing that 0 < g —us < €d, we have u < 4 < u+ €d.
It follows that

L(u) < L(u) + Céeb. (4.7)
By (4.6), (4.1), we have
L(ug + tu2) < L(u) + €(d — Coyp).

Normalize uq1 + o by

~1
U1+’L~L2:</ U1+Z~L2d0'> (U1+'ZL2)
oP

such that umg S C~1. It is clear that uq 4+ 49 < u, which implies f ap U1+
o do < 1. But recall that § — 0 as ¢ — 0. Hence when ¢ > 0 is sufficiently
small, we obtain L£(uj + @2) < L(u). The contradiction follows. O
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The theorem can be used to verify the (relative) K-stability of poly-
topes. Namely to verify the (relative) K-stability for a polytope P € R?, by
Theorem [4.1] it suffices to verify £(u) > 0 for all SPL convex functions u. In
the last section, we provide examples of stable and unstable polytopes.

5. Examples

In this section, we present examples of unstable Delzant polytopes in
dimension 2.

The vertices of a Delzant polytope correspond to the fixed points of Té
action on the associated toric surface. A toric surface with 3 or 4 T, é—ﬁxed
points must be CP? or a Hirzebruch surface Fy(k = 0,1,2,---), and they
all admits extremal metrics in any Kahler class and are K-stable. When
the surface has more T2-fixed points, only partial results are known up to
now. For example, on CP242CP2? which has 5 fixed points, we only know a
family of Ké&hler classes with symmetry admitting extremal metrics [13]. It
is known that every compact toric surface can be obtained from CP? or Fy,
by a succession of blow-ups at T@-fixed points (|21], p.42). More precisely,
let M be a toric surface with Kéahler class [wy] corresponding to a polytope
P. Then a Té—ﬁxed point X of M corresponds to a vertex p of the polytope
P. A blow-up of M at X is a new toric Kahler surface which corresponds to
a convex polytope P obtained by chopping off a corner of the polytope P at
p. By applying the result in [4], one sees that on every toric surface, there
is a Kéhler class which admits an extremal metric [42].

On the other hand, there are examples of unstable polytopes. This
means that in the associated Kéahler classes, there is no extremal metric.
The first example of unstable polytope was found by Donaldson (]14], Section
7.2). It is a symmetric polytope with large number of vertices so that its
Futaki invariant vanishes. An interesting question is how the stability is
affected by the number of fixed points. In [42], we asked how many vertices
at least can destabilise a Delzant polytope, and found an unstable polytope
with 9 vertices. Computations in that paper suggests the case of 8 vertices
is the borderline case. In this paper we are able to provide a new unstable
example with exactly 8 vertices.
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5.1. Unstable polytopes

For a given polytope, denote

/ do, b1 :/ ri1do, b :/ r1do,
opP opP opP
/dm, v1 :/mldm, 1)2:/ raodr,
P P P
/xfdam V22 :/mgdm, V12 :/ Tr122dT.
P P P

Note that the boundary measure do is not the standard Lebesgue measure
and is given by (B.5]).

Let k be a positive integer, 8 be a positive constant to be determined
later and o = Bk?. Choose ¢; > 0 (i = 1,2,3) small enough. Let P, ., ., be
the polytope with vertices given by

bo

Vo

V11

po = (—1,—a—2k),

p1 = (—La+4),

p2 = (0, +4),

ps = (e, a+4—e€p),

ps = (a1 +e,a+4—€e — 2e),

ps = (1 +ex+e3,a0+4— € — 2€e — 3e3),
pe = (1, a+3e1 + 2e2 + €3),

pr = (1,—a).

One can check that this polytope satisfies Delzant conditions. It can be seen
as a four times blow-up surface from the Hirzebruch surface F;. We prove

Theorem 5.1. P, ., ., is relative K-unstable when €1, €2, €3 are sufficiently
small and B, k are sufficiently large.

Proof. Note that when ¢; — 0, @ = 1,2,3, P, , ; converges to a polytope
P with vertices given by

po = (—1,—a —2k),
p1 = (—l,a+4),
p2 = (0,a+4),

ps = (1, ),
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P4 = (17 _a)’

Since we actually concern on the stability of P ,,, it does not matter
whether P satisfies Delzant’s condition. We can still have the computations
for A and L. It suffices to find a PL function on P such that £ < 0.

First we estimate A on P. It is a affine linear function that can be
uniquely determined by the polytope by (3.8]). Denote by A = ag + a1x1 +

asx9. By computation,

bo = da+2k+8, b =-2k—4, by=—2ak+4a — 2k> — 2k + 14,

2 4 4 32
= 4 2k = k- = = —9ak _Zp24 2z
Vo a+2k+6, v 3 3 V9 ak + 6a 3 +3,
4 2 5 2 4 2 10
= = —k+ = = —ak — = k- =
V11 3a+ 3 + 3’ V12 3a 3a—|— 3 3
4 4 4
Vog = §a3+2a2k+6a2 + gakzz + gkz?’—i— %a—i— 83—0

Substituting them into (B.8]), we have a linear equation system

da+ 2k +8
2 4 4 32
= (da+ 2k +6)ap + (—gk‘ - g)al + (—2ak + 6a — gk‘z + ?)ag,
—2k -4

2 4 4 2 5 2 4 2 10
= (—Zk—= —a+-k+= —ak—-a+ k- =

( 3 3)ao+(3a+3 +3)a1+(3a 3a+3 3)a2,
—2ak + 4o — 2k% — 2k + 14

4 32 2 4 2 10

= (—2ak + 60 — —k* + = ok — —a+ Sk - —

(—2ak + 6« 3 +3)ao—|—(3a 3a—|—3 3)a1

4 8 4 64 80
+(§043 +20°k + 60 + gak2 + §k3 tgot E)az.

By the first two equations, we have

0= a? C T T a2 O(ak)

a? 4+ O(ak) + O(a?k)as " O(ak) + O(a’k)ay

Substituting them to the third equation, we have
az = O(a™2).

Note that o = Bk%. Again substituting as into the first two equations, we
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have

30—1 _ _ 1 _
67 k2 4+ O(k3), alz—Bkz Lrok™).

Now we let uy = max{xe — o+ tk,0} and P, = {x € P | us > 0}. Then we
have

CLO:1+

L(uy) :/ wdo — | Augdz,
oP: Py

dLw) _ k:(/ da—/ Adm).
dt oP; P
4
/ dazG,/dsz,/xldaz:——.
aP, Po Po 3

For k sufficiently large and 0 << t << k, we have

dﬁé:t) - k:(/aPtda—/PtAda;>

=k [/ do — | Adz + (2 — 2a9)tk — athkQ}
0P, Py

It is clear that

=k [6 — 6ag — </ a:lda:> a1 +O(k™2) 4 (2 — 2ap)tk — a2t2k‘2]
Po
4 36-1

=T33 T3

t+ Ot k™).

Choose 3 > % Then dﬁé?) < —% for sufficiently large k. Note that £(ug)
is uniformly bounded with respect to k. By choosing k sufficiently large, we
obtain L(u;) < 0 for 0 <<t << k. ([l

5.2. K-stable polytopes

An interesting question is whether all Delzant polytope with 7 or less
vertices are stable. However, even though the K-stability of a toric surface
can be reduced to the positivity of the functional £ for all SPL functions,
the verification is technically a difficult problem, even for the polytopes with
small number of vertices. In the case that Futaki invariant vanishes, that is,
when A is constant, the verification was carried out in [42]. It was computed
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that among the toric surfaces with 5 or 6 Té—ﬁxed points, CP243CP? is the
only one which admits Kahler classes with vanishing Futaki invariants. In
addition, all such associated polytopes have been founded. After scaling, the
vertices are given by

Po = (070)7
p1 = (Ovh)7
p2 = (s,h + s),
p3 = (Lh + 1)7
Py = (17 1- t),
b5 = (t,O),

where the nonnegative parameters ¢, s, h satisfies

s+t =1 (5.1)
or
h=1—t =1-s. (5.2)

Let H be the hyperplane divisor of CP?, and D;, Dy, D3 be the three
exceptional divisors. Then after a dilation, the Kahler class corresponding
to (B1)) is 3H —aD; —bDy— (3—a—b) D3 and the Kéhler class corresponding
to (0.2) is 3H —¢(D1+ Do+ D3), where a, b, ¢ are positive constants, a+b < 3,
and ¢ < % It is verified that £ is positive for all SPL convex functions on
these polytopes [42]. Hence, by Theorem B.6], it implies the existence of
constant scalar curvature metrics in the associated Kéahler class. In the case
when t = s = %, it is half of the first Chern class on CP2#3CP2. In this
case, a constant scalar curvature metric is a Kahler-Einstein metric and was
also obtained in [31, 40].
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