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Abstract

In this paper we propose numerical algorithms for solving large-scale quadratic eigen-
value problems for which a set of eigenvalues closest to a fixed target and the associated
eigenvectors are of interest. The desired eigenvalues are usually with smallest modulo
in the spectrum. The algorithm based on the quadratic Jacobi-Davidson (QJD) algo-
rithm is proposed to find the first smallest eigenvalue closest to the target. To find the
successive eigenvalues closest to the target, we propose a novel explicit non-equivalence
low-rank deflation technique. The technique transforms the smallest eigenvalue to infinity,
while all other eigenvalues remain unchanged. Thus, the original second smallest eigen-
value becomes the smallest of the new quadratic eigenvalue problem, which can then be
solved by the QJD algorithm. To compare with locking and restarting quadratic eigen-
solver, our numerical experience shows that the QJD method combined with our explicit

non-equivalence deflation is robust and efficient.

1. Introduction

Deflation technique is an important concept for solving eigenvalue prob-
lems. Suppose that we have computed some eigenvalues and their associated
eigenvectors or Schur vectors of an input matrix or pair by some iterative
algorithms. Those algorithms always deliver a few eigenvalues which are
closest to a certain target along with their eigen- or Schur vectors. The
problem now becomes to how to compute the next few eigenpairs which are
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closest to the certain target by the same algorithms. To restart with a dif-
ferently selected Ritz pair, in general, with no guarantee that this algorithm
leads to a new eigenpairs close to the target. A well-known way out of this
problem is to use a technique, known as deflation.

For solving linear eigenvalue problems, an old technique-Wielandt de-
flation [16, Chap. 4 & 9], typically a low-rank modification, is applied to
the original matrix pair so as to displace the computed eigenvalues, while
keeping all other eigenvalues unchanged. The low rank modification is cho-
sen so that the uncomputed desired eigenvalue becomes the one with closest
modulus to the target of the modified matrix pair, and therefore, the pro-
posed algorithm can now be applied to the new matrix pair to extract the
new desired eigenpairs. This low rank modified matrix pair by Wielandt
deflation is typically not equivalent to the original matrix pair.

Recently, some elaborate deflation techniques based on the existence of
a Schur decomposition of a matrix pair are proposed for solving eigenvalue
problems. Those deflation techniques such as locking and purging are devel-
oped to incorporate with implicitly restarted, shift-and-invert, Arnoldi- or
Lanczos-type algorithms [10, [11], [12, 13, 124, 125], as well as Jacobi-Davidson-
type algorithms [21,22] for solving standard and generalized eigenvalue prob-

lems.

In this paper, we are interested in solving a few eigenpairs (A, z) close
to a certain target of the Quadratic Eigenvalue Problem (QEP)

QN)x := (\’M +XC + K)x =0, (1.1)

where M,C and K are n x n symmetric real matrices with M and K be-
ing positive definite. Typically, M and K represent the mass and stiffness
matrices, respectively, and C represents the damping matrix of the system.
QEPs of ([I.T)) arise in the solution of initial or boundary value problems for
second order systems of the form

Mi+Ci+Kq=f (1.2)

and in other applications. These include finite element characterization in
structural analysis [18], and in acoustic simulation of poro-elastic materials
[15, 17, [19]. See also [28] for a recent survey. The classical approach in
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solving the QEP is to transform it into a generalized eigenvalue problem by
introducing a new vector y = Az:

(ERAR ) |

If (A, [x ]) is an eigenpair of (L3]), then x is an eigenvector of (LI corre-
Y

sponding to the eigenvalue A\. The approach in (L3]) allow us to determine
eigenpairs numerically, since for the generalized eigenvalue problem (L3]) the
mathematical theory, numerical methods as well as the perturbation theory
are well established [1, 15, 26]. However, due to the embedding into the prob-
lem of double size, and the destroying of the specific zero, identity blocks
and the symmetric structure of (I.3]) by perturbation, the condition numbers
of the eigenvalues and eigenvectors with respect to perturbations in the data
M, C, K may increase |27, [28]. In view of this remark it would be ideal to
develop a numerical algorithm that works directly with the original data of
the quadratic eigenvalue problem for avoiding the problem of the increased
condition numbers.

A comment on quadratic or general higher-order eigenvalue problem
by Bai [2] says “besides transforming such an eigenvalue problem to the
standard eigenvalue problem, not much progress has been made concerning
how to solve such A-matrix eigenvalue problem directly and efficiently”. The
recent proposed quadratic or polynomial Jacobi-Davidson methods |7, 20, 23]
partially fulfill these requirements. The methods use projections on low-
dimensional subspaces in order to reduce the given polynomial eigenproblem
to a polynomial eigenproblem with matrix coefficients of lower order. The
reduced problem can then be solved by standard methods.

The quadratic or polynomial Jacobi-Davidson methods [20, 23] proposed
a shift-target strategy for possibly computing interior eigenvalues without
inversion. However, if the desired eigenvalues of (LI)) form a cluster of
nearby eigenvalues, then the quadratic Jacobi-Davidson method sometimes
has difficulties in detecting and resolving such a cluster. The undesired effect
is that in this case for different starting eigenpairs it converges to the same
eigenpair of (LI]). It is know that implicit deflation technique based on Schur
forms (See e.g. §4.7 and §8.4 of [3]) combined with Jacobi-Davidson method
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performs well for the linear eigenvalue problem. However, in the quadratic or
high-order eigenvalue problem, it is not clear how to incorporate an implicit
deflation technique because a Schur form , in general, does not exist to a
quadratic or a polynomial pencil.

A very recently proposed locking and restarting quadratic eigensolver
[14] gives the link between methods for solving quadratic eigenproblems and
the linearized problem. It combines the benefits of the quadratic and the
linearized approaches by employing a locking and restarting scheme based
on the partial Schur form of the linearized problem in quadratic Jacobi-
Davidson method. This method essentially locks the desired eigenvalues in
a reduced quadratic pencil by an equivalence projection. In this case, some
dummy (meaningless) Ritz values will appear in the reduced quadratic eigen-
problem and possibly disturb the selection of the new desired eigenvalues.

In this paper, we will develop an explicit non-equivalence low-rank de-
flation technique based on the method proposed in [6, 9] for quadratic eigen-
problem. Suppose that (A1, 1) is a given eigenpair. The new deflation tech-
nique transforms the original quadratic eigenproblem (L)) to a new deflated
quadratic eigenproblem so that it has an infinite eigenvalue transformed from
A1 and keep the remaining eigenpairs invariant.

2. Non-Equivalence Low-Rank Deflation

In this section, we will construct a new non-equivalence low-rank de-
flated quadratic pencil Q(\) = MM + AC + K such that a given iso-
lated eigenmatrix pair (A1, X;) € R™" x R™*" of the quadratic pencil
Q(N) := A2M + A\C + K is replaced by (diag,{oo,...,00}, X1), while the
other eigenvalues and the associated eigenvectors are kept invariant. Here
the subindex r in diag, denotes the dimension of the diagonal matrix.

Definition 2.1. Let Q()\) := A2M + AC + K be a quadratic pencil as in
(L), and (Aq, X1) € R¥*FxR™¥F be a given pair, where X is of full column
rank. The pair (A1, X7) is called an eigenmatrix pair of Q(\) if it satisfies

MXlA% +CX1AM+ KX, =0. (21)

In particular, (diag;{oo,...,00}, X1) is called an “infinity” eigenmatrix pair
of Q(\) if MX; =0.
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Note that if & = 1 then A\; = A; is called an eigenvalue of Q(\) and

x1 = X is the associated eigenvector. And (A1, 1) is called an eigenpair of

QMA).

Theorem 2.1. Given an eigenmatriz pair (A1, X1) € R™" x R™7(r < n)
of Q(\) := N2M + \C + K, where Ay is nonsingular and X1 satisfies

XI'Kx, =1, 0 := (X{Mx;)™. (2.2)
We define
M = M- MX,0, XM, (2.3)
C = C+MX10,A]"XTK + Kx,A7 0, XT M, (2.4)
K = K- KX;A'o1ATXTK. (2.5)

Suppose that ©1 — AyAT is nonsingular. Then the real symmetric pencil
@(/\) = AN2M + A\C + K has the following spectral property: the eigenvalues
of the quadratic pencil Q()\) are the same as those of Q(X\) except that the
eigenvalues of A1, which are closed under complex conjugation, are replaced

by r infinities.

Proof. By assumption and definition 2.1] we see that (A1, X7) is an eigen-

matrix pair of Q(\) and satisfies
MX A2+ CX A+ KX, =0. (2.6)

Then from (Z8) we have

Q) == XM + A0+ K + \(MX10,A]"XT K + KX A;Te7'e X1 M)
~KXiAT'OANTXT K

= Q) + (MX;( AL + Ay) + CX1)O1A; T (XT K — AT XT M)

= Q)+ QX1 (AL — A) "OIAT T (XTK — MTXT M), (2.7)

By using the identity

det(I, + RS) = det(I,,, + SR),
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where R, ST € R"™™ and ([27) we have

det[Q(N)] = det[Q(\) + QN X1 (AL — A1) 'O1AT T (XT K — AT XT M)
= det[Q(\)]det[I, + (M, — Ay) 'O AT (I, — AT OTY)]
det[Q(N)]

= — 70 det(©1A7T — Ay). 2.8

det (M, — Ap) et (O ) (2:8)

Since (01 — A;AT) € R™" is nonsingular, we have det(©;A77 — Ay) # 0.
Therefore, Q()\) has the same eigenvalues as Q(\) except that r eigenvalues

of Ay are replaced by r infinities. O

In accordance of Theorem 2.1l we can deflate » unwanted eigenvalues
of A1, which are closed under complex conjugation, by using real arith-
metic. That means we can obtain the new non-equivalence low-rank deflated
quadratic pencil Q()\), without adopting any complex arithmetic, when un-

wanted eigenvalues of A; are replaced by r infinities.

Next, we show that the remaining eigenpairs of Q(\) keep invariant on
deflating. Based on the observation of [4] we prove the following orthogo-

nality relation.

Lemma 2.1. Let (A1, X7) € R™"XR™ " and (Ag, X2) € R*** xR™™* be two
eigenmatriz pairs of Q(\) with X{ KX1 = I, and XJ KXo = I,. Suppose
that spec(A1) Nspec(Ay) = (0. Then the orthogonality relation holds

XTKX, = AL(XTMX)A. (2.9)

Proof. Assumption gives the equations

XITMx A3+ XTCex A+ XTKX, =0, (2.10)
(AT XTMXy + AFXTCXy + XTK X, =0, (2.11)

Eliminating term involving “X7 CX;” by multiplying (ZI0) and ZII) by
Ag from the left and by Ay from the right, respectively, we obtain

2
AT(XTMX1)AT — (AD) (X3 MX1)A + AT (XTKX,) — (X3KX1)A = 0.
(2.12)
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Let My = XJ MX;,Kx := X1 KX;. Then vectorizing the equation ([2.12)

we have

(I, @ AT —AT @ I)vec(Kx) = vec(AT (AT Mx — MxA1)Ay)
= (AT @ AT )vec(AT Mx — MxAy)
= (AT @ AS) (I ® A5 — AT @ Iy)vee(Mx)
= (I, AT AT © I,) (AT @ Al )vec(My). (2.13)

Here ® denotes the Kronecker product of two matrices. Since spec(A;) N
spec(Az) = 0, the matrix (I, ® Al — AT ® I,) is nonsingular, and hence
(AT ® AL (vec(My)) = vec(Kx) by (2I3). Thus, the orthogonality relation
[2.9)) holds. O
Theorem 2.2. Let (Ag, Xo) € R x R"*% be an eigenmatriz pair of Q(\)
with X3 KXo = I, and Q(\) := A2M + \C + K be given in Theorem 2
Suppose spec(A1) Nspec(Ag) = 0. Then (A2, X2) is also an eigenmatriz pair
of Q).

Proof. Since (Ag, X2) is an eigenmatrix pair of Q()), we have
MX5A2 + CXohy + KXy = 0. (2.14)

From (2.3)— (23] follows that

MX3A3 + CXoAy + KXo

= (M — MX,0: X M)XoA3 + (C+ MX,0,A;TXTK
+K X AT 01 XT M) XoAoy + (K — KX1AT'OATTX —1TK) X,

= MXoA] — MX10; X] MXoA3 + CXohy + MX,101A7 T XT K X9y
+E XA 101 XT MXoAy + KXo — KXoAT'O1ATTXT KXo

= —MX,01X{ MXoA3 + MX,0, A7 XT K XA
+E XA 101 XT MXoAy — KXoAT'O1ATTXT KXo

= MX10.A7 T (X] K XAy — AT XT M X5A3)
KX AT O AT (AT XT M XAy — XT K Xo). (2.15)

From the orthogonality relation in Lemma 2.1] the assertion follows. O
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Remark 2.1. (a) Let (A1 := a1 +if1, z1) be an isolated complex eigenpair of
Q(A) ie., Q(A1)x1 =0, with a1, 81 #0 € R and ©1 = 1 + @217, T1R, T17 €

R™. Since (A1,Z1) is also an eigenpair of Q()), we have

MX, AT+ CX A + KX, =0, (2.16)
where
A= 1 fr and X, = [ZE1R ZEH} (2.17)
—p1 a1
Suppose that X; = [x1g,z17] is of full column rank. Since K is positive

definite, there is an orthogonal matrix S; € R?*? such that

d2
ST(X{KX,)S = D} = 01;2]>0- (2.18)
2
Let
T 1 aj by
A =DiS{ASIDT = 4 ® (2.19)
and
X, =X,81D}. (2.20)

Then (A1, X1) € R?*2 x R"*2 is a complex conjugate eigenpair of Q()\) with

XTK1X; = I,. The non-equivalence low-rank deflation formulae (Z.3]) — (Z.5)

now can be applied to the eigenpair (A, X7).

(b) The degenerate case, where the real and imaginary parts of eigenvectors,

x1r and x1; are linearly dependent, can occur for quadratic pencil Q(\).

In this case, the eigenvector x; corresponding to A\; € C can be a real
(—i

vector scaling by a complex number SET provided z1; = fx1g. Since

both (A1, z1) and (A1, z1) are eigenpairs of Q()), we have

MMz, +M\Cxy + Kzp =0, (2.21)
YoMz, 4+ \Cay + Kzy = 0. (2.22)

Then we obtain (A + A;)Mz1 + Cxy = 0. This implies that Czy is parallel
to Mxq, and thus, Kz is parallel to Mzq. Let Q € R™*™ be an orthogonal
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matrix such that Q7 z; = e;. When we let
M =Q"MQ, C=Q"CQ, K =Q"KQ,

we can see that the first columns and rows of M,C and K are mutually
parallel. Hence if we apply Gaussian elimination, say L and LT, to eliminate
those elements from the second component to the nth component of the first
column and the first row of M, respectively, the dimension of the quadratic
eigenproblem can be reduced to n — 1, whenever we deflate the first column
and row of matrices LM LT, LCLT and LK LT simultaneously.

3. Quadratic Jacobi-Davidson Algorithm and Deflation

As mentioned in Section 1 the possible disadvantage of the linearized ap-
proach for the QEP in (L)) are the doubling of the dimension of the problem
and the increasing of the condition numbers of eigenpairs. The quadratic
Jacobi-Davidson method [20, 23] proposed a shift-target strategy for possi-
bly computing interior eigenvalues without inversion. In this method, the
QEP is first projected onto a low-dimensional subspace, which leads to a
QEP of modest dimension. This low-dimensional projected QEP can be
solved with any method of choice. Expansion of the subspace is realized by
a Jacobi-Davidson correction equation.

In the first part of the quadratic Jacobi-Davidson iteration step for solv-
ing the QEP of (L)), the projected quadratic eigenproblem onto the search
subspace span (V')

(PPVIMV + pVTCV + VTKV)y = 0. (3.1)

The columns of n x m real matrix V are constructed to be orthogonal for
stability reasons. The projected problem (B.1]) is typically of much smaller
dimension with m < n. First, a Ritz value p with desired properties, such
as the largest real part or closest to a given target 7y, is selected and for the
associated eigenvector y with || y |[o= 1. Then the Ritz vector u = Vy and
the residual » = Q(p)u is computed. For expansion of the search space the
vector p,

pi=Q(p)u = (2pC + K)u (3.2)
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is also computed.

In the second part of the quadratic Jacobi-Davidson iteration step, the
search subspace span(V) is expanded by a vector ¢ L u that solves (approx-
imately) the correction equation

uflp

<I — M) Q(p) (I —uu)t = —r. (3.3)

In order to maintain the computation of the projected eigenproblem in (B.1])
in real arithmetic, the next columns of the new V are obtained by orthonor-
malizing the approximate solutions Re(f) and Im(f) sequentially against the
previously computed columns of V' whenever the approximate solution ¢ is
a complex vector, otherwise by orthonormalizing the approximate solution ¢
against the columns of V. This approach is repeated until a desired eigenpair
(A1, 1) has been computed, i.e., until the residual r is sufficiently small.

Once a desired eigenpair (A1, 1) has been detected, we can use the non-
equivalence low-rank deflation given by Section 2 to transform the computed
eigenvalue to infinity so that the next desired eigenvalue becomes the closest
eigenvalue to the target. Thus, the above quadratic Jacobi-Davidson process
can be repeatedly used for computing the new desired eigenpairs.

We now consider two cases of real eigenvalues or complex conjugate
eigenvalues. Suppose that we have computed a real eigenvalue A\; and the
associated real eigenvector x; with ¥ Kxq = 1 satisfying Q(\)x; = 0. Let
0 = (xT M=)t As in @3)—(@35) we define a new deflated quadratic
eigenproblem Q := A\2M + AC + K by

M = M — 6, MzzT M (3.4)
- 0

C =0C+ A—i(Mxlx{K—i— Kzl M) (3.5)
- 0,

K = K- Fzxiz-llef{. (3.6)

1

Suppose that we have computed a complex eigenvalue \y = a7 + i1, and
the associated eigenvector x; = xig + ix17 such that Q(M\)z; = 0. Let
O1 = (X{MX,)™ Y, where X; = [z1Rr,217]. Then from (ZI8)—(Z20) we
define a new deflated quadratic eigenproblem Q()\) =AM + \C + K by

M = M- MX,0, XM (3.7)
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= C+MX10ATXT K + KX AT o xT v (3.8)
= K- KX;AT'oA TXTR.

= Qu
|

in which A = 3
—b1 o

o ﬁl]‘

Using this deflation technique we now present the ingredients for our
algorithm. We solve the QEP in (LI]) by the quadratic Jacobi-Davidson
method [3, 23] combined with the non-equivalence low-rank deflation tech-
nique ([3.4) or (B.7). We summarize this approach in the following algorithm.

Algorithm 3.1. (Quadratic Jacobi-Davidson Algorithm + Non-equivalence
Low-rank Deflation)

Input: Matrices Co = M,Cy; = C,Cy = K as in (LI)). A target 79 with non-
negative imaginary part and a number £ of desired eigenpairs nearest
to 19. Positive integer numbers £ 4+ 2 < Mpmin < Munae for the mini-
mal and mazimal dimensions of the search subspaces. Tolerance “Tol”

for the stopping criterion. Choose randomly a n X My, real matric
V e R™"*Mmin

Output: The ¢ desired eigenpairs {()‘jvmj)}§:1 of
QN)z = (MM +\C + K)x =0,
associated with eigenvalues {)\j}gzl that are nearest to the target 7.
While (j < £) do
. Start: let m = My and j = 1. Orthonormalize V.
Il. Repeat:

(i) Compute Hy < VIMV, Hy <+ VICV, Hy+ VIKV.
(i) Compute mn eigenpairs {(pi, y:) ™™ of

(p*Hs + pHy + Ho)y = 0,

where ||y;|l2 = 1 and p; has nonnegative imaginary part so that the
eigenvalues {p; };-m'" are nearest to the target 7o satisfying

‘pmnw‘n - TO‘ 2 2 ‘pl _T0‘~
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(iii) Compute u < Vy1, p < (2p1Ce + Cr)u, {v; « Vy;}imm.
(iv) Compute r < (p?M + p1C + K)u.
(v) If (||Ir]l2 < Tol), then
Aj=p1 (Im(p1) =2 0), z; =u
If \j is real, then j = j+1; else j = j + 2.
Else
(v.1) Solve (approzimately) a t L u from

pu”!
(I = G, Qen) I ~ wul)t = -Q(p1)u= 7. (3.10)
(v.2) Ezpand V:
V < ModGS([V|t]), m =m+1, if t € R™;
V < ModGS([V|Re(t), Im(t)]), m=m+2, if t € C".
(v.3) (Restart)
If m > Mya., then

Set 1 = 2.
Ifu € R™, thenV = [u], m = 1; else V = [Re(u), Im(u)], m =
2.

While (m < Mynip) do
V< ModGS([V|v]), m=m+1, i=i+1, if v; e R™;
V «+ ModGS([V|Re(v;),Im(v;)]), m =m+2, i =i+
1, if v; € C".
end while m
End if
Go to Repeat
End if.

(vi) (Deflation) Select a new suitable target Tg.
If \; is real, then compute

Cy = Cy — Qngxjx;FCg

9.
i = C1 + )\—](021‘]1‘3100 + OOZC]’I';FOQ)
J

0.
00 = 00 — A—]zcolbjl‘?co.
J
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where 0; = (.T?ngj)_l;

if \j = a; +iBj is complex and x; = xR +ixj1, then compute
CQ = CQ - CQX]'@]'X]TCQ
Cp = C1 + Cng@jA]-_TX;rCO + O()X]AJ_I@IJTX]TCQ
Cy = Cy— C()XjAj_l@jAj_TXfco.

where Aj =

_aéj gj] , X; = [zjr,xj1] and ©; = (X;ICQX]')_I.
(vii) Set Q(N\) := A\2Cy + A\C + Cy.
m=0, V=], i=2.
While (m < Mynip) do
V< ModGS([V|v]), m=m+1, i=i+1, if v; € R™;
V « ModGS([V|Re(vi),Im(v;)]), m = m + 2, i = i+
1, if v; € C™
End while m

End while j

Remark 3.1. (a) In step (ii) of Algorithm B.I] since matrices Hy, H; and
Hy are all real, the Ritz values of (p?Hy 4 pHy + Hp)y = 0 occur un-
der closed complex conjugation and can be compute by standard QZ
algorithm in real arithmetic.

(b) From Theorem we see that the new deflated quadratic pencil given
by 34) or (B7) keeps the remaining eigenpairs, i.e., {(\;,z;),7 > 1},
invariant provided A; # A1. Therefore, the reduced QEP N Hy+\H+H,
in step (i) and the residual in step (v) can thus be computed by using
the original data M,C and K.

(c) An approximate solution # (f L u) of the correction equation (B.I0) can
be solved by

t=-M1F+eMp (tLu), (3.11)
where M is an approximate preconditioner of Q(p;) and

u! M7

€
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In our numerical examples, M is chosen as a SSOR(w) decomposition

of Q(p1), i-e.,
M = (Dy — wLy) Dy H(Dy — wUy), (3.13)

where Dy = diag(Q(p1)), L1 and Uy are strictly lower and upper trian-
gular of Q(p1), respectively.

(d) The quadratic Jacobi-Davidson method can also be applied to compute
the interior eigenvalues of the spectrum of (LI]) without any inversion.
Thus, a variant shift-target strategy can be designed to shift along the

specified interval.

Based on a locking and restarting technique combined with Jacobi-
Davidson developed in [14] for solving quadratic eigenvalue problems we

summarize these approaches in the following algorithm.

Algorithm 3.2 ([14]). (Quadratic Jacobi-Davidson Algorithm + Locking
and Restarting)

Input: Matrices M,C, K as in [ILI)). A target 19 with nonnegative imagi-
nary part and a number £ of desired eigenpqairs nearest to 1g. Positive
integer numbers £ + 2 < Myin < Mynaz for the minimal and maxi-
mal dimensions of the search subspaces. Tolerance Tol for the stopping

criterion. A = 0,V = []. Choose randomly a n X Mypni, real matrix
V e R"*Mmin

Output: The ¢ desired eigenpairs {()\j,x]—)}§:1 of
QN)x = (AN*M + \C + K)z = 0,
associated with eigenvalues {)\j}§:1 that are nearest to the target
While (j < ) do
. Start: let m = myin. Orthonormalize V.
Il. Repeat:

(i) Compute Hy < VI MV, Hy «+ VTCV, Hy + VT'KV.
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(ii) Let k = mypin — #(A). Compute k eigenpairs {(pi,y:)}r_, of

(p*Hs + pHy + Ho)y = 0,

71

where ||y;i|l2 = 1, pi has nonnegative imaginary part and is not

in A so that the eigenvalues {p,-}f:1 are nearest to the target T

satisfying

lpk — 10| > -+ > |p1 — T0].

(iii) Compute u < Vy1, p < (2p1M + C)u, {v; + Vy}r,.
(iv) Compute r < (p2M + p1C + K )u.
(v) If (||r|l2 < Tol), then
Aj=p1 (Im(p1) =2 0), zj =u, A=AU{A;}.
If X\j is real, then Vo = [Volu], j =7+ 1;
else Vo = [Vo|Re(u), Im(u)], 7 =7+ 2.
Else

(v.1) Solve (approzimately) a t L u from

H

(= ) QoI = wuh)e = =

(v.2) Perform steps (v.2), (v.3) as in Algorithm [3 1l
Go to Repeat.

End if.

(vi) (Locking) Select a suitable target 7o,m = #(A), V « Vo, i = 2.

While (m < Mynip) do
V + ModGS([V]vi]), m=m+1, i=i+1, if v; € R";
V <« ModGS([V|Re(vi), Im(v;)]), m = m + 2, i =
1, if v; € C".
End while m

End while j

v+
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Remark 3.2. (a) In contrast to Algorithm B.Il locking technique locks a
desired eigenvalue by appending the associated eigenvector to the search
subspace V. Thus, the reduced quadratic eigenvalue problem in step (ii)
would yield a dummy(meaningless) Ritz value which is meaningless for
the original Q(A). This dummy Ritz value sometimes might slow down
the convergence of Jacobi-Davidson method.(See examples in Section 4).

(b) In Algorithm Bl the desired and computed eigenvalues are transformed
to infinity which do not appear in the specified interval any more. Thus,
we can either fix the original target or move the target to the new com-
puted eigenvalue (which has been removed to infinity) and continue the
Jacobi-Davidson iteration. In contrast to Algorithm B.I] in the locking
step (vi) of Algorithm the selection of a new suitable target 7 is not
so easy provided that the desired eigenvalues lie in a complex region.

4. Numerical Results

In this section we present some numerical results for testing algorithms
developed in Section 3. All computation were done in FORTRAN90 on a
Compaq DS20E workstation. We use the following abbreviation to denote
algorithms proposed in Section 3.

e QJD_LR: Quadratic Jacobi-Davidson method + Locking and Restart-
ing [14], given by Algorithm

e QJD_NLD: Quadratic Jacobi-Davidson method + Non-equivalence Low-
rank Deflation with a fixed target, given by Algorithm B.11

e QJD_NLD(q): Repeatedly select a new suitable target and compute
q eigenpairs by QJD_NLD. (Deflate two or three eigenpairs which are
closest to the target if necessary!)

Here in QJD_NLD(q), if the desired eigenvalues are required in a real
interval, the selection strategy for the new targets can be arranged as follows.
We begin with a target from the right most end of the interval, and then we
move the target to the current gth eigenvalue (counted in a descent order)
which has just been computed by QJD_NLD(q). To avoid the duplication,
we can deflate the computed (¢ — 1)th and gth eigenpairs and continue the
QJD_NLD(q).
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Figure 4.1: (a) The spectrum of Q(\) = A2M + A\C + K; (b) the 100 desired real
eigenvalues; (c¢) the 100 desired complex eigenvalues

Example 4.1. A model quadratic eigenvalues problem @] Let
M=1,, K=rTrid,{-1,3,—1}, C=~Trid,{—1,diag{4,2,4,--- ,2,4},—1},

where n = 1000, = 3.0 and x = 5.0. Here Trid,,{s,t,r} denotes a tridi-
agonal matrix with sub-diagonal, diagonal and super-diagonal elements s,
and r, respectively. We show in Figure[L.Ila), the spectrum of the quadratic
eigenvalue problem Q(\) = A2M + AC + K, and in Figure EI(b),(c), the
100 desired real and complex eigenvalues, respectively.

We first compute the 100 desired real eigenvalues which are closest
to zero (see FigllIl(b)) by using QJD_NLD and QJD_LR algorithms with
Mmaz = D0, respectively. The stop tolerance Tol is chosen to be 10713, The
relaxation parameter w for SSOR(w) decomposition in (BI3) is chosen to
be 1.7, which is optimal in average in this example. We show that numbers
of iterations and residuals versus orders of computed eigenvalues from zero
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Figure 4.2: Numbers of iterations versus orders of computed real eigenvalues from
zero toward the negative direction by (a) QJD_NLD, and (b) QJD_LR

toward the negative direction by QJD_NLD and QJD_LR in Figure and
Figure[d.3] respectively. In Figure[4.2(b) and Figure[4.3] respectively, we see
that QJD_LR can compute only 6 desired eigenpairs, and the residuals of the
other Ritz pairs oscillate between 104 and 10710 repeatedly which cannot
converge after 5000 iterations by QJD_LR. In Figure [4.4] we see that the
differences between the computed eigenvalues by QJD_NLD and the eigen-
values computed by MATLAB in the same order are al less than 10713, This
concludes that QJD_NLD algorithm never lost any desired eigenpairs for this
example.

We now compute the desired real eigenvalues by QJD_NLD(10) with
w = 1.7 starting with zero target. QJD_NLD(10) computes 10 eigenpairs
from zero toward the negative direction with the current target. Then we
move the target to the new computed tenth eigenvalue and continue applying
QJD_NLD(10) to the new quadratic pencil by deflating the new computed
ninth and tenth eigenpairs from the original matrices M,C and K. The
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Figure 4.3: Residuals versus orders of the computed real eigenvalues from zero
toward the negative direction by QJD_NLD and QJD_LR, respectively.

numbers of iterations and the CPU time versus orders of the computed real
eigenvalues from the zero toward the negative direction by QJD_NLD and
QJD_NLD(10), respectively, are shown in Figure[£5|a) and (b). We see that
the number of iterations of QJD_NLD(10) is larger than that of QJD_NLD,
however, QJD_NLD(10) considerably saves computational cost.(See Figure
LHb)).

Since a shift-target strategy for finding complex eigenvalues is not so
easy to design, we now use QJD_NLD to compute the 100 desired complex
eigenvalues which are closest to —1+21 (See FiguredIl(c)). The fixed target
is chosen by —1 + 2:. Figure shows that numbers of iterations, CPU
time and the difference between the computed eigenvalues by QJD_NLD
and by MATLAB, respectively, versus orders in modulo of the computed
complex eigenvalues by QJD_NLD. The performance of QJD_NLD for the
computation of the desired complex eigenpairs works well.
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Figure 4.4: (a) Residuals, (b) the differences between the computed eigenvalues by
QJD_NLD and by MATLAB, versus orders of the computed real eigenvalues by

QJD_NLD

Example 4.2. We now construct a 12 x 12 artificial symmetric quadratic

pencil A()\) with entries as follows,

()\—l)()\—l.5), if 1=1,
()\—i)()\—i—l), if 1=2,...,10,
A(N))ii = e
( ( )) ’ (1.5)\ - 2.5)()\ - 3), if =11,
()\—4)()\—2), if i =12,
0, if 1=2,11,
(A()\))i,i—l = A()\))i—l,i = n, lf 7= 3, ey 10,
()\—1)()\—2), if 4=12,
€, if (’L,]) = (12, 2), (2, 12),
0, otherwise, fori+1 > jori<j+1,

where € = 1 = 107%. The exact eigenvalues of A()) are shown in Figure &1l
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Figure 4.5: (a) The numbers of iterations, (b) CPU time, versus orders from 1-105
of the computed real eigenvalues by QJD_NLD and QJD_NLD(10), respectively.

Table 4.1: Tterations and residuals by QJD_NLD and QJD_LR, respectively.

QJD_NLD QJD_LR
iterations | residuals || iterations | residuals
A1 20 3.7e-14 20 3.7e-14
Ao 7 1.2e-14 1436 2.8e-14
A3 3 1.0e-14 22 4.4e-14

In order to illustrate the convergence behavior of QJD_LR and QJD_NLD,
we use these algorithms to compute the first three smallest eigenvalues A1, Ao
and Az of A()\). We choose the maximal number m,,q, = 8 for restarting,

the stop tolerance Tol = 5 x 1014 and the fixed target 79 = 0.

In Table [£.] we see that the QJD_NLD algorithm converges to the three

desired eigenpairs of A(\) very fast within 10 iterations.

The QJD_LR algorithm also converges to the first and the third eigen-
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Figure 4.6: (a) Numbers of iterations, (b) CPU time, (c) the differences between
the computed eigenvalues by QJD_NLD and by MATLAB, versus orders in moduls
of the computed complex eigenvalues by QJD_NLD

pairs of A(\) very rapid, however, it needs 1436 iterations to converge to the

second eigenpairs (See Table [4.1]).

To look into the convergence behavior of QJD_LR in detail for the com-
putation of A2, in Figure 4.8 we show that (a) and (b) the current Ritz values
p1 chosen by step (ii) of Algorithm B2} (c¢) and (d) the corresponding resid-
uals, versus the iterations from 1 to 60 and 1380 to 1436, respectively. It is
easily seen that the unit vector e; is the eigenvector of A(\) corresponding
to Ay = 1 which will be locked in QJD_LR while finding the second small-
est eigenvalue Ao = 2. We also see that the Ritz value p; = 1.5 computed
by el A(p)er = 0 is a dummy (meaningless) value of A(X). This artificial
example is constructed so that the dummy value 1.5 always be chosen as a
candidate closest to the target 79 unless the search subspace V' in step (i)
of Algorithm contains some component in the direction ej;. Thus, if V
has some component of ey, then the value 1.5 is no longer a Ritz value of



2014] SOLVING QUADRATIC EIGENVALUE PROBLEMS 79

-0.2 B

L L L L | I I I I
-8 -6 -4 -2 0 2 4 6 8 10 12

Figure 4.7: The spectrum of A())

VT ANV and a Ritz value p =~ 2 will be chosen as a candidate for find-
ing Ao. After this iteration, the Ritz pair will converges toward the desired
eigenpairs, however, while performing restarting step, the search subspace
V is reset by V = [e1, e12], where e15 is an approximate eigenvector corre-
sponding to Ao, the dummy Ritz value p; ~ 1.5 is again to be chosen as a
candidate for finding Ay. The behavior of either choosing p; = 1.5 or 2 as a
candidate and the corresponding residuals occur oscillatory in finding Ao by
QJD_LR as shown in Figure .8 (a)-(d).

We construct an artificial example so that the dummy Ritz values in-
fluence and slow down the convergence of QJD_LR. In fact, the locking
technique in |14] is developed based on the partial Schur form, however, a
generalized Schur form does not always exist for a quadratic pencil. Hence,

a mistaken choice of the dummy Ritz value cannot avoided in Algorithm

In contrast to Algorithm B.2] non-equivalence low-rank deflation in Al-
gorithm B3] (QJD_NLD) removes the computed eigenvalue \; to oo, while
keeping the other eigenpairs invariant. The computed eigenvector corre-
sponding to A; is not locked in V', so the dummy Ritz value 1.5 will not
appear in step (ii) of Algorithm B.Il Hence we have very satisfactory con-
vergence using QJD_NLD as shown in Table [£.11
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Figure 4.8: (a),(b) the current Ritz values p; chosen by step (ii) of algorithm 3.2;
(), (d) the corresponding residuals, versus the iterations from 1 to 60 and 1380 to
1436, respectively.

Example 4.3. Semiconductor quantum dot model with non-parabolic ef-

fective mass ﬂﬂ]

We consider a 2D time independent Schrédiger equation

K2 <62F O*F

2my(N) \ Ox? * oy? > Fak=AL 1)

where £ is the Plank constant, A is the total energy and F' = F(z,y) is a
wave function. The index ¢ depends on (z,y) is used to distinguish from
the quantum dot (InAs, ¢ = 1) with a triangle shape and the matrix (GaAs,
¢ =2). ¢ =0.0 and o = 0.35 denote the confinement potential in the ¢th
region. The non-parabolic effective mass approximation satisfies equation

1 _P}( 2 N 1 > (4.2)
mg()\)_h2 Agr—ct AN+tgi—co+d)° ’
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Figure 4.9: (a) The spectrum of eigenvalues of B(\). (b) Zoom in the rectangular
box in (a).

where P, = 0.2875, P, = 0.1993, g1 = 0.235,921.59, 61 = 0.81 and o = 0.80
denote the momentums, the energy gaps and the spin-orbit splitting in the
(th region, respectively, in our numerical computation. The equation (4.1])

is equipped with Dirichlet boundary condition and interface condition

—h? OF —h? OF

o o7 1T oy o 1 )

where I is the interface between the quantum dot and the matrix, and 7 is

the normal unit vector of I.

Discretizing (4.1)) and (£3) by modified five-point finite difference, and
multiplying the common denominators of (4.2]), we simplify to get an ap-

proximate symmetric quadratic eigenvalue problem (see [§] for details)
B(\)x = (\*By + AB; + By)z = 0,

where By, By are five-diagonal and B, is tridiagonal with By and By positive
definite.
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Figure 4.10: (a) The numbers of iterations, (b) CPU time, versus orders of the
computed real positive eigenvalues by QJD_LR and QJD_NLD, respectively.

In Figure A9(a) we show the spectrum of eigenvalues of B(\) with the

matrix size n = 306081. All eigenvalues are plotted in the complex plane

with plus marks. The desired eigenvalues located within the interval [0, 0.35]

are emphasized by the mark @ and zoomed in Figure [£.9(b). It is clear that

the desired eigenvalues are embedded in the interior of the spectrum.

We now use QJD_LR and QJD_NLD to compute all discrete energy

(eigenvalues) that are less than 0.35, of B(A) with matrix size n = 306081.

The “Tol” is chosen by 5 x 10713,

Figure .10 show all the numbers of

iterations and the CPU time by QJD_LR and QJD_NLD, respectively.
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