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Abstract

In this paper we prove a sharp version of the Moser-Trudinger inequality for the
Euler-Lagrange functional of a singular Toda system, motivated by the study of models in
Chern-Simons theory. Our result extends those in [14] and [37] for the scalar case, as well
as that in 23] for the regular Toda system. We expect this inequality to be a basic tool

to attack variationally the existence problem under general assumptions.

1. Introduction

The Moser-Trudinger inequality yields exponential-type embeddings of
Sobolev functions in critical dimension. On a compact closed surface ¥ the
space H'(X) embeds compactly into every LP(X) for any real p > 1: at
a more refined level, due to the seminal works [38] and [31] one has the
inequality

167Tlog/ """ dV, §/ \Vu|? dV, + C; ue H(D), (1)
b b
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where C' is a constant depending only on ¥ and its metric g, and where @
stands for the average of u on the surface.

Inequality (d]) has been proven to be fundamental in several contexts
such as the Gaussian curvature prescription problem ([2], [11], [10]), mean
field equations in fluid dynamics ([18], [19]) and models in theoretical physics
([36], [41]). To give an example, considering a conformal change of metric of
the form g = e%g, the Gaussian curvature of X transforms according to the

law

—Aw + 2K, = 2Kze". (2)

If one wishes to prescribe the Gaussian curvature Ky as a given function
K (z), then solutions to the problem can be found as critical points of the
functional

Hm;:/ﬁvmwmf+/zgumg—</jgmg>bg</1(w&@>.
2 2 2 hM

By means of (Il) one can then control the last term in the functional by
means of the Dirichlet energy.

More recent versions of (1) include exponential terms with power-type
weights, which are motivated by the study of singular Liouville equations.
For example, given points p1,...,p,m € X, weights aq,...,a,;, > —1, and a
smooth positive function h(z), a solution of the equation

—Aw+ 2K, =2he" —4n Z j0p, (3)
j=1

yields a conformal metric g = e*¢g with Gaussian curvature h on X\ {p1, ...,
Pm} and with a conical singularity at p; with opening angle 27(1 + «).

By the substitution
w(z) = w(x)+4r Z a;Gy, (),
7j=1
hz) = h(z) = h(z)e " 2= Gy (@)

(@) transforms into an equation of the form

—Aw+2f =2he® (5)
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where f(x) is a smooth function and where
h>0 onX\{p1,...,Pm}; h(z) ~ d(z,p;)*™ near p;.  (6)

Although (@) and (Bl are perfectly equivalent, the advantage of the latter
compared to the former is that the singular structure is absorbed into the
factor ﬁ, which endows the problem with a variational structure. Similarly

to (@), solutions to (Bl can be found as critical points of the functional

I(u) := / |Vul2dV, —I—/ ]FudVg — K log </ %e“dVg> ,
b b )

where K = 27x(%) + 27 E;”’zl a; is a constant determined by the Gauss-

Bonnet formula.

The singular weight h has indeed an effect on the optimal constant in
the corresponding Moser-Trudinger type inequality. In [15], [37] (see also

[10] for conical domains) it was shown that

167Tmin{1,1 +mjnaj}log/ lNLe“_EdVg < / Vul? dV,+C; uwe HY(Y).
J b )

(7)

Notice that, if at least one of the «;’s is negative, say o, the constant

gets worse, as h blows-up at 3. On the other hand when all the weights

are positive the constant does not improve: this can be easily seen by the

L

following consideration. The sharpness of the Moser-Trudinger constant 15—

can be obtained using the test function

/\2
(14 A2d(2,y)2)*’

Pra(y) = log zeX,A>0, (8)

which makes the two sides of (I]) diverge at the same rate. As the conformal
volume e¥*= concentrates at x as A — +oo, there would be no effect from
the vanishing of / if z is a regular point. We also refer to [17], [21] for more

general optimal inequalities on singular measure spaces.

Inequality ([7) has been useful in finding constant curvature metrics when

prescribing conical singularities as it might yield global minima of I, see [37],
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[8], as well as in studying general singular mean field equations like
m
—Aw+2f =2phe’ —4n Z Qj0p; 9)
j=1

where f, h are smooth functions, h positive, and p is a real parameter, see
[4], [3], [29] (see also [12], [13] for a non-variational approach to (9)).

Singular Liouville equations have a role in fluid dynamics, see [39], as
well as in the study of Electroweak theory or abelian Chern-Simons vortices,
see [36], [41]. For the latter cases, singular points represent zeroes of the
scalar wave function involved in the model.

The goal of this paper is to prove a sharp inequality related to a singular
Toda system arising in Chern-Simons theory, which represents a non-abelian
counterpart of ([@)). Specifically, we consider the following system

m
B hietl hoet2
—Au=2p1 (fz heTdv, _1> P2 (m_l) —dm ) (0, =),
j=1

m
— hae*2 hye"t (S —
—Aug = 2o (fg hace 1) —m (fz e~ 1) —4r Y an(6,,— 1),
j=1
(10)
where h1, hy are smooth positive functions on X, and the coefficients «; ; are

larger than —1.

While abelian Chern-Simons vortices have been quite studied for some
time, see e.g. [7], [9], [32], [34], [35], the treatment of the non-abelian case
is more recent, see e.g. [20], [24], [25], [27], |33].

With a change of variable similar to (4] the latter problem transforms

into
_Auy — et g} - haet2
Ay =2p (fzﬁleumvg 1> P2 (fz haet2dV, 1) ’
Ay — _hger2 g\ _ (e
Aug = 2p; (fzﬁge“hivg 1> 1 (fz hie“1dV, 1) ’

where the functions h; satisfy

(11)

hi>0 on X\{p1,...,Pm}; iNLZ(x) ~ d(x,pj)Qaivj near pj, =1, 2.
(12)
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As for the scalar case one gains the variational structure, with Euler-Lagrange
functional

2
Jp(ur,ug) = / Q(u1,u2) dVy + Zpi </ uidVy — log/ hie“idVg> , (13)
Y par M Y

where Q(u1,u2) is defined as:
1
Q(ur,u2) = 3 (IVu1|* + [Vus|* + Vg - Vug) . (14)

Concerning Liouville systems with no singularites, some sharp inequalities
were proven in [16], [40] when the matrix of coefficients of the exponential
terms is non-negative. For the regular Toda system instead a sharp inequal-
ity was found in [23], where it was shown that

2
47 Zlog/

e"i Tl dV, < / Q(u1,u2)dVy + C; ue HY(X). (15)
i=1 z x

Notice that one always has the inequality Q(uq,us) > i|Vu1|2, and hence
([I3) can be thought of as an extension of (I]). Our main result is the following
one, which extends both (7)) and (I3).

Theorem 1.1. Suppose p1,...,pm € X and o, 5, © = 1,2, j = 1,...,m,
satisfy o j > —1 for alli,j. Then, if h; satisfy [I2), the following inequality
holds

2
47> " min {1, 1+ min %} 10g/ Te = Qv
i=1

< / Q(ul,U2)dVg—|—C UL, U2 EHl(E). (16)
pY
The constants in the above inequality are sharp.

We expect the above result to be a main step for a possible variational
approach for the study of (I0). In the recent paper [5] the case of non-
negative coefficients and positive genus has been treated using simply in-
equality (I5]), as the corresponding functions EZ are uniformly bounded (see
also [28] and [30] for the regular case). In more general cases, the full strength
of (I6) would be needed.
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Some steps in the proof of the above theorem follow closely the argu-
ments in [23]: through blow-up analysis one can show with few difficulties
that inequality (I6]) holds for any smaller couple of parameters, and moreover
that there exist extremal functions for the corresponding Euler functionals
(I3). We pass then to the limit for these extremals when the parameters
approach the critical ones.

However the presence of singularities might cause in principle a variety
of blow-up behaviours (different blow-up rates for the two components, and
blow-up at regular or singular points): using a Pohozaev identity from the
recent paper [26] we reduce ourselves to two cases only. The former can be
brought back to the scalar case, where one can use () to get a conclusion;
the latter can be solved by using a local version of the singular Moser-
Trudinger inequality from Adimurthi and Sandeep [1]. The latter argument
in particular differs substantially from that in [23], and it also provides a
simpler argument for the regular case.

2. Notation and Preliminaries

In this section we provide some useful notation and some known prelim-

inary results which will be used in the proof of the main theorem.

First of all, given two points z,y € ¥, we will indicate as d(z,y) the
metric distance between z and y on X; we will denote as B,.(p) the open
metric ball of radius r centered at p.

Given a function u € L(X), 7 will stand for the average of u on ¥; since
we will suppose, from now on, |X| = 1, we can write

U= / ud V.
»

We denote as x~ the negative part of a real number z, that is

_ 0 ifz>0
T o= ] ,
—x ifz<0

and we set, for i € {1,2},

& = — i 17
= el o an
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Notice that, in these terms, the inequality we wish to prove is

2
47 Z(l + &i)log/zﬁie“i_“_idVg < /EQ(ul,uQ)dVg +C up,ug € HI(E),
=1

whereas the singular Chen-Troyanov (1) inequality can be expressed as

167 (1 +&i)log/ Eie“’i_md‘/;] < / \Vul>dV, + C; ue HY(D).
b b

We then define the it weight of a point p € X, for i € {1,2} in the

following way

p=p; = aqp)=a; pEAp1,---,pm} = «a(p)=0. (18)

The definition implies that h ~ d(-,p)?®®) near p; precisely, it is the only
real number such that log E — 2a; log d(+, p) is bounded in a sufficiently small
neighborhood of p.

As anticipated in the introduction, we will prove inequality (I6]) via blow-up
analysis. We define, for a sequence uy = (uyk,us ) of solutions of (1), the

concentration value of the i*" component around a point p € ¥ as

) —T; ; 7. Wik
7i(p) : }136 kEToo B (p) rietdVy. 19)
Lin, Wei and Zhang in |26] found out, through a Pohozaev identity, that
the concentration values satisfy the following condition, which was already

pointed out for the regular case in [22].

Theorem 2.1 ([26], Proposition 3.1). Let u, = (uq 4, uax) € H'(X)? be so-
lutions of (), a; be as in ([A8]) and o; be as in ([A9)). Then, it holds

1(p)* = o1(p)o2(p) +02(p)* = 4n(1+a1(p))or (p) +4m(1+a2(p))o2(p). (20)

In the setting we are considering, a dichotomy between concentration
and compactness occurs, similar to the ones in the regular case from Jost-
Wang [23], Theorem 3.1. Since the proof of the theorem we are giving is
very close to 23], we will only sketch it; we refer to these papers for the

details in the regular case.
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Theorem 2.2. Let h; as in (I2), let ug = (u1 , us ) € HY(X)? be solutions
of

—Au; = 2V ghie"t* — V3_; phy_je"3=ik + 4k

/ etk dV, < C
2 i€ {1,2},
|igllrsy < C

Vie — 1lun L>(%)

k——+o0

for some p > 1, C >0 and define the sets S; as

k——~4o00 k——+o00

S; = {p €X: Jdxz, — psuch that u;p(xg) — —|—OO}.
Then, after taking subsequences, one of the following alternatives happens.

1. For each i € {1,2}, either u; j is bounded in L>°(X) or it tends uniformly
to —o0.

2. 8 #0 for some i € {1,2}; in this case, S; is finite and either u;y is
bounded in L7S.(X\(S1 U S2)) or it converges to —oo in L3S (X\(S1 U S2))

for each j € {1,2}; moreover, if S;\Ss—; # 0, then the latter alternative

occurs for u; k.

Proof. (SKETCH) Reasoning as in [4] we find that, given p € ¥, if for some
i € {1,2} one has

lim sup/ Y/i7ki~zie“i’kd‘/;] <27(1+ a4(p)”)
k—+4oc0 J By (p)

for sufficiently small r, then w; j is uniformly bounded from above, and this

fact implies the finiteness of the sets S;. The alternative between being

bounded in L and converging uniformly to —oo follows by applying a Har-

nack inequality and the last part of (2) follows by arguing as in [6], Theorem

3. O

Finally, as anticipated, we will need a singular Moser-Trudinger inequal-

ity on bounded Euclidean domains, from [1:
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Theorem 2.3 ([1], Theorem 2.1). Let Q C R? a bounded domain containing
the origin. Then, for any « € (—1,0], it holds

sup / |$|2ae47r(1+a)u(m)2d$ <0,
u€Hg(Q), [q [Vu(z)]2dz<1 /O

where C is a constant depending on a and £ only.

From elementary inequalities we then obtain the following result.

Corollary 2.4. Let Q C R? a bounded domain containing the origin. Then,
for any a € (—=1,0] and u € HZ(Q), it holds

167(1 + ) log/ |z 2%t @) da < / |Vu(z)|*dz + C. (21)
Q Q

3. A Moser-Trudinger Inequality
In this section, we are going to prove the following Moser-Trudinger type
inequality.

Theorem 3.1. Let & be a closed surface with area |S| =1, h; be as in

@), and &; be as in [@T). Then, for any p= (p1,p2) € R: satisfying
pi < 4m(1 4 o) for both i € {1,2} there exists C(p) > 0 such that the Euler-
Lagrange functional ([I3)) verifies

Jo(u) > —C(p) Vue H(X)?
Definition 3.2. As in [23], we define the set of admissible parameters A as
A= {p € R%r : J,, is bounded from below} .

Clearly, A preserves the partial order of Ri, that is if p € A then p€ A
until p; < p; for both i € {1,2}; in these terms, Theorem [B.1lis equivalent to
saying

(0,4m(1 + 1)) x (0,47(1 + ag)) C A.
Remark 3.3. One can easily see that A is not empty: since it holds

|VU1|2 + |Vu2|2
6

< Q(ur,u2)
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one can apply the scalar Moser-Trudinger inequality (7] to both components
to get

<0, gm +a1)> « <0, gm +a2)> C A

To prove Theorem Bl some lemmas will be needed. First of all, we
notice that when the parameter p is in the interior of the set A, then the
energy functional is not only bounded from below, but even coercive and it
has a minimizer; on the other hand, if p is on the boundary of A, then J,
cannot be coercive.

e]
Lemma 3.4. For any p €A there exists a constant C such that

(|Vu1* + [Vug|?) dVj B
C

Jp(u) > Js C

Moreover, J, admits a minimizer v = (uy,uz) that solves (ILI).

Proof. Taking J € (07 d(fg\)» we have (1+4d)p € A s0o J(144),(u) > —C;

therefore, we can write

J(1+5)p(u)

5
T,(u) = m/EQ(ul,uQ)dVg—l- o

0

> 2 Hav, —

and the first claim follows.

To prove the rest we notice that, if we restrict ourselves to the subset
of H'(X)? consisting of all functions satisfying Js hie**dVy = 1, the energy
is coercive because, from Poincaré’s inequality and (7))

/ updV, = / (u; — @)% dVy + (@)°
» >

1 2
< |2 12
C/E|Vuz| avy + <C+ 167(1 ~Z')/E|Vuz| dVg>

2
< 0<1+/ |wi|2dvg> :
%

Being J, weakly lower-semicontinuous as well, the existence of minimizers
follows from the direct methods of calculus of variations. O



2014] A MOSER-TRUDINGER INEQUALITY 11

Lemma 3.5. For any p € O\ there exists a sequence {ug}ren C HY(X)?

verifying

[ (Vs + D) dvy, 4o
b)) k——+o0

. Jp(Uk)
lim — £ ~ <0.
k—+o00 fZ} (|V’LL1,]€|2 + |VU2J<:|2) dV!]

Proof. Suppose by contradiction that

/(|Vu1,k|2+|Vuz7k|2)dVg S oo
» k—-+o0

Jp(uk)

=
Js (IVurg|? + [Vug i |2) dVy

>60>0
for any choice of {uy}. This would mean that
4 2 2
To(u) 2 3 (IVur]* + [Vug|?) dV, — C,
b
hence for any small § we would get

Ja4o)p(w) = (1+5)Jp(u)—5/EQ(u1,u2)dVg

<(1+5)€ — é) / (IVur|* + [Vus|?) dV, — C
27 2) )5

—C

\Y]

v

hence (1 + 9)p € A, whereas one clearly has (1 — §)p € A; this is in contra-
diction to p € OA. O

We then need a basic calculus lemma. Its proof will be omitted, as it

can be found in |23] (following an idea of W. Ding).

Lemma 3.6 ([23], Lemma 4.4). Let {ax}ren and {bg}ren be two sequences

of real numbers satisfying

. b
ar — 400 and lim - <0.
k—+o00 k—+o0 Qf,

Then there exists a smooth function F : [0,+00) — R satisfying, up to sub-
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sequences,

0<F'(t)<1 foranyt>0 F'(t)y — 0 F(ag) — b, — +oo.

t—+o0 k—+o00

The latter lemma will be applied to the sequences
ay = / QU1 g, Uz i )dVy b = J,(ur)
pY

where uy, is as in Lemma [3.5] and we will consider the auxiliary functional

To(u) = J,(u) — F </ Q(ul,ug)dVg> ,
b
whose behavior is described by the following lemma.

Lemma 3.7. For any p G/OX the functional jp is bounded from below on
HY(2)? and its infimum is achieved by a function satisfying

—(1-2g(u)) Au; + #Aui’;—i = 2p; (E’e“i - 1) — P3—i (E3—z‘€u3*"' - 1) ;

/Eie“idvg =1,
b

where g(u) = F’ (fz Q(ul,ug)dVg). On the other hand, if p € ON then

ianl(Z)Q Jp = —

[}
Proof. For p €A one can argue as in Lemma [34] yielding lower semi-
continuity from the regularity of F' and coercivity from the behavior of F”

at infinity.
For p € OA, taking u as in Lemma and applying Lemma [3.6] one
gets
J, () = by, — F —  —o0.
p(ur) = by — F(a) e he T
This concludes the proof. O

We are now in position to prove the main theorem of this section.

Proof of Theorem [31l. Suppose by contradiction that

(0,47(1 4+ 1)) x (0,47(1 4+ a2)) € A;
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then there is some p € OA with p; < 47 (1 + &;) for both i € {1,2}.

Consider a sequence {pi}ren €A with pg . — P and a minimizer wug for
—+00

Jpy.» as in Lemma [3.7F then, vy, := uy, + log py, solves

_ 6—5g(vk) P .
_Avi,k - 26—89(11k)—1-2121(111@)2 (hlev t - Png)

3—4g(vg) T Uik ) X
_3_49(Uk)+g(vk)2 (hg_,e”3 ! p3_2’k)’

/ hie"+dVy = pi,
s

; 6—5g(vi) 3—4g(vg) : :

with 6=8g(0r) 12 (0F )2 and 5— T9(on )+ (0r)2 both uniformly converging to 1, so
Theorem 2.2] can be applied to this sequence. The normalization on the inte-
gral implies that u; ;, cannot tend to —oo for any 7 € {1,2}; moreover, we can
also exclude boundedness in L>°(X) because this would imply convergence

to a minimizer @ of Jj5, contradicting Lemma 3.7

The only case left is the blow-up around at least one point p: Pohozaev’s
identity (20) implies that if there is a singularity of mass «;; on p then
o; > 4m(1 + «; ;) for some i € {1,2}, whereas if p is a regular point then
there is a component with a mass of at least 47 around it; in both cases, for

such an 7 we obtain:

Am(ran) < limy Vo S M | hiettdVy =pi<Am(1as),
that is a contradiction. O

We conclude the section by showing a partial converse of Theorem B.1]
namely that for higher values of the parameter p the functional J, is un-

bounded from below.

Proposition 3.8. If p; > 4w (1 + ;) for some i € {1,2}, then infpi(s)2 J,

= —o0 that is

A C(0,4m(1 + aq)] x (0,47 (14 az)].

Proof. We will show the proof only for ¢ =1, since the same argument

works for 7 = 2 as well.
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Choosing a point p; such that El ~ d(',pi)ml in its neighborhood, we

define for large A

A\l+a 2

pua(e) = 18 (it )
1 A+ 2
par(z) = —ilog (1 n (Ad(m,pl))2(1+&1)> .

Using the fact that |V (d(z, p1)2M+0)| < 2(1 + & )d(z, p1)+?1, we obtain

\Y = —
[Vora(@)] 1+()\d(33,p1))2(1+a1)

A(1 + ay) N2 (g, py) 20
- 1+ (M\d(z, pp))2(+a1)

. ~ 41 +ay)
min { CA2d(z, pp) 11202, 7} )
{ ( pl) d(l'vpl)

—2\20401) Y7 (d(, py ) 2060 | '

IN

and therefore

1
/ Qo1 pa)dVy = / Vi1 2V,
> 4 /s

& d
< C)\4/ d(-,p1)2(1+a1)dVg+4(1+61)2/ : Vy 5
By (p) S\By (1) (-,p1)

1
A

< C+8n(1+ap)?log \. (22)
Moreover, being

max{L, (Ad(z, p1))* T} < 14 (Ad(w, pr))?0 )

< Cmax{1, (Ad(z,py))20+a (23)

one gets
m:/(max{2(1+&1)log)\,—2(1+&1)(log)\+2logd(-,p1))}—i—O(l))dVg.
by

Dividing 3 into the two regions where the above maximum is attained and
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using the integrability of log d(-,p1) in two dimensions one gets

Pix = 2(1+a1)log)\/

dVg—2(1+61)log)\/ dV,
B

(p1) 2\B%(m)

1
X
—4(1 + o) / log d(-,p1)dVy + O(1)
S\Bg (p1)
= —2(1+a1)log A+ O(1), (24)

and clearly @y = (14 a1)log A + O(1).
For a small but fixed § > 0 we have, again by (23],

/ hief12dv, > C d(-,p1)*®1ef12dV,
by Ba(m)\B%(m)

s ¢ / o dvy
= A\2(1+ay) B(s(p1)\B%(p1) d(-,p1)4+25‘1
> C; (25)

on the other hand, we can write that
/ 77:26992)\ dVg 2 C)\l‘i‘&l / %Qd('ypl)2(1+&l)d‘/jg
b)) E\B%(Pl)
> Ot (26)
Therefore, from (22)), (24]), (25),(26) we conclude that

Jp(@1.0,02.0) < 2(1 4+ ar)(@r(1+a1) — p1)log A+ O(1) — —oc,

A—00

as desired. O

4. The Optimal Inequality

In the last section we are going to discuss the boundedness from below
of J, in the only case left, that is when p; = 47(1 + ;) for some i € {1,2};
we will show that infz, (52 J, > —o0 in this case as well.

Theorem 4.1. Let S be a closed surface with area |S| =1, h; be as in (),
a; be as in (I7) and J, be as in (I3).
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Then, there exists a constant C > 0 such that for any u € H*(X)?

Jan(14a1) ar(1+an) (u) > =C

namely

A = (0,47(1 + a1)] x (0,47(1 + )]
Theorem [£.1] is equivalent to saying that, given a sequence

pr /0 (An(1+an),4m(1 + a9)),

k——+oco
there exists C' > 0 such that ian1(2)2 Jp, = —C.

Moreover, in view of Lemma [3.4], it suffices to show that the minimizers

uy, of J,, verify J,, (uy) > —C; these functions solve

—Au; k= 2p;k (E‘e“i*’ﬂ - 1> — P3—ik (E3—i6“3‘i’k - 1)

/ hieirdV, =1 Pedl2h
2

therefore, as in the proof of Theorem B.I, we can apply Theorem to
v = ug + log p.

As in the proof of Theorem [B.I] the condition on the integral excludes
convergence to —oo, whereas if uy, is bounded in || - [|oo(x it converges to
a minimizer of Jyr(14a,)4r(1+a,) hence the conclusion is trivial, so we may

suppose that at least one component blows up.

The following lemma describes the two possible blow-up scenarios.

Lemma 4.2. Let {uy}ren be a blowing up sequence of minimizers of J,, for

some sequence py such that py e (Am(1+ aq),47(1 + ag)) and let a;(p)
be as in (I8]). Then, one of the following happens:

1. Only the i™" component of uy, blows up, for some i € {1,2} and it does
at a single point p; with o;(p;) = &; around it.

2. Each component of uy, blows up at a single point p; satisfying o;(p;) = Q;

around it, and py # po.
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Proof. Suppose that only one component blows up, say u; i, and suppose it
blows up around a point p; satisfying a;(p1) > a;. Then, by (20) we obtain

4r(1 — lim li hietkdv, < i hyeltkqdyV,
(1 + aq1(p1)) Tgn(]kj)I—i-noo o) 1€ < I<:—1>I+noo/2 1€ g
= 4r(1 + a),

that is a contradiction; moreover, if the blow-up occurs at two points p1, po,
then one similarly gets another contradiction:

8r(l+ay) = lim lim Elevl'kd‘/g < lim /Elevl’kd%
r—=0k=+00 /B, (p1)UB;, (p2) k—+o0 Jx
= dr(1+a).

Suppose now that both components blow up at the same point; then, again
by (20)), v; , must have a local mass strictly greater than 47 (1 + ¢;) around
that point, for some i € {1,2}, but this is impossible since the total mass
of v; 1, is converging to 4w (1 + o); therefore, at any given point only one
component may blow up, hence we can argue as in the previous case to get
the conclusion. O

We will consider first the single-component blow-up in alternative (1).

Lemma 4.3. Suppose uy j, blows up at py and ug, does not blow up. Then,

1wy — Uy k—>_—|>—oo G in VVif(E\{pl}) for any p € [1, _L&l) and weakly*
in Wh4(X) for any q € [1,2), and Gy satisfies

—AGl = 871‘(1 + 5&1) (5p1 — 1) — 471‘(1 + 5&2)(f — 1)

/ G1dVy, =0
Y
1

2. ugp —uzr — Gz in Wlif(E\{pl}) for any p € [1, =) and weakly*
’ " koo 2
in WH4(X) for any q € [1,2), and Go satisfies

(27)

—AGy =8n(1+ao)(f — 1) —4m(1 4+ aq) (6, — 1)

/ GadV, =0
b

for some non-negative f € L*(X) satisfying Js fdVy = 1.

(28)
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Proof. First of all, we prove that u;; — ;) is bounded in Wha(x) for
q € [1,2): taking ¢’ € (2, +00] such that % —1—3 =1,

ik —Uikllwras) < CllVuiglas)

=C sup /VUM-V(deg
peWLd' (), [Vg|| o<1 1/ E

<C sup [Au; gl L1y |9l Lo (x)
peWLd (D), [Vg||, o <1

<C sup [Au kel 1) IVl o 5)
PEW L (2), V|| o <1

< C.

Moreover, from Theorem we know that, in the sense of measure,

hietk  ~§ hoel2k e LY(X);
! k—+oo It 2 k—>+oof ()

therefore, taking G; satisfying respectively (27)), ([28), for any fixed ¢ €
Wl,q’(g)

/ V(ul,k — Uk — G1) . V¢dvg
b

= / (—Aul,k + AGl) qbd‘/;]
Y

< C '/ (2p17kﬁ16“1*’€ —8r(1+ 541)5;;1) ¢dV,
b

+C = o(1).

/E (471 + )] — pasae® ) av,

in a similar way, we get us ; — Uz ; k* — (9 in W4(X) and convergence in
—+00

I/Vli’f(E\{pl}) follows from standard elliptic estimates. O

Remark 4.4. From the previous lemma, we deduce that |[a3x| < C, since
both ugj, and ug ; — Uz, are uniformly bounded in LS (3\{p1}); therefore,

loc
up to subsequences, the previous convergence result extends to ug .

We will now consider the alternative (2) in Lemma

When both components blow up, the last lemma has a counterpart; its
proof follow closely the proof of Lemma [d.3] and therefore will be omitted.
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Lemma 4.5. Suppose each u;j, blows up at p;. Then, for both i € {1,2}
we have that w; , — Uik i — G, in Wz’p(E\{pi}) for any p € [1, %) (p €
—+00 4

loc

[1,00) if &; = 0) and weakly* in WH4(X) for any q € [1,2), and G; satisfies

—AG; =8m(1 4+ a;) (0p, — 1) — 4m(1 + a3—) (Ops_;, — 1);

/ GidV, = 0.
P

In the case of both components blowing up, a sort of localized Moser-

Trudinger inequality is required.

Lemma 4.6. Suppose each u;j, blows up at p;. Then, for any small 5 >0
there exists C = C(d) > 0 such that for both i € {1,2}

1
—/ Vi k| 2dVy + pixtig > —C.
Bs(pi)

4

Proof. We will take ¢ such that Bs(p;) does not contain any other singular
point and we will suppose that Bjs(p;) is a flat disk, see [23] (Remark 3.3).

This condition can be achieved through a conformal change of metric
which results in a modified Liouville equation. The same estimates on mini-
mizers hold true for the modified equation and one gets lower bounds on the

functionals as before.

Consider the solution w; j of

{ —Aw; =0 on Bs(pi),

Wik — Uik + Uik =0 on 0Bs(p;);
standard elliptic estimates and Lemma give
”@i,kHcl(Bé(pi)) <C H@i,k”Loo(Bé(pi)) < CHui,k - W\\Lw(agé(m)) <C.

Moreover, we can apply the scalar Moser-Trudinger inequality 2I)) to w;
'= U, — Uik — Wik, which belongs to H}(Bs(p;)):

/ \Vw; x|?dVy, — 167(1 + &) log/ d(-,pi)*¥ievirdV, > —C.
Bs(pi) B (pi)
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The construction of w; ;, gives

/ \Vw; i [*dV, — / Vo, 1 |2dV,
Bs(pi) By (pi)

7

_ / (2Vui k- Vi + [V 4[2) dV,
Bs(pi)

IA

2|Vﬁji,k|L°"(Bg(pi))/ |Vui,k|dVg+/ |V@i7k|2d‘/;}
Bs(pi) Bs(pi)
< C;

on the other hand, for large k we may suppose that [ Bs(pi)ﬁie“ivkd‘@ > %,
SO

/ d('ypi)2&ieuh',kd‘/"g — e_uz‘,k/ d(’,pi)2aieui‘k_wi‘kd‘/jg
Bs(p:) Bjs(pi)
> C’e_“iv’“/ iNL,-e“iv’“_@i’deg
Bs(pi)
> C’e_“iv’“/ lNLie“iv’“dVg
Bs(pi)

e_ui,k

v

¢
2

Therefore, we get

1
1 / (Vi 2dVy + pi s
Bs(ps)

1 _
[ IVwPav, - puatos [ dCpenav, -
Bs(pi) Bs(pi)

> —C.

v

which is the conclusion. Oa

We have now all the necessary tools to conclude the proof of Theorem

A1l

Proof of Theorem [4.1l Take a minimizing blowing up sequence uy and
suppose that the first alternative in Lemma holds; it is not restrictive to
suppose that uq j blows up.

From Lemma A.3] and the following remark we know that gy is uni-
formly bounded; therefore, using the scalar Moser-Trudinger inequality ([7)
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we obtain

o (ug) = /Q(ul,k,uz,k)d‘/};+P1,km+02,km
D

v

/ Q(u1,k, u2k)dVy + p1 gty — C
D

1
> 1/ |V, ?dVy + p1 iy, — C
>
> —C.

that concludes the analysis of the first case.

Suppose now that both components blow up; then, we may conclude by
applying Lemma

o (ug) = / Q(uy g, uok)dVy + p1xTr g + p2rlok
>

2

> Z / Qw1 g, ok )dVy + pi ki ke
i—1 \’/Bs(pi)
2 (1
> — / (Vi i *dVy + pirTiig
; 4 JBs ()
> —C.
This concludes the proof. O
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