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Abstract

We study the persistence of the Gevrey class regularity of solutions to nonlinear
wave equations with real analytic nonlinearity. Specifically, it is proven that the solution
remains in a Gevrey class, with respect to some of its spatial variables, during its whole
life-span, provided the initial data is from the same Gevrey class with respect to these
spatial variables. In addition, for the special Gevrey class of analytic functions, we find a
lower bound for the radius of the spatial analyticity of the solution that might shrink either
algebraically or exponentially, in time, depending on the structure of the nonlinearity. The
standard L? theory for the Gevrey class regularity is employed; we also employ energy-
like methods for a generalized version of Gevrey classes based on the ¢! norm of Fourier
transforms (Wiener algebra). After careful comparisons, we observe an indication that the
2* approach provides a better lower bound for the radius of analyticity of the solutions
than the L? approach. We present our results in the case of period boundary conditions,
however, by employing exactly the same tools and proofs one can obtain similar results for
the nonlinear wave equations and the nonlinear Schrédinger equation, with real analytic
nonlinearity, in certain domains and manifolds without physical boundaries, such as the

whole space R™, or on the sphere S"71.
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1. Introduction

In this article we investigate the persistence of the Gevrey class regular-
ity of solutions to the nonlinear wave equation

{Du+u+ flt,z,u, Vu,ug) =0 in T™ = [0, 27)™; (11)

u(0) = up, u(0) = uq,

with periodic boundary condition on u, where f is periodic with respect to
the spatial variable x.

Concerning the analytic regularity for (LII), we shall mention a few
results in the literature. If f is real analytic in all its arguments and the
initial data are real analytic, then the classical Cauchy-Kowalewski Theorem
asserts a unique real analytic solution of (II]) for ¢ near 0. Ovsiannikov [24]
and Nirenberg [21] generalized this theorem to the case when the nonlinearity
f is merely continuous in ¢ with values as an analytic function of the other
variables. It is important to note that by these findings we only know that the
solution to (I.T) is analytic in a small neighborhood of ¢ = 0. Later, Alinhac
and Metivier [1] improved this result by showing that the analyticity of the
solution to (1)) lasts for as long as a classical solutions exists. Recently,
Kuksin and Nadirashvili [17] demonstrated a short and more transparent
proof of this property (and actually more general) based on the nonlinear
semigroup generated by (I.I)). Nevertheless, none of the above mentioned
results provide a lower estimate for the radius of analyticity of the solution
to the nonlinear wave equation (II). We attempt to answer this question
in the present paper by employing the well-developed Gevrey class theory
based on energy estimate tools.

Gevrey classes were introduced by Maurice Gevrey (1918) to generalize
real analytic functions. Briefly speaking, a Gevrey class is an intermediate
space between the spaces of C*° functions and real-analytic functions. The
tools and results developed in this paper are concerned with Gevrey class
functions in domains or manifolds without boundaries; specifically, either
periodic boundary conditions, the whole space or the sphere. In literature,
the Gevrey class energy-like technique has been a powerful tool for studying
the regularity of solutions to nonlinear evolution equations, such as Navier-
Stokes equations [4, &, [11], parabolic PDE’s [, [10, [15], and Euler equations
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[16, [19]; see also [2] for persistence of analyticity of solutions of Euler equa-
tions in domains with physical boundaries.

The authors of [18] investigated the analytic regularity of Euler-Voigt
equations, and provided rigorous justification to the formal tools and proofs
that were introduced in [19] (see also [14] for the analytic regularity of the
attractor of the Navier-Stoke-Voigt mode). Since the Euler-Voigt system
behaves like a hyperbolic system of equations, we are able to adopt the
techniques of [18] to study the nonlinear wave equation (LI)). Also we draw
ideas from |10], in which the authors establish the Gevrey class regularity
of analytic solutions for general nonlinear parabolic equations with analytic
nonlinearity. Moreover, the authors of [16, 19, 122, 23] provide additional
tools for estimating lower bounds of the radius of analyticity of solutions to
evolution differential equations.

A function u € C*°(T") is said to be of Gevrey class s, for some s > 1,
if there exist constants p > 0 and M < oo, such that for every x € T™ and
every a € N” one has

al \s
0%u(z)| < M(W> .
Next we shall introduce the Gevrey-Sobolev classes which will be used in this
paper. We set A := /T — A, thus HP(T") = D(AP) is the Sobolev space of
functions with the periodic boundary condition. The norm of H? is given
by

1
. 2
leallzoemy = (32 s+ 1G12)7)
JEZ"
u;ed . A Gevrey-

where u; are the Fourier coefficients of u, i.e., u=73";zn

Sobolev class of order s > 1 is defined by D(Ai”eTAl/S), with its norm

. 1 1
HApeTAl/suH _ ( Z ‘Uj|2(1 + ‘j|2)pe2T(1+‘]|2)2§)2’ s> 1, (1.2)
jGZ"
where 7 > 0. Throughout, ||| denotes the L? norm. It is known that

D(ApeTAl/S) is a subclass of the Gevrey class s (cf. [19]). More importantly,
for the special case s = 1, the Gevrey-Sobolev class D(APe™), 7 > 0,
corresponds to the set of real analytic functions with radius of analyticity
bounded below by 7.
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For the sake of clarity, throughout the paper we focus on functions in the
Gevrey class s = 1, i.e., the space of real analytic functions. Nonetheless, all
results in this manuscript equally hold for any Gevrey class s > 1. Indeed,
the main idea, as we will see later, relies on the fact that

. 1 1 . L
er(IHm+i)2s < o r(Hml)2 TGN g o >,

It is important to stress that we are interested in initial data which
are analytic in merely some of its spatial variables, and aim to show the
persistence of analyticity with respect to these variables. To this end, we
shall introduce a slightly modified Gevrey-Sobolev class. Indeed, we define
the operator &P : D(&/P) C L*(T") — L*(T") by &/Pu =Y.
with its domain given by

D(?) = {u e LA(T") :u = Z uje’ Z ;)51 < oo},

JEL™ JEL™

jemn il e

where j' represents the first m components of j = (j1,...,Jn) € Z", that is,
j' = (J1,---,Jm), for some fixed integer m € [1,n]. With the operators A
and &/ we introduce a new Gevrey-Sobolev class D(APe™), with its norm

[arero]| = (3 husPaa + 15 penin) . (13
jezn

In fact, D(APe™) is a Hilbert space. Also Corollary in the appendix
states that if u € D(APe™), p > %, then u is real analytic in its first m
arguments (z1,...,Zy) and 7 is a lower bound of the radius of analyticity

with respect to these variables.

The paper is organized as follows: in Section 2 we use the Gevrey-
Sobolev class D(APe™) to analyse the regularity of solutions to nonlinear
wave equations and estimate the radius of analyticity. In Section 3 we work
on the same problem by applying another type of Gevrey classes based on
the ¢! norm of Fourier transforms (Wiener algebra). Finally, in Section 4
we compare these two different estimates via the careful investigation of
a nonlinear Klein-Gordon equation and conclude that the Wiener algebra
approach provides a “better” lower bound for the radius of analyticity of
the solutions than the L? approach (see also [23] and [12] for this kind of
comparison).
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2. L? Estimate

In this section we employ the Gevrey-Sobolev class D(APe™) to study
the analytic regularity of solutions to (II)). Since the norm (L3)) of D(APe™)
is based on the L? norm, the estimate in this section relies on the standard
L? theory.

We begin with the definition of a solution of (II]). Throughout the
paper, (-,-) denotes the L? inner product; while (-,-) denotes the duality
pairing between (H!)" and H!.

Definition 2.1. We say a function v € C([0,T]; HP), with u, € C([0,T7;
HP™Y and uy € C([0,T); HP=2), p > 1, is a solution of the initial value
problem (1)) provided u(0) = ug € HP, u;(0) = u; € HP~! and

<utt7¢> + (AU7A¢) + <f(t7337u7 VU,Ut),¢> =0 (21)
for every ¢ € H', and for every ¢ € [0, T).

First of all let us deal with a simpler nonlinearity f(t,z,u), i.e., we shall

study the equation

{Du+u—|—f(t,:1:,u) =0; (2.2)

u(0) = up, ue(0) = uy,
where f satisfies the following assumption:

Assumption 2.2. Let f(t,z,u) = " ;czn ¢j(t,u)e®, where ¢;(t,u) =Y pey
a;r(t)u”, where ajx(t) are continuous functions on [0,T]. Suppose f has a

majorising function
o
. b i/
glt,5) =3 3 lam®)l(1+ i) EeN 5" (2.3)
k=0 jezn
converging for all s€R, t>0, where A > 0, and j' = (j1,-..,Jm), 1<m<n.

Remark 2.3. Note Assumption implies the following properties of f:
it is continuous in ¢, real analytic in (x1,...,z,) € T™, and real analytic
(entire) in u € R. In fact, for any fixed ¢ > 0 and v € R, f(¢,x,u) is, as a
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function of x, in the Gevrey class D(APe ). To see this, we note

3 jEt w1+ i) 2N
JeZ™
o0

< 30> law®I+ 5172 ul* = g(t, Jul) < oo, (2.4)

k=0 jeZn
which implies
> 16t u) P+ 1Py < oo,
JEZL™
that is to say f(t,z,u) € D(APeM), for any fixed t > 0 and u € R. On the
other hand, for every fixed ¢ > 0 and = € T", we notice

o

flt,z,u) = Z éj(t,u)eij'm = Z ( Z eij'majk(t))uk

jezn k=0 jezn

converges absolutely for all u € R, that is to say, f(¢,x,u) is real analytic
(entire) with respect to the variable u € R.

In particular, any nonlinear function f (t,u) (independent of x), which
is continuous in ¢ and real analytic (entire) with respect to u, satisfies As-
sumption

Now we state our first result.

Theorem 2.4. Suppose the nonlinearity f(t,z,u) satisfy Assumption 221
Let ug € D(APT1e”) and uy € D(APe”), where p > 2 and o > 0. Assume
the initial-value problem (22)) has a unique solution u € C([0,T]; HP) with
ug € C([0,T); HP™Y), in the sense of Definition 21l Suppose T(t) is the
solution of the differential equation

7'(t) = —=73(t)h(t) with 7(0) = 75 := min{o, A}, (2.5)
that is,
T(t) = (2/0 h(s)ds + 7‘0_2)_5, (2.6)

where the function h(t) > 0 for allt € [0,T], given in (Z37), below, depends
on |[u(®)|| o, ||[APT ™7 g and ||APe™ 7wy ||. Then, u(t) € D(APHem )
and uy(t) € D(APe™ M) for all t € [0,T].
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Remark 2.5. Theorem 2.4 shows the solution of (2.2]) remains spatial ana-
lytic, with respect to some of its spatial variables, during its whole life-span,
provided the initial data is analytic with respect to these spatial variables.

Notice that the parameters o and A represent, respectively, the radius
of analyticity of the initial data and the nonlinearity f(t,z,u) for fixed t and
u. (23] shows the analytic regularity of the solution is influenced by both
o and \. In Assumption we suppose A is a constant; nevertheless, we
can instead assume A depends on ¢, and under this more general setting, one
may derive 7(t) < A(¢) for all ¢t € [0,T].

Also it is clear from Theorem 2.4 that, if g(¢, s), the majorising function
of the nonlinearity f, is algebraic, and ||u(t)||;, is bounded above by some
algebraic increasing function, then the radius of analyticity of the solution
u(t) shrinks at most algebraically fast. To demonstrate this idea, we will con-
sider later, as an example, the three-dimensional defocusing Klein-Gordon
equation (cubic nonlinear wave equation), (A8]), for which it is known that
the H?—norm remains bounded. In particular, we will obtain, by applying
our method to this explicit example, a lower bound for the radius of analyt-
icity, 7(t), of the solution that behaves like %, for large t. Hence the radius
of analyticity in this case cannot decay faster than algebraic.

Proof. The proof draws ideas from |10, [18, [19, 122], all of which are based
on the tools developed in [11] (see also [15]). We establish our result by
employing the Galerkin method. Denote by Py the L? projection onto the
span of {€”"} ;. Let un(t) = Dljl<n un,j(t)e
the Galerkin system associated with the initial-value problem (L.1), i.e., un

iJT he the solutions of

satisfies
Ouy +uny + Py f(t,z,un) =0 (2.7)

with the initial condition ux(0) = Pyug and u/y(0) = Pyuy. Clearly, (2.7)
generates a second-order (2N +1)-dimensional system of ordinary differential
equations with continuous nonlinearity in the unknown functions up ;(t).
By the Cauchy-Peano Theorem, for every N > 1 system (2.7)) has a solution
un(t) on [0, Tn] with up ;(t) € C?[0,Tn], for |j| < N.

In what follows we focus our analysis on the interval [0, T]. In order
to derive an a-priori estimate for uy, we follow the standard approach in
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110, 11, 18]. Applying the operator APe™ to both sides of (Z7) and taking

the L? inner product with ApeT“Z{UEV, one has

(APe™ U, APe™ul\) + (APe™ A%upn, APe™ uly)

+ (APe™ Py f(t, @, uy), APe™ uly) = 0. (2.8)
It is clear that
2
APe 7:6&7 / ‘
2 dt ‘ UN
2
= (APe™ Ul APe™ uly) + 7' (1) HAI”M%em{u’N ‘ , (2.9)
and
APl H
2 dt H U

2
— (Ap-i—leruN’ Ap+1eT‘Q{’LLIN) + T/(t) HAP-i—l%%erduNH ] (2'10)
Substituting (2.9]) and (2.10) into ([2.8) gives

(77| [larsreran])

T/(t)< HApszf?em{u’N

1d
2dt
2

: [ o)

+ HApeT“Z{PNf(t,:E,uN)H HApe”yuQV

‘. (2.11)

Now we compute the Gevrey norm of f(t,z,uyn). Recall from As-
sumption 2] we express f(t,z,u) = > czn ¢j(t,u)e”® where ¢;(t,u) =
S o ajk(t)uf. Also, Lemma [A3] in the appendix shows that D(APe™) is

a Banach algebra, for p > 3, so

HAPeTp{f(t7x,uN(x))H < Z HApenz/ C](t un (2))e zj-z] ’
=
< ZC’()HAP s(toux (@) | 42 et 2.12)

Let us mention Lemma 2 in [10], which states if u € D(APe™) and F be
an analytic function with a majorising function go, then F(u) € D(APe™)

and HApeTAuH < (1+ C’p_l)go(Cp HApeTAuH). By analogy with this result
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we derive

e syt < 2 3 lanic ™ el (2a3)
Clearly,

HApem{eij'w = (14 |j|*)5emV'l. (2.14)

If we require 7(t) < A, for all t € [0, T], then combining (2.12)-(2.14]) yields

IN

&1 32 3 laa @[ |47 x| @+ iP5V
JEZ™ k=0

= Cg(t, Co||APe™ uy]|) < oo, (2.15)

HAI”em{f(t, x, uN)H

due to Assumption

We proceed to estimate the nonlinear term g(¢, Cy HApem{u N H ). Similar

to Lemma 8 in [22], by using the elementary inequality ¢** < e? + x‘e?* for

all x > 0, £ > 0, we deduce (taking ¢ = 3)

2 .
[4reun|” = 32 uns 20+ 152pe
l7I<N
<@ fun PO+ PP +72 ) ung P+ 5P)PLPe
l7I<N l7I<N

= 2 |lun|3 +T3HA”M%em{uNH2. (2.16)

Inspired by (2.16]), we intend to obtain a similar estimate for HAPe”{ UN Hk
for any integer k > 1. In fact,

k L
|areun|” = (32 luwg P+ Ppe)?
l71<N

: 5 2\ 16 204
< (2 uwg PO+ PR+ 78 DT g P+ [P R 2 27)
ljISN ljI<N

[k
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By the discrete Holder’s inequality it follows

2\pl a8 27l
D Jung P+ 5P e

l71<N
E=2 2
< (X uwgPa+ PP T (3 fuwg P+ P
2(k-2) \ .
< Jlarer ] T ararter . (2.18)

A combination of (2I7)) and ([2.I8]) yields
HApem{uNHk <25 (ek un%, + 73 HAi”em{u]\/Hk_2 HApszfge”iuNHQ)
(2.19)
for all k > 2.

Notice that (2I9) is not valid for £ = 1. To deal with the case k = 1,
we simply let k¥ = 2 in (ZI9) followed by taking the square root, obtaining

HApeT‘Q{’LLNH <ellunl| g + .

APJZ{%ETMUNH
1 2 1
<ellun|lg + 57'3 HA”&%%eTWuNH +3 (2.20)

where Cauchy’s inequality has been used.

Applying estimates (ZI19) and [Z.20) together with the definition (Z3)

of g shows
9(t. Co | 477 uy ) < g(t. Co(v/2e funl gy + 1))
#7001, Co(vV2 |areun | + 1) |4t un]| . (@2n)

Obviously, APof3 €™ uy H < HAPH,QZ%e”?/uN H Thus, combining (2.17]),
2I5) and ([2.20)) yields

1d
- p T, !
2 dt <HA ¢ uN

‘2 I HAp“eT”uN‘F)

< Chg(t, Co(V2e |lun| o + 1) HA%T%;V

|



2013]PERSISTENCY OF ANALYTICITY FOR NONLINEAR WAVE EQUATIONS 455

|

‘2 n HAP“%%J%NHQ) (2.22)

+ |7+ 73C1g(t, Co(V2 HApeT“Z{uNH +1)) HApeT“Z{uk,

X ( HA”%%e”iuﬁv

for all ¢t € [0, Tn].

In order to use the estimate ([2:22]) to obtain the analytic regularity of
the solutions, we need to pass to the limit as N — oo. Therefore we shall

study the convergence of uy to the solution u. Indeed, if we let 7 = 0 in

(ZI1) and (2I5)), then it follows that

1d

T (HuQVHi,p + lluNlliml) < Chg(t, Co lunllm) [l e - (2:23)

Define Uy := (un,u)y) and Un(0) = Uy := (ug,u1). Also set H := HPT! x
HP. Then (Z23)) is reduced to

d
2 NUN @)l < Crg(t, Co [Unllzy)- (2.24)

Integrating (2.24]) on [0,t] C [0, Tn] gives

1UN(0)ll5, < TN (O]l + Ca /O 9(5, Co | U (3)]ly,)ds. (2.25)

Since ||Un(0)]l5, < [[Uolly, by the continuity of [|[Un(t)||,;, there exists a
Tx € [0,Tn] C [0,T] such that [|[Un(t)]l,, < [|Uolly + 1, for all ¢t € [0,T5].
Thus, by ([2.25)) it follows that for all ¢ € [0, T3],

[UN(®) gy < 1Uollg + Cltslen[g%g (5,Co(llUoll4 + 1)) (2.26)

Note the right hand side of (2.26]) is finite since g is continuous in its argu-

ments.

In order to see that T does not approach 0 as N — 0o, we demand the
right-hand side of (2.26)) to be smaller than or equal to ||[Upll, + 1, then we
have the inequality (2.26]) holds for all ¢ € [0, T™*] where

1
T\
Cl maXsE[O,T] g (87 CO(HUOH’H + 1)) }

T* = min { (2.27)
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Thus 0 < T* < Ty, for all N, and
IUN(#)ll3¢ < 10olly +1 on [0,T7] (2.28)

for all N. Moreover, by ([2.7) and (228) one has u/; are uniformly bounded
in C([0,7*]; HP~!), and due to the uniform bound ([Z28)) of the H-norm,
there exist U := (@, @) € H such that Uy — U weak—x in L>®(0,T*;H),
and u?, — @” weak—x in L>°(0,7*; HP~!). Then, it follows by the Aubin’s
Compactness Theorem [25] that on a subsequence uy — @ strongly in
C([0,T]; HP).

Next we show that @ is a solution of (Z.2]) on [0,7*]. For an arbitrary
¢ € H', we obtain from (2.7 that

(uly, d) + (Aun, Ad) + (Pn f(t,z,un), @) = 0.

To see the convergence of the nonlinearity, we consider

HPNf(t,IL’,'LLN) - f(tVT?ﬂ’)H
< IPnftz,un) — Pnf(tz,a)l| + [Py f(Ez,a) — f(tza)]. (2.29)

Now, we estimate the right-hand side of (2:29]). Since HP — L, for
p > 5, we obtain from (2.28)) that there exists C' > 0 such that supy<;<p-
lun(t, )| o < C, for all N and supgc;<ps |u(t,z)||;c < C. In addi-
tion, since > 27> czn la;k(t)|s* converges for all s € R, it follows that
>orto X jezn laji(t)|ks® ! also converges for all s € R. Hence, for all t €
0.7,

[/n ( Z |¢;(t, un) — ¢(t, u)|)2d:1:}é

< Jluy — al Z max i(t,s)
jezn 1¥1=¢

< lux —all Y- Y lag(t)IkCT — 0, (2.30)
JEZn k=0

as N — oo, where we have used the Mean Value Theorem. Combining (2.29))
and (230) shows (Pyf(t,z,un),¢) = (f(t,z,u),$). Thus @ is a solution.
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But by the assumption v is the unique solution, and hence one must have
@ =won [0,T%]. It follows that uy — u strongly in C([0,T*]; HP).

If T* < T, then we let the time begins at t = T™ and make the extension
by reiterating the previous argument. By the formula ([2.27) of T*, it is clear
that after finite number of steps, we obtain a sequence uy — u strongly in
C([0,T]; HP).

So there exists N’ € N such that v2e |un ()|l 7» < V2e||u(t)| g» + 1,
on [0,7], if N > N’. Due to the fact g(t, s) is increasing for every fixed ¢, it
follows that

g(t, Co(v2e |lun ()| o + 1)) < g(t, Co(V2e u(t)|| o +2)) 4 (2.31)

on [0,T], for N > N'.

Now we return to the Gevrey norm estimate (2.22)). By the above ar-
guments, we know (2.22)) is valid on [0,7], and thus, if we let 7x5(t) be the
solution of the ODE

7_]/V + 7']?{[019(15, 00(\/§ HAPETNMUNH +1)) HApeTNJZ{uQV

‘ —0, (232

with 75 (0) = 79 = min{o, A}, for all ¢ € [0, 7], then it follows that

it (o] + e an])
< Cuglt, Co(V2e Jun | o + 1)) || A7e™ iy | (2.33)
Define
Y(t) = (HA%TWW u§v(t)H2 + HAPHeTN(tW uN(t)H2 )%. (2.34)

Then, ([2.33]) reads
Yn(6)Yx(t) < Cug(t, Co(V2elunll e +1)Yn (), t€[0,T],

and along with (2.31]), one has

Ya(t) < Yo+ C /0 95, Co(V2e [u(s) | o + 2))ds == £(t),  (2.35)
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fort € [OyT], N > N,’ where Yb = (HApeTOJJ,LuHQ + HAP+1€TO”Q{’LLOH2)%'

If we let 7(t) satisfy the equation
() + i (t)g(t, Co(V2E(H) +1))E(t) =0, with 7(0) =79,  (2.36)

then by (2.32) and (2.35]), we conclude 7x(t) > 7(t), for all ¢t € [0,7T]. It
follows that

(e us@] + [arrie o uno|")F < v < &0,
for all ¢ € [0,7T]. In order to write (2.36) in a more compact form, we set
h(t) := Cig(t, Co(V2E(t) + 1))E(1), (2.37)
where £(t) is defined in (235). Then, the equation (236) reads 7/(t) +

3(t)h(t) = 0 with 7(0) = 79, and its solution is given in (Z6)).

Finally, we shall obtain the analytic regularity of the solution (u,u;) by
passing to the limit N — oco. Note

2 %
|4 1Oty o = 3 @+ RO 0 < €0
l71<N

forany N > N’, t € [0,T]. Thus, for every fixed number Ny, for all t € [0, T7,

@GP TO0 ()2
|71<No

_ A2\ 27 (W5 1, () (2 '
T 3D (RO g () < (1)
l71<No

Note, in the above formula, we pass to the limit into finite sums and use the
fact un(t) = u(t) in H?, p > 5, for every t € [0,T]. Therefore, since Ny > 0
is arbitrarily selected, HApHeT(t)”u(t)H < &(t) for all t € [0,7]. Similarly,
one can show HAi”eT(t)Q/u’(t)H < &(t) for all t € [0,T7. O

Remark 2.6. In the proof of Theorem 2.4] we have essentially justified the
existence of a solution of the initial value problem (Z2]). The uniqueness of

solutions can be obtained by routine arguments.
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Remark 2.7. Define 79 = min{o, A}. If we set 7(¢) to be a constant 7y in
the inequality (2.11]) and (2.I5]), then we obtain

Sy(t) < Crglt.y()

where y(t \/HAPeTO uly H + [|APHLem uy (t)]|°. Since y(0) is finite,
by the contlnulty of g, we see that y(t) is finite for a short time 7’. However
T’ may be smaller than the life span T of the solution. The bottom line
is that the lower bound 7(t) of the radius of analyticity of a solution can
remain constant for a short time but need to decrease in order to prevent
the blow up of the Gevrey norm.

Next we consider the equation (I.I]) with the general nonlinearity f(t,x
u, Vu, u) which satisfies the following assumption:

Assumption 2.8. Let

f(t,ﬂj,u, Vu,ut) = Z é](t’u’ Vu,ut)eij-.’ﬂ

JEL™

where ¢;(t, u, Vu, up) = ZB ajg(t)u50u§} . uznuf"“, B = (Bo,P1,---,0n) €

Ng”, a;g(t) are continuous functions int. Suppose f has a majorising func-
tion
g(t7 50,81, -- Sn75n+l Z bﬁ BO fl o g” giﬁl
B€N7L+2
converges for all (So, S1,-- -, Sn,Snt1) € R¥T2, ¢ >0, where bg(t) := ZjGZn

lajs(DI(1+ |j|*) 2], A > 0.

Remark 2.9. Similar to Remark2.3lone can see that Assumption 2. 8implies
f is continuous in t, real analytic (of special Gevrey class of regularity)
in (z1,...,xm) € T™ , and real analytic (entire) with respect to the rest
arguments. In particular, any nonlinear function f (t,u, Vu,u;) (independent
of x), which is continuous in ¢ and real analytic (entire) in the other variables,
satisfies Assumption 2.8

The following result is concerned with the analytic regularity of solutions
to the more general nonlinear wave equation (LII).
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Theorem 2.10. Let ug € D(AP*1e”) and uy € D(APe”) where p > 2
and o > 0. Assume the initial-value problem (L)) has a unique solution
u € C([0,T]; HPY) with uy € C([0,T]; HP), in the sense of Definition B
Suppose T(t) is the solution of the differential equation

() = —7(t)n(t) with  7(0) = 719 := min{o, A},

that is,
T(t) = T0e~ Jo ”(S)ds,

where n(t) > 0, for all t € [0,T], defined in ([253) below, depends on
lw@) o Nwe@) o HA”“eTW/uoH and HApeToﬂulH. Then, u(t) €
D(APT1e™ WYY and u,(t) € D(APe™ DY), for all t € [0,T).

Remark 2.11. By Theorem 210 if the majorising function g in Assump-
tion 2.8 is an algebraic function, and the growth rates of ||u(t)||yp+1 and
lue(t)]| o> p > 5, are not higher than algebraic, then the analyticity radius
of u(t) shrinks at most exponentially fast as ¢ — co. One may compare this
result with Theorem 2.4] to see how the structure of the nonlinearity affects
the lower bound 7(t) of the radius of spatial analyticity. On the other hand,
a satisfactory estimate of the radius of analyticity of u depends on sharp
estimates of the Sobolev norms ||u(t)|| gp+1 and |Ju¢(t)| o, p > 5.

Proof. Note the following estimates are formal, which can be justified rig-
orously using the Galerkin method similar to the proof of Theorem [2.41
Suppose u is a solution of (II]). By referring to ([2.11]) we have

(e e Iy
< ) <HAW;€%4|2 + Hpr;ewu(f)
+ HApeT”Q{f(t,ZE,’LL, Vu,ut)H HAPe“Z{utH . (2.38)

We shall evaluate the nonlinear term HAi”eW{f(t, x,u, Vu, Ut)H

Like (2.12)) one has
HApeT”df(t,:E,u, Vu,ut)H

< ZCO‘
jezr

(2.39)

ApeT“Z{éj (t,u, Vu,uy) H HApe”ye"j'x
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Recall ¢;(t,u, Vu,up) := > 4 ajﬁ(t)uﬁougi . "U%ﬁufwl, where 8 = (o,
B, Bn) € NIT2. By Lemma [A3] we obtain

HApeT“Z{éj (t, u, Vu,ut) H

- _ Bo 1~ B Bn
< CZ |aj6|0(‘)ﬁ| ! HApe”?/u‘ ’ H HApe”iuxk * APe™ uy, o (2.40)
B k=1
where [8] = 32355 By
It follows from (2.14)), (2.39) and (Z40) that
HApeT”Q{f(t,x,u, Vu,ut)H
< C’g(t, Co HApem{uH ,Co HApem{umH Jo
Co HApeT‘Q{uzn , Co HApeT”utH ) (2.41)
Next we estimate the right-hand side of (2:41)).
For k=1,...,n with 8 > 1, similar to (2.16)-(220) we compute
2 2 -/
HApe'rJz{uxk < HAp—i-leTsz{uH — Z |u]‘2(1 + |j‘2)p+1e27\] |
JjEZ™
_2 2,
< 3 g1+ PP+ 7T S g1 [ R o
jezn jezn
2 _a
<eé? ||U||§{p+1 + Tm ‘Ap"“le'r“z{u“z(l ﬁk(n+2>) HApHszf%em{u‘ P2 )
(2.42)

where the Holder’s inequality has been used. Taking the square root on both
sides of (Z42)) immediately gives

4

HApeT Ugy,
1 12 L 2
B (n+2) n+2 5 n+2
< elull gpsr + TPOFD ‘A”“eT”uH B (nT2) ‘Ap+ld2eT<Q{u‘ B ¥
Hence

4 P

HApe e (2.43)
Br—7s

1
< 20kt (eﬁk ||u||€fp+1 + 7at2 || AP LTy

_2
n+2
)

1
‘AP-Fle{EeT%u
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for B, > 1 where k =1,...,n.

Similarly, we have

HApem{u e
1 B _1 o 60_%4-2 1 niﬁ

< 20071 (1B ||y||2, + Ttz || APe™ uH APof2e™ ., (2.44)

for By > 1. Also, for 8,11 > 1 one has
/B"/
HApe”yut o (2.45)
_2 2
< 9Pn+1-1 (eﬁn+1 HutH%mpH_‘_Tﬁ_z Apem{ut‘ Pt HAPM%QT”Q{W n+2 )

For the sake of notations, we denote

Y = e ”u”f}cpﬂ ; k=0,1,...,n,
bt (2.46)
Ynt1 = €7 lug|lp
and
2
S = (1+ HAP“e“‘quH)ﬁk‘n—m, k=0,1,....n,
(2.47)
b1 i= (14 [ 4P|yt
We remark that S, Kk =0,1,...,n+ 1 can be zero in (2.40])-(2.47]).
Furthermore, we let & = (ap, 0, ...,an+1), where o = 0 or 1, for all
k=0,1,...,n+ 1. Also denote |af := Zi(l) Qy.
By (2.43)-(2.47) one has
T Bo 1+ T Br T Brt1
HApe “u H HApe LUy, AP
k=1

< =) S ([r (| ararberue|
et )| i)
n+1
<

gl8l=(042) T e + 271042 3 (1 o HAW%JMWW
k=0 a#ﬁ
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+1
Ap+lﬂl TJ?/ 2 1 l—ak(sak %
+ e u H(’Yk ) )
k=0

for any (Bo, ..., Bnt+1) € N8+2. It follows that

Cyg (t, Co HApem{uH ,Co HAi”emfux1

., Co HApeTﬁuxn

)

<¢ Y bﬁ(t)qgﬁ(glb’+26|—(n+2)rﬁ%>
BeNpt2 k=0
+rC Y (bﬁ() Cf1alPl-(n+2) Znﬁl ) wa)
BeNg 2 a0 k=0
<( HAW%eT%t(f + HAPHM%J%W ). (2.48)

To estimate the right-hand side of (Z48]) we notice

n+1

¢ Y ey <2|m 4 9lBl=(n+2) H%)

B€N7L+2 k=0

= Cg(t, 200, e ,200)

C
+ o 9(t 2¢Co [[u)l o - -, 26Co [w()l o  2Co [|we(E) ] 70)

o (2.49)
Also )
C Z (bﬁ( )C\Blzlﬁ\ (n+2) ZH e o) \af)
BeNpT2 Fis
1
<Y > (b2 ("+2)]i[(7;—ak5§k)"jf)
a#0 BeNg+? P

IN

gee ey

~ n+2
QC’g<t,2eC0 [1 + [Jull g1 + HAPHem{u ]

26 [1+ |[ull s + HAP“J%

]

Ap+1em{uH , HApeT‘Q{ut‘D . (2.50)

i| n+2

)

2eC) [1 + [luell g + HApem{

= (.l g s el
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It follows from (2.48))-(2.50) that

Cyg (t, Co HAPem{uH ,Co HA;”em{um1

-+, Ch HApeT"Q/an

| Cofareru]

< w(t) + 700 (& Nl sl [ 4777 A7)

x (HAp,ez%ewut(r + HAp“ng%eT%(r). (2.51)

If we set

1
2
)

Y(t) = (HAP@T(t)MUt(t)‘F N HApﬂer(wu(t)H?) (2.52)

then by (238), ([2:41) and ([Z5I) we arrive at

Y()Y'(t) < )Y (8) + [7'(t) + 7)Y ()9 (&, [[ull gosr s luell o, Y (2), Y (£))]
X ( HAp,xzﬁeT“yutHQ + HA”H%%eT”uHQ).

Now we define

t t
n(t) = w(t,|ruquH,Hut|er,%+ [ tsras v+ [ n<s>d8>
0 0

X (Yo + /0 t ﬂ(S)dS) , (2.53)

where k, 1) are defined in (249) and (2350) respectively, and Yo = (|| APe™7 u, H2
+ HApHeTO” uon)%. Thus, if 7(¢) solves the differential equation

() +7(t)n(t) =0 with 7(0) =70 >0, (2.54)

then analog to the proof of Theorem 2.4] we may conclude that Y (¢) is finite
for all t € [0,T), i.e., u(t) € D(APT1e™ ) and wy(t) € D(APe™ ) for all
t €[0,T]. O

Remark 2.12. The results in this section are also valid for general Gevrey-
Sobolev classes D(APe™ 1/5), s > 1, with its norm (L.2)). Note, functions in
D(APe™ 1/5), s > 1, have Gevrey class regularity of order s, in its first m
spatial variables, m < n. (One may recall the definition of the operator 27 in

the Introduction.) In fact, we can follow the proof of the above results line
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by line to show if the initial data (ug,u1) are in the spaces D(Ap“e"“yl/s)
and D(APe”” 1/S), respectively, where p > n/2, s > 1, then the solution
(u,ut) belong to D(ApHeT(t)”l/S) and D(ApeT(t)Al/s ), respectively, with 7(¢)
specified in the above theorems. In short, our results are equally valid for

any Gevrey class s > 1, provided the initial data are there.

3. ¢! Estimate - the Case of Wiener Algebra

In this section we employ a different Gevrey class of real analytic func-
tions, which is based on the space of functions with summable Fourier series
(Wiener algebra), to study the analytic regularity of solutions to nonlinear
wave equations. This type of Gevrey classes of real analytic functions was
introduced in [23]. In Section 4 one will see, as it was also demonstrated
in [23], that such Gevrey class has its advantage of evaluating the radius of

analyticity of solutions.

Let u € L' (T") with its Fourier series > jezn u;e"®. Then the ¢! norm
of its Fourier transform is given by [[@]|n := >_;czn [u;]. This norm defines
a Banach algebra, which is called Wiener algebra, in the classic harmonic

analysis.

The Gevrey norm based on the Wiener algebra is defined by

lillg, gy = D €™y (3.1)

JEZ™
where j' stands for the first m components of j = (j1,...,Jn) € Z", ie.,
§' = (1, Jjm) for some m < n. Furthermore if u € L'(T") such that

@l (¢2) is finite, we say that @ belongs to G (0Y).

For clarity purposes we demonstrate the estimate for the wave equation
22) with the nonlinearity f(t,z,u), and briefly discuss the general system
(LI) in Remark

The following theorem is concerned with Gevrey regularity of solutions
with initial data in the Gevrey class G, (¢'). For the sake of comparing
different estimates in the next section, we assume the existence of the same

type of solutions as in Theorem 2.4
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Theorem 3.1. Assume f(t,x,u) satisfies Assumption2.2. Let ug € HP(T™),
up € HP7Y(T"), p > %, and Zu\o, ur € Gy(£Y). Also suppose the ini-
tial value problem (Z2)) has a unique solution v € C([0,T]; HP(T")) with
u; € C([0,T); HP~Y(T™)), in the sense of Definition [21. Then, m and
u/t(\t) both belong to the Gevrey class GT(t)(fl), for all t € [0,T], provided
7(t) solves the differential equation

7' (t) = =72 (t)h(t) with 7(0) = 10 := min{\, 0},

where h(t) > 0 for allt € [0,T], defined in BI0) below, depends on Hz?(t\)Hzl,

|

Grtey " 1Ny @)

Proof. The following calculations are formal, which can be justified rigor-
ously by using the Galerkin method. Let the solution u(t) = 3_;zn u;(t)e e,
where u;(t) are Fourier coefficients. By assumption, the nonlinearity f is in
the form f(t,z,u) = 3 czm (3320 aju(t)u”) €. Then since u is the solu-
tion of the equation uy — Au+ u + f(¢,z,u) = 0, we obtain for all j € Z",

(1) + (14 52 (8) + ajol)

+3 i (an® Y @), (1) =0

1€z k=1 e =j—1
where mq,...,mp € Z™.
Thus
(W, + (1 + |P2)us,
T, (ajo b Y ez 0 U Yyt gt Uy umk) ~0
wjuls + (1 + |j]°)usu)

/ o0 — — _
+u; (ajO + D ez Do Gk Zm1+---+mk:j—l Umy ~ Umk) = 0.

Adding these two identities yields

d .
= (15 + @+ 152y 2)

< 2[uj] [\%’0\ + > i (lalkl o |Umk|>} (3.2)

leZ™ k=1 mi+--+mi=75—I
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If we denote
!
2 -2 2
ei = (12 + (1 + P)lwsl?) %, (3.3)

then (3.2]) implies

o0
& <laol+ 3D (lawl D2 ] ).

leZ™ k=1 mi—+--—+mi=75—1

It follows that

d -/ . -/ ./
E(e'r(t)b |¢]) < T/(t)|]/|e'r(t)|] ‘Soj + er(t)\] ‘|(1j0|
‘ 0o
LYY (|alk| ST | Iumk|>.
l1ezn k=1 =g —1

Now, a summation over all j € Z" gives

d o o o
a( DL ‘(,Dj) < 7_/( S 1) l%.) + 3 gy
jezn jezn jezn
) [ee]
DN LD D D17 R SR ) PR ) R G
JeZ™ lezZ™ k=1 mi+-+mip=5—I

To evaluate the last term in (3.4]), we rearrange the order of summations,

obtaining
o
-/
S (D el XD )
jezn €27 k=1 mytebmy=j—1
o
-
SDIPII (D SELID DR N R )
k=11€Zn jezn maeetmy=ji—1
o0
/ ! !
<> <|alk|€T|l| > > (67‘m1||um1|)"'(6T\mk||umk|))
k=11ezZn JEZ™ my+-+my=j—1
- : " k
<> [|alk|€w |< > e ‘|Uj|) ] ; (3.5)
k=11leZm JEZL™

provided 7(t) < A, for all t > 0, where we have used the Young’s inequality

for convolutions.
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Combining ([B.4) and (B.5]) gives

%( Z e'r\j'\(’pj) < 7_/( Z |j'|eﬂj,|90j) + Z e—r(t)|j’||aj0|
JEZ"

JEZ" JEL™
s k
NI |5’
+ 32 3 [lanle ()] 6o
k=11lezn jezZn

Like the proof of Theorem 2.4l we apply the elementary inequality e <

e+ zte® for x >0, £ > 0, and it follows

(3 elhuyl)’

jezr
202 il 1\
< (X elusl+ X w1 R )
JjEZn jezr
k ; k
< 2k—1ekz< Z |uj|) _|_2I<:—17_2< Z |jr|%er\]’||uj|)
jEZn JEL"
i , k—1 .
< RN fugl) 2 (e ) (NP ), 37)
jezn jezr jezr

where we have used the discrete Holder’s inequality.

A combination of (3.6 and (B.7) yields

f(5 )

jEZ"
< 1i2|a |6)\\l'\ 2€Z‘U| k+ZeT(t)|jl|‘a. |
<5 ik J Jj0
k=11ezn jezr jezn
/ ) 0 )\|l'| 7l ,,I k—1 - ./‘
[ (e 3 ) (X 1) 09
k=11lezn jen jezn
If we define
1) = 3 O, 0), 5.9)

jezn



2013]PERSISTENCY OF ANALYTICITY FOR NONLINEAR WAVE EQUATIONS 469

the estimate (B.8]) is reduced to

y(1) < g(t,2¢ [aC)]| )+ 17+ 2ot 200) + VI Y 1717 V5).
JezZ™

Therefore, similar to Theorem 2.4] we set

h(t) = g(t, 2¢(0) + 2 /Otg(s, % Hu/(;)Hél)ds + 1), (3.10)
and let 7(t) solve the differential equation
7' (t) + T2(t)h(t) = 0 with 7(0) = 70,
then it can be shown that

) <y0)+ [ glos 2| s (311

Note for p > %, H? is imbedded in the Wiener algebra, which consists
of all the functions whose Fourier transform is in ¢'. Since the solution
u € C([0,T]; HP) and Aug, U € G, (€1), it guarantees that the right-hand
side of ([BI1J) is finite for all ¢ € [0,T].

By B3)) and (39, it follows
> g+ Y eI TPl < 2y(8), (3.12)

jezn jezn

and since Au = 3 zn uj/1+ |j|2€“*, we obtain from @II)—(BEI2)

that Au(t) and U/t@ both belong to the Gevrey class G, (¢!) for all
t €10,T]. O

Remark 3.2. For the wave equation (L.II), which features the general non-
linearity f(t,z,u, Vu,u;) satisfying Assumption 2.8, we can still study the
regularity of its solution by employing the Gevrey class G, (£!) and estimate
the radius of analyticity of the solution. Similar to Theorem B.I], we con-
clude if ug € HPTY(T"), uy € HP(T"), p > %, and Aug, Uy € G (Y, and
the initial value problem (1)) has a unique solution u € C([0, T]; HPT1(T"))

—

with u; € C([0,T]; HP(T™)), then Au(t) and m both belong to the Gevrey
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class G (') for all ¢ € [0, T], provided 7(t) solves the differential equation
7 (t) = —7(t)7(t) with 7(0) = 79 = min{\, o},

where the function 7(¢) > 0, for all ¢t € [0,T], depending on HZJO‘

Gry(£1)
||TE||GT0 (@1 HAu(t) Hzl and ‘ut(t) Hzl' The proof of this result combines tech-
niques from Theorems 210l and Bl and we omit the details.

4. Comparison of the L? and ¢! Estimates

In the previous sections we use two different Gevrey classes to investigate
the analytic regularity of solutions to nonlinear wave equations. In order to
compare these estimates we consider a nonlinear Klein-Gordon equation:

Ou+utuf =0, k>2
{u (1=l ?) > (4.1)

u(0) = ug, u(0) = uy,

with the periodic boundary condition on u. Under this scenario we can carry
out more accurate calculations due to the relatively simple structure of the
nonlinearity in (AJ]). Our purpose is to give an evidence, as it was done in
[23], to demonstrate that the ¢! estimate (Wiener algebra approach) can be
more precise than the L? estimate for evaluating the radius of analyticity of
solutions.

First we employ the Gevrey class G, (¢!) to study the regularity of the
solution to (A]). In fact we have the following result.

Proposition 4.1. Let vy € HP, uy € HP™!, p > 5, and 71170, u €
Go(£Y). Suppose the initial value problem ([EI) has a unique solution u €
C([0,T); HP) with u; € C([0,T]; HP™1), in the sense of Definition[21. Then,

Au(t) and w(t) both belong to the Geuvrey class G ('), for all t € [0,T],
provided T(t) solves the differential equation

7'(t) = —7F L ®)hy (t), with 7(0) = o, (4.2)

where hy(t) > 0 for all t € [0,T], defined in (4.5), depends on Hu/(?)
|l

o’

Gole) and |[utllg, oy
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Proof. Following the estimate in the proof of Theorem [B.Il we reach

%( Z eT(t)Ul'cpj(t)) < 7-/< Z |j/‘6T(t)‘j/‘gpj(t)> i ( Z er(t)\j’\‘uj(m)k

JeZ™ JeZ™ JEZ™
(4.3)

where ¢; = ([} 2 + (1 + |j)]us]?)2.

Next, we evaluate the last term in (43]). The estimate will be slightly
different from (B.7) in the proof of Theorem Bl Indeed, in the estimate
B7) we require the exponent of 7, on the right-hand side of the inequality,
to remain the same for all £ > 1, i.e., we demand the term 72 appears in
the estimate, no matter what the value of k£ is. This is important when we
calculate the summation over all £k > 1. But in the Klein-Gordon equation
(@) the nonlinearity is a monomial «*, which provides us more freedom to
perform the evaluation. By using the inequality e* < e 4 z‘e® for all = > 0,
£ >0, we deduce

(3 e ul)’

JEL™
kbl g BL k
< (D elugl+ Y- TV 1)
JEZ™ JEZ™
k—1 k k—1 k’—‘,—l k+1 TI -/‘ k
<21k (3 ) 42 (0 171 ey (4.4)
JEL™ JEZ™
k . k—1

<21 ) 2 (N gl) (X 1P ).

JjEZ™ JEZ™ JEL™

where we have used the discrete Holder’s inequality.

If we let y(t) = > czm e™®l' ;. then its follows from (3] and (@)
that

y'(1) §2’“‘1e’“H17(t\)HZ [+ 2 ) (3 11 s ).

JEL™

Now, we define

i) = 27 (y0) + 28 [ i) a5)"

= (2o + 2 [ an) ™ =
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Therefore if 7(¢) is the solution of the differential equation

() + 7F () (t) = 0 with 7(0) = o,

—_—

1k
then y(t) < y(0)42FLek fg Hu(s)“z1 ds for all t € [0,T], i.e., Au(t) and u(t)
both belong to the Gevrey class G, (¢') for all t € [0,T7]. O

In order to do the comparison, we study the same problem (@Il by
employing the Gevrey-Sobolev class D(APe™) defined in (L3).

Proposition 4.2. Let uy € D(Ai”“e”‘f) and uy € D(Ape”/) forp > 3

and o > 0. Assume the initial-value problem (A.Il) has a unique solution
u € O([0,T); HP) with u; € C([0,T); HP~Y), in the sense of Definition [21.
Then u(t) € D(AP ™YY and w(t) € D(APe™ DY), for all t € [0,T),

provided T(t) satisfies the equation
7'(t) = =" Y (#)ha(t) with 7(0) = o, (4.6)

where
1 + k—1
o) = (0¥ + 5D [ ulpas) @D
0
where Yy = (HA”@"”ulH2 + HAPHe"”uOW)%.

Proof. Follow the estimate in the proof of Theorem [2.4] and adopt ideas
from the calculations in Proposition 4.1l We omit the details of the proof. O

Here, we provide an example of applications of the above proposition.

Consider the Klein-Gordon equation with cubic nonlinearity:

Ou+u+ud=0, (ta,xe,23) €R xRS,
{ (t, 21,22, 3) (4.8)

u(0) = up, u(0) = uy.

Notice, the energy of this equation is bounded and all solutions exist globally.
In particular, the strong solution (u,u;) € H? x H' exists globally with
u € L®(R*, H?) |4, 6]. Therefore, by Proposition (also valid for the
equation defined in the whole space R™), we conclude, if the initial data ug

and u; are both real analytic in the spatial variable z; (for instance), then
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the solution (u,u;) remains real analytic in x; for all time, with the radius
of analyticity bounded below by 7(¢) of the asymptotic decay rate

r(t)~ 7

Remark 4.3. Notice that the L? approach (Proposition E.2) requires (ug, u1) €
HPTY x HP p > n/2; while the Wiener algebra approach (Proposition EI))
asks for less smoothness of the initial data: (ug,u;) € HP x HP™1, p > n/2.

Also, we find the equations ([4.2) and (4.6]) are almost identical except
the functions i1 and he. Thus in order to compare the lower bounds of the
radius of analyticity 7(¢) given by Propositions[4.1]and [£.2] we shall compare
the values of hi(t) and ho(t) for t € [0,T].

Indeed, we consider

oz = (X hul)” < (S a+P) (S0 + Prhl?)
JjEZ™ JjEZ™ J
= (D a+ D)l (4.9)
jezn

From Lemma [A:3] below we know that C3 = 22P+1 > jezn(l+ 171%)77,

ie.,

e, C2 o2
DT = g < 2 (4.10)

T92p+l — 4
jEZn

for p > n/2. It follows from ([£9) and (EI0) that

ty ik k t
[ @) ds < (S a+um)’ [uelt, ds
0 jezr 0
t
< a2 [ (o)l ds (4.11)
0

Finally, we notice that

y(0) = > e”lp;(0)

JEL™

(S a+1) (3 e+ Preo)

jezn jezn

=

IN
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C10 p o 2 p+1 oo 2 % _ CO
< S| s ) = S
y substituting an into we obtain
B b (£11) and (I12) @3) b
keh [ k k-l
hi(t) < (Covo + / lu()llds) <ha(t)  (413)
0

for all t € [0,77], if k > 2. Tt follows that the ¢! estimate provides larger
radius of analyticity than the L? estimate does. Indeed, the reason of this
fact is simply the imbedding

n

lally < C) lull g i p > 3

(4.14)

As pointed out in [23], the inequality (£I4]) becomes increasingly unsatu-
rated - it has a large gap between its left and right hand sides - when u is
dominated by contributions from high wavenumbers. For example, if we set
u(x) = e™® then the right hand side of ([#I4]) increases with m, while the
left hand side remains constant.

Remark 4.4. Another way to see the advantage of ¢! estimate is to study
the scaling behavior of the radius of analyticity with respect to physical
parameters. In fact, for the equation

Ugt — Vlgg + M — 1 = 0, (4.15)

[20] gives an explicit real analytic periodic solution

"= \/% sn <\/(1 - m2?(c2 (- ct)> (4.16)

where sn is a Jacobi elliptic function with the modulus m, and ¢ > v > 0.
Notice that, the ODE which describes the steady states of (4.15]) was consid-
ered in [23] and it was shown that the estimates on the radius of analyticity

obtained by the usual Gevrey class approach do not scale optimally as a
function of the physical parameters, and in order to remedy it, the authors
gave a modified definition of the Gevrey class based on the Wiener algebra,
which was shown to yield a sharp scaling behavior of the estimates on the
radius of analyticity. Their discovery can be verified here as well, for the
Klein-Gordon (4.15]). For instance, it is easy to see from the explicit solution
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(4.16]) that, as v — 0 the radius p of analyticity of u has the same asymptotic
behavior with C' 1/%, thatis, p ~ C 1/%, where C is a constant. By carrying out
similar evaluations as in Propositions [4.1] and we find that 7(¢), a lower
bound of the radius of analyticity of the solution to (4I5]), obtained by the
Gevrey estimate based on Wiener algebra, scales optimally as v — 0; while
the usual L? Gevrey estimate shows 7 ~ CVITP, which is lack of sharpness
since p > % But we omit the detail of calculations.

Remark 4.5. Finally, we comment that, by using Fourier transforms instead
of Fourier series, our results in the paper are also valid for nonlinear wave
equations in the whole space R™ or on the sphere S"~!. One refers to [22]
for Gevrey estimates of Navier-Stokes equations in R3, and to [7, I] on S?,
using spherical harmonics as a basis instead of the trigonometric functions
in the periodic domain. Furthermore, the tools and results presented here
can be extended in a straightforward manner to other equations, such as the
nonlinear Schrédinger equation with real analytic nonlinearity.

Recently, adopting the Gevrey class energy-like method, the authors of
[12] considered the analytic regularity of a non-dispersive Hamiltonian equa-
tion: the cubic Szegd equation. By taking advantage of the uniform bound-
edness of the ¢! norm of the Fourier transform of the solution, the method
based on the Wiener algebra provided a substantially better estimate (expo-
nential decay) of the analyticity radius of the solution than the one (double
exponential decay) obtained by the regular L? approach. Furthermore, the
idea of working in the Wiener algebra to study spatial analyticity of solutions
was recently applied to the incompressible Navier-Stokes system on n-torus
[3], where semigroup techniques were used.

Another important example is the following Cauchy problem for wave
equations with exponential nonlinearities in the two-dimensional space:

Ou+ue* =0 on R x R2, (4.17)

Ibrahim et al. |13] established the global well-posedness (in time) of (AI7]),
for (C*°(IR?)) initial data of restricted size. Later, Struwe [26, 27] improved
this result and removed the restriction on the size of initial data. Since the
nonlinearity ue?’ is analytic in w, the results and tools presented in this
paper are applicable to (1T with real analytic initial data in R?. Thus, by
combining our results with the global regularity result of Struwe |26, 127], one
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concludes that the solution of (4.17) remains analytic for all ¢ > 0, provided
the initial data is real analytic in R?.

Appendix

In the Appendix we prove some properties of the Gevrey classes used in
the paper. For more on Gevrey classes, see [10,/11, 19,22, 23]. First we show
the Gevrey classes G- (¢') and D(APe™) correspond to functions which are
analytic in certain arguments.

Lemma A.1. Let u(z) = Zjezn u;e® where x = (z1,...,x,) € T", such
that ZjeZn |uj|eT|9 | < oo for all 7 € (0,0), where §' = (j1,...,jm), m < n.
Then w is real analytic in the variable (z1,...,2,) € T™ with uniform
radius of analyticity o. That is, the function u(z1,..., 2m, Tmti, ..., Tn) =
ZjeZn ujei(zg;ljkzk)eZ(Z’ﬁmH“rk) is analytic in the variables zq,...,2m,
where 2z = @, + iy, in the domain z € T, 1L, |yx|* < o2

Proof. Notice that the function (ki1 ezk) ¢ (Lk=m11J87k) iy entire in
the variables zi,...,z,. Thus we need to show that, the series zjeZ" uj
et 02k Jk#k) {(Ek=m1176%k) i3 convergent uniformly for all z € T™, S el
< 72 < ¢?. In fact,

Z |uj||ei(ZZ;1jk2k)||ei(ZZ:m+1jkzk)|
JELN

< Z |uj|e|ij’\ < Z |uj|eT‘j/| < 0. O

jezn jezn

Corollary A.2. Let u € D(APe™) for all T € (0,0). If p > n/2, then u is
real analytic in the variables ' = (z1,..., %, ) € T™ with uniform radius of
analyticity o.

Proof. By Holder’s inequality, we have
” 1 3 . 3
S Wl < (3 a ) (S e ) <
1 n 1 n (1 + |‘7| )p ] n
JEZ JEZ JEL
ifp> 3. O

The next result states the Gevrey-Sobolev class D(APe™) is an algebra.
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Lemma A.3. If u and v are in the Gevrey-Sobolev class D(APe™ ) with
p > n/2, then their product uv € D(APe™) and

] < v e

where Cy = 2”\/2 ZjeZ"(l + [7%)~P.

Proof. Similar to Lemma 1 in [10] with careful estimate of the constant
Co. O
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