Bulletin of the Institute of Mathematics
Academia Sinica (New Series)
Vol. 8 (2013), No. 2, pp. 259-267

INVARIANTS OF A COMPLEX COTANGENT LINE FIELD

SIDNEY M. WEBSTER

Department of Mathematics, University of Chicago, USA.

E-mail: jwebster@math.uchicago.edu

Abstract

We study a complex manifold M together with a smooth complex line sub-bundle £
of its (1,0)-cotangent bundle. E is assumed to satisfy a certain integrability condition and
a non-degeneracy condition. We attach to the structure (M, E) an invariant generalized
connection on a principal bundle P over M of adapted coframes. The total space of F
minus its zero section has a natural almost complex structure. We determine when it is

actually a complex structure.

0. Introduction

Let M be an n-dimensional complex manifold, n > 2, having a smooth
complex line sub-bundle £ C T ; M of its (1,0)-cotangent bundle. We
assume that F is O-integrable, and Levi non-degenerate, as described be-
low in the first paragraph of section one. Our goal is to study the (local)
biholomorphic invariants of such (M, E).

Aside from the non-degeneracy condition, (M, E') may be considered as a
complex analogue of the conormal bundle of a real codimension-one foliation
of a real manifold. Our motivation, however, stems from the relation of such
(M, E) to certain fundamental solutions for the d-operator [5].

Locally FE is spanned by a non-zero (1,0)-form 6, which is determined
up to a non-zero factor, § — vf. Coframes (1.2) and their dual frames on M
satisfying (1.5) below are said to be adapted to E. They form a principal
fiber bundle P over M with structure group G (I.9). The main result is the
following theorem, which is proved in Section 2. It solves the biholomorphic
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equivalence problem for such structures (M,F) in the sense of E. Cartan.
(Greek indices will run from 1 to n — 1 in this work.)

Theorem 0.1. On the bundle P there exist global invariant complex one-
forms 6%, 0, ¢, wg', which, together with their complex conjugates, span the
complexified cotangent bundle of P. Any biholomorphic map f between two
such structures (M, E) and (M', E') lifts to a diffeomorhism f of the bundles
P, P’ preserving the corresponding forms.

The theorem may be interpreted as defining a Cartan connection on the
bundle P. We investigate its curvature in section 3.

The differential forms of the theorem, if declared to be of type (1,0)
define an almost complex structure on P, which is non-integrable, in general.
We do not consider its integrability here. Instead, the global forms 8¢, 8 pull
down via local sections to give (1,0) coframes on M. The map 7 factors
through the principal line bundle F associated to FE, which is just E with its
zero section deleted. Local sections of P — E pull down the forms <, 6, ¢
to forms defining an almost complex structure on E. Again, this structure
is non-integrable, in general. We give conditions for it to be integrable in
Corollary 2.1, at the end of Section 2.

The invariant theory of (M,0),for a fixed 6, was developed in [5]. The
relation between the geometries, or G-structures, of (M, 0) and (M, E) re-
calls that between Riemannian and conformal geometries [1], [3]; or even
more closely, that between pseudo-hermitian [4] and pseudo-conformal [2]
geometries. However, as as we shall see here, these analogies do not run
too deeply, since the G-structure of (M, E) is of first, not second order, and
hence considerably simpler.

1. Local structure on M

We let the complex line bundle £ C T (*1 0)M be spanned locally by a
non-zero (1,0)-form 6 on M. Then E is 0-integrable if

H=0A¢ (1.1)

for some (1,0)-form ¢ on M. E is Levi non-degenerate, if the (1,1)-form
00 is non-degenerate on the complex tangent hyperplane field, {# = 0} C
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T(1.0)M. These two conditions are easily seen to be invariant under ¢ — v6,
so are properties of FE.

A well-known example is the line bundle F spanned by the (1,0)-form
6 = dlog|z|? on C™ — {0}. From it we get the Bochner-Martinelli (n,n-
1)-form, 6 A (00)"~! # 0. The possibility of such a construction for more
general fundamental solutions for the d-operator is the motivation for the
present work, as it was for [5].

We study the local geometry of E via (1,0)-coframe fields of the form
1 <a<n-—1,0"=0, (1.2)

spanning T’ (*1 0)M locally. Following the notation set down by Chern-Moser
[2], we let Greek indices run from 1 to n — 1, and use the summation con-
vention. Bars over indices will usually reflect complex conjugation. Thus,

30 = > h0 AT =X+ hanl* AT+ 0N, (1.3)
ij=1

where ¢” is a (0,1)-form. The n — 1 by n — 1 matrix (haB)v a clear analogue
of the Levi form of a real hypersurface, is non-degenerate, but need not have
any symmetry properties.

The admissible change of coframe, 8 = 6§, 6% = 6% + Hv®, results in
ﬁaﬁ =hon +h QB’UE. Thus, we can choose the vP uniquely to make Baﬁ =0.
We call such coframes {6%,6}, and their dual frames {X,, X,, = X}, with
this additional condition, adapted. This condition, which fixes the direction
of X, may be expressed as

1x(00) = b, (1.5)

for some factor p. This is clearly independent of the changes 6 — v0.

It is also invariant under biholomorphic maps f, which preserve the
cotangent line field E. For, if f*0 = A, then

Lf*—X(89) = Lf*y

FEe. (1.6)
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But (f~1)*0=0/(Ao f~1), so we get

vrx(90) = i, = (n+A""XN) o fh (1.7)

We shall henceforth restrict to such adapted coframes {#%,0}, so that
0 =0N¢', 00=x+0NJ". (1.8)

The principal bundle, 7 : P — M of adapted coframes has the structure
group, G = C* x Gl(n — 1, C), reflecting the now admissible changes

0 =0gv, 0% =0,U4" (1.9)

The formulae ([L.8]), together with the integrability of the (almost) com-
plex structure on M, give the following local structure equations on M,

df = x+0Nd, ¢p=¢ +¢", (1.10)
do* = 0° Nwg +0 AT, (1.11)
T = 0PAL +0AL. (1.12)

For a fixed adapted coframe {0%, 6}, x given by (1,4), and the torsion one-
forms 7% are uniquely determined. The forms ¢, wg" are determined up to
changes

é + b0, (1.13)
= W/Ba + B/Ba,y@'y, B/Ba,y = B,yaﬁ, (114)

o 9
I

w
as is easily seen from (LI0), (LIT)) and Cartan’s lemma.

2. Invariant forms on the bundle P

In passing to the principal bundle 7 : P — M over M, the coefficients
{v,U 60‘} in (L9) are interpreted as independent fiber coordinates. The forms
{65,600} are local forms on P, pulled up from M via the map 7, and the
forms {6%,0} are global, intrinsic forms on P. The latter must be completed
to a basis by finding further global invariant forms on P, which we shall
eventually denote by {¢,ws*}.
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With this notation understood, we have equations (LI0), (LI1), (LI2),
for the exterior derivatives of {67, 6y}, with local forms {¢0,w0§‘} pulled up

to P. Exterior differentiation of (L9]) shows that, locally on P, we have

forms {¢,wg*} satisfying (LI0), (LII), (L12]), and

b = do—dvfv, (2.1)
Uﬁwwv" = wogUVO‘ —dUg?%, (2.2)
T = TgUBa, X = vXo- (2.3)

These formulae make it clear that the forms {6%, 0, ¢, wﬁo‘}, and their complex
conjugates give a local basis for complex one-forms on the manifold P. The
forms {¢, wb?‘} are not yet uniquely determined, as (L.I3]), (I.I4]) show. We
proceed to determine them intrinsically. It will then follow that they are

global.
We first take the exterior derivative of equation (LI0) to get

O0=dx+xANod—0Adop. (2.4)
To compute dy, we use equation ([L4]) and the covariant differential notation,

Dh,z = dh,5—wJh 5— hcﬁwg . (2.5)

Then (2.4) becomes

(Dhyg+ho50) AO* A% = 0 A (dp — hy 57 AO%) =T A (h 50 ATP). (2.6)

From this it follows that each one-form (Dh,5 + h,5¢) can have no
component linearly independent from 6%, 6,0% 6. For such a term does not
appear on the right-hand side of (2.6]). Also, there can be no term of the
form 8 A 0% A 67 on the left-hand side of (Z8), due to the form (LIZ) of 7.

Hence, we may write

Dhop +hogd = hag, 0" + hapst” + hap pf- 27

Substitution into (2.6) gives

h =h

= 5o gy o7,8 (2.8)

aByy
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and

hagn0 N O N7 =0 (dd—h g NO°) =G A (hy50% ATF).  (2.9)
We rearrange this as

0= 0A{dp—hGASOTNO° — h 5 0 AO° — G A [h,5(A0% + A20P)]}
~O A (h,5AL0% N OY). (2.10)

Although the two-form d¢ is still unkown, it follows that
AP, (2.11)
and

dp = h,gALOT NO® + 1,50 NP +OA[h5(ALO+ AL0P)] +0AD, (2.12)

where ® is some one-form on P.

Under a substitution (LI3]), (L14]) into the ([2.1), we get, with obvious

notation
Dhp + hogé = Dhog + hogd = Bl 0°h,5 — hayByo6% + hogh.  (2.13)

In terms of the coefficients, this is equivalent to

ha@p = hoﬁ,p — B(]ph,y_g, (2.14)
bz = hyss —hovBl. (2.15)
hag,n = hag,n + hagb. (216)

We multiply (2.16) on the right by the inverse matrix RP< of h B and sum
over « and (3, to get

hopnh® = hyg,h?® + (n = 1)b. (2.17)

af,n
Because of the symmetry conditions (2.8), we can choose the functions b, B 07 P

in (LI3), (TI4) uniquely to achieve

h=_=0, hs hP=0. (2.18)

of,7 afB,n
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Notice that (2.18) implies that the one-forms Dh, 7 are of type (1,0), when
pulled down to the principal bundle E of E. This finishes the process of
normalization of the forms ¢,wg". Together with 0%,0, they will give a
global invariant basis of forms for P.

This completes the proof of theorem (0.1).

As mentioned in the introduction, the forms 6%, 6, ¢ on P give rise to an
almost complex structure on the principal line bundle E of E. When is this
a complex structure? In view of (LI0) and (IIIl), we only have to check
that d¢ is in the exterior ideal generated by 0¢,6,¢. Formula ([212]) gives
the following.

Corollary 2.1. This almost complex structure on E is integrable, if and
only if the coefficients of the torsion forms ¢ satisfy

h SAS = hos A AS =0, (2.19)

3. Curvature

The two-form § A ® in equation (2I2]), which was derived from the
exterior derivative of (LI0]), is a component of curvature. Since d¢ = dgy
locally by (2.I0), ¢ has the form

® = B,0* + Bz0" + Brf. (3.1)

To derive the remaining curvature forms, we take the exterior derivative of
equation (ILII]). This yields the “first Bianchi identity”,

QBAQBO‘—FH/\DTQ =xATY, (3.2)
where we have introduced the curvature and covariant differential forms,

Q" = dwg” —wg Aw,, (3.3)
D7 = dr® — 7P A (wg* = 0579). (3.4)

The exterior derivative of (2.2]) gives in usual fashion, and obvious notation,

Uy Q. = QU (3.5)
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Since the QOBV are two-forms from the base, it follows that the ©.* are
two-forms in 6%,6,0%,6. Modulo 6,6, we have

Q= Py 00 N7+ Q507 N7+ RS 207 N6, (3.6)

where the tensors P and @ are anti-symmetric in p, o. Substitution of (B.6)
into (3.2) gives the following Bianchi identies for the coefficients,

0 = P3%,+ P, %5+ P, %, (3.7)
2Q5% = hepds" — hezAg",
Rﬁapg == Rpaﬁg. (39)

Next we consider equation (2.71), which we write more explicitly as

dhyg = wi'h g+ haywy —hogé+h,g 07 + b5 0. (3.10)
We take the exterior derivative of this, and use the equation itself to remove
all dhag terms. This straight-forward, though lengthy, process yields the
following, where again we compute modulo 6, 6.

0 = Qh5+ has ] (3.11)
+(Dhyg., + hog ,8) AO7 = hghmALOTAGT  (3.12)
+(ha,8 nhPU h hPU,n)Qp A 65’ (313)

Here we have introduced the covariant differential

Dhepo = dhop e = wa'hyg g — w5 hayo = wo'hop,. (3:14)

As before (2.7) we have

Dh,5,+h,5,9=h,5 0“/9 + hoFond + hag’ﬁm + hy5 .0 (3.15)
Comparison of coefficients, mod 6, 6, gives
0 = P h g+ /MQF +(1/2)(Py5.0p = Pa.po): (3.16)

0 = Quphos+hasPyl_ = (1/2h,5(ha A —hpAl),  (3.17)

- p _p7 -
0 =R, zh5 — hoc’ng = hoB o5 T hagnhoe — haghoon. (3.18)
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Notice that by [B.8) and BI6) or (BI7) the tensors ) and P are already
determined by the torsion 7%. Thus, only the tensor R carries additional

information.
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