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Abstract

Let Vi, V2 be hypersurface germs in C™ with m > 2, each having a quasi-homogeneous
isolated singularity at the origin. In our recent article 1] we reduced the biholomor-
phic equivalence problem for Vi, V» to verifying whether certain polynomials, called nil-
polynomials, that arise from the moduli algebras of Vi, V2 are equivalent up to scale by
means of a linear transformation. In this paper we illustrate the above result by the ex-
amples of simple elliptic singularities of types E67 17777 Es. The examples of singularities
of types Es, Fr motivate a conjecture that implies that just the highest-order terms of
the corresponding nil-polynomials completely solve the equivalence problem in the homo-
geneous case. This conjecture was first proposed in our paper [5] where it was established
for plane curve germs defined by binary quintics and binary sextics. In the present paper
we provide further evidence supporting the conjecture for binary forms of an arbitrary

degree.

1. Introduction

For a hypersurface germ V at the origin in C™ with m > 2 (consid-
ered with its reduced complex structure) let A(V) be the moduli algebra or
Tjurina algebra of V. Recall that A(V) is the quotient of the algebra O,,
of germs at the origin of holomorphic functions of m complex variables by
the ideal generated by f and all its first-order partial derivatives, where f
is any generator of the ideal I(V') of elements of O, vanishing on V. This
definition is independent of the choice of f as well as the coordinate system
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near the origin, and the moduli algebras of biholomorphically equivalent hy-
persurface germs are isomorphic. It is well-known that dim¢ A(V) < oo if
and only if V either is non-singular (in which case A(V) is trivial) or has an
isolated singularity (see, e.g. [11]).

A well-known theorem due to Mather and Yau (see [18]) states that
hypersurface germs V; and V5 in C™ having isolated singularities are bi-
holomorphically equivalent if their moduli algebras A(V;) and A(V3) are
isomorphic. Up to isomorphism, there is only one moduli algebra of dimen-
sion 1 and only one moduli algebra of dimension 2. If dim¢ A(V') = 1, then
V is biholomorphic to the germ of the hypersurface {27 + - -+ 22, = 0}, and
if dimc A(V') = 2, then V' is biholomorphic to the germ of the hypersurface
{22+ + 22 |+ 23 = 0}). In general, it is not easy to tell whether two
given moduli algebras are isomorphic. In our recent article 7] we obtained
a criterion for algebras A(V}), A(Va2) of dimension greater than 2 to be iso-
morphic provided the singularity of each of Vi, V5 is quasi-homogeneous.
In this paper we apply the criterion found in [7] to particular families of

singularities.

Recall that an isolated singularity of a hypersurface germ V in C™ is
said to be quasi-homogeneous if some (and therefore any) generator f of
I(V) in some coordinates z = (z1,...,2y,) near the origin is the germ of
a quasi-homogeneous polynomial, where a polynomial Q(z) is called quasi-
homogeneous if there exist positive integers pi,...,pm,q such that
QP zy, ..., tPmzy,) = t9Q(2) for all ¢ € C. The singularity of V is said
to be homogeneous if one can choose () to be homogeneous, in which case
the discriminant of () does not vanish. By a theorem due to Saito (see
[21]), the singularity of V is quasi-homogeneous if and only if f lies in the
Jacobian ideal J(f) (i.e. the ideal in O,, generated by all first-order par-
tial derivatives of f). Hence, for a quasi-homogeneous singularity, A(V)
coincides with the Milnor algebra O,/J(f) for any generator f of I(V).
Therefore, if the singularity of V' is quasi-homogeneous, the algebra A(V')
is a complete intersection ring, which implies that A(V) is Gorenstein (see
[1]). Recall that a local complex commutative associative algebra A with
1 < dimc A < oo is a Gorenstein ring if and only if for the annihila-
tor Ann(m) := {u € m : u-m = 0} of its maximal ideal m one has
dimc Ann(m) = 1 (see, e.g. [12]). The property that A(V') is Gorenstein
characterizes quasi-homogeneous singularities (see, e.g. [17]). Next, if the
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singularity of V' is quasi-homogeneous, the algebra A(V) is (non-negatively)
graded. More precisely, one has A(V) = @®;>0L;, where L; are linear sub-
spaces of A(V), with £;L£, C Lj4r and Ly ~ C. The existence of such
a grading on A(V') also characterizes quasi-homogeneous singularities (see
f2d]).

A criterion for two complex graded Gorenstein algebras of finite vector
space dimension greater than 2 to be isomorphic was given in [7] (see also 9],
[14] for results on algebras over arbitrary fields of characteristic zero). The
criterion is stated in terms of certain polynomials that were first introduced
in [8]. Indeed, as explained in Section 2 below, to every complex Gorenstein
algebra A with 2 < dim¢ A < oo one can associate polynomials of a special
form on n := m/Ann(m) = m/m"”, called nil-polynomials, of degree v with
vanishing constant and linear terms, where v > 2 is the nil-index of m.
In [7] we showed that two complex graded Gorenstein algebras A;, Ag are
isomorphic if and only if some (hence any) nil-polynomials P, P, arising
from A, As, respectively, are linearly equivalent up to scale, that is, there
exists ¢ € C* and a linear isomorphism L : ny — ny such that cP, = P o L.
Applying the above isomorphism criterion to the moduli algebras of two
hypersurface germs V;, V5 in C™ having quasi-homogeneous singularities,
one obtains that the biholomorphic equivalence problem for V;, V5 reduces
to the problem of linear equivalence up to scale for any nil-polynomials P;,
P, arising from A(V1), A(V2), respectively (see Theorem [2.2)).

In Section 3 we show how the above criterion works for simple elliptic hy-
persurface singularities. Recall that such singularities split into three types
denoted E6, E7, E‘g, and a singularity within each type is completely deter-
mined by the value of the j-invariant for the exceptional elliptic curve lying
in the minimal resolution of the singularity (see |22]). The isomorphism
problem for the moduli algebras of simple elliptic singularities has been
extensively studied in purely algebraic terms and is now well-understood.
Namely, it was explained in [2], |23] — and in a very explicit form in [4] —
how one can recover the value of the j-invariant directly from the corre-
sponding moduli algebra. In article [4] for singularities of each of the types
E(;, E7, Eg certain forms (homogeneous polynomials) were introduced in an

invariant way; we call them Fastwood forms. Remarkably, it has turned out
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that by using classical invariant theory one can extract the value of the j-
invariant for the exceptional elliptic curve from the Eastwood form of the
singularity.

In Section 3 we use Theorem for providing an alternative solution to
the equivalence problem for singularities of each of the types Eﬁ, E7, Eg. In
our solution, instead of the Eastwood forms we use nil-polynomials arising
from the moduli algebras. For each of the types Eﬁ, E7, Eg, the Eastwood
forms can in fact be regarded as parts of the corresponding nil-polynomials.
Since the nil-polynomials contain additional terms, they should be easier
to use for distinguishing biholomorphically non-equivalent singularities than
the Eastwood forms. Indeed, while for singularities of types Eﬁ, E; our
arguments are similar to those in |4], for singularities of type E‘g there is a
difference. Namely, for Eg-singularities we do not need to resort to classical
invariant theory. Instead, we make elementary comparisons of some of the
homogeneous components of the corresponding nil-polynomials. Utilizing
components other than the Eastwood forms is essential for our arguments
in the Eg-case.

As we will see in Section 3, in order to recover the solution to the equiv-
alence problem for simple elliptic singularities of types Eg;, E7, only the
highest-order terms of the corresponding nil-polynomials (which essentially
coincide with the Eastwood forms) need to be used. Note that singularities
of type E6 are homogeneous and that the moduli algebra of any singularity
of type E7 is in fact the moduli algebra of a homogeneous plane curve sin-
gularity. These observations motivate a conjecture that was first proposed
in our recent paper [5] (see Conjecture in Section 4 below). The con-
jecture states, in particular, that for homogeneous singularities a solution
to the biholomorphic equivalence problem is encoded in the highest-order
terms of nil-polynomials arising from the moduli algebras of the singular-
ities. For a hypersurface germ V defined by a form @ of degree n with
non-zero discriminant, every nil-polynomial P has degree m(n —2), and one
can think of its highest-order homogeneous component as a form plm(n-2)]
defined on the m-dimensional space m(V)/m(V)?2, where m(V) is the max-
imal ideal of A(V). Any two forms constructed as above coincide up to
scale, and we say that all these mutually proportional forms are associated
to @ (note that such forms were first considered in [4] without introducing
nil-polynomials). Further, two hypersurface germs defined by forms Q1(z),
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Q2(z) with non-zero discriminant are biholomorphically equivalent if and
only if Q1, Q2 are linearly equivalent, that is, there exists C € GL(m,C)
for which Q1(Cz) = Q2(2). It can be shown that for forms with non-zero
discriminant the linear equivalence problem is solved by absolute classical
invariants (see Proposition [£.1]). Accordingly, Conjecture [£.2] states that one
can recover all absolute invariants of forms of degree n in m variables from
absolute invariants of forms of degree m(n — 2) in m variables by evaluating
the latter for associated forms.

The treatment of simple elliptic singularities of types E6 and E7 in article
[4] and in Section 3 of the present paper effectively verifies Conjecture
for binary quartics (m = 2, n = 4) and ternary cubics (m = 3, n = 3). In
[5] we showed that Conjecture also holds for binary quintics (m = 2,
n = 5) and binary sextics (m = 2, n = 6). In Section 5 of this paper we
give further evidence supporting the conjecture. We consider the following
family of homogeneous plane curve singularities:

Vi := the germ of {f; := 2] +t27 t2g + 25 =0}, t €C, n > 4, (1.1)

where the discriminant of the form f; is non-zero, which in terms of the
parameter ¢ means t" # —n"/(1 —n)""! (see (5.4)). Family (L) first
appeared in paper [16], where the plane curves {z?+z1a(z2)z§”+b(22)z25 =0}
were considered. Here «, (3 are positive integers, n > 3, and a(z3), b(z2) are
holomorphic nowhere vanishing functions defined near the origin. The germs
of the above curves at the origin were classified in [16] up to biholomorphic
equivalence in many situations (see also [24]). However, the homogeneous
case o =n—1, 8 =n,a =1, b = const, where the discriminant of the
form 27 + 2125071 4 bzl is non-zero, proved to be of substantial difficulty
to the authors for n > 4. The biholomorphic equivalence problem in the
homogeneous case was eventually solved in later paper [15] as stated in the
theorem below (note that for n > 4 and b # 0 the form 27 4+ 225! + b2 is
linearly equivalent to f; for some t).

Theorem 1.1. Two germs Vi, and Vy, are biholomorphically equivalent if
and only if t7 =15.

Theorem [[T] was obtained in [15] by the direct substitution method,
which required enormous calculations. In Section 5 below we prove Theo-
rem [Tl by a short elementary argument based on classical invariant theory.
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Furthermore, it turns out that the solution to the biholomorphic equivalence
problem for the germs V; given by Theorem [L.1] can be also recovered in the
spirit of Conjecture .21 namely by evaluating a certain absolute invariant
of forms of degree 2(n — 2) for forms associated to f;. This last method for
obtaining a solution to the equivalence problem for V; is still much easier
than the direct substitution method of [15].

2. A Criterion for Biholomorphic Equivalence
of Quasi-Homogeneous Singularities

In this section we state some of the results of our paper [7]. Let A be a
complex Gorenstein algebra with 2 < dimc A < co and m the maximal ideal
of A. Further, let expy : m — m be the map

=1
eXp2 Z k_
k=2

By Nakayama’s lemma, m is a nilpotent algebra, and therefore the above
sum is in fact finite, with the highest-order term corresponding to k = v,
where v > 2 is the nil-index of m (i.e. the largest of all integers p for which
mH #0).

Using the map exp,, one can associate to the algebra A a collection of
polynomials of a special form. For every finite-dimensional complex vector
space W we denote by C[WW] the algebra of all C-valued polynomials on W.
Let Ann(m) := {u € m : w-m = 0} = m” be the annihilator of m. A
polynomial P € C[W] is called a nil-polynomial arising from A if there exist
a linear form w : m — C and a linear isomorphism ¢ : W — ker w such that
w(Ann(m)) = C and P = w o expy 0¢. Any nil-polynomial P has a unique
decomposition

P=S"PH, P = (),

where every Pl ¢ C[W] is homogeneous of degree k. The quadratic form
P2 is non-degenerate on W, and P % 0. Without loss of generality we may
assume that W = CKX for K := dimcm — 1. In this case there exists a basis
e1,...,ex of kerw such that p(w) = Zle waeq for w = (wy,...,wg) €
CK, and we write C[W] = Clwy, ..., wk].
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Further, two nil-polynomials P, € C[W;]|, P, € C[Wy] arising from
Gorenstein algebras Ay, As, respectively, are called linearly equivalent up
to scale if there exist ¢ € C* and a linear isomorphism L : W7 — W5 such
that ¢P; = Py o L. Clearly, this identity holds if and only if cPl[k] = Pz[k} oL
for k = 2,...,v, where v is the nil-index of each of mj, my (note that the
nil-indices of my, my coincide since deg P = deg P,). It follows from results
of [7] (see also [8], [9], [14]) that the map

Yromg—mg, Plutv) =0 Logr(u)+ el (wi(v))

is an algebra isomorphism, where wy, we and ¢ : Wi — kerwy, o : Wo —
ker wo are the linear forms and the linear isomorphisms corresponding to P;,
Py, respectively, o 1= wa|ann(my), ¢ € kerwy, v € Ann(my). Thus, if Py, P
are linearly equivalent up to scale, the algebras Ay, As are isomorphic. In
[7] we showed that the converse to this statement also holds if the algebras
A1, Ag are graded.

Thus, we have the following theorem.

Theorem 2.1 ([7]). Let P, P, be arbitrary nil-polynomials arising from
Gorenstein algebras A1, As of dimension greater than 2, respectively. Sup-
pose that the algebras A1, As is graded. Then A1, Ao are isomorphic if and
only if Py, Py are linearly equivalent up to scale.

Applying Theorem 2.1] to the moduli algebras of quasi-homogeneous singu-
larities, one obtains a solution to the biholomorphic equivalence problem for
such singularities.

Theorem 2.2 ([7]). Let Vi, Va be hypersurface germs in C™ each having a
quasi-homogeneous singularity. Assume that dimc A(Vy) > 2, dime A(Va) >
2. Let furthermore Py, Py be arbitrary nil-polynomials arising from A(V1),
A(V3), respectively. Then the germs Vi, Vo are biholomorphically equivalent
if and only if the nil-polynomials Py, Py are linearly equivalent up to scale.

3. Application to Simple Elliptic Singularities

In this section we illustrate Theorem by the examples of simple
elliptic hypersurface singularities.
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Example 3.1. Consider simple elliptic singularities of type Eﬁ. These are
the homogeneous singularities of the following hypersurface germs at the
origin in C3:

V; := the germ of {(21,22,23) eC3: z§’+z§’—|—z§’—|—tzlz2z3 e 0}, 3427 #0.

Two germs V;,, Vi, are known to be biholomorphically equivalent if and
only if ¢; is obtained from t9 by an element of the group generated by the
following parameter changes:

3(6 — 1)

tespt, s 2070
p t+3

(3.1)

where p3 = 1 (see [2], [4], [22]).

We will now give an alternative proof of this statement using Theorem
Following |2], [4], consider the monomials

Z1R2%3, %1, 22, X3, X223, Z1R3, X172,

and let ¢, [ = 0,...,6, respectively, be the vectors in the maximal ideal
m(V;) of A(V;) arising from them. These vectors are known to form a basis
of m(V;), with Ann(m(V;)) spanned by ey. Then for any linear form w on
m(V;), with kerw spanned by e;, I = 1,...,6, and for ¢ : C® — kerw

given by @(w) := Egzl Waeq, With w = (w1,...,wg), the corresponding
nil-polynomial in Clws, ..., ws] is proportional to
t
P, = —E(w? + w% + wg’) + wiwows + wiwy4 + wows + W3we.

Consider the cubic terms in P;:

t
Q= Pt[g} = —E(wi’ 4w + wd) + wiwows. (3.2)
If one regards the cubics Q; as forms on m(V;)/m(V;)?, then up to scale they
coincide with the Eastwood forms of Eg-singularities (see formula (3.1) in
[4]). Tt turns out that any two non-equivalent germs are distinguished by

o

Suppose that for some t; # ty the germs V;, and V;, are biholomorphi-
cally equivalent. By Theorem there exist ¢ € C* and C' € GL(6,C) such
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that ¢ - P, (w) = P, (Cw). Then we have ¢ - Q (w') = Q,(C'w'), where
w' = (w1, wq,w3) and C’ is the upper left 3 x 3-submatrix of the matrix
C'. Tt then follows that C” is non-degenerate and maps the zero locus of Qy,
onto that of Q)s,. Let Z; be the curve in CP? arising from the zero locus of
Q;. This curve has singularities only if either ¢ = 0 or > = 216. Hence if
t; = 0, then t3 = 216, which agrees with (B.1).

If t # 0 and t3 # 216, then Z; is an elliptic curve. The projective
equivalence class of an elliptic curve is completely determined by the value

of the j-invariant for the curve. The value of the j-invariant for Z; is well-
known (see, e.g. (2], [4], [13], [22]):

) (t3 4 27)3
Z2) =
IE) = ~EE 210y
It then follows that ¢; and ¢2 can only be related as described by (B.1I).
On the other hand, if ¢; and ¢ are related as described by (3.1]), one

can construct a biholomorphic map between V;, and V;,. Indeed, for p3 = 1,
p # 1 the map

Z21 — pz1, 29 F—r 29, 23 > 23

shows that V; and V) are equivalent, and the map
21> 21+ 22+ 23, z20>pz +p222 + 23, 23> p221 + pzo + 23

shows that V; and Vs are equivalent (cf. [4]).
t+3

Example 3.2. Consider simple elliptic singularities of type E;. These are
the quasi-homogeneous singularities of the following hypersurface germs at
the origin in C3:

V; := the germ of {(21,22,23) € C: 2f + t2223 + 25 + 23 = 0}, t # £2.

Two germs V;,, V4, are known to be biholomorphically equivalent if and
only if ¢1 is obtained from ¢ by an element of the group generated by the
following parameter changes:

26 — 1)

t— —t, t
’ t+2

(3.3)
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(see 4], [22], [23)).

We will now give an alternative proof of this statement using Theorem
Following [4], [23], consider the monomials

2%237 21y 22, 2’%7 2122, Z%a 2%227 lega
andlet e;, [ = 0,...,7, respectively, be the vectors in the maximal ideal m(V;)
of A(V;) arising from these monomials. These vectors are known to form a
basis of m(V;), with Ann(m(V;)) spanned by ey. Then for any linear form
w on m(V;), with ker w spanned by e;, I = 1,...,7, and for ¢ : C* — kerw

given by @(w) = 22:1 Waeq, With w = (wy,...,wy), the corresponding
nil-polynomial in Clwy,...,w7| is proportional to
t 1 t
P o= _4_810‘11 + ZW%’UJ% — Ew%
tw2w + 1w2w tw2w + 1w2w + wywow
4 1W3 9 1Ws 4 2 Wh 9 2 W3 1W2W4
t o b oo 14
+wiwy + woweg + waws — ng — ng, + §w4.
Consider the fourth-order terms in P;:
4 t 1 t
Q=P = —4—81”% + Zw%wg - Ewg- (3.4)

If one regards the quartics @Q; as forms on m(V;)/m(V;)?, then up to scale
they coincide with the Eastwood forms of Er-singularities (cf. formula (3.7)
in [4]). It turns out that any two non-equivalent germs are distinguished by

Q-

Suppose that for some t; # to the germs V;, and V;, are biholomorphi-
cally equivalent. By Theorem there exist ¢ € C* and C' € GL(7,C) such
that ¢+ P, (w) = P, (Cw). Then we have ¢ - Q (w') = Q,(C'w'), where
w' := (w1, ws2) and C’ is the upper left 2 x 2-submatrix of the matrix C. It
then follows that C” is non-degenerate and maps the zero locus of Q¢, onto
that of QQ¢,. Observe that the zero locus of )y consists of the complex lines
{w; = 0} and {we = 0}, and for ¢t # 0 the zero locus of @ is

B 6+\/36—t2w2}
_2Evh T el

Zyi=3w e C?:wl
t
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Clearly, for t # 16 the set Z; consists of four complex lines, whereas each of
Zg and Z_g is the union of two complex lines. Hence if ¢{; = 0 then ¢y can
only be £6, which agrees with (B.3)).

Suppose now that t1,ts # 0,46 and consider the Md&bius transforma-
tion mer of CP! arising from C’. The transformation m¢s maps the four
points in CP! corresponding to Z;, onto the four points corresponding to
Z,. Considering the cross-ratios of these four-point sets and using the fact
that cross-ratios are preserved under mcr, it is now straightforward to see
that ¢1 and t2 can only be related as described by ([8.3]). An alternative proof
of this statement is given in [4]; it uses the invariant theory of quartics in
two variables (see also Section 4 below).

On the other hand, if ¢; and ¢ are related as described by (B3], one
can construct a biholomorphic map between V;, and V;,. Indeed, the map

21 r—>z’zl, 29 v 29, 23+ 23
shows that V; and V_; are equivalent, and the map
Z1 V> 21+ 29, 29F> 21— 29, 23+ Vi+2z3
shows that V; and Vi are equivalent (cf. [4]).
t+2

Remark 3.3. In Examples 3.1l and linear equivalence of the forms Qy,,
Qt, (see B2), B4)) can in fact be obtained directly, without referring to
Theorem Indeed, in each of these cases ; is the highest-order term
of a nil-polynomial, and the highest-order terms of any two nil-polynomials

arising from the same Gorenstein algebra are proportional to each other
when regarded as forms on m/m?.

Example 3.4. Consider simple elliptic singularities of type Es. These are
the quasi-homogeneous singularities of the following hypersurface germs at
the origin in C3:

V; := the germ of {(21,22,23) €C3: z?—ktzile—i—zg—kz% = 0}, 43 427 #£ 0.

Two germs V;,, V;, are known to be biholomorphically equivalent if and only
if the following holds:

tl = ptg, (3.5)
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where p3 = 1 (see [4], [22], [23]).

We will now give an alternative proof of this statement using Theorem
Following [4], [23], consider the monomials

4 2 3 2 4 3
2122, R1, R2, R, R1R2, R1, R1R2, %1, R1%2;

andlet e;, [ = 0,...,8, respectively, be the vectors in the maximal ideal m(V})
of A(V;) arising from these monomials. These vectors are known to form a
basis of m(V;), with Ann(m(V})) spanned by eg. Then for any linear form
w on m(V}), with ker w spanned by ¢;, I = 1,...,8, and for ¢ : C® — kerw

given by @(w) = 22:1 Waeq, With w = (wy,...,ws), the corresponding
nil-polynomial in Clws, ..., ws] is proportional to
P = ! 1+ ! wf‘wg ! w1w3+1w3w tw?’w —I—tzw 203
1080 36 6 g LTy
1, t 5 o 2t2 2t
+§w1w2w3—Ewlwg+?w1w2w4+w1w2w5+w1w3w4—§w1w3w5
1, t t 2 t
—|—§w1w6—§w1w7 18w2+ 9 w2w3—|—2w2w3—§w3+w1w8—|—w2w7
2t2 2t t2 t
+?w2w6+w3w6—§w3w7+§w4+w4w5—gwg,.

In our arguments we will use, in particular, the third-order terms of P;
independent of w;:

t t2 1 5 t 4
Q= — 18w2+9w2w3—|—2w2w3 gWs-

If one regards the cubics Q¢ as forms on [(V;)/m(V})(V};), where
(V}) := {u € m(V}) : u? = 0},
then up to scale they coincide with the Eastwood forms of E‘g-singularities

(cf. p. 308 in [4]).

Suppose that for some t; # to the germs V;, and V;, are biholomorphi-
cally equivalent. Since 0 is the only value of ¢ for which P, has degree 6, we
have t1,t2 # 0. By Theorem there exist ¢ € C* and C € GL(8,C) such
that

¢ Py (w) = P,(Cw). (3.6)
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By comparing the terms of order 6 in identity (3.6), we obtain that the first

row in the matrix C' has the form (y,0,...,0) and

t
c= 245 (3.7)
tq
Next, let (*,a, 3, *,..., ) and (*,7,0, *,..., %) be the second and third

rows in C', respectively, for some «, (3,7, € C. Comparing the terms of

order 4 in (3.6 that do not involve w$, we see that the matrix

v ()

is non-degenerate. Further, comparing the terms of order 5 in (3.6]) we obtain

(—=3aty + 3te + 27t1ts) (3.8)

c= <a — 2%7> pt. (3.9)

We will now compare the terms of order 3 in ([3.6) that depend only on

8=

Nl )

and

w' = (we,ws). We have

c-Qp (W) = Q (D). (3.10)
Setting
1/3 2t/3
Dt =
0 1
one observes
/ ! 4 3 2 3
Qi(Dyw') = Qp(w') := ﬁw2 — 3Aywows — dtAyws,

where Ay := 1 + 4t3/27. Hence (3.10) implies

¢ Qpy(w') = Qp,(Du'), (3.11)
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where D := Dt_QlDDtl. By (B.8)) we have

~ a0
D =

with a := a — 2t9y/3, b:= /3, d := 0 + 2t17/3.

It follows from (BII) and the non-degeneracy of D that b(a + 2t5b) = 0.
If b = 0, the comparison of the three pairs of coefficients in (B.11]) yields

_ b 3_ﬂad2:t2At2d3

Cc = a” =
tl At1 tlAtl

Therefore 3 Ay, = t3A,, and we obtain that ¢; and ¢, are related as in (3.5)).
Suppose now that b # 0, that is, a = —2t5b. In this situation the comparison
of the three pairs of coefficients in ([B.I1) yields

A A
= 54§—2b3 _ g2ty 12806 g (3.12)

1 Atl tlAtl

From identities (3.7)), (3.9) and the first equality in (B.12]) we obtain A, =0,
which is impossible. [We remark that identities (8:12) alone do not lead to
a contradiction, they only imply (t1t2)3 = (27/4)%.] Thus, if the germs V;,
and V;, are biholomorphically equivalent, then ¢; and ¢ can only be related
as in (33)).

On the other hand, if ¢; and ¢y are related as in (3.5), one can construct
a biholomorphic map between the germs V;, and V;,. Indeed, for p3 = 1 the
map

21— Z1, R2+=> pPz2, 23+ 23
shows that the germs V; and V), are equivalent (cf. [4]).

Remark 3.5. Observe that in Example [3.4] we utilized not just the highest-
order terms of the nil-polynomials but also some of their lower-order terms.

Thus, in Example 3.4] we relied on Theorem in an essential way, which
is in contrast with Examples B.I] and (cf. Remark [3.3).
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4. Homogeneous Singularities

In this section we state a conjecture that was first proposed in our re-
cent paper [5]. The conjecture explains how a solution to the biholomor-
phic equivalence problem in the case of homogeneous singularities can be
extracted from the corresponding nil-polynomials.

We start by recalling the definitions of relative and absolute classical
invariants (see, e.g. |20] for details). Let W be a finite-dimensional complex
vector space and Qf, the linear space of forms of a fixed degree n > 2 on
W. Define an action of GL(W) on Qjj, by the formula

(C,Q) — Qc, Qcl(w) :=Q(C™ w), where C € GL(W), Q € Q%,, w € W.

Two forms are said to be linearly equivalent if they lie in the same orbit with
respect to this action. An invariant (or relative classical invariant) of forms
of degree n on W is a polynomial I : Qf;, — C such that for any @ € Qf;, and
any C' € GL(W) one has I(Q) = (det C)*I(Q¢), where k is a non-negative
integer called the weight of I. It follows that I is in fact homogeneous of
degree k-dimc W/n. Finite sums of relative invariants constitute the algebra
of polynomial SL(W)-invariants of Qf;,, called the algebra of invariants (or
algebra of classical invariants) of forms of degree n on W. By the Hilbert
Basis Theorem, this algebra is finitely generated.

Next, for any two invariants I and I the ratio I /f yields a rational
function on Q, that is defined, in particular, at the points where I does
not vanish. If I and I have equal weights, this function does not change
under the action of GL(W), and we say that I/ I is an absolute invariant
(or absolute classical invariant) of forms of degree n on W. If one fixes

coordinates z1, ..., z, in W, then any element () € Qf, is written as
Z n i i
Q(zl,...,zm): <z ; )ail,--wimzll'””zrﬁna
iTin=n \ Mot
where a;, ..., € C. In what follows we will introduce absolute invariants

Observe that for
any absolute invariant Z so defined its value Z(Q) is in fact independent of

that will be defined in terms of the coefficients a;, .

~olm*

the choice of coordinates in W. When working in coordinates, we assume
that W = C™ and identify GL(W) with GL(m,C).
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We say that a non-zero form @Q € Of,. is minimal if the germ of @ at
the origin generates the ideal I(V'), where V' is the germ of the hypersurface
{Q = 0}. If Q is a binary form (i.e. m = 2), then it can be written as a
product of non-zero linear factors, and the minimality of () means that each
of the factors has multiplicity one, i.e. @ is square-free. Observe that two
hypersurface germs Vi, Vo defined by minimal forms @1, @2, respectively,
are biholomorphically equivalent if and only if the forms @1, Q2 are linearly
equivalent.

For Q € Qf.n, let A(Q) be the discriminant of @ (see Chapter 13 in
[10] for the definition!l). The discriminant is a relative classical invariant of
degree m(n — 1)™~1. Set

X ={Q € Qgm : A(Q) # 0}

Note that @ lies in X if and only if () is minimal and the singularity of the
germ of the hypersurface {Q) = 0} at the origin is isolated. If @ is a binary
form, then ) € X7 if and only if () is non-zero and square-free. As stated
in the following proposition, for forms in X, the linear equivalence problem
is solved by absolute classical invariants.

Proposition 4.1 ([5]). 2| For n > 3 the orbits of the GL(m, C)-action on
X! are separated by absolute classical invariants of the kind

1

where p is a non-negative integer and I is a relative classical invariant.

In what follows the algebra of the restrictions to X, of absolute invariants of
the form (4.1)) is denoted by Z'.. By the Hilbert Basis Theorem, this algebra
is finitely generated. It is clear from the proof of Proposition 1] given in
[5] that Z7' is exactly the algebra of GL(m, C)-invariant regular functions on
the affine algebraic variety X .

The conjecture proposed in [5], which we will state below, explains
how the solution to the linear equivalence problem for forms in X given

I1The formulas for the discriminant that we use below in the cases m = 2,3 differ from the one
given in |10] by scalar factors.

2The proof of this proposition given in [3] has been suggested to us by A. Gorinov.
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in Proposition .1l can be recovered by considering the corresponding nil-
polynomials. Let V be the hypersurface germ at the origin in C™ de-
fined by a form @ € X} with n > 3. Observe that dimc A(V) > 2,
and let m(V) be the maximal ideal of A(V). It follows from results in
[22] that v = m(n — 2). If P = w oexpyoy is a nil-polynomial aris-
ing from A(V), then P := w o exp, is a polynomial on m(V) satisfying
P(w) = 0, P(u+v) = P(u) for all u € m(V), v € Ann(m(V)). Fur-
thermore, for the highest-order homogeneous component Pmn=2)] of P one
has Pm(=2l(y) = 0, PIm=2](y 4 ¢) = PMO=2l(y) for all u € m(V),
v € m(V)2. Thus, P™n=2] gives rise to a form Pm(n=2)] of degree

2

m(n — 2) on the m-dimensional space m(V)/m(V)“. For any two nil-poly-

'[m(n—2)]

~

nomials P, P’ the corresponding forms ]3[7”(”_2”, P coincide up to
scale (cf. Remark [B3)), and we say that any of the mutually proportional
forms of degree m(n — 2) arising in this way is associated to the form Q.
Clearly, for any absolute classical invariant Z of forms of degree m(n — 2)
on m(V)/m(V)? and any form Q associated to @, the value Z(Q) is a bi-
holomorphic invariant of V. Note that invariants of this kind were first
considered in article [4], where associated forms were introduced in slightly
different terms. The Eastwood forms for E‘6 and E7 singularities are in fact

forms associated to ternary cubics and binary quartics.

For convenience, we will now make a canonical choice of variables in
m(V)/m(V)2 Consider the factorization maps m : O — Op/T(Q) =
A(V) and 3 : m(V) — m(V)/m(V)2. Let e; be the image of the germ of the
coordinate function z; under the composition my o, j = 1,...,m. Clearly,
the vectors e; form a basis in m(V')/m(V')2, and we denote by wy, . .., wy, the
coordinates with respect to this basis. For an absolute classical invariant 7
of forms of degree m(n — 2) in the variables wy, ..., w,, it is easy to observe
that Z(Q) is rational when regarded as a function of @), with Q associated
to Qe X

Let R}, denote the collection of all invariant rational functions on X7},
obtained in this way. Further, let f{;ﬁb be the algebra of the restrictions to
X} of all absolute invariants of forms of degree n on C™. Note that R},

lies in fﬁl (see Proposition 1 in [3]). We propose the following conjecture.

Conjecture 4.2. R} =1 .
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Since every element of fﬁq can be represented as a ratio of two elements of 7,
(see Proposition 6.2 in [19]), Conjecture [£.2] is equivalent to the statement
I C Rp,. It is clear from Example [3.4] that the conjecture does not hold
for general quasi-homogeneous singularities.

Note that for binary quartics (m = 2, n = 4) and ternary cubics
(m = 3, n = 3) one has m(n — 2) = n, that is, in these cases deg Q = deg @
for any form Q associated to @), whereas in all other situations one has
deg Q > deg . In each of these two exceptional cases Conjecture states
that every element of Z' can be recovered from some (possibly different) ab-
solute invariant of forms of the same degree by applying them to associated
forms. The above statement is essentially contained in the arguments given
in [4] and in Section 3 of the present paper for singularities of types E6 and
E7. In fact, Conjecture is in part motivated by these examples.

Let m = 2, n = 4. Every non-zero square-free binary quartic is linearly
equivalent to a binary quartic of the form

qi(21,22) i= 21 + 2323 + 23, t# 42

(see pp. 277-279 in [6]). Note that the moduli algebra of the plane curve
germ defined by ¢; is isomorphic to that of the germ V; from Example
Any form associated to ¢; is again a binary quartic and is proportional to

qi (w1, wy) = tw} — 12wiws + tws,

which is the Eastwood form of the corresponding Er-singularity (cf. (34))).
For t # 0,46 the quartic q; is square-free; in this case the original quartic
g is associated to q¢, and it is reasonable to say that for ¢ # 0,42, +6 the
quartics ¢; and q; are dual to each other.

The algebra of classical invariants of binary quartics is generated by
certain invariants Iy and I3, where the subscripts indicate the degrees (see,
e.g. pp. 101-102 in [6]). For a binary quartic of the form

Q(z1,29) = 0L4,zi1 + 6angz§ + aoz§

the values of the invariants Is and I3 are computed as follows:

I(Q) = apaq + 3a§, I3(Q) = apagay — a%, (4.2)
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and A(Q) = I(Q)3 — 2713(Q)?. Define an absolute invariant of binary

quartics as

13
J:=-=. 4.3
R (43)
The restriction J] x4 generates the algebra Igl, and we have
(t* +12)3
J =—
(@) = 105 — a2
(cf. ]4] and Example above).
Consider another absolute invariant of binary quartics:
13
== 4.4
2713 (4.4

Then one obtains K(q;) = J(g;), and therefore K(Q) = J(Q) for any Q € X3
and any Q associated to ). Thus, the absolute invariant K evaluated for
associated quartics yields a generator of Zj, which agrees with Conjecture
4.2

Let m = 3, n = 3. Every ternary cubic with non-zero discriminant is

linearly equivalent to a ternary cubic of the form
- 3 3 3
ce(21, 22, 23) = 27 + 25 + 25 + tziz023, t°+27#0

(see p. 401 in [25]). Note that the hypersurface germ defined by ¢; is exactly
the germ V; from Example B.Il Any form associated to ¢; is again a ternary

cubic and is proportional to
. 3 3 3
ci(wi, we, ws) = tw] + twy + twz — 18w wows,

which is the Eastwood form of the corresponding Eg-singularity (cf. (3.2)).
For t # 0, t3 — 216 # 0 one has A(c;) # 0; in this case the original cubic ¢;
is associated to c;, and it is reasonable to say that for ¢ # 0, t3 4+ 27 # 0,
t3 — 216 = 0 the cubics ¢; and ¢; are dual to each other.

The algebra of classical invariants of ternary cubics is generated by cer-

tain invariants I4 and Ig, where, as before, the subscripts indicate the degrees
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(see pp. 381-389 in [G]). For a ternary cubic of the form
Q(z1,29,23) = azi)’ + bzg’ + czg’ + 6dz1 2923
the values of the invariants I and Ig are computed as follows:
14(Q) = abed — d*, I6(Q) = a®b?c? — 20abed® — 8d°,
and A(Q) = I2 + 64I3. Define an absolute invariant of ternary cubics as

3

.

A
The restriction J| x3 generates the algebra Z3, and we have

3 (13 — 216)3
110592(t3 + 27)3

J(Ct) =

(cf. |4] and Example Bl above). Observe that J(c;) = j(Z;)/110592, where
§(Z;) is the value of the j-invariant for the elliptic curve Z; in CPP? defined
by the cubic ¢; (see, e.g. [13]).

Consider another absolute invariant of ternary cubics:

Kim
T 40963

Then one obtains K(c¢) = J(ct), and therefore K(Q) = J(Q) for any Q € X3
and any Q associated to (). Thus, the absolute invariant K evaluated for as-
sociated cubics yields a generator of T3, which again agrees with Conjecture
4.2

As we have seen, verification of Conjecture for binary quartics and
ternary cubics is not hard. In [3] the conjecture was established for binary
quintics (m = 2, n = 5) and binary sextics (m = 2, n = 6), which was
much more involved computationally. The proof of Theorem [[.T]in the next
section will provide additional evidence supporting Conjecture 4.2]for binary
forms of an arbitrary degree.
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5. The Family V,

Observe that the “if” implication in Theorem [LI] is trivial since the
curve { fy(z1,22) = 0}, with p™ = 1, is biholomorphically equivalent to the
curve {fi(z1,22) = 0} by means of the map z; — pz1, 22 — 2. In this
section we will give two proofs of the “only if” implication. Our first proof
is based on applying classical invariants directly to the forms f; defined in
(L), whereas our second proof proceeds along the lines of Conjecture
and is based on applying classical invariants to forms associated to f;. Both
our proofs are much easier than the proof by the direct substitution method

given in [15].

We will now introduce the invariants required for our proofs. Let @ €

¢z be a binary form of any degree n > 2 written as

n
n . s
Q(z1,22) = > <Z ) aizizy ',

i=0
where a; € C. The form () can be represented as a product of linear terms

n

Q(Zl,ZQ) - H(buzl - C,,Zg),

v=1
for some by, c, € C. The discriminant of @) is then given by

(_1)n(n—1)/2
AQ)=——— [T (bacs —bsea)?
1<a<pf<n
(see pp. 97-101 in [6]). The discriminant is a relative invariant of degree

2(n — 1) which is non-zero if and only if @ is non-zero and square-free.

Furthermore, if a,, # 0, the discriminant A(Q) can be computed as

R(Q,0Q/0x)

A(Q) = R( . , (5.1)

where for two forms P and S we denote by R(P,S) their resultant (see p.
36 in [20]).



214 A. V. ISAEV [June

Next, define the nth transvectant as

(Q: Q)™ = (n})? Z(—l)i <7;> @iln—i

=0

(see Chapter 5 in [20]). The transvectant (Q, Q)™ is an invariant of degree 2.
It is identically zero if n is odd, thus for any odd n we consider the invariant
(QQ, QQ)(%), which has degree 4. Observe that for the relative invariant Io
of binary quartics defined in @2) one has I5(Q) = (Q, Q)¥ /1152.

We now introduce an absolute invariant of binary forms of degree n as

follows:
([@o~]”
A if n is even,
JQ) = @ 52)
(@)™ "
: if n is odd.
A(Q)

Notice that for the absolute invariant J of binary quartics defined in (£.3)
one has J = J/11523. Next, for even values of n we introduce the following
absolute invariant of binary forms of degree n:

(H(@Q), H(Q)) 2"~
(@]

K(Q):=

)

where H(Q) is the Hessian of ). Note that H(Q) € Qég" _2), and the relative
invariant (H(Q), H(Q))?™2) has degree 4.

Proof 1. In our first proof of the “only if” implication in Theorem [l we
find J(f:), where f; is the binary form defined in (II)). A straightforward
computation yields

(fe, f)™) = 2(n!)? if n is even,
(5.3)
(f2, ftz)(%) = 2(2n)!((2n)! — 2(n!)2) if n is odd.

Therefore, the numerators in (5.2)) do not depend on ¢ and are non-zero. We
will now compute the discriminant A(f;). Since for f; we have a, = 1, one
can apply formula (5.I). The resultant R(f;,df;/0z1) can be easily found
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by using cofactor expansions, and we get R(f;, 0f;/0z1) = (1—n)" 1" +n™
Hence

A(f) = (1 —n)" 4" /0™ 4 1. (5.4)

Formulas (5.3]) and (5.4]) imply

1
J =
()=
for some u,v € C with g # 0, which yields the desired result. O

Proof 2. In our second proof of the “only if” implication in Theorem [L.1]
we first assume that n > 5 and find the value of the absolute invariant K for
forms associated to f;. Any such form has degree 2(n—2) and is proportional

to
2(n—2) j+2—n
2(n —2 1—n)t\’ Co(n—92)_j
f(wwg) == ( ("j ) ) <( = ) whuy "
j=n—1
2(n2) 2(n—2)—j
(n—1)t 2(n—2) (I1—n)t 2An—2)—i i
—1-7712 Z j - wl( ) ]w%
j=n—1
2(“’_'2) n—2, n—
—|—< n—9 >w1 2w2 2,
A straightforward computation yields
2(n —2
(6, £)00~2) = ((2(n — 2)))? ( 2 ) A(f),
(5.5)
(H(f,), H(£,)PCr=0) = A(f,)?(pA(f2) + 0)
for some p,0 € C with p # 0. The expressions in (5.5 imply
K(f) = p'A(fi) +0' = p't" + 0" (5.6)

for some p',0’,p", 0" € C with p', p” # 0, which leads to the desired result
for n > 5.

Finally, as shown in Section 4, for n = 4 we have 11523 K(f;) = J(f,),
where K is the absolute invariant of binary quartics defined in (@.4]). This
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completes the proof. O

Remark 5.1. It is clear from (5.6]) that for n > 5 and suitable a,b € C the
absolute invariant

[(@.@ee-)] ’
a(H(Q), H(Q))22n=6) 1+ p [(Q, Q)(2(n—2))] 2

K'(Q) =

of forms of degree 2(n—2) has the property K'(f;) = J(f;). Thus, as claimed
above, the example of the family V; indeed supports Conjecture
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