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Abstract

Consider a random walk in a time-dependent random environment on the lattice
Z%. Recently, Rassoul-Agha, Seppéldinen and Yilmaz [13] proved a general large deviation
principle under mild ergodicity assumptions on the random environment for such a random
walk, establishing first level 2 and 3 large deviation principles. Here we present two
alternative short proofs of the level 1 large deviations under mild ergodicity assumptions
on the environment: one for the continuous time case and another one for the discrete time
case. Both proofs provide the existence, continuity and convexity of the rate function. Our
methods are based on the use of the sub-additive ergodic theorem as presented by Varadhan
in |22].
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1. Introduction

We consider uniformly elliptic random walks in time-space random en-
vironment both in continuous and discrete time. We present two alternative
short proofs of the level 1 quenched large deviation principle under mild
conditions on the environment, based on the use of the sub-additive ergodic
theorem as presented by Varadhan in [22]. Previously, in the discrete time
case, Rassoul-Agha, Seppélédinen and Yilmaz [13], proved a level 2 and 3
large deviation principle, from which the level 1 principle can be derived via
contraction.

Let ko > k1 > 0. Denote by G := {ej,e_1,...,eq,e6_q} the set of unit
vectors in Z%. Define Q := {v = {v(e) : e € G} : k1 < infeegu(e) <
sup.cq v(e) < ka}. Consider a continuous time Markov process w := {w; :
t > 0} with state space €, := Q%' so that w; := {w(z) : @ € Z} with
w(z) = {w(z,e) : e € G} € Q. We call w the continuous time environ-
mental process. We assume that for each initial condition wg, the process
w defines a probability measure Q¢ on the Skorokhod space D([0,00); ).
Let i be an invariant measure for the environmental process w so that for
every bounded continuous function f : 2. — R and ¢t > 0 we have that

[ e = [ sendn.

Assume that p is also invariant under the action of space-translations. Fur-
thermore, we define @}, := [ Q¢du, where with a slight abuse of notation
here w € Q.. For a given trajectory w € D([0,00);€2.) consider the process
{X} :t > 0} defined by the generator

Lof(@) = 3wz, )(f (@ + ) - f(@)),

ecG

where s > 0. We call this process a continuous time random walk in a
uniformly elliptic time-dependent random environment and denote for each
r € 74 by PS , the law on D([0,00); Z%) of this random walk with initial
condition Xo = z. We call Py the quenched law starting from z of the
random walk.

For x € R?, |z|s, |2|; and |z|s denote respectively, their Euclidean,
and lo-norm. Also, for r > 0, we define B,(z) := {y € Z?: |y — z]o < r}.
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Furthermore, given any topological space T, we will denote by B(T') the
corresponding Borel sets.

We will also consider a discrete version of this model which we define
as follows. Let x > 0 and R C Z? finite. Define P := {v = {v(e) : e € R} :
infecpv(e) > k, > . cpv(e) = 1}. Consider a discrete time Markov process
w = {wy : n > 0} with state space Qy = P%’, so that wy, = {wn(z) :
r € 74} with wy,(7) = {wa(x,e) : e € R} € P. We call w the discrete
time environmental process. Let us denote by fo) the corresponding law of
the process defined on the space QdN. Let 4 be an invariant measure for
the environmental process w so that for every bounded continuous function
f:Q4— R and n > 0 we have that

[ fndn = [ ndn.

Assume that g is also invariant under the action of space-translations. Fur-
thermore, we define QZ = [ Q%dp. Given w € Qq and z € Z4, consider
now the discrete time random walk {X,, : n > 0} with a law Pg‘iw on (ZHN
defined through P:vdw (Xo = 2) =1 and the transition probabilities

Pgw(XnH =z +elX, =) =wy(z,e),

for n > 0 and e € R. We call this process a discrete time random walk
in a uniformly elliptic time-space random environment with jump range R
and call P;{w the quenched law of the discrete time random walk starting
from x. We will say that R corresponds to the nearest neighbor case if
R =1{ecZ%: |e]; = 1}. We say that a subset A C Z¢ is conver if there
exists a convex subset V C R? such that A = V N Z? while we say that A
is symmetric if A = —A. Throughout, we will assume that the jump range
is R is finite, convex and symmetric or that it corresponds to the nearest
neighbor case.

Throughout we will make the following ergodicity assumption. Note
that we do not demand the environment to be necessarily ergodic under
time shifts.

Assumption (EC). Consider the continuous time environmental process w.
For each s > 0 and = € Z¢ define the transformation T, : D(]0,00); Q) —
D([0,00); Q) by (Tszw)(y) := weys(y + ). We say that the environmental
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process w satisfies assumption (EC) if {Ts, : s > 0,z € Z%} is an ergodic
family of transformations acting on the space (D([0,00); ), B(D([0,c0);
Qc)), Q;,)- In other words, the latter means that whenever A € B(D([0, c0);
Q) is such that T, ! A=A for every s>0 and x € Z%, then Q(A)is0or 1.

Assumption (ED). Consider the discrete time environmental process w.
For x € Z¢ define the transformation T} ;. : D([0,00); Qq) — D([0,00); Q4) by
(T1,2w)n(y) = wpt1(y+x). We say that the environmental process w satisfies
assumption (ED) if {11, : € R} is an ergodic family of transformations
acting on the space (Y, B(Q2Y), Qﬁ). In other words, whenever A € B(QY)
is such that Tf;A:A for every x € R, then Qﬁ(A) is O or 1.

It is straightforward to check that assumption (ED) is equivalent to asking
that whenever A € B(€2})) is such that A = T, zAfor every z € Randn € N
then Qﬁ(A) is 0 or 1.

In this paper we present a level 1 quenched large deviation principle for
both the continuous and the discrete time random walk in time-space ran-
dom environment. It should be noted that the discrete time version of our
result can be derived via a contraction principle from results that have been
obtained in Rassoul-Agha, Seppéldinen and Yilmaz [13] establishing level 2
and 3 large deviations, for discrete time random walks on time-space ran-
dom environments and potentials. There, the authors also derive variational
expressions for the rate functions. Nevertheless, the proofs we present here
of both Theorem [[LT and [L.2] are short and direct.

Theorem 1.1. Consider a continuous time random walk {X; : t > 0} in
a uniformly elliptic time-dependent environment w satisfying assumption
(EC). Then, there exists a convex continuous rate function I.(z) : R? —
[0,00) such that the following are satisfied.

(i) For every open set G C R? we have that Q-a.s.

...l . .
Z — > — .
htrgégf . log I, < . € G> > alcgg I.(x)

(ii) For every closed set C C R we have that Q) -a.s.

t—soo T zeC

1imsup110gPOC7w <% € C’> < —inf I.(x).
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To state the discrete time version of Theorem [I.I we need to introduce
some notation. Let Rg := {0} C Z% R; := R and for n > 1 define

Rpy1:={ye€Z%:y=ua+efor some z € R, and e € R},

and U, := R, /n. Note that R, is the set of sites that a random walk with
jump range R visits with positive probability at time n. We then define U
as the set of limit points of the sequence of sets {U,, : n > 1}, so that

U:={zeR?:z= lim z, for some sequence z, € U, }. (1.1)
n—oo

Theorem 1.2. Consider a discrete time random walk {X,, : n > 0} in a
uniformly elliptic time-dependent environment w satisfying assumption (ED)
with jump range R. Assume that either (i) R is finite, convex, symmetric
and there is a neighborhood of 0 which belongs to the convex hull of R; (ii)
or that R corresponds to the nearest neighbor case. Consider U defined in
(CI). Then U equals the conver hull of R and there exists a convex rate
function Iy(z) : RY — [0, 00] such that Iy(z) < |log k| for x € U, I4(z) = oo
forx ¢ U, I is continuous for every x € U° and the following are satisfied.

(i) For every open set G C RY we have that QZ—a.s.

n—oo N zeG

1 X
lim inf = log P¢, (—n € G> > — inf I4(z).
’ n
(ii) For every closed set C' C R? we have that Q‘Z-a.s.

ligljolép % log P(‘)i’w <% € C> < _iggld(x)'

Both quenched and annealed large deviations for discrete time random
walks on random environments which do not depend on time, have been
thoroughly studied in the case in which d = 1 (see the reviews of Sznitman
[21] and Zeitouni [26] for both the one-dimensional and multi-dimensional
cases). The first quenched multidimensional result was obtained by Zerner
in [27] under the so called plain nestling condition, concerning the law of
the support of the quenched drift (see also [26] and [21]). In [22], Varadhan
established both a general quenched and annealed large deviation principle

for discrete time random walks in static random environments via the use
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of the subadditive ergodic theorem. In the quenched case, he assumed uni-
form ellipticity and the ergodicity assumption (ED). Subsequently, in his
Ph.D. thesis [17], Rosenbluth extended the quenched result of Varadhan
under a condition weaker than uniform ellipticity, along with a variational
formula for the rate function (see also Yilmaz [23, 24, 125]). The method of
Varadhan based on the subadditive ergodic theorem and of Rosenbluth [17],
Yilmaz [23] and Rassoul-Agha, Sepélédinen, Yilmaz |13], are closely related
to the use of the subadditive ergodic theorem in the context of non-linear
stochastic homogenization (see for example the paper of dal Maso, Mod-
ica |12]). Closer and more recent examples of stochastic homogenization
for the Hamilton-Jacobi-Bellman equation with static Hamiltonians via the
subadditive ergodic theorem are the work of Rezakhanlou and Tarver [15]
and of Souganidis [19] and in the context of the totally asymmetric sim-
ple K-exclusion processes and growth processes the works of Seppéléinen in
[18] and Rezakhanlou in [14]. Stochastic homogenization for the Hamilton-
Jacobi-Bellman equation with respect to time-space shifts was treated by
Kosygina and Varadhan in [11] using change of measure techniques giving
variational expressions for the effective Hamiltonian.

A particular case of Theorem [[Tlis the case of a random walk which has
a drift in a given direction on occupied sites and in another given direction on
unoccupied sites, where the environment is generated by an attractive spin-
flip particle system or a simple exclusion process (see Avena, den Hollander
and Redig [1] for the case of a one-dimensional attractive spin-flip dynamics,
and also [2,13,110]). This case is also included in the results presented in [13].
Another particular case of Theorem [[T] is a continuous time random walk
in a static random environment with a law which is ergodic under spatial
translations: two of these cases are the Bouchaud trap random walk with
bounded jump rates (see for example |4]) and the continuous time random
conductances model (see for example [5]). Our proof would also apply to
the polymer measure defined by a continuous time random walk in time-
dependent random environment and bounded random potential (see [13]).
Note that Theorem does include the classical nearest neighbor case (a
nearest neighbor case example is the random walk on a time-space i.i.d.
environment studied by Yilmaz [24]).

Our proofs are obtained by directly establishing the level 1 large devia-
tion principle and is based on the sub-additive ergodic theorem as used by
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Varadhan in [22]. Let us note, that in [22], Varadhan applies sub-additivity
directly to the logarithm of a smoothed up version of the inverse of the tran-
sition probabilities of the random walk, as opposed to the earlier approach of
Zerner [27] (see also Sznitman [20]), where sub-additivity is applied to a gen-
eralized Laplace transform of the hitting times of sites of the random walk
forcing to assume the so called nestling property on the random walk. While
our methods do not give any explicit information about the rate function,

besides its convexity and continuity, the proofs are short and simple.

We do not know how to define a smoothed up version of the transition
probabilities as is done by Varadhan in [22]. We therefore have to prove
directly an equicontinuity estimate for the transition probabilities of the
random walk, which is the main difficulty in the proofs of Theorems [L.1] and
In the case of Theorem [[T] we follow the method presented in [7]: we
first express the transition probabilities of the walk in terms of those of a
simple symmetric random walk through a Radon-Nykodym derivative, then
through the use of Chapman-Kolmogorov equation we rely on standard large

deviation estimates for the continuous time simple symmetric random walk.

In Section 2 we present the proof of Theorem [LI] using the methods
developed in [7]. In Section 3 we continue with the proof of Theorem [[.2] in
the case in which the jump range of the walk R is convex, symmetric and
a neighborhood of 0 is contained in its convex hull. In Section 4 we prove
Theorem for the discrete time nearest neighbor case. Throughout the
rest of the paper we will use the notations ¢, C, C’,C” to refer to different

positive constants.

2. Proof of Theorem 1.1

For each s > 0, let 05 : D([0,00);.) — D([0,00); Q) denote the canon-
ical time shift. As in [7], we first define for each 0 < s < ¢ and x,y € Z? the

quantities

C

e(s,t,2,y) == Prg,(Xi—s =v),
and

(IC(S, t7 z, y) = = loge(s, t7 z, y)v
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where the subscript ¢ in «a. is introduced to distinguish this quantity from
the corresponding discrete time one. Note that these functions still depend
on the realization of w. We call a.(s,t,z,y) the point to point passage
function from z to y between times s and ¢t. Due to the fact that we are
considering a continuous time random walk, here we do not need to smooth
out the point to point passage functions (see [22]). Nevertheless, there is
an equicontinuity issue that should be resolved. Theorem [I.1] will follow
directly from the following shape theorem. A version of this shape theorem
for a random walk in random potential has been established as Theorem 4.1
in [7] (see also Theorem 2.5 of Chapter 5 of Sznitman [20]).

Theorem 2.1 (Shape theorem). There ezists a deterministic convex func-
tion I, : RY — [0,00) such that Q) — a.s., for any compact set K C R4

lim sup
t=00 etz

714, (0,1,0,y) — 1. (%)‘ —0. (2.1)

Furthermore, for any M > 0, we can find a compact K C R® such that

C
Q) — a.s.

limsup%log By <% ¢ K> < -—-M. (2.2)

t—o0

Let us first see how to derive Theorem [L.1] from Theorem 2.1l We will
first prove the upper bound of part (ii) of Theorem [Tl By (2:2]) of Theorem
211, we know that we can choose a compact set K C R? such that

t—o00

. 1 Xt .
hmsup; log I5 <T ¢ K> < —mlIGIEIC(JL‘),

where C' is a closed set. It is therefore enough to prove that

1 X
lim sup — log Fy <—t € C’OK> < —inf I.(x).
t—oo 1 ’ t zelC
Now,

t—00

1 X
lim sup ZlOgPOCM (Tt ceCn K>

1
< limsup - sup log Iy, (Xt = y)
t—ro0 ye(tCNtK)NZe
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1
= limsup n log P&w (Xt =w),

t—o0

where y; € (tC NtK)NZY, is a point that maximizes F§ ,(X¢ =+). Now, by

compactness, there is a subsequence t,, — oo such that

Yty

n

lim
n—oo

=:z*e CNK,

and lim sup,_, ., 1 log F§ ., (Xt = yt) = limsup,,_,, % log IS, (Xt,, = t,,)-
Thus, by the continuity of I. and by (2.1]) we see that

1 X
lim sup — log Fg,, <—t € C’ﬂK) < —I.(2") < — inf I.(x).
t—oo T ’ t zeC

To prove the lower bound, part (i) of Theorem [[T], note that by 2] we
have that

1 X 1
lim inf — log Py, <—t € G) > liminf—  sup log Py, (X: =)

> —inf I.(x).
)

Let us now continue with the proof of Theorem[2.1l Display (2.2]) of Theorem
2Tl follows from standard large deviation estimates for the process {N; : t >
0}, where Ny is the total number of jumps up to time ¢ of the random walk
{X; : t > 0}, which can be coupled with a Poisson process of parameter
2dksy. To prove the first statement (2.1]) of Theorem [2.I] we first observe that
for every 0 < t; < to < t3 and 1, z2, x3 € Z% one has that Qj-a.s.

ac(t17t37:1:17:1:3) S ac(t17t27x17x2) + aC(t27t37:1:27:1:3)' (23)

We will also need to obtain bounds on the point to point passage functions
which will be eventually used to prove some crucial equicontinuity estimates.
To prove these bounds, we first state Lemma 4.2 of [7], which is a large

deviation estimate for the simple symmetric random walk.

Lemma 2.1. Let X be a simple symmetric random walk on Z¢ with jump
rate k and starting point X(0) = 0. For each x € Z and t > 0 let p(t,0, x)

be the probability that this random walk is at position x at time t starting



10 D. CAMPOS, A. DREWITZ, A. F. RAMI{REZ AND F. RASSOUL-AGHA [March

from 0. Then for every t > 0 and x € Z¢, we have

(t,0.2) i 1+ o(1)) (2.4
p(t,0,z) = + o0 , .
(2mt)STIL | (5 + 53) 4

where

(dx; : . L
J(x) :zZS]( :) with  j(y) :=ysinh ty — /y2 + 1+ 1,

=1

and the error term o(1) tends to zero as t — oo uniformly in x € tK NZ4,
for any compact K C R, Furthermore the function j is increasing with |y|
and j > 0.

We will need the following estimates for the transition probabilities.

Lemma 2.2. Consider the transition probabilities of a random walk on a
uniformly elliptic time-dependent environment. The following hold Qf,-a.s.

(i) Let C3 > 0. There exists a to > 0 and constants C1,C7 and Co such
that for € > 0 small enough and every t > ty, y,z € Z% such that

ly — z]o < et + ‘f(%“’d we have that

/

—Cltﬁ Cgtﬁ
Cre ~ NosdZp(et, z,y) <e(t(l —e),t,2,y) < Coe = loscl"Zp(et, 2,y).

(ii) Let r > 0. There exists a tgp > 0 and a constant C > 0 such that for
each t >ty and x € By, (0) one has that

e(0,t,0,x) > e_Ctp(t,O,x).

(iii) There is a function « : (0,00) x [0,00) — (0,00) such that for each
z,y € Z% and t > s > 0 one has that

e(s,t,x,y) > alt —s, |z —yl1) > 0. (2.5)
Proof. Part (i). Note that

e(t(l —e),t, 2z,y)

t t
— Ez7t(1—5) |:eft(175) log(2dws(st,YS—YL))st—ft(lfe)(ws(Ys,G)—l)dsln (y)] , (2.6)
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where F, ; is the expectation with respect to the law of a continuous time
simple symmetric random walk {Y; : ¢ > 0} of jump rate 1 starting from z
at time s, V; is the number of jumps up to time ¢ of the walk, while for each
r € Zand s > 0, wy(z,G) = > . ws(x,e) is the total jump rate at site
and time s (see for example Proposition 2.6 in Appendix 1 of Kipnis-Landim
[8]). Using the fact that the jump rates are bounded from above and from

below, it is clear that there is a constant C' > 0 such that

eftt(lfi) log(2dws (Ys_ 7YS_YS_))dNS—‘]‘tt(lie)(wS(Y57G)—1)dS < eC(Nt_Nt(l—e))'i‘CEt.

Substituting this bound in (2.6]), we see that
e(t(1 = €),t,2,) < OB [Cepy ()] (2.7)

where now E is the expectation with respect to a Poisson process {N; : t > 0}
of rate 1 and p,, is the n-step transition probability of a discrete time simple

symmetric random walk. Let now R, := Note that

N S
e|loge[1/2"

E [€CN€tpN€t(Z,y)] < eCR€t€p(6t,Z,y) + E[GN“C,NEt > Retﬁ]
< eCRetep(et,z,y) +E[62N5t0]1/2P(N€t > RetE)l/z.

Now, using the exponential Chebychev inequality with parameter log R, we

get
P(Net > Reet) < ¢~ /(Relog Rem(Re 1) (2.8)

2C _
— eEt(e 1)

[62N€tC]

and we compute F . Hence,

E [eCNetpN t(z’ y)] < ECRetep(Et, 2, y) + 653(620_1)6—63(1%5 logRe—(Re—l))‘
(2.9)
Now, by Lemma [2Z1] we know that j(y) is increasing with |y|, so that

— C
sup etj<|z y') < etj( 3 +1>
vz |y—zla<ett Cat et e log €|

[log €]
2
| log €| €|log €|

for t > 1. Hence, again by Lemma 2.1 with k = 1, we see that for any
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constant ¢ > 0 we can choose € small enough such that

ee%(e2c—1)e—etc(Re log Re—(Re—1))

li =0 2.10
Jm E, P ) ! (2:10)

where the infimum is taken over y,z as in the previous display. Applying
(ZI0) with ¢ = 1/2, we see that the second term of the right-hand side of

inequality (2.9)), after taking the supremum over y, z such that |y — z|a <

et + %, is negligible with respect to the first one. Hence, for € small

enough, there is a constant C' and a ty > 0 such that for y, z such that

|y—z|2§et+% and t >ty one has

e(t(l —€),t,z,y) < CeBetDCp(et 2 4.

Similarly, using the fact that the jump rates are bounded from above and

Cst

and
[log €|

from below it can be shown that for y, z such that |y — z|o < et +
t large enough

e(t(l —e€),t,2,y) e_ClEtE[e_ClN“

v

pNEt (Z, y)lNetSReft]

v

e~ BV piny (2,9) 1N, <R.ct]

e—(R5+1)EtCl (p(etj Z’ y) — P(Ngt > RGEt))
" o~ (RetD)etC”’

AV V]

p(€t7 Z7 y)?

where we have used (2.8)) and (2I0) with ¢ = 1.

Part (ii). The proof of part (ii) is analogous to the proof of the lower bound
of part (i).

Part (iii). By the same argument as the last part of the proof of part (i),
there is a constant C’ > 0 such that

6(87 t7 z, y) > e—C (t_S)E[e_C NtiSpNtfs (:L‘v y)7 Nt—s = |33 - y|1]

But P(N¢—s = |z —y|1) > 0 (there is, with positive probability, a trajectory
from 0 to = such that N;_s = | — y|1). Thus,

e(s,t,z,y) > e_CI(t_S)_C/‘x_y‘lp‘x—yh(:1:7 Y)P(Ni—s = |z — y|1)

> e—C’(t—s)—C’\x—yh 1

= WP(Nt_S = ‘IL’ — y‘]_) > 0. O
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We can now apply Kingman’s sub-additive ergodic theorem (see for

example Liggett |9]), to prove the following lemma.

Lemma 2.3. There exists a deterministic function I, : Q% — [0,00) such

that for every y € Q%, Q},-a.s. we have that

lim ac(()? t? 07 ty)
tyezd

— L(y). (2.11)

Proof. Assume first that y € Z?. Let ¢ € N. We will consider for m > n > 1

the random variables
Xnm(y) := ac(ng, mq, ny, my).

By (2.3)), we have
Xom(y) < Xon(y) + Xnm(y).

By part (iii) of Lemma [22] we see that the random variables {X,, ,(y)} are
integrable. Hence, by Kingman’s sub-additive ergodic theorem (see Liggett

[9]) we can then conclude that the limit

j(q,y,w) := lim ac(0,mgq, 0, my)

m— oo m

(2.12)

exists for y € Z% and ¢ € N. We have to show that it is deterministic. For
this reason, let r > 0, z € Z% be arbitrary. It suffices to prove that

f(q,y,w) < j(q’var,zW) — lim ac(r,mq +r,z,my + z)'

m—00 m

First, we have that

ac(07mq7oamy) < CLC(O,T,O,Z) + ac(r,mq,z,my)
m - m m

By part (iii) of Lemma [Z2] the first term of the right-hand side of the last

equation tends to 0 as m — oo. Therefore,

f(q,y,W): lim ac(oﬂmq707my) §liminfac(r’mq’z’my), (213)

m—00 m m— 00 m
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On the other hand, for u € N such that m > u > r we have that

ac(r,mq,z,my) _ ac(r,(m—u)qg+r,z,(m—u)y+ 2)
m m
+ac((m —u)q +r,mq,(m —u)y + z,my)
- .

Again, by part (iii) of Lemma 2.2] the last term tends to 0 as m — oo.

Therefore
lim inf ac(r,ma, 2, my) < lim ac(r, (m —wg +r 2 (m —wy + 2)
m—0o0 m m—oo m
= 1q,y,Tr.w). (2.14)

Hence f(q,y,w) < f(q,y,me). Since » > 0 and z € Z? are arbitrary,
I (g,y) is shift-invariant under each transformation 7, .. By assumption
(EC), f(q,y) is @)-a.s equal to a constant for each y. Now, if y € Q¢,
choose the smallest ¢ € N such that gy € Z¢. Then by (Z12), we conclude
that

CLC(O, mq, 07 mqy) 1

e e = @ ay.w) = L), (2.15)
exists (and is well-defined) and is Qf-a.s. equal to a constant. O

We now need to extend the definition of the function I.(z) for all x € R?
and prove the uniform convergence in (ZI). To do this, we will prove that
for each compact K there is a ty > 0 such that the family of functions
{t71a.(0,t,0,ty) : t > to} defined on K is equicontinuous. We can now
proceed to the main step of the proof of Theorem 2.1

Lemma 2.4. Let K be any compact subset of R%. There exist deterministic
¢ : (0,00) = (0,00) with lim, o ¢ (r) = 0, and ty > 0 such that for any
€>0 andt >y, Q)-a.s., we have

sup  t 1 ac(0,t,0,2) — ac(0,£,0,y)] < ¢x(e). (2.16)
x",yet‘KQZf
T—Y|2€

Proof. Let us note that for every € > 0, t and = € Z% one has that

e(0,£,0,) = Y e(0,t(1 —€),0,2)e(t(1 — €),t, 2, ).
2€7Z4
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Let Ry :=sup{|z|2 : # € K} be the maximal distance to 0 for any point in
K and rg = %, where Ck is a constant that will be chosen large enough.
From part (i) of Lemma 22 and Lemma [ZT], note that for ¢ > to (where to
is given by part (i) of Lemma [2.2])

e(0,,0,7) < Y e(0,t(1—¢€),0,2)e(t(l —€),t,2,3)

2€Br .t ()

€

1 107

+CeTmarEtCmetai (1), (2.17)

On the other hand by part (ii) of Lemma [2.2] we have that for ¢t > ¢
e(0,¢,0,2) > e—Ct=tI(§),

Using the upper bound J (%) < dRk log(1 + 2dRk) we see that if

1
e~ (d%{) > C + '+ dRy log (1+ 2dRy) (2.18)

the second term of (ZI7) is negligible. But (ZI8)) is satisfied for Cx >
2(C+C"+dRk log(14+2dRk)) and € > 0 small enough. Hence, it is enough
to prove that, Qj-a.s. we have that

e(t(l1 —e),t,z,2)

sup sup < Celfx (), (2.19)
o,yetKNZd 2€ By 1 () 6(t( —€),1,2,Y
lz—ylo<et
To this end, by Lemmas [2.1] and
— — 1 _ T—z -z
e(t(l 6)7t7 Z,l‘) < C62tc‘1°g5‘1/2 e—et(J( = )_J(yet )) (220)

e(t(l —e),t,2,9)

But,

—/ “ log (1+ 2Jul) du
d d &

< dlog <1+ 2dCk > .

€|log €|

Substituting this estimate back into (Z20) we obtain (2I9) with ¢x(e) =
O

1
Clicgenrs:
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Using this lemma, we can extend I, to a continuous function on R%. It
remains to show the convexity of I... For this purpose, let A € (0,1), z,y € R?
and let (\,) € (0,1) N Q, (x,), (yn) C Q% such that A\, — A, x, — z, and
yn — y. In addition let r, € N be such that r,(Apz, + (1 — A\p)yn), Apmry,

and \,mryz,, are contained in Z%. Then for any n € N one has

Ic(Anxn + (1 - An)yn)
~ m ac(0,mry, 0,mr,(Apzn, + (1 — A\p)yn))
m—00 mry,

ac(0, Aymry, 0, A\ymr,xy,)

< lim
m—00 mry,
+ lim ac(Apymirp, mry, Aymrp Ty, mry, A2y + (1 — Ap)yn))
m—o0 mrp '

Now taking n — oo, the continuity of I. yields that the left-hand side con-
verges to I.(Az + (1 — M\)y). Taking advantage of the continuity of I, and
(2.15), the first summand on the right-hand side converges to Al.(x) a.s.,
while in combination with the fact that the transformations T, mr, \mrnz,
are measure preserving, the second summand converges in probability to
(1 = N)1.(y); from the last fact we deduce a.s. convergence along an appro-

priate subsequence and hence the convexity of I..

3. Proof of Theorem 1.2 for the convex case

Here we consider the case in which the jump range R of the walk is
convex, symmetric and a neighborhood of 0 is contained in the convex hull
of R. Let us call m, ,(z,y), the probability that the discrete time random
walk in time-space random environment jumps from time n to time m from

site x to site y. Define

ad(”) m,x, y) == log Wn,m(l', y)

As in the continuous time case, we have the following sub-additivity property

forn <p<m and z,y,z € Z¢,

ad(n,m,:c,y) < ad(n,p,x,z) + ad(pvmvzvy)' (31)
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We first need to define some concepts that will be used throughout this
section. An element (n, z) of the set N x Z¢ will be called a time-space point.
The time-space points of the form (1, z), with z € R, will be called steps.
Furthermore, given two time-space points (n1, x(l)) and (ne, x(2)) a sequence
of steps (1,z(1), ... (1,2()), with k = ny — n; will be called an admissible
path from (n1, M) to (ng,z?), if 2 = 20 4 2 4 ... 4 2(*) and

7Tn17n1+1 (:1;(1)71*(1) _|_ z(l))ﬂn1+17n1+2(w‘(1) + 2(1)7‘1’(1) _|_ Z(l) + 2(2)) X oeee

X Ty 1mg (2 4+ 20 4o 2= 2 4 (M 4 2Ry > 0. (3.2)

In other words, there is a positive probability for the time-space random walk
(n, Xy) to jump through the sequence of time-space points (nj, x(l)), (n1 +
LW 4+ 20 (ng,2®) = (ng,z® + 2 + ... 4+ 2()). Note that the
sequence of steps (1, z(l)), e (1,z(k)), is an admissible path if and only if
2U) € R forall 1 < j < k. Let us note that by uniform ellipticity asking
that the left-hand side of (3.2]) be positive is equivalent to asking that it

2711 With a slight abuse of notation, we will

be larger than or equal to x
adopt the convention that for u € R, [u] is the integer closest to u that
is between u and 0. Furthermore, we introduce for € R?, the notation
[z] == ([z1],...,[r4]) € Z%. Throughout, given A C R? we will call A° its

interior.

Lemma 3.1. Consider a discrete time random walk in a uniformly elliptic
time-dependent environment w with finite, convexr and symmetric jump range
R such that a neighborhood of 0 belongs to its convex hull. Then, U equals
the convex hull of R and for every n > 1 we have that

R, = (nU)NZ. (3.3)

Proof. 1t is straightforward to check that U equals the convex hull of R in
R?. On the other hand, note that if € R,,, we have that for every m € N,
mx € Ry, which implies that = € U,,,. This proves that R, C (nU) N Z4.
Finally, using the fact that R is convex, we can prove that (nU)NZ%C R,,. O

For each x € Z? define s(z) as the minimum number n of steps such
that there is an admissible path between (0,0) and (n,x). Alternatively,

s(z) =min{n >0:x € R,}.
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Let us now define a norm in R¢ which will be a good approximation for the
previous quantity. For each y € OU define ||y|| = 1. Then, for each x € R?
which is of the form = = ay for some real a > 0, we define ||z|| = a. Note that
since U is convex, symmetric and there is a neighborhood of 0 which belongs
to its interior, this defines a norm in R (see for example Theorem 15.2 of
Rockafellar [16]) and that x € U® if and only if ||z|| < 1. Furthermore, note
that for every = € R% we have that

|zl < s(z) < |lz|[ + 1. (3.4)
Lemma 3.2. Let z € U and x € U°. Then, for each natural n there exists
an ny such that

4d+1 -
i lz =21l (3.5)

n<ng <n-+ n .
L—|lzl| =1 —[lz]|

and there is an admissible path between (n,z) and (n2,x) so that
CLd(O, n2, 0, ["I’LQIL’]) < ad(oa n, 0, [nz]) - log K" (36)

Similarly, whenever ||z — z|| <1 — ||z||, there exists no(x, z) = ng such that

for each natural n > ng there exists an ni such that

4d +1 ||z — z||
—_— _n —_—
L=l It = =]

n 1<n; <n (3.7)
and there is an admissible path between (ny,x) and (n,z) so that

aq(0,n,0,[nz]) < aq(0,n1,0,[nz]) — log k"™ (3.8)

Proof. We will first prove that there exists no satisfying (8.5]) and such that
s ([nex] — [nz]) < ng —n. (3.9)
Now, by (34]) and the fact that ||« — [z]|| < d we have that

s ([nax] = [n2]) <||[nea] = [n2]|] + 1 <||[n2z] — [nal[| + [|[na] — [nz]]] +1

< ||(n2 = n)al[ + |In(z = 2)|| + 4d + 1 = (n2 — n)||z|| + nllz — 2[] + 4d + 1.
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It follows that (3.9) is satisfied whenever
(ng —n)||z|]| + nl||lz — z|| + 4d + 1 < ng —n, (3.10)

which is equivalent to

I 4d + 1 n||:1:—z||
E R T R R P

This proves the first statement of the lemma, we will now show that there
exists ny satisfying ([3.7)) such that

s([nz] = [n1z]) < m —ny.
Now,
s ([nz] = [ma]) <||[nz] = [nmall] + 1 < nllz — 2|l + (n = n)||z]] + 4d + 1.
Hence, it is enough to show that
nl|lz —z|| + (n —ni)||z|| + 4d + 1 < n —nq,

which is equivalent to

4d + 1 ||z — ||
<n-— -n .
T—lf] 1= [[]]

n

We are now ready to prove the following proposition.

Proposition 3.1. For each x € R% we have that Qﬁ—a.s. the limit

1
I(z) := = lim —logmon(0, [nz]),

exists, is conver and deterministic. Furthermore, I(x) < oo if and only if
zel.

Proof. From Lemma B.1] it follows that for x ¢ U it is true for n > 1, that
nx ¢ nU and hence from Lemma Bl that nz ¢ R, so that m,(0, [nz]) = 0.
Thus, I(z) = oo. We divide the rest of the proof in four steps. In step
1 for each z € Q¥ N U° we define a function I(x). In step 2 we will show
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that I is deterministic for z € Q¥ N U°. In step 3 we will show that I(z) is
well-defined for € Q4 N U° and that I(z) = I(z) and in step 4, we extend
the definition of I(x) to z € U.

Step 1. Here we will define for each z € Q¢ N U® a function I(z). Given
r € QN U, there exist a k € N and a y € Z¢ N kU® such that z = k~ly.
Now, by display (B3] of Lemma [B.I] we know that y € Rg. Then, by the
convexity of R and the sub-additive ergodic theorem and (B.1]) we can define

QZ—&.S.

~ 1
I(k™'y) ;== — lim —klogﬂomk(o,my).

m—o0 M,
This definition is independent of the representation of xz. Indeed, assume
that = k~ly; = [y, for some k,l € N, y; € Z* N kU® and y, € Z¢N1U°.
Then, passing to subsequences,

- 1
1 T
I(k™y1) = — lim o log o uk(0, nly1)

. 1 =
= — lim ﬁlogﬂomlk(o,nkyg) =1I(l 1y2).

n—oo n
Step 2. Here we will show that I is deterministic in Q4NU°. Let z € Q¢NU®,

We know that there exists a k € N and a y € Z¢N kU® such that z = k~1y.
Let us now fix z € R. It suffices to prove that

7 1,mk+1
I(.T,o,)) SI(IL’,Tl zw) = lim ad( Mk A+ 7zamy+z)'
’ m—00 mk

First, for each n € N, we have that

aq(0, mnk,0, mny) < aq(0,1,0, 2) N aq(1, mnk, z, mny)

mnk mnk mnk

By uniform ellipticity, the first term of the right-hand side of the last in-
equality tends to 0 as m — oo. Therefore,

~ . aq(0,mnk,0, mny) aq(1,mnk, z, mny)

< lim inf
M—00 mnk m—00 mnk

(3.11)

On the other hand,

aq(1,mnk, z, mny) aqg(1,(m —1)nk+1,2z,(m — 1)ny + 2)

mnk mnk
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+ad((m—1)nk‘ + 1,mnk,(m—1)ny + z, mny)

(3.12
mnk (3.12)

Let us now assume that there is an admissible path from (0, z + (m — 1)ny)
to (nk — 1,mny). This is equivalent to asking that z satisfies the following

condition:
Tonk—1(2 + (m — 1)ny, mny) > 0 for some n € N. (3.13)

Then, by uniform ellipticity, the last term of (.12)) tends to 0 as m — oo.
Therefore, if z € R satisfies condition (3I3]), by (311 and (BI2]) we have
that

I(z,w) < I(z, Ty .w). (3.14)

Hence, to finish the proof it is enough to show that every z € R satisfies
BI3). Now, z satisfies (B.13)) if and only if there exists an n € N such that

z—ny € Ryp_1. (3.15)

We will show by contradiction that every z € R satisfies (B.15). Indeed,

assume that for each n it is true that
z—ny ¢ Rog_1.

Then,
Z J—
nk—1

n
) 1 ¢ Unk—l'

nk

Therefore, taking the limit n — oo, we conclude that ¥ ¢ U°, which is a
contradiction. This proves that for every z € R condition (3.I3]) is satisfied
and hence ([B.14)) is also valid. It follows now by the ergodicity assumption
(ED), that for each z € Q¥ N U°, I(z) is Qﬁ-a.s equal to a constant. Step

3. Here we will show that I is well-defined in Q% N U° and hence equals T
there. Let z € Q4N U°. Let k be such that kz € Z¢. Given n, choose m so
that mk < n < (m + 1)k. Note that there exists a sequence of increments
29 € R, 1< j <n—mk, such that

[nx] = mkx + 21 R o (n—mk)
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Hence, by sub-additivity and considering that by uniform ellipticity the path

(1,z1),..., (1,20=mk)) from [nz] to mkx is admissible, we conclude that

mk

agq(0,n,0, [nx]) < aq(0,mk,0,mkz)  log k"~

n n n

It follows that

0,7n,0 ~

lim sup 24002 7oy
n—o00 n

For the upper bound, first note that similarly there exists an admissible path

of (m + 1)k — n steps from [nz] to (m + 1)kz. Hence,

aq(0, (m + 1)k, 0, (m + 1)kzx) < aq(0,n,0, [na])  log g(mF1k—n

n n n

Taking the limit when n — oo we obtain

lim inf ad(oa n, 07 [TLZL‘])
n—00 n

Step 4. Here we will show that I is well-defined in the set (RN\Q?)NU°. Let
z € (RA\Q%) NU°. Pick a rational point x such that ||z —z|| < 1 —||=|| and

1 1
<2 :
L—l]] = 1 =[]l

(3.16)

From Lemma B.2, for each n > ng, we can find ni,ne such that ny <

nSTLQ,

1 1
n2 —agq(0,n2,0, [nex]) < —aq(0,n,0,[nz]) +b (—n2 - 1)
n  no n n

and

1 ny 1 ni
— < —= . — I
nad(O,n, 0,[nz]) < W aq(0,n1,0, [n1x]) + b (1 - > ,

where b = —logk € (0,00). Take n — co. From (B3]) and (8.7) and taking
C(z) = Qm, the limit points of 72 — 1 and 1 — “ lie in the interval
[0,C(2)||z — z||] because z satisfies (B.16]). Consequently from the last two

inequalities we see that

I(z) < liminf ~ag(0,n,0, [n2]) + C(=)b||z — 2| (3.17)

n—oo n
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and

lim sup %ad(o,n, 0,[nz]) < I(z)+ C(2)b||lz — z||. (3.18)

n—oo

Letting  — 2z, we conclude that I is well-defined in the set (R\Q%)NU°. O

We are now in a position to introduce the rate function of Theorem [[.21
We define, for each x € U,

I(x) for z € U°
Ij(x) := &igyigfg’c I(y) for x € OU (3.19)
00 for x ¢ U.

We will now prove that I; satisfies the requirements of Theorem By
uniform ellipticity, it is clear that I(z) < |log x| when = € U. From (B.17)
and (3.I8]), we see that [ is continuous in the interior of R (in fact, Lipschitz
continuous in any compact contained in U?). These observations imply that
I; defined in (319) is bounded by |log x| in U, is continuous in U°, and
is lower semi-continuous in U. The convexity of I; is derived in a manner
similar to the continuous time case. We now prove parts (i) and (ii) of
Theorem

Part (i) of Theorem follows immediately from the definition of I
and the fact that for open sets G, inf,cq I(z) = infieq I4(x). To prove part

(ii) we first consider a compact set C contained in U°. In this case, we have

1 X 1
lim sup — log P¢,, <—" € C’> < limsup sup — log 7o (0, [nz])
n “\n

n—oo n—oo zeC N

1
= inf sup sup — log 7o (0, [mx])
n m>nzeC T

1
= inf sup sup — log 7 (0, [mz])
" zeCm>n M
= inf sup a,(z),
n ogeC

where we have defined for x € U°,

1
an(x) := sup — log 7"-O,m(ov [ma:])
m>n
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Hence, the upper bound follows if we can show that, for any given € > 0,

supa,(x) < —inf I(z) +€
zeC zeC

for large enough n. If we assume the opposite, we can find points z,, € C
which have a subsequence converging to z € C and such that along this

subsequence one also has that
1
p” log m0.m (0, [mzp]) > —1(2) +e.

Applying the first part of Lemma gives an index msy > m such that

(—I(z)+e)—b<1—ﬂ>.

ma2

1
—1 m 9 2
10801, 0, )

SiE

Now, since lim 2 = 1 and since by Proposition Bl lim —= log g, (0,
m—oo "2 mao—o0 T2 ’

[maz]) = —I(z), we obtain that —I(z) > —I(z)+ ¢, which is a contradiction.

In the general case, let C' C U be a compact set. Fix § > 0 and
let C7 = ﬁC. Now (7 is a compact set contained in U°. Pick € > 0
small enough so that the closed e—fattening Cy = C’fe) is still a compact set

contained in U°. Let ng = [(1 + d)n]. Then for large enough n, = € C

implies n% € Cy. By uniform ellipticity, we have that

X
ngw (—" € C’> KT = Z ngw(Xn =x)k""
n renCNZa
< Y PL(Xn = 2) (@, 1)
renCNZ4
= Y P (Xn=2X,=1)
xenCNZ4
< Z P(gl,w (XTL2 = :L‘)
renCNZa

Xn
S Pg,w < n22 €C2>7

where the last inequality is satisfied for n large enough. Then, from the first
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step of the proof of part (ii) of Theorem

n—00 zeCa

1 Xn .
limsup — log P¢,, <— € C’> < — inf I(z)+ 6b.
n ’ n
By taking € \, 0 and using compactness and the continuity of 1

1i111n_>solc1>p % log Péfw (% € C’> < —xiéaél I(z) + db.
Take 0 ™, 0 along a subsequence ;. This takes C7 to C. For each d;, let
zj € C1 = C1(6)) satisty I(z;) = infe,s,) 1. Pass to a further subsequence
such that lim; .o 2; = 2 € C. Then regardless of whether z lies in the
interior of U or not, by (B.19) liminf;_,o I(2;) > I4(2) > infc Iy, and we get
the final upper bound

1 X
lim sup — log P¢, <—" € C’> < —inf I4(x).
n : n

n—00 zeC

4. Proof of Theorem 1.2 for the nearest neighbor case

Here we consider the case in which the jump range R of the random

d o
even 7

{r €Z%: 1+ +xgiseven}. Note that Z4 ., is a free Abelian group which

walk {X,, : n > 0} is nearest neighbor. Define the even lattice as Z
even

is isomorphic to Z?. It therefore has a basis fi,... f4 € Z¢,,,, and there is an

isomorphism & : Z¢,,,, — Z% such that h(f;) = e; for 1 < i < d. Tt is obvious

that h can be extended as an automorphism defined in R%. Now, note that
the random walk {Y;, : n > 0} defined as

Yn = h(Xgn),

is a random walk in Z¢ with finite, convex and symmetric jump range Q =
h(R) and such that a neighborhood of the origin is contained in its convex
hull. From Theorem for this class of random walks proved in Section 3,
it follows that {Y,, : n > 0} satisfies a large deviation principle with a rate

function I. From this and the linearity of h we conclude that the limit

Teyen(z) == I(h(x)) = — lim 2i log 70,2,(0, Y ([2nh(z)])), (4.1)

n—oo 2N
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exists QZ—a.s, where 7, (2, y) is the probability that the random walk {X, :

n > 0} jumps from time n to time m from site x to site y. Furthermore, if
U:={zecR?: |z| <1}, as in (319), one can define

Ieven(x) for x € U°
Ijeven () == [}ioglyigf; Teyen(y) for x € OU (4.2)
00 for x ¢ U,

and {Xo, : n > 0} satisfies a large deviation principle with rate function

Ieven .

At this point, we need to extend the above large deviation principle for
the walk at even times, to all times taking into account the odd number
of steps of the random walk. The next lemma will be very useful for this
objective. To do this, we first prove that for each € R% and each g € H :=
{Z?Zl cir:c €{-1,0,1},z € R} we have that,

Loven(z) 1= — lim 2i10g7r0,2n(o, hl(2nh(@)]) +g)  Ql-as  (4.3)

n—oo 2n, K
Note that to prove (43]), it is enough to show that for every g € ‘H we have
that,

lim 1 log 7o,n (0, [nh(x)] + h(g)) = lim 1 log 7o, (0, [nh(z)]), (4.4)

n—oo n n—oo n

where 7, (2, y) is the probability that the random walk {Y;, : n > 1} jumps
from time n to time m from site x to site y. The proof that the limit in the
right-hand side of (£.4]) exists, is a repetition of the proofs of Lemma 3.2 and
Proposition B, so we omit it. We just point out here that in the proof of
Lemma [3:2] we need to replace the points [nz], [n1z] and [nez] by [nz] + h,
[n1z] + h and [ngz] 4+ h respectively. On the other hand, the equality in
(4.4]) is established using the uniform ellipticity of the walk and the Markov
property.

Let us now see how to derive from (3] the large deviation principle for

a random walk with a nearest neighbor jump range R. Note that for any
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subset A C R one has that

P, X1 €A = idzﬂ (0,€;)P, &614
0,w o+ 1 g 0,1\Y, € )JLe; w om

2d X e
_ NP, [ 22n S
= ZWOJ(O, EZ)PO,W < on €A 2n>
=1
where = {w, :n > 1} and e;1g = —e; for i = 1,...,d. We will show that

P, ., (% € A) does not depend on e;, regardless of whether A is an open
subset or a closed subset of R% and we will use the result obtained in the
even case. It is important to note that this argument can be used, even with
w, because the limit depends only on the distribution of w.

Now, when A = G, where G is an open subset of R? we can follow the
arguments used in the convex case, observing that for any x € G and any
i€ {l,...,d}, [nx] +e; € nG, for n large enough. On the other hand, if
A = C, where C' is a compact subset of U3, note that

1 Xon, i
lim sup o log Py <—2 eC e_>

i 1
< limsup sup —
n—ooo geC—4L 2

log 70 ,2,(0, 1 ([2nh(zx)]))

= lim sup sup % log 70,2,,(0, h! ([2nh(x) — h(e;)]))

n—oo geC

1
< li —1 2(0, 1 ([2nh
< lim sup sup max o log ( ([2nh(x)]) + g)

However, by ([43]) the last expression is independent of g.
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