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Abstract

We study the occupation times left by random walk on (Z/NZ)? at times either
proportional to N?log N or much larger than N2 log N, and relate these random fields to
the Gaussian free field pinned at the origin. Our results answer a question raised in [1§]
and mirror limit statements in [18] for the occupation times of large rods of size N in Z*
by random interlacements at a level un such that uny N 3 is either proportional to N 2 log N

or much larger than N?log N.

0. Introduction

In this article, we consider simple random walk with unit jump rate,
and uniformly distributed starting point, on a large two-dimensional discrete
torus Ty = (Z/NZ)%. We study the random field of occupation times left by
the walk close to the origin, when the walk runs for times either proportional
to N2log N, or much larger than N2log N. We relate this random field, in
the large IV limit, to the two-dimensional Gaussian free field pinned at the
origin, by looking at scaled differences of occupation times. The results
we prove answer positively a question raised in [18]: the limit theorems we
derive in the present work mirror the statements obtained in [18] concerning
occupation times of long rods of size N in Z? by random interlacements

at a level uy such that uyN? is either proportional to N2?log N, or much
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larger than N2log N. They signal the presence of a link between random

interlacements and random walk on a large two-dimensional torus.

We now discuss the problem treated in this work in more detail, but we
refer to Section 1 for the precise set-up. We consider Xy, t > 0, the canonical
continuous time simple random walk on T, with jump rate equal to 1, and
uniform starting distribution. We write P for its canonical law and P, for
the canonical law, of the walk starting at € Ty. The field of occupation

times of the walk is defined as:
t
Lf:/ {Xs==x}ds, forx € Ty, t >0. (0.1)
0

We tacitly view LY as a periodic function of x, and still write LY when
y € Z2, in place of L¥ with x the canonical projection of y on Ty. We are

interested in two types of time scales when N goes to infinity:

i) ty =aN%log N, witha >0,

ii) th, = ay N?log N, with li = (02)
N =Qan og ,w1thh]]\f[naN—oo.

The choice ([(0.2)) i) corresponds to a non-vanishing limit e~ 2 of the probabil-
ity that the occupation time at a given point of Ty, say the origin, vanishes,
see Remark Bl On the other hand, the choice ([0.2)) ii) corresponds to a
vanishing limit for this probability. We refer to the time scale (0.2]) i) as the

Poissonian regime, and to (0.2) ii) as the ergodic regime.

The limit theorems we derive bring into play the two-dimensional Gaus-
sian free field pinned at the origin, that is, the centered Gaussian field
(12)pez2 With covariance a(z) + a(z') — a(2’ — x), for x,2' € Z?, with a(-)
the potential kernel of the two-dimensional simple random walk, see (7)),
(36)), and an independent random variable R having the law BES?(y/a, 1)
of a zero-dimensional Bessel process at time % starting in v/« at time 0, see
(L37). Our main results are the following. In the Poissonian regime (0.2) i),
we show in Theorems [3.1] and 3.7 that under P, when N tends to infinity,

€T
( Iy ) converges in distribution to the flat field with value R2,
log N/ zez2?

(0.3)
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and

r LO
( tn tn
v2log N

> g2 COTIVETges in distribution to the random field (Ry),cz2.
e

(0.4)

In the (simpler) case of the ergodic regime (0.2]) ii), we instead show in
Theorems 1] and [£.2] that when N goes to infinity,

€T
t . N . .
( N ) i converges in distribution to the flat field with value 1,
Te

th N2
(0.5)
and that
0
(M) converges in distribution to (¢,),ez2 (0.6)
V2O N2 ez e

The above results provide a positive answer to the question raised in Remark
4.10 of [18] concerning the pertinence of the limit theorems derived in that
article for the occupation times of long rods in Z? by random interlacements,
to reflect an analogous behavior of the occupation times of simple random
walk on T at time scales such as in ((0.2]). We refer to Remarks 1) and
[4.1] for more on this topic.

Let us say a few words concerning proofs. An important role is played
by the successive returns to 0 and departures from the box with side-length
% centered at the origin, for the walk on Tx. Our main results (0.3]) - (0.6])
can be recast in terms of limit statements for suitable additive functionals of
the walk, which are well approximated by discrete sums collecting the con-
tributions of the additive functionals along the above mentioned excursions,
cf. Proposition 2.1l The analysis of these discrete sums is more involved in
the Poissonian regime (0.2)) i) than in the simpler ergodic regime (0.2)) ii). In
the case of ([0.4]) the heart of the matter appears in Theorem B2, which de-
rives the joint limit law of the duration of an excursion and the contribution
of the additive functional during the excursion. Interestingly, the proof of
Theorem contains some ingredients, see in particular Lemma BT, which,
although simpler, are quite reminiscent of what was done in Theorem 4.1
of [18] for occupation times of random interlacements. We refer to Remark
2) for potential alternative routes to the result described here, either by
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means of random interlacements, or generalized Ray-Knight theorems, see
chapter 8 of [13].

Let us now describe how this article is organized.

In Section 1 we introduce additional notation and collect several re-
sults concerning the random walk on Ty and the above mentioned system
of excursions, cf. Lemmas and 31 We also recall some facts about
discrete potential theory, the Gaussian free field pinned at the origin, and

zero-dimensional Bessel processes.

Section 2 contains some preparation. It introduces the various additive
functionals entering the proof of (0.3 - (0.6]), and relates them to discrete

sums collecting their contributions along excursions, cf. Proposition 2.1l

In Section 3 we study the Poissonian regime and derive ([0.4]), ([03) in
Theorems BT and B3l Most of the work goes into the proof of Theorem [3.2]
where the limit joint law of the duration of an excursion and the contribution
of the relevant additive functional is analyzed. In Remark[3.2l we explain how
these results compare with Theorem 4.2 in [18], in the case of occupation

times of long rods by random interlacements in Z3.

The last Section 4 is devoted to the simpler ergodic regime. We prove
([@6) and ([0.5) in Theorems 1] and The comparison with the results
obtained in Theorem 4.9 of [18] in the case of occupation times of long rods

by random interlacements in Z?3 is discussed in Remark A1l

Finally let us state our convention concerning constants. We denote by
¢, , ¢, ¢ positive constants with value changing from place to place. Num-
bered constants refer to the value corresponding to their first appearance in

the text. In Section 1 constants are numerical, but from Section 2 onward
they depend on A in (1)) and V in (23)).

1. Set-up and Some Useful Facts

In this section we introduce additional notation. We recall various facts
concerning simple random walk on Ty, discrete potential theory, the two-
dimensional Gaussian free field pinned at the origin, and zero-dimensional

Bessel processes. We introduce in (I.I2]) the system of excursions of the walk



2012] ON (Z/NZ)3-OCCUPATION TIMES 569

on Ty, which plays an important role throughout the article, and derive some
of its properties in Lemmas and [[3]

We denote by N = {0,1,...} the set of natural numbers. When u is a
non-negative real number, we let [u] stand for the integer part of u. Given a
finite set A, we write | A| for its cardinality. We denote by py(-) the canonical
map from Z? onto T. We write |-| for the Euclidean norm on R2, and d(-, -)
for the distance on T or Z? induced by the sup-norm |-|s. For A, A’ subsets
of Ty or Z2, we write d(A, A") = inf{d(z,2); * € A,2’ € A’} for the mutual
distance between A and A’. When A = {x}, we write d(x, A”) for simplicity.
We denote by B(z,r) the closed ball with center = (in T or Z?) and radius
r > 0 in the d(,-)-distance. For U C Z2, we write OU = {z € Z*\U;
32’ € U, |z — 2/| = 1} for the boundary of U, U = {z € U; 32’ € Z>\U,
|z — 2’| = 1} for the interior boundary of U, and U = U U U for the closure
of U. When U C Ty we define OU, 8i,sU, and U in a similar manner.

The canonical space for the continuous time simple random walk on Ty
consists of the set of right-continuous trajectories from R, into Ty with
finitely many jumps on any finite interval. It is endowed with the canonical
o-algebra. We denote by X¢, ¢ > 0, the canonical process and by 6;, t > 0,
the canonical shift. Given U C Ty, we write Hy = inf{t > 0; X; € U},
Hy = inf{t > 0; for some s < t, Xy # Xy, and X; € U}, and Ty = inf{t >
0; Xy ¢ U}, for the entrance time of U, the hitting time of U, and the exit
time from U. When U = {z}, we write H, or H, for simplicity.

We denote by P, the canonical law of the simple random walk on Ty
with exponential holding times of parameter 1, starting from x € Ty, and
by E, the corresponding expectation. When p is a measure on T we denote
by E, the measure )
We write 7 for the uniform probability on Ty, i.e.

p(z) P, and by E, the corresponding expectation.

m(z) = N72, for z € Ty. (1.1)
It is a reversible measure for the walk on Tx. When p = m, we simply write
P and F in place of P; and E.

We consider the closed ball in the d(-,-)-distance with radius % and

center at the origin:

B:B(O, g) CTy. (1.2)
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The Green function of the walk on Ty killed when exiting B is defined by

Ts
9B(z,y) = Ey [/0 X, = y}dS], for z,y € Ty . (1.3)

It is a symmetric function of its arguments x and y. When K C B, the

equilibrium measure of K relative to B is the measure ex g concentrated on
Ot K defined by

eK,B(fE) :Px[ﬁ[{ >TB] 1K(.T), forx € Ty . (1.4)

Its total mass cap (k) is the capacity of K relative to B. The measure ex p

satisfies the identity:

Py [Hx <Tg|l= ) gp(z,y)ex,B(y), for v € Ty. (1.5)
y€T N

It is also known that when K’ C K, the measure e g is obtained from e,

via the sweeping identity:

er'B(7) = Pey p[Hrgr < T, Xp,, = 2], forz € Ty . (1.6)

Our main interest in this work lies in the large N asymptotics of various
quantities, and we will tacitly assume throughout that N > c¢so that B C Ty
with its natural subgraph structure of Tx can be identified with pR,l (B)N
(—%, %)2 endowed with its subgraph structure of Z?2 (recall that py stands
for the canonical map: Z? — Ty). We can thus view B and B as subsets of
72, and in particular represent the restriction of gg(-,-) to B x B in terms

of the simple random walk on Z? killed when exiting B.

We then introduce the potential kernel of simple random walk in Z2,
cf. (1.40), p. 37 of [10], or p. 121, 122, 148 of [15]:

n
a(y) =lim 3 PE°[Y; = 0] — PE[Y; =y, for y € 72, (1.7)
where Y}, 7 > 0, stands for the canonical discrete time simple random walk

on Z?, and PyZ2 for its canonical law starting from y € Z2.
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It is known that a(-) is a non-negative function on Z2, vanishing at the

origin, which is symmetric and satisfies, cf. Proposition P2, p. 123 of [15]:
lim a(y +y) —a(y’) =0, for any y € Z2. (1.8)
y'—o0
In addition a(-) has the asymptotic behavior, cf. Theorem 1.62, p. 38 of [10]:
a(y) ~ % log|y|, as y — 0. (1.9)

By Proposition 1.6.3, p. 39 of [10], and the above mentioned identification,

we can represent gg(-,-) in terms of a(-), via the formula:
gp(x,2') = Ezla(X1, — 2')] — a(z — 1), for z,2’ € B. (1.10)

In particular when v,y € Z? are fixed, setting x, 2’ to be their canonical

images on Ty, whose distance to B¢ is equivalent to % as N — oo, we find

by (LH), (LI0) that:
lin g5 () — g ') = aly o). (111)
In addition by (L.9)), (I.I0), we also find that

gB(z,2') ~ % log N, as N — 0. (1.12)

We now introduce the sequences Ry, k > 1, and Dy, k > 1, of successive
returns to 0 and departures from B of the walk on Tpy. The system of ex-
cursions induced by these sequences of stopping times will play an important
role throughout the sequel. We define

Ry =Hy, Dy =Tpofgr, + Ry, and for £k > 1

(1.13)
Ryy1 = Ri00p, + Dy, Dgy1 = Dyo0p, + Dy,

and we set Ry = 0 by convention, so that P-a.s.,

0=Ry<Ri <D< - <Ry<Dpy1<....
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It follows from the strong Markov property applied at times Ry, k > 1, that

under P, Ry, Ry — Ry,...,Ri+1 — Ry, ... are independent and the
Rj41— Ry, k>1, have same distribution as Hg o 07, +7Tp under F.
(1.14)

We also introduce the notation

h= E[H()], hy = E[Rg — Rl] @ EO[HO o HTB + TB] . (1.15)

The next lemma collects various known controls on the above random times,
and the large N behavior of h and hg.

Lemma 1.1.

hN%NzlogN, as N — oc. (1.16)
h0~§N2logN, as N — oo. (1.17)
stlzlg) |P[Hy > t] — e /M| < CNT2 < IOZN. (1.18)
mS;rII)V E, [exp {c %H <2. (1.19)
:csel%)\r E, [exp {c NziogNH < 2. (1.20)

Proof. Claim (LI6]) comes from Proposition 8, p. 21 in chapter 13 of |2].
For (LI7), it follows from a reward renewal argument that

1 1 HOOQTB‘FTB 1
w0 = &=L | X, = 0)ds] = L g5(0,0),

and hence that
ho = N?g5(0,0). (1.21)
Claim (II7) now follows by ([L12). Claim (TI8) follows from Theorem 1

of [1], see also Proposition 20, p. 28 in Chapter 3 of |2], and from p. 34 in
Chapter 5 of [2].

The exponential bound (I19)) is a consequence of Khasminskii’s lemma,
cf. [9] and also [5], p. 71, and of the estimate, see for instance Lemma 1.1 in
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sup F,[Tg] < cN?.
zeB

As for ([I20]) it also follows from Khasminskii’s lemma and the estimate, see
Proposition 10.13, p. 133 of [11],
E.[Hy] < c¢N%log(d(z,2') + 1) < ¢ N%log N, for x,2" € Ty. (1.22)
This completes the proof of Lemma [l O
Given a sequence sy > 0, we introduce the “number of returns up to
time sy”:

In = > YRy < sn}, (1.23)
E>1

so that P-a.s., Ry, < sy < Ry, 41 (recall that Ry = 0, by convention). Our
main interest lies in the choice sy = tx or sy = ty, in the notation of (0.2)).
We then write:

KN = Z 1{Rk < tN} and K]/V = Z 1{Rk < th} . (1.24)
k>1 k>1

The next lemma will be useful for both choices sy = tn or sy = thy.

Lemma 1.2.

I%IIP[JN21,RJN§SN<DJN]:O. (1.25)

Proof. By reversibility we know that under P the right-continuous modifi-
cation of s € [0, sy] = Xs,—s € Ty has same law as s € [0, sy] = X € Ty.
On the event {Jy > 1, Ry, < sy < Dy, }, P-a.s. the right-continuous mod-
ification of (X, —s)o<s<s,y enters 0 prior to exiting B. Hence the probability
in (L.25)) is smaller than:

P[Hy < Tg] < P[Hy < N*\/log N] + P[N?\/log N < Tg] — 0,
usin , for the first term and for the second term. O
g ([LI6), (LIZ)

The next lemma will come to use in Section 4 with the choice sy = t/y,

cf. ([@.7).
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Lemma 1.3. There exists a sequence én € (0,1), with limy dy = 0, such
that
lim P (1-0n)F an <Ky <(L+0y) 5 an| =1,

(1.26)

(see [@2) for the definition of ay).

Proof. By (IL14), (ILI5)), we see that for & > 1,
E[Ry] =h+ (k—1) ho, (1.27)
varp(Ry) = varp(R1) + (k — 1) varp(Ry — Ry) mgm kc(N?log N)?,
(1.28)

where varp stands for the variance under P, and we used ([LI4]) and the
strong Markov at time Tg under Fy to bound var,(R2— R1). By Chebyshev’s
inequality it follows that for any € € (0,1), k > 1, N > ¢,

Pl(1=¢)(h+ (k—1)ho) < Ry <

B ¢ k(NZ?logN)? _ (129)
(L+e)(h+ (k= Dho)] > 1= &5 FOCIER > 2

We then introduce (with the convention sup ¢ = 0):
Ky =sup{k > 1; h+ (k — 1) hg < tiy}, (1.30)

and see by ([0.2)) ii), (II6), (LI7) that

Ky ~ g ay, as N — oo. (1.31)

Therefore, when & € (0, 1), choosing € € (0,1) so that (1 —e)(1+0) > 1, we

have:

PIKy > (1 +0)ky] < P[Rjayspmy )11 < h+kyho] <
k?v% +P[(1—e)(h+ [(1+8)kylho) < Riapsyer,j+1 < b+ Ky hol -0
(1.32)

since the probability in the last line vanishes for large N by our choice of €.

Likewise when we instead choose € € (0,1) so that (1 +¢)(1 —0) < 1,
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we find that

’ / ’ .29
P[KN <(1- 5)/€N] < P[R[(l—cS)kM-i-l >h+ (ky—1) ho] <

W;+P[h+(k§v—1)h0 < Rigsyp < (148)(h+[(1=0)ky]ho)] — 0,
(1.33)

since the probability in the last line vanishes for large N by our choice of ¢.

Collecting (L3T]) - (I.33]), we see that

Ky

- _
2 AN

VNdzefE[

1( A 1] —0, (1.34)

and hence by Chebyshev’s inequality for large N

Ky

. _
2 ON

gl

1| > vAy] < Viy 0. (1.35)

The claim (L286]) readily follows (choosing for instance dy = /7, for large
N). a

We now turn to the definition of the two-dimensional Gaussian free field
pinned at the origin. We introduce on some auxiliary space

Yy, y € Z*%, a centered Gaussian field with covariance function

1.36
Elytby] = aly) +a(y') — aly’ —y), for y,y’ € Z*. (1.36)

We refer to Lemma 1.2 of [18], where the interpretation of this random field
as the limit of the field of increments at the origin of a Gaussian free field
with Dirichlet conditions outside [~N, N]?, as N — oo, or as the limit of the
same field with Dirichlet boundary condition outside [~N, N]?, conditioned
to take the value 0 at the origin, with N — o0, is provided. This last limit
result explains the terminology of Gaussian free field “pinned at the origin”
we use for the random field in (36]).

As last topic of this section we briefly recall some facts concerning the
zero-dimensional Bessel process. We denote by BESY(a,7) the law at time
7 > 0 of a zero-dimensional Bessel process starting at a > 0. If the random
variable R is BES®(a, 7)-distributed, the Laplace transform of R? is given
by the formula, see [14], p. 411, or [§], p. 239:

R BT W ST
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We denote by BESQ?(a?,7) the law of R?, namely the distribution of a

zero-dimensional square Bessel process at time 7 starting from a? at time 0.

2. Further Preparation

In this section we introduce the additive functionals that will enter the
proof of the main claims (0.3) - (0.6]) in the next two sections. We show in
Proposition 2.J] that these additive functionals can be replaced by discrete
sums collecting their respective contributions between successive times Ry,
with 1 < k < Ky, in the case of (0.2) i) and 1 < k < K}, in the case of (0.2)
ii). Throughout this section and the rest of the article constants depend on
the set A in (2.I) and the function V' in (2.3)).

We introduce
A a finite subset of Z? containing 0. (2.1)

From now on we assume N > ¢ (see the convention concerning constants

stated above (2.1])), so that (see (L.2) and below (L.6])):
ACB. (2.2)

We will also routinely view A as a subset of Ty, keeping in mind the iden-

tification discussed below ([L.6). We further consider a function

V : Z* — R, supported in A, such that > V(x) = 0. (2.3)
zEA

In the same fashion we will routinely view V" as a function on Ty, vanishing

on the complement of A in Ty.

The next lemma collects controls, which we will repeatedly use in the

sequel.

Lemma 2.1.

P.[Hy > Tp] < —<—. 2.4

sup Po[Ho > Tp] < o (2.4)
Hy

sup Ex[exp {c/ {X; € A}dsH <2. (2.5)

z€T N 0
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capg(A) ~ TogN %S N — 0. (2.6)

Proof. We begin with the proof of ([2.4]). It follows from the strong Markov
property applied at time Hy that for x € Ty,

gB(x,O) = PI[H() < TB] gB(O, 0)

Using the symmetry of gp(-,-) we find

(LI1,[@.12)
0,0) — 0,z c
Py[Hy > Tp] = % S oy forxed (27

and (2.4]) follows. We then turn to the proof of (2.5). Using Khasminskii’s

lemma once again, cf. [5], p. 71, it suffices to show that

sup E, [/OHO X, € A}ds] <ec, (2.8)

ze€Tn

To this end we note that for z € Ty,

Ho Hoo@Hy-i-Hy
Ex[/ 1X, € A}ds} -3 P, [Hy < Ho,/ X, =y)ds
0 yeA H,

_ P.[Hy < Hy
yeA{oy Py[H, > Ho|

using the strong Markov property and the identity E,[ fOHO HXs =yl}ds] =
P, [ﬁy > Hp| ™! for y # 0in the last step. Now observe that P, [}NIy > Hy| > ¢,
for y € A and (2.8)]) follows. This proves (2.5]). Finally let us prove (2.6]). By
(L6]) we find that

ef03,8(0) = Pe, 5 [Ho < TB] 25 capg(A) , as N — co.

On the other hand by (I4]) we have

1 m ™

~ ,as N — oo.
95(0,0) 2log N

e0y,5(0) = Py[Ho > Tp] =

The claim (2.6) follows and the proof of Lemma 2] is completed. O
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We introduce the functions (supported in A)

1 ~ 1
VWw=—-V., Vv=—-1 2.
N V2Iog N 7’ N log N {0} (2.9)
and
1 1 ~ 1 = 1
! /
Vn = N VN = 7/72%\7?7_2 V, Vy= an Vv = N2 Loy - (2:10)

The respective contributions of these additive functionals between the suc-
cessive times Ry, k > 0, is described by the four sequences:

Ry - Riy1 _
fk = / VN(XS)dS, fk = / VN(XS) dS, k Z 0, (2.11)
Ry, Ry

and

, Ri41 , 1
gkz/ Vi(X,) ds = —— &,

Vn
fo (2.12)
_ Reqyr 1 ~
522/ Vi (Xs)ds = — &, for k> 0.
Ry, an
By definition of Ry(= Hy), see (LI3]), and we have
G=0=¢. (2.13)

The application of the strong Markov property at the successive times Ry
yields the following strengthening of (.14)):

under P, (R1,&), (Re — R1,&1), .-+, (Rk+1 — R, &), - - ., are independent
and the (Ri11 — R, &), k > 1, are identically distributed.
(2.14)

In addition the same holds if one replaces &, k > 0, with one of the other
sequences that appear in (2.110), (2.12]).

We define the partial sums

Sk:£1++£k7 forkzla

2.15
=0, for k=0, ( )
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and in a similar fashion Sg,k > 0, S,k > 0, and g,’f,k > 0, respectively
replacing &, £ > 0, by &, ¢ > 0, &),£ >0, and 52,6 >0, in ZI9).

The next proposition enables us in the next two sections to replace the

additive functionals based on the functions in (2Z9)), (ZI0), with discrete

sums, see (2.15)).

Proposition 2.1.

ty
/ Vn(Xs)ds — Sk — 0, in P-probability, as N — oo, and the (2.16)
0 .

same holds true with Vy and gk, k >0, in place of Vi and S,k > 0.

ty
/ ! . 7.
/0 Vi (Xs)ds — SK& — 0, in P-probability, as N — oo, and the (2.17)

same holds true with YN/](, and g,;, k >0, in place of V; and g,’g, k> 0.

Proof. With the notation ([23]), and an arbitrary non-negative sequence

sn we have:

SN Rjy+1
/ Viv(X,)ds = € + Sy — / Viv(X,) ds. (2.18)
0

SN
By (23] of Lemma 2] we know that

C

Viog N

Moreover we have:

E[ ( /SRJN+1 VN(XS)ds‘ A 1H

Ry
< E[/O Vi (X0) ds| + B[ 7 > 1.

o] <

Hy
/ {Xs € Alds — 0, in P-probability. (2.19)
0

Rjy+1
/ Viv(Xs) ds‘ A 1]

SN

By (2.3]) the first term in the right-hand side tends to zero, and by Lemma
the last term is bounded up to a quantity tending to zero with N by

Ryy+1
E[JN >1,Dy, < sy, (/ VN(Xs)dsH
SN
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Hoosy +5n
el | Viv(X,)| ds]

SN

IN

c Ho @2.5)
< E, HX, e Ald — 0.
< Ty o B[ X ena] S

Coming back to (2.I8) we have thus shown that

SN
/ VN(Xs)ds — Sy, — 0, in P-probability as N — oo. (2.20)
0

A similar and even simpler argument shows that
SN __ ~
/ VN(Xs)ds — Sy, — 0, in P-probability as N — oo. (2.21)
0

Choosing sy = ty yields (2.16]). Choosing sy = ty and respectively dividing

[220)) and 221) by \/%—N and ﬁ yields (ZI7). This completes the proof of
Proposition 211 O

3. The Poissonian Regime

In this section we investigate the field of occupation times left by the ran-
dom walk on T at times proportional to N?log N, close to the origin, as N
goes to infinity, and relate this asymptotic behavior to the two-dimensional
free field pinned at the origin. The main results are Theorems B.1] and B3]
which respectively prove the claims (0.4 and (@3] from the Introduction.
However most of the work goes into the proof of Theorem Theorems
B and B3] answer positively a question raised in Remark 4.10 1) of [18].
We explain in Remark 3.2 the link with the results obtained in [18] for the
occupation field of random interlacements in long rods of Z3 at a level uy

of order lo}ng . We use the convention concerning constants stated at the

beginning of Section 2: constants implicitly depend on A and V in (2],
2.3).

We recall the definition ([0.2]) i) of the time scale ¢y:

ty =aN?log N, with a > 0. (3.1)
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It will become clear, cf. Remark B.Il that this time scale corresponds to a
Poissonian regime for the system of excursions of the walk described by the
stopping times in (L.I3]). We tacitly endow RZ” with the product topology,
and the convergence stated in Theorems B.1] and B.3] below, actually corre-
sponds to the convergence in distribution of all finite dimensional marginals
of the relevant random field towards the stated limit. In what follows we
routinely identify a random field on Ty with a periodic random field on Z2,
by means of composition with the canonical map py: Z?> — Ty.

Theorem 3.1. Under P, as N goes to infinity,

Ly, — LY, T
(W>y622 converges in distribution to the random field (Riy),cz2,
(3.2)
where R and (y),ez2 are independent, and
R is BES (\/E, %)—dz’stm’buted, (3.3)
(Yy)yez2 is the centered Gaussian field introduced in (L36]). (3.4)

Theorem B.] will follow from Theorem stated below. We first need
to introduce notation. For V' as in (2.3)) we define

E(V)=— szz ay —y) V(y) V(y), (3.5)

and note that £(V) can be expressed in term of (1y),cz2 via the identity:

2
ev)=E[( X Vi) |, (3.6)
yEZ>2
(where we made use of the fact that > V(y) = 0). We consider on some

auxiliary space two variables 7, such that

7 and ( are independent, (3.7)

T is exponentially distributed with parameter (g) (3.8)

(so that 7 has expectation %),

1/2
(¢ has bilateral exponential distribution with parameter (%) , (3.9
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(i.e. when £(V) > 0, ¢ has the density 5 e~Pll with respect to the Lebesgue
measure du on R, with p = (%)%, and when £(V) = 0, we simply mean
that ¢ = 0). We also recall the definitions (LI3]) and (ZI1)). The main step
in proving Theorem Bl is the next

Theorem 3.2. Under P, as N goes to infinity,

Ry — Ry .

(N2 N’ 51) converges in law to (1,(), (3.10)
Ry .

NologN COTWETgES in law to 7. (3.11)

We first assume Theorem and explain how Theorem [3.1] follows.

Proof of Theorem [3.1] (assuming Theorem B.2)). We first observe that
Theorem [B.1] follows once we show that in the notation of (2.9])

tn
/ VN (X5) ds converges in law to o7, as N — oo, (3.12)
0

where oy, k > 0, are the partial sums of i.i.d. variables, (s, ¢ > 1, distributed
as ¢ in B9) (ie. 09 =0, 0p = ¢ + -+ (g, for £ > 1), and J is an
independent Poisson variable with parameter a5. Indeed this implies that
for b € R,

Elexp{ibos}] = exp {a] (Ele*] = 1)} = exp {-1 %}

= Blexp (R 5 Vy) v, }]. (349)

yEZ?

As a result (8.12) implies that for b € R and V as in (2.3))

hm E[exp {zb > Viy )\/2L:>W}] :E[exp {z’b > Viy) RdJyH, (3.14)

yEeZ? yEeZ?

and Theorem Bl follows. We will now prove (3.12]) (assuming Theorem [3.2]).
We consider b € R, K > 1, and define

tN
AK,N =F|Rg > ty, exp {Zb/ VN(XS)dS}] . (315)
0
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It follows from (2.16]) that

lim Ay — B[Rk > ty, ePSEN] = 0. (3.16)
By definition of Ky, see (I.24]), we have

E[RK > tN,eibSKN] = Z E[Rk <ty < Rk+1,6ibsk]. (317)
0<k<K

Combining (2.14)) and Theorem B2 we see that for any k > 1,

R R law
(NQIOlng"'vNQi:gle gl)"'v&k’) 7 (le"'7Tk+17<17"'7<k)7 (318)

where the (;,7 > 1, are i.i.d., with same distribution as ¢ in (3.9), and the
T;,7 > 1, are independent from the (;,7 > 1, and distributed as the successive
jumps of a Poisson point process of intensity 5 on the positive half-line. It

nows follows by a routine continuity argument that for each k > 1,

h]{/nE[N;l%:gN sas< %’ eibSk} = E[T} < a < Tpy1,€™],  (3.19)

and by (B.1I) (recall that Sy = 0 and o¢ = 0) that:

: Ro ibSo | __ ibog
h]IVnE[W>a, e ] = E[T) > a,e™°]. (3.20)

Setting J =3~ {7} < a}, we have thus shown that
lim A,y = B[Tk > a, ebor], (3.21)

where J is independent of the (;,¢ > 1, and Poisson (a3 )-distributed. Hence
for K > 1

lim sup ‘E[ez’bfotN VN(Xs)dS] _ E[ez’baj” <
N

limsup P[Rx <tn]+ P[Tx < o] = 2P[Tkx <a] =0, as K — oc.

N
(3.22)
The claim ([B.12]) follows and Theorem [B.1]is thus proved (once Theorem

is shown). O
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Remark 3.1. By (B.19), (3:20), it follows that for any k > 0,

lim P[Ky = k] = P[J = ],

and Ky converges in law to a Poisson variable with parameter aF, as N
goes to infinity. This explains why we refer to the time scale ¢y in ([Q2)) 1)

as the Poissonian regime. O

Proof. of Theorem [3.2. We first note that (3.1I]) is a straightforward
consequence of (LI0), (II8). We then turn to the proof of (810). By (21

and the strong Markov property at time D7, we see that

Ro
/ VN (Xs)ds - 0 in P-probability . (3.23)
Dy

Similarly by (LI9) and the strong Markov property at time R, we see that

D1 — Ry . -
NlogN N 0 in P-probability. (3.24)

As a result of (3:23), (3:24)), we see that (3.I0) will follow once we show that

Ry — D P law,
(N2logN’ . VN(Xs)dS) = (1,¢), as N — o0. (3.25)

To prove ([B:25]) we will rely on the following two propositions:

Proposition 3.2.

lim sup
x€0B

P, [% > t} - e_t‘ =0, for eacht > 0. (3.26)
Proposition 3.3.

Tp
/ VN (Xs) ds 12% ¢ under Py . (3.27)
0

We first explain how (B.25]) follows once Propositions and B3] are
proved. The application of the strong Markov property at time D; and at
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time R; then shows that for any t > 0 and b € R:

B D2;D1 >t ez‘bf}];ll VN(Xs)ds:| _ [ ib [o B Viv(Xs) dspy [TO > t”

— E[e™]e
N

By a tightness and uniqueness of limit points argument, the above conver-

gence implies that under P as N — oo,

([ i) =5 (3 ).

By (ILI6]) we know that h ~ 2 N?log N and (3.25) straightforwardly follows.

There remains to prove Propositions and [3.31

Proof of Proposition We pick ¢ > 0 and introduce the shorthand

notation
T =N?%/logN . (3.28)

We assume by (LI6) that N is large enough so that ¢ > % We then write

sup Px[@ >t] —e_t‘ < aq + ag + az + aq, with
r€OB h
aip = sup Px[ﬂ>t}—Px[M>tH,
r€OB h h
ag = sup Pz [M > ‘[;] _P[ﬂ >t — Z]‘ (329)
r€OB h h h
— |p|Ho _ T =)
ag—P[h>t h} eV R/,

(t=%) — et

ay = le” —e

We now bound a;, for i = 4,...,1. By (L10), (3:28]) we see that

T/h

ag < e —170. (3.30)

By (LI8]) we find that
as — 0. (3.31)
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Applying the Markov property at time 7" together with translation invariance
and denoting by p;(x,y) the transition density with respect to 7 of the walk
on Ty, see (III]), we find

1/2
< ¥ e y)-Urm)< (L @rO.m-12mw) = er(0,0-1)Y2,
yeTN yeT N
(3.32)

using reversibility and the Chapman-Kolmogorov equation in the last step.

From (27), p. 13 in Chapter 5 of [2], it follows that

p2T(070) _ N2P0[X2T _ O] _ Z e—T(l—cos(27r%)+1—cos(27r%2)). (333)
0<k1,ka<N
Note that the terms k; and N — k;, for 0 < k; < N, i = 1,2, give the same
contribution in the above sum. Hence we see that
a3 B28

por(0,0) —1<2 3 e TR < cedVIeN 0. (3.34)
k1+k2>0 N

Coming back to (3.32]) we have shown that
as 7 0. (3.35)
Finally we consider a; and note that Hy < Hgo 87 + 1. Hence we have
ay = sup Py[HooOr +T >th > Hy| < sup P,[Hy <T]. (3.36)
x€0B r€OB
We introduce the shorthand notation

o(y) = Py[Ho < T, for y € Ty, (3.37)

and note that

=PlHy <T|] < 1 <
y;T:NSO(y)W(y)— [Ho <T] < ey Pl S s

If we now define

A={y€eTn; ¢(y) < (log N)i}, (3.38)
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it follows from Chebyshev’s inequality that
(A% < d(log N) 7. (3.39)

Hence the proportion of sites in A inside any ball or radius N (log N )_Tlo in
Ty tends to 0 as N goes to infinity. By Lemma 1.12 of [3] it follows that
the probability that the walk starting from any point in T meets A before
moving away at distance ¢ N (log N )_% is uniformly bounded away from O.
Using the strong Markov property we see that

sup P.[Hy < Hy] — 0. (3.40)
x€0B N

Now for any x € Ty, we find by the strong Markov property at time H 4

P[Ho < T) < P[Ho < Ha) + Po[Ha < Ho < T
< P,[Hy < Ha] +sup P,[Hy < T).

yeA
Coming back to ([3.36]) we have shown that
a1 < sup Py[Ho < Hal] + sup ¢(y) — 0. (3.41)
z€dB yeA N
This completes the proof of (B.26]). O

Our next step is the
Proof of Proposition 3.3l It will be convenient to replace Py by P, in

B27), with

eA,B

= ,the normalized equilibrium measure of A relative to B. (3.42)
capp(A)

As we now explain, ([B.27)) follows once we show that
Tp

Vi (X,)ds 1%% ¢, under P,. (3.43)
0

Indeed for b € R, by the strong Markov property at time Hj, we have

B, cib Jo ® VN(XS)ds] — B,[Hy < Ts, i 5" VN(Xs)ds] o[ b Jo ® VN(Xs)ds]

. T
+E,[Tp < Hy, e Jo” Vn(Xo)ds], (3.44)
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so that

. T,
‘ [ zbfo VN (Xs) ds] —E, [ezbfo B VN(XS)dSH

< E,[Hy < Ts, |eibfoH0 Vn(Xa)ds _q|] 4 2P, [Hy > Tg] @Z%m 0, (3.45)

and the claim follows.

We thus turn to the proof of (3:43]). Expanding the exponential function,
we find in a classical fashion, see for instance ([2.6) of [18] that for |z| < cp;,

[ zfo VN (Xs) ds]

= 3 n E,,[ Vv (Xs,) ... Vi(Xs,) dst ... ds,
n>0 0<s1<<sn<Tp
= 1+ > 2", (G VN)"1), (3.46)
n>1

where Gpf(z) = ZyeTN g9B(z,y) f(y), for f function on Ty, and z € Ty,
and (f, g) stands for > cp  f(z) g(x). We know by (L5) and (3.42) that

Zy) v(y) gB(y,-) = capp(A) ™' on A,

and since Vjy is supported in A, we find that

T
E, [eszBVN(XS)dS] = > an(n)=z", for |z| < cy, where (3.47)
n>0

an(0) =1, and ay(n) = (Vn, (GV)™ 1), forn > 1.  (3.48)

CapB(A)
Note that by our assumption (Z3]) on V', we have

an(1) = (V,1) =0. (3.49)

The main step in proving ([3.43) lies in the next lemma. Interestingly its
proof, although simpler, uses several ingredients of the proof of Theorem 4.1
of [18].



2012] ON (Z/NZ)3-OCCUPATION TIMES 589

Lemma 3.1. (N >¢)

lan (n)| < cf, foralln > 1, (3.50)

for any k >0, lij{fn an(2k+1) =0, (3.51)
. 1 k

for any k> 1, h]]\c[n an(2k) = (; E(V)) . (3.52)

We first explain how (B8.43]) and hence Proposition 3.3/ follow from Lemma
3.1 By (B.47)) the characteristic function of fOTB VN (Xs)ds under P, is ana-
lytic in the sense of Chapter 7 of |[12]. By Theorem 7.11, p. 193 of [12], one
finds that (347) actually holds for all z € C with ¢g|z| < 1. In particular
picking z = +r with 0 < r < 661, we find that

sup F, [cosh(r /TB VN (Xs) ds)] < 00.
N>e 0

Hence the laws under P, of fOTB Vn(Xs)ds are tight and the variables
exp{z fOTB Vn(Xs) ds}, with |Rez| < r(< ¢;') are uniformly integrable. If
the laws of the variables fOTB Vn(Xs)ds under P, converge along some sub-
sequence Ny, it follows from Theorem 5.4, p. 32 in [4] that for |z| < ¢, L

T
hlf:n E, [eszB VNk(XS)dS] = lim ) an,(n)z2"
n>0

Lemnéam (1 _EV) z2)_

™

(3.53)

Thus the characteristic function of the limit law is analytic in the sense of
[12] and coincides in a neighborhood in C of the origin with the character-
istic function of . So the limit law is the distribution of ¢, whence (3.43]).

Proposition 3.3 now follows.

Proof of Lemma [B.1l As pointed out above, although simpler the argu-
ments are similar to the proof of Theorem 4.1 of [18]. We highlight the main
steps.

We first need some notation. We tacitly identify functions on A with

functions vanishing outside A. For such a function F: A — R, we write
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| Flls in place of sup,cp [F(x)|, as well as

(F) = <|le %\F(w)) 1a, and [F]o = F(0) 14, (3.54)

so that (F') and [Fy are constant functions on A. For F' as above we have:

L9, @.10)
|GBFlle < clog N|F|, (3.55)
as well as
|GBFll < cl|Flloc, when (F) = 0, (3.56)
indeed 1 ,
GoFa) =1 Y Gala.y) (Fly) - F(y)
AL, en
= X (Ga(a,y) - Galz,y)) F(y),
Al e

and the claim now follows by (LI]). Note that GgF is tacitly restricted to
A in (B55), (B56]), but F is supported in A, and it is a simple fact (which
we will not need), that the bounds in (3.55), (350) extend to |GpF(z)| for
x outside A. In a similar fashion it follows by (LII) that

IGBF — [GaFlolloc < ¢[[Flloc - (3.57)

By symmetry of gp(-, ) and ([B.50) we also find that for F, H functions on
A:

IKE(GBH))lloo < ¢[[Flloo [[H [0, if (F) or (H) = 0. (3.58)
The estimates (3.55]) - (B.58]) correspond in the present context to Lemmas

3.1 and 3.2 of [18]. The next control shows that (G pVx)? operates boundedly

on functions on A:

(G BVN)? || Loe Ay Lo (a) < €1 - (3.59)
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To see this we decompose (GgVy)?F, for F: A — R in the following way:

(GpVN)?F = Ay + Ag + A3z, where

A1 = GVNGB(VNF — (VN F))

Ay = GpVN[GB(VNF)]o

Az = GpVn(GB(VNF) — [GB(VNF)]o),

(3.60)

and bound each term with the help of (3553 - (3.51), as in Lemma 4.4 of
[18].
The next estimate shows that (GpVy)? leaves the kernel of the map

F — (VN F) almost invariant:

IV (GRVN ) F)loe < cal (Vi F)loe + 0 S IFlloe - (361)

The proof is similar to Lemma 4.5 of |18]. One writes for F' function on A:
(VN (GBVN)® F) = (VA1) + (Vv Az) + (VivAs),

with Ay, Ag, As as in ([3.60]), and uses (B58) and [B.53) - (B57) to bound
the various terms. The term co|[(VNF)||o in the right-hand side of (3.61))

actually stems from the bound on (Vi Ag).

Iterating (3:61]), as in (4.34) of |18], one sees that for F: A — R and
k>,

Ck
VA (GBVN) P F)loo < ¢ [V E) | + 0

> (log N)372 [ F oo - (3.62)

From this we conclude that for all £ > 0,

jan (@ + 1) B2 cap(0) 1 | (Vv (@5V)2 1)

= [A] capp(8) [V (GBVN)* 1)l (3.63)
2.6).3.62)

C
=l Napn 30



592 ALAIN-SOL SZNITMAN [December

and (3.51)) is proved. In addition for k > 1, we see that:

lan(2k)] = capp(A) ' [(V, (GeVN)(GrVN)2E-D 1)
VIR cap p(A)(GaViv, V(G V) 2F D 1)

(2.6) (3.64)
< clog N [|[GaVilleo Vi (GeVa)? D 1]

(B.56) (E.59),
< cc".

This bound combined with the last line of (3.63)) finishes the proof of (3.50]).
There remains to prove ([3.52]). We proceed by induction. We already know
that an(0) =1, and

an(2) = capg(A)~ (Vn,GBVnN)

(v)=0 @l S Vi@)(gs(e.y) - gp(e,)V (y) (3.65)

T,yEN
m%m—% > Vi(z)alx —y)V(y) @ % E(V).
z,y€A

Moreover using a telescoping sum, we can write for k > 1,

1(GBVA)* 1 = (2 €0V)) 1Al

k—1
< Z H(GBVN)2(m+1)(% E(V))k_(m-‘rl)lA_(GBVN)?I’YL(% g(v))k_mlAHoo
B5D 11 m
<Y Eem) T GV s — L E(V) 1alls
m=0 T n
<" |(GpVN)? 1a — % E(V) 1]l oo- (3.66)

Using once again the identity (V) = 0, we see that for z € A

GRVGrVn(2) = £ 5L 0 gp(e0) V(@) 3 (9n(e.) — 95(6,2)) V()
TEA yeEA

mvm —% nyV(a:) alx —y)V(y)==EV). (3.67)

1
T

Hence the last term of (3.66) tends to zero. We have thus shown that

1(G5VN)*1a = (2 E(V)) 1alloc — 0, for any k> 1. (3.68)
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We then write:
a(2(k + 1)) =capp(A) ! (Vv, GV (GpVin)* 1)
VIR eap (M) (GEViv, Vi (GEVi)? 1)
—capg(A)~! (GBVN, VN{(GBVN)% 1y - (L ew))” 1A})
t+eaps(A) 7L (2 E(V) GV, Viv).

By (B:67)) the last term converges to (£ £(V))*1, whereas the absolute value

of the previous term is smaller than

¢ log N |GVl Vil || (GBVa)® 14 = (L €)1 m_&)m 0

This shows that limy a(2(k + 1)) = (£&(V))k+1, and completes the proof of
(352). We have thus proved Lemma 311 O
This also completes the proof of Proposition B.3l O

As explained below ([B.27), Propositions B2 and B3] yield (8:25]) and we
have thus proved Theorem 3.2 O

The last main result in this section is

Theorem 3.3. Under P, as N goes to infinity,

LY o
( N > i converges in distribution to a flat random field
ye

log N (3.69)

with constant value distributed as R%, with R as in (3.3).

Proof. We recall the notation Vy from (Z3). By Theorem BI] we only need
to concentrate on the case y = 0 and show that with R as in (8.3), under P,

tN
/ V(X ds 2% B2 (3.70)
0

The same argument used to infer Theorem [B.1] from Theorem 3.2l now shows
that (370) will follow once we show that in the notation of (2.11])

&) =% (5.0, (3.71)

(N?logN’
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where 7 and Eare independent exponential variables with parameter 7. In
this last step we use the fact that when o,k > 0, are the partial sums of
ii.d. copies (p,£ > 1, of ¢, and J is an independent Poisson variable with

parameter a7 one has:

Ele %] = exp { -« g(l —E[G_AE])} = exp { - lf%)\}’ for A >0, (3.72)

™

so that & has same distribution as R?, see (I.37).

Now the same argument used in the proof of Theorem shows that
(B7T)) will follow once we show the corresponding statement to Proposition

3.3l namely

Tp _
/ Vi (X,) ds ““TV% ¢ under Py . (3.73)
0

Proceeding as in (3.46), (3.47)), we see that

Ey [eszTB vN(XS)7d8] = > an(n) 2", for |z| < ¢y, where (3.74)
n>0
an(0) =1, and for n > 1, (3.75)
an(n) = capp({0}) ! (Viv, (GpVN)" ' 1)
_ 1 n1 @LI2) /2\»
= 95(0,0) ot 980,07 =5 (2)"

In particular we see that

0 <an(n)<c", forn>0, (3.76)
~ 2\"

- >
an(n) -~ (W> , for n > 0. (3.77)

The same argument used below the statement of Lemma [3.T] then shows that
when N goes to infinity,

Ty _
/ VN (Xs) ds converges in law to a distribution with
0 (3.78)

—1
characteristic function (1 —1 %) ,beR.
s

This proves (3.73]) and completes the proof of Theorem [3:3] O
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Remark 3.2. (1) The results of this section answer positively a question
raised in Remark 4.10 1) of [18]. They are, as we now explain, consistent at a
heuristic level with the limit statements contained in Theorem 4.2 and 4.9 of
[18]. It was shown there that the occupation field £,, y € 72, of continuous
time random interlacements on Z3 at level j3 IO%VN, with 8 > 0, in long rods

Jy={y} x{1,...,N} CZ3 y € Z?, satisfy the limit theorems:

Ly — Lo law ~ o~
(félow)yem v Bz (3.79)
and
( £y ) la—w> the flat field with constant value ]?22, (3.80)
log N yeZ2 N

where R and (ﬁy)yezz are independent with

R BES®(/3, %)-distributed, (3.81)
(TZy)yezﬁ a centered Gaussian field with (3.82)
covariance E[fyB,] = (aly) + a(y') - aly — ), for g,y € Z2.

These results can be heuristically reconciled with Theorems [B.1] and [3.3] as

log N
N

(which tends to zero), ought to describe the local picture left by a random

follows. Continuous time random interlacements on Z? at level uy = 8

walk on (Z/NZ)3 with unit jump rate, uniform starting distribution, at time
uny N3 = BN?log N (see for instance [20], [19], which however contain results
pertaining to uy = const.). The (Z/NZ)2-projection of this walk behaves as
a walk on (Z/NZ)? with jump rate %, uniform starting distribution, which
runs up to time SN?log N (note however that the local trace left by this walk
close to the origin involves more than the local trace close to the origin of the
original walk on (Z/NZ)?). The occupation field on (Z/NZ)? induced by this
8 LY )yez/nz2, with ty = 2 BN21log N &

a N%log N. By Theorem B.1] and B3] we know that
L%N - L?N law \/g \/g
(5 V2log N )yez2 N ( 2 V3 wy)yezf and (3:83)

<§ Ly ) — 2p (3.84)
2 log N/ yez2 2 ’ ’

projection is thus distributed as (

w
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with R and (1y),ez2 as in B3), 3.4). However \/gR is BESY(,/ 37", %)—
distributed, i.e. has the same distribution as R in (38I), and (\/g Vy)yez2
has the same distribution as ("lZy)yeZ% So we recover the limiting fields in
(B379), (380). In other words the limit behavior of occupation times of

long rods in Z3 by random interlacements at level uy = 8 1‘)va recovers the

limit behavior of the occupation times close to the origin of the (Z/NZ)3-
projection of the walk on (Z/NZ)3, with uniform starting distribution, and
running up to time uy N3 = BN?log N. This signals the existence of a link
between random interlacements and the walk on a large two-dimensional

torus.

(2) It would be interesting to give a proof of Theorems B.I] and B.3] along
the lines of the above stated heuristics, bringing into play some transfer be-
tween continuous time random interlacements and random walk on (Z/NZ)3,
see also [19]. It would also be interesting to give a proof of Theorems [B.]
based on the generalized second Ray-Knight theorem, see [13], p. 372, which
relates the field of local times of walk on Ty, at the first time the local time
at the origin goes beyond some given (deterministic) level, and the Gaus-
sian free field on T with covariance the Green function on Ty killed at the
origin. The Poissonian regime makes its application a bit impractical, and
perhaps Eisenbaum’s isomorphism theorem, see [13], p. 362, might be more
adapted. O

4. The Ergodic Regime

In this section we analyze the asymptotic behavior of the field of oc-
cupation times of the walk on Ty close to the origin at times much larger
than N2log N as N goes to infinity. We relate the limiting behavior of this
occupation field to the Gaussian free field pinned at the origin, cf. (L36]).
The situation is simpler than in the Poissonian regime. The main statements
appear in Theorems [4.1] and In Remark [Tl we reconcile these theorems
with the results from [18] concerning the occupation times of large rods by

random interlacements in Z3. We use throughout this section the convention
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on constants stated at the beginning of Section 2. We recall the notation ty
from (0.2 ii)

thy = ay N?log N, where li]{]n ay =00. (4.1)
Theorem 4.1. Under P, as N goes to infinity,

Ly —LO
(t;v thy

\/ 2ty N—2

> converges in distribution to (Vy),cz2
yEZ2
(see ([L30) for notation). (4.2)

This theorem will follow from the next proposition (see (2.11]), (3.5) for
notation).

Proposition 4.1.
lim BIE}] = 2 (V). (4.3)
sup E[¢f] < c. (4.4)
N

Proof of Theorem [4.1] (assuming Proposition L1]). Claim (£.2]) will follow
once we show that for V' as in (23)),

/oth Vi (Xs) ds % N(0,E(V)), (see (ZI0) for notation). (4.5)
By (2I7) it suffices to show that
e % N(0,E(V)). (4.6)
By (I26]) we know that
lim Plmy < Ky <my] =1, if my = [(1£0n) 2 an]. (4.7)
It follows from Kolmogorov’s inequality that for any € > 0,

P[ sup |5} — S| > e| <e2(ml — my) var(€))
m;\,gk’gmx N
4
N

< ce_z(éNaN—l—l)m 0.
an
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Claim (4.2)) will thus follow once we show that

s %& N(0,E(V)). (4.8)

N

To this end we introduce the characteristic function of £&; under P
o(t) = E[e™1], t € R. (4.9)

By a similar reward renewal argument as above ([L2I]) we have

HOOGTB—l—TB
plel 0 5 v B [ 1{X. = y}ds

yeTN
— h T V) 2D

yeTN

0. (4.10)
By B) p. 86 of [7] and (£I0) we find that for u € R,

@4
o) 1+ L Bl < M0 B P) S el ()
As a result, we see that for t € R, by (43), (£I1),

Ele" ] = S0(;)"”7“ =(1-0 2 4 o(10 ))mz‘v d%ﬂ) —Lew

VaN ™ QN a%Q
(4.12)
This proves (4.8) and Theorem [A.1] follows. O

Proof of Proposition 4.1l By (23] and the strong Markov property at
time T’g o 931 + Ry,

R1+TBoeRl 4
1imEH§1 —/ VN(XS)ds‘ ] ~0. (4.13)
N Ry

We can thus replace £; by fOT P Vn(Xs)ds and P by Py when proving (&3],
(44). Moreover observe that, see (3.42]) for notation,

lim E,,[ 4] =0. (4.14)

/OTBVN(XS)ds—l{HO <TB}(/0TBVN(XS)ds) o 0,

Indeed the expression under absolute value equals fOHOATB Vn(Xs)ds, and
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we apply (2.5). Hence we find that for p = 2,4

1

, s P13 1 s P1E
l%l‘Ey[(/o VN(Xs)ds) } —PV[H0<TB]1»EO[(/O VN(Xs)ds) } ~0.

(4.15)
By ([24) we know that P,[Hy < Tg] - 1, and by (B40), (347) that
E,[( OTB VN (X5)ds)P] = plan(p). As a consequence of Lemma B.] we thus

find that for p = 2,4

i o[ )] = (B0)F, (4.16

™
In particular this completes the proof of Proposition 411 O

Our last result is

Theorem 4.2. Under P, as N goes to infinity,

LY,
( ‘N ) converges in distribution to the flat random field with value 1.
thN=2) ye72
(4.17)

Proof. By Theorem 1] we only need to consider the single location y = 0,
and prove that under P
th =~ law .
Vi (Xs)ds -~ 1, (see (2.I0) for notation). (4.18)

0
We cannot simply invoque the ergodic theorem to prove ([4.19)) since we have
to deal with a sequence of Markov chains on the various state spaces T as
N varies. Instead we argue as follows. By Proposition 2.1]it suffices to show
that under P,

= law

Sk~ 1. (4.19)
By (A7) and the fact that £ > 0 — S is non-decreasing, we only need to
show that

S 1%% 1, and &' , 1%% 1. (4.20)
N

MmN
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By (212 and (L3]) we find that

gp(0,00 @I o> 4

Elg] = =y, (4.21)

ay log N

and by a similar calculation as in (3.40),

Eol(Jo ® 1{X: = 0}ds)?] — 9 980 0)” @ ca? (4.22)
(an log N)? (anlogN)? = N )

E[¢7) =
The variables g,g, k > 1, are i.i.d. and we thus find that:

B[(S1y = 5o ) | < clmy = i) varp(@) + (= mi? EEP 0,

my my

(4.23)

using (4.7), (£21)), (4.22). In addition we see that
Varp(ng) <cmy oy’ - 0. (4.24)

If we now observe that
c — e &ED 2 1

E[Sm;r]:mNE[{ﬂ ~ gaNx;aN =1. (4.25)
The claim ([£20) readily follows and this proves Theorem O

Remark 4.1. (1) The results of this section can also, at a heuristic level,
be reconciled with the limit statements of [18]. It was shown in Theorems
4.2 and 4.9 of 18] that the occupation field ﬁ;, y € Z2, of long rods J, =

{y} x {1,...,N}, y € Z2, by continuous time random interlacements in Z3
at level uy = ,BN%, where limy 8 = 0o, satisfy the limit theorems:
L, — L] law .
( Y ) — (¥y)yez2, (see ([B.82) for notation), (4.26)
\2un N/ yEZ? N
and
L law .
( - ) — the constant field with value 1. (4.27)
uyN/yez?2 N

Once again the heuristic argument explained below ([B.82]) suggests that the
above results reflect the presence of similar limit theorems for the occupation
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time of a walk on T with jump rate %, uniform starting distribution, and
running up to time uy N3 = ByN?log N, or equivalently for (% L?;, JyeTn >
N

when t)y = 2 By N%log N def N N2 log N. But Theorems [£.1] and [£.3] indeed
show that

Ly _LO . . . —~
3 Ty th law ( 3 ) distribution
(2 28N IOgN)yeZ2 N 2 yezz Wy )yez, (4.28)
and
3 Lg’ law .
(— 71\[) — the constant field with value 1. (4.29)
2 Bnlog N N

So indeed the heuristic guess based on the results on random interlacements
proven in [18] leads to the correct limit statement proven in this section.

(2) The above discussion and Remark 3.8 1) point out the existence of a link,
at least for the “local picture”, between random walk with jump rate % on
Ty, and random interlacements on Z3 via their presence in long rods J, =
{y} x {1,...,N}, y € Z?, when N goes to infinity. It would be interesting
to explore whether this link extends to more global quantities. For instance
one knows from [6] that the cover time of Tx by the above mentioned walk
has order %N 2(log N)2. By analogy one can introduce the random level
Uy, which is the smallest u > 0 such that all J,, y € {1,..., N}?, meet Z%,
the random interlacement at level u, see [17]. How does Uy N3 compare to

6 2 2
5 N2(log N)2 ? O
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