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Abstract

Let D C R? be a bounded domain and denote by P(D) the space of probability
measures on D. Let

L:%V-aV—!—bV

be a second order elliptic operator. Let p € P(D) and 6 > 0. Consider a Markov
process X(t) in D which performs diffusion in D generated by the operator JL and is
stopped at the boundary, and which while running, jumps instantaneously, according to
an exponential clock with spatially dependent intensity V' > 0, to a new point, according
to the distribution u. The Markov process is generated by the operator Ls,, v defined by

Lo = 6L0+ V([ 6 du=9).
D
Let ¢s,,,v denote the solution to the Dirichlet problem

Lgyﬂyv(f) =0in D;
¢=fondD,

where f is continuous. The solution has the stochastic representation

Po.uv (2) = B f(X(TD)).
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One has that ¢o,u,v(f) = lims—o @s,,v(x) is independent of x € D. We evaluate this
constant in the case that p has a density in a neighborhood of 9D. We also study the
asymptotic behavior as § — 0 of the principal eigenvalue A\o(d,u, V) for the operator

Ls, ., v, which generalizes previously obtained results for the case L = %A.

1. Introduction and Statement of Results

Let D C R? be a bounded domain with C%>®-boundary (a € (0,1]) and
let P(D) denote the space of probability measures on D. Let

1
L=5V-aV+b¥ (1.1)

be a second order elliptic operator. Assume that the coefficients a = {a; }Z" =1
and b = {b;}"; are in C*(D) and that a(x) is positive definite for each
r € D. Fix a measure y € P(D) and fix § > 0. Consider a Markov process
X(t) in D which performs diffusion in D generated by the operator L and is
stopped at the boundary, and which while running, jumps instantaneously,
according to an exponential clock with spatially dependent intensity V, to a
new point, according to the distribution u. That is, the probability that the
process X (-) has not jumped by time ¢ is given by exp(— f(fATD V(X(s))ds),
where 7p = inf{t > 0 : X(t) ¢ D} is the first exit time from D. From its
new position after the jump, the process repeats the above behavior inde-
pendently of what has transpired previously. We assume that V' > 0 in D
and that V € C%(D). Denote probabilities and expectations for the pro-
cess starting from x € D by Po*Y and EZ*Y. We will call the process a
jump-diffusion.

Let Ls, v denote the operator defined by

Linyd =016+ V([ 6 du=0).
D
The operator Ls, v generates the jump-diffusion X (¢), and consequently,
(X ({ENTD)) — fOMTD Ls,,vo(X(s))ds is a martingale.
Let ¢5,, denote the solution to the Dirichlet problem

Ls,ve¢=0in D;

¢ = fondD, 12
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where f is continuous. It follows that ¢s , v (X (¢t A7p)) is a martingale; thus
o(x) = Eg’“’VQS&MV(X(t ATD)), for all t. Letting ¢ — oo gives the stochastic

representation
G v (x) = EPY F(X (D). (1.3)

In this paper we investigate the behavior of ¢5 1, as § — 0; that is, in the
small diffusion limit. Since Lo ,v¢ = V(x)([, ¢dp — ¢(x)), one expects
that lims_, ¢5,,,v (z) will be independent of 2 € D, and we can prove this
trivially via the stochastic representation in (L3]). We wish to calculate the

constant

¢0,,LL,V(f) = (%1_% ¢6,M,V($)v reD. (14)

Let e;5(-) = Pg’“’V(X(TD) € -) denote the exit distribution of the jump-
diffusion. If we calculate the weak limit v,y of e, 5 as 6 — 0, then this will
give us ¢o,,v (f) = [5p fdvuv.

The above jump-diffusion process arises naturally in the context of a
system of switching diffusions with a fast motion and a slow motion. Let
(@5,sys» Ys.sys) denote the solution to the system of boundary value problems
given by

0L+ V(¢ —¢) =0in D;

S0+ V(6 ) = 0in D; (15)
¢=fondD; Vip-n=0ondD,

where L and V are as above, and £ and V are another such pair. Let
4 be the invariant probability measure for the diffusion generated by L
with normal reflection. The above system of equations corresponds to a
Markov process (X(t),x(t)). The coordinate k(t) has two states—1 and
2. When k(-) = 1, X(-) performs §L diffusion in D until it reaches the
boundary. When x(-) = 2, X(-) performs 1+£ diffusion in D with reflec-
tion at the boundary. The process k(t) jumps from state 1 to state 2 with
X (-)-dependent intensity V(X (¢)) and from state 2 to state 1 with inten-
sity V(X (t)). Let E,j denote the expectation starting from (x,k). Let
Tp,1 = inf{t > 0: X(t) € 0D, k(t) = 1}. Then ¢s5sys(x) = Ex1f(X(1D,1))
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and Vs sys () = Ez2f(X(7p,1)). One can show that

%L)Ino ¢67sys($) = él_H)%) ¢6,sys($) = /8D f(y)l/%\/(dy),

where v, v is the limiting exit distribution for the jump-diffusion as defined
above. The heuristic explanation for this is as follows. If one observes the
process X(-) only when k(-) is in state 1, one sees a process very similar
to our jump-diffusion process. Indeed, when x jumps from state 1 to state
2, X (-) starts to run under a very fast clock according to the reflected £-
diffusion. However, the time for the clock V to ring and return the x(-)
process to state 1 is on order unity; by this time the distribution of the fast-
running X (-) process is almost at its invariant distribution p. Thus, when
k(+) jumps back to state 1 and we begin observing the X (-) process again,
it starts up from a position that is distributed almost like pu.

Returning to our jump-diffusion processs, we note that the constant in
(L4]) depends very strongly on the behavior of y near the boundary. In this
paper, we treat the case that supp(u) N 9D # () and that p has a density in
a neighborhood of the boundary. The density may vanish on the boundary.
Let L denote the formal adjoint of L:

E:%V-aV—bV—V-b.

Theorem 1. Let D C R?%, d > 1, be a bounded domain with a C*>*-boundary
(a € (0,1]) and let u € P(D). Assume that V>0 on D. Let D¢ = {z € D :
dist(z,0D) < €}.

Assume that for some € > 0, the restriction of p to D¢ possesses a density:
wu(dz)|pe = p(x)dr. Assume that for some k > 0, the following conditions
hold. If k is even, assume that yu € C*(D); if k is odd, assume that pu €
Ck+L(De). Assume that

d°pu .
—=0o0ondD, forall|f|<k-1, ifk>1;
dxP

s .

o %0 on 0D, for some |B| =k, if k> 0.

Assume that V € C*>*(D), if k = 0,2, and that V € C*(D), if k > 4 is
even; assume that V € C*1(D), if k is odd.
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Assume that a; ;,b; € CYY(D), if k = 0,2, and that a; ,b; € C*Y(D), if
k > 4 is even; assume that a;j,b; € CY%(D), if k = 1, and that a;,b; €
Ck(D), if k > 3 is odd.

Let n denote the inward unit normal to D at 0D. Let o denote Lebesgue

measure on 0D.
If k is even, then the solution ¢5, v to (L2) satisfies (L) with

Jop f+/(n-an) V g,uda
Jop V(n-an)V =2 g,uda

If k is odd, then the solution ¢s, v to (L2) satisfies (L)) with

Go,uv(f) =

fanV_k_ V(i% ) - ndo
¢0,M,V(f) faD _%av( 1 )ndo. .

In particular then, if k =0, one has

Jop [/ (n-an \“Fda
Jop V(0 -an)L= da

¢0,M,V(f)

and if k =1, one has

Jop fV 1aVu - ndo

Remark. If ;s has compact support, the behavior of ¢g .,y (f) is completely
different. In this case, ¢o v (f) can be studied using Wentzell-Freidlin action
functionals. Assuming the uniqueness of the minimum of a certain such

functional, ¢, v (f) will have the form f(xg) for some 2y € 0D.
Define the contraction semigroup
T fe) = BV (F(X (1) > 1), f € Co(D),

where Cy(D) is the space of continuous functions on D vanishing on dD.
The infinitesimal generator of this semigroup is an extension of the oper-

ator Lg,, v, defined on C*(D) N {¢ : ¢,Lsuve € Co(D)} with the ho-

S,V

mogeneous Dirichlet boundary condition. The operator 7 is compact
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(see [6] where the case of constant coefficients is considered); thus, the

resolvent operator for Tf’“ "V

is also compact, and consequently the spec-
trum o(Ls,,, ) of Ls, v consists exclusively of eigenvalues. By the Krein-
Rutman theorem, one deduces that —Ls , v possesses a principal eigenvalue,
Ao(0, i, V'); that is, Ag(d, i, V') is real and simple and satisfies A\g(d, p, V') =
inf{Re(\) : A € o(=Lsy,v)} B]. It is known that A € o(—Ls,,v) if and
only if exp(—At) € J(Tt5’“’v) [4]. Thus, since ||Tt5’“’v|| < 1, it follows that

Ao(9, 11, V') > 0. We have

o,u,V
sup |7 f| = sup PV (rp > t);
FeCo(D),lIflI<1 veD

thus, a standard result [7] allows us to conclude that

1
lim = log sup Po*Y (1p > t) = —Xo(8, 1, V).
t—o0 z€D

It is well known that this is equivalent to

1
lim — log POV (1p > t) = =Xo(0, 11, V), € D. (1.6)

t—o00

In the case that L = %A, that is the case that the underlying motion is
Brownian motion, the papers [6], [1] investigated the behavior of the prin-
cipal eigenvalue \o(d, i, V') as 6 — 0. (Actually, in those papers, one finds
the operator vL%%qub = %Aqﬁ + 4V ([p ¢dp — ¢) with v — co.) The key
calculations contained in Proposition [I] of this paper for the case of a gen-
eral diffusion operator L generalize calculations in [1] for the operator %A.
Using the methods of [1] along with Proposition[I] one obtains the following

generalization of the results in [1].

Theorem 2. Let the assumptions of Theorem [ be in effect for some k > 0.
Then the principal eigenvalue \o(6, p, V') of the operator —Lgs, v behaves

asymptotically as follows:

(i) If k is even,

lim 6~ "3 Ao(8, 11, V) = Jon
6—0
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(ii) If k is odd,

k1 ~ k-
VS a5 ) - nd
lim 6~ Ag(6, 1, V) = Jop V> @ (1 7 1) ndo (1.8)
§—0 2fD leu

Remark 1. We note that if u has compact support, then there exist con-
stants c1,co > 0 such that exp(—cﬁ‘é) < Ao(6, 1, V) < exp(—cld_%), for
small § > 0. This was proven in [1, 6] for the case L = %A. The same type
of proof works for general L.

Remark 2. As with the Dirichlet problem in Theorem [I], the eigenvalue
problem in Theorem [2] can also be connected to a system of switching diffu-
sions. If in the second equation in (LH), one multiplies V by say %%, then
the principal eigenvalue for the system will have the same asymptotic be-
havior as § — 0 as does the principal eigenvalue for our jump-diffusion. To
see this heuristically, we note that the principal eigenvalue for the system is
connected to the switching diffusions via the analog of (L6]). Now observe
the X (-) process only when «(-) is in state 1. The point is that for almost
all of the time up to the exit time, the process is running with x(-) in state
1. The reason for this is that the speed of the clock for jumping back from
state 2 to state 1 is now very fast. However, since this clock speed is still

slower than the clock of the diffusion while x(-) is in state 2 (é as opposed

to 3), the distribution of X () will almost be the invariant measure y when
k(+) jumps back to state 1 and we begin observing the X () process again.

If 4 # 0 on 0D, then Theorem [2 gives

faD (n - an)vi%da

\/ifD %d:p

N[ =

Ao(0, p, V') ~ 02, as § — 0. (1.9)

Theorem [2]is proven under the assumption that V' > 0 in D. This condition
is essential. Note that if V' vanishes in a sub-domain A C D, then as long as
the process X (t) remains in A, it never jumps, and thus starting from a point
in A, the probability that X (¢) does not exit D by time ¢ is greater than the
probability that a § L-diffusion process does not exit A by time ¢; thus, in light
(L6]) and the corresponding equation for the 0L diffusion process, it follows
that A\o(d, 1, V) < 0A§ (L), where \{'(L) > 0 is the principal eigenvalue for
—L in A. In particular, \g(d, 4, V') is on a smaller order than in (I.9)).
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Now consider the case that V' > 0 in D but V =0 on dD. On the one
hand, since the process needs to not jump in order to exit D, allowing the
jump mechanism to weaken at the boundary should help the process exit.
Thus, if 4 # 0 on 9D, one might expect that Ag(6, i, V') will be on a larger
order than 63. But on the other hand, if V = 0 in D¢, then by the argument
in the previous paragraph, \o(d, i, V') < AP (L)8. Thus, we expect that if V
vanishes identically on the boundary to high enough order, then A\o(d, u, V)
will be on a smaller order than §3.

Now let V. = e+ V,where V > 0 in D and V = 0 on 8D, and substitute
V. for V in the righthand side of (I9)). If V vanishes to the first order on 4D,
then the right hand side of (L9 is on the order (e% log e)_%; in particular, it
converges to oo. This suggests that if V' vanishes to first order on 9D, then
Ao(9, 11, V') will be on a larger order than ¢ 2. If V vanishes to second order
on 0D, then the right hand side of (I.9) stays bounded and bounded from 0
as € — 0. This suggests that if V' vanishes to second order, then Ag(6, u1, V')
will be on the order (5%, as in (L9). If V vanishes to third order on 9D,
then the right hand side of (L9) goes to 0 as € — 0. This suggests that if V'
Vanisheis to third order or higher, then A\g(d, i1, V') will be on a smaller order
than §2.

Open Question: Consider the case that u Z 0 on 0D, so that if V were
strictly positive in D, then (L) would hold. Assume that V >0 in D and
that V wvanishes identically on 0D to the order k, k > 1. At what order does
Xo(0, i, V') approach 0 when 6 — 07

Added in proof: The problem has been solved by Iddo Ben Ari [2].

In Section 2 we present several auxiliary results which then allow for
a quick proof of Theorem [II The proof of one of the auxiliary results is
deferred to Section 3.

2. Auxiliary Results and Proof of Theorem 1

In this section we present three lemmas and one proposition, from which
the theorem will follow quickly. We begin however with a useful construction
of the process X(-) up to its exit time from 0D. On a common probability
space with probability measure P9, let {Y,,}52, be an independent sequence
of diffusion processes, where each Y, (-) is a diffusion corresponding to the
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operator 0L and stopped upon reaching the boundary, and where Y;(0) =
x € D, and the distribution of Y, (0) for n > 1 is pu. (We have purposely
suppressed the dependence of P? on z. Note that Y,, does not depend on
xz for n > 1.) Let Fp = 0(Yp(s),0 < s < t) denote the filtration up
to time ¢ for the process Y, (-). Denote the exit time of Y, (-) from D by
Tpn- Let J, be a stopping time for Y, (-) satisfying Po(J, > tFin) =
exp(— fg/\m’” V(Yn(s))ds). Now define by induction:

X(t) =Yo(t), for 0 <t < Jy ATpo;

if Jp_1 < TD,n—1, then
n—1 n—1 n—1
X(t) =Yy (t — ij), for ZJk <t< ij + Ju ATDon
k=0 k=0 k=0

Recall that es5 (1) = Py V(X (mp) € -) denotes the exit distribution of
the process X (-) from D starting from X (0) = x. Let J denote the first
jump time of X (-). Since the distribution of 7p ¢ converges to the point
mass at 0o as § — 0, we have lims .o P?(7po < Jo) = 0; equivalently,
limg_,o Po*Y (rp < J) = 0. Since P2V (X (rp) € -|J < 7p) is independent
of z € D, we conclude that the weak limit of es, (which will be shown to
exist) is independent of x € D. Indeed, from the above considerations and
the above construction of X(-), we have

w—limes, =w— lim eg 2.1
50 OF 550 7 ( )

where

es(-) = P°(Yi(rpa) € |mpa < J1).
(Note that the 1 appearing in four places on the righthand side above can
be replaced by any n > 2 without changing the value of the expression.)

For each £ = 0,1,---, let elg(-) denote the probability measure on 9D
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with density ef(x) given by

cbte) = ([ Vinany=F Lude) o an@y = F @)
k >0,k even;
e(x) = (/aD VT aV(LT ) ndo) ™t VTR (2)a(@) (VL E ) ) (),
k> 1,k odd.

From (I3]) and (2I]), to prove the theorem we need to prove that if p satisfies

the conditions of the theorem for a particular £ > 0, then es converges weakly

k
to €.

From now on we assume that p satisfies the conditions of the theorem
for a particular £ > 0. Fix m > 1 and let {Aj};-”;ll be a partition of D
into m + 1 disjoint connected sets satisfying the following conditions: (i) A;
has a nonempty interior, for all j; (ii) A; N 0D has a nonempty interior in
the relative topology of 9D, for all j # m + 1; (iii) ef(A; N ID) > 0; (iv)
dist(A+1,0D) > 0. To prove the theorem, it is enough to show that

lim es(A; NOD) = el (A, NOD). (2.2)
0—0

Let usy denote the solution to

0Ly —Vu=0in D;

2.3
u=1on 0D. (2:3)

Let £9 denote expectations corresponding to P°. As is well-known, us,v has

the stochastic representation
5 D1
usy (z) =€ (exp(—/ V(Y1(1)))Y1(0) = z).
0
Lemma 1.

'P(S(Yl(()) S Aj,TD,l < Jl) :/ us,y du, 7=1,--- . m+1. (2.4)

Aj
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Proof. For x € D, we have

Po(rp1 < J1]Y1(0) = z)
_ / POy >t 7 = dt]Yi(0) = 2)
0

= / 56776(J1 >t,7p,1 = dt|Fi1,Y1(0) = x)
0

_ / ™ €9 (exp(— / (% (5))ds) s (1) Vi (0) = 1)
0 0
= Eexp(= [ VOA)DM0) = 1) = vy (2).
The result follows from this. O

Lemma 2. There exists a constant ¢ = c(a,b,d, V') > 0 depending on the

coefficients a,b of L, on V and on the dimension d such that

dist(x, 0D
usy(z) < CGXP(—¥)-
co2
In particular then by Lemmald, for some c¢; > 0,
d?;St(Am_HL, (9D)

T
c102

PO(Y1(0) € Apy1,7pa < J1) < c1exp(—

). (2.5)

Proof. Let Viyin = min,p V(x). From the stochastic representation of

us,v, we have for any ¢ > 0,

IN

exp(—tVinin) + P2 (tp1 < t]Y1(0) = )
_ . 4 _
exp(—tVinin) + P (Orgggt [Yi(s) — x|

ua,v(iﬂ)

IN

v

dist(z,0D)|Y1(0) = z). (2.6)

Since L has been written in divergence form, the drift of Y7 is 6(b+ 3V - a).
Let B = max,cp |b(z) + 5V - a(z)| and let A = max,_ max,cp (v, a(z)v).
From |4, Theorem 2.2-ii], it follows that

P (max [V (5) — 2| > A1 (0) = 2) < 2dexp(~ 280"

0<s<t 2d5 At ), for A > 0Bt.

(2.7)
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Letting A = dist(z,0D) and ¢t = (dist(m,(‘)D))é_% in the above inequality
and substituting the resulting estimate on the right hand side of ([2.6]), we

obtain

1 . (1-02B)?
us,v (z) < exp(—0~ 2dist(z, 0D)Viin)+2d exp(—4 2dlst(x,8D)W),
for small § > 0, from which the lemma follows. O

The key result for proving Theorem [lis the following proposition, whose

proof is postponed to section 3.

Proposition 1. Let the assumptions of Theorem [ be satisfied for some
k>0. Let j € {1,--- ,m}. If k is even, then

1 -
lim 6~ "> / usvdp = — vin- an)V_%Lguda.

-0 A V2 Ja;n0D
If k is odd, then
. _k+1 1 k41 ~ k=1
lim 6~ 2 / usydp = —/ V=2 aV(L 2 pu)-ndo.
5—0 A; 2 Ja,nop

Lemma 3. Let p satisfy the assumptions in Theorem [ for some k > 0. Let
j€{l,---,m} be such that ek(A; NOD) > 0. Then

%iInO'P(S(Yl(TD,l) IS Aj N 8D|Y1(0) € Aj,TD,l < Jl) =1.
%

Proof. Define

TD,1

usvj(x) = € (lap—a,(Yi(tp,1)) eXp(—/ V(Y1) [Y1(0) = ).
0
An argument just like that used in the proof of Lemma [I] shows that

PJ(H(O) S Aj,TDJ < Jl,YVl(TDJ) € 0D — Aj) = / US,V,j d,u. (2.8)
j
An argument just like that used in the proof of Lemma Pl shows that
dist(z, 0D — Aj)

I
o2

). (2.9)
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1
Let N > 0 be a positive integer and let A" = {z € A4; : dist(z,04;) < %}
By Lemma [Tl and (2.8]), we have

P°(Yi(rpa) € D — A;[Y1(0) € Aj,mpy < J1)

Jp vovsdntf -y usvidp
= d . (2.10)
fA]. ’LL57vd,u

1
Proposition [I] of course also holds with A; replaced by A]’-V . Using the fact

1
that usyv; < usy, applying Proposition [l with A; and with AJ’»V , and using

([Z9)), we obtain

1
I (Y5 dD — A;|Y1(0) € A J1) < (A7 09D)
€0D — A; € 4y, <SR oD
ujsa_%lp Yi(tpa1) ;1Y1(0) 3> TD,1 1) ek(A;NAD)
(2.11)

Letting N — oo completes the proof of the lemma. O

We can now prove (2.2)), which will complete the proof of Theorem [l
Recall that by assumption ef(A;) > 0. Thus, by Lemmas [ and Bl it follows
that

P°(Y1(0) € A1,Y1(mp) € A1NAD, 7p1 < J1)=(140(1)) / ugsydu, as§d—0.

Ay
(2.12)
By Lemmas [l and Bl and Proposition [ it follows that

PO(Y1(0) € A, Yi(rp) € AL NOD,mpy1 < Ji) = o(6"%), for j € {2,--- ,m}.
(2.13)
Using (2.12)), (ZI3)) and Lemma 2, we have

es(A1NAD) = P°(Yi(rp1) € Ay NAD|tpy < Jy)
PX(Yi(1p) € A;NOD, Tp 1 < J1)
Po(tpa < Jh)
ST P (Y1(0) € Ay, Yi(mp) € A1NOD,7py < Ji)
S PI(YI(0) € Aj,Tpa < i)

k+1
14 o(1 usy du+o(6 2
— ( ( )) fAl 5V oH ( ), as d — 0. (2.14)

k41

>t fA]- usy dp+o(072)
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Now from (2.14]) and Proposition [I] we have

lim e5(A1 NOD) = ek (AL NaD). (2.15)
—

3. Proof of Proposition 1

For the proof of the proposition in the case of even k, we will need the

following lemma.

Lemma 4. Let n denote the unit inward normal to D at 0D. One has

hm 52 (n-aVusy)(z) = —/2V(z)(n - an)(z), uniformly over x € D.

Proof. The proof of the result in the case that L = %A was given in [6]. In
the proof, it was shown that everything could be reduced to local consider-
ations. In particular, it was enough to prove that the above equation holds
pointwise under the assumption that the boundary had constant curvature.
We can thus make the same assumptions here, and we can also assume that
L and V have constant coefficients. More specifically, note that L is given
in non-divergence by

d 1 I B )
_ % _ . _
L= Z @i 8$Za$] Z ox; (:E)&Ej +;b”($)aa:j
d

DO | =

.

i,J=1 27]:1 j=
2 d

Z %ax] + Z Bj(x)a%. (3.1)

l\DI)—t

Thus for the proof we may assume that L = % Zgjzl ai,j#;xj—i-zg 1 Bj 82 ,
where a; ; and Bj are constant. Similar to what was done in [6], for zero
curvature, we take D = {z € RY: 0 < 1 < 1} and consider (n - aVusy)(0);
for curvature R > 0, we assume that D = Ar p = {z € R & <|z| < R}
and consider (n - aVusy)(x), for some x with |x| = R; and for negative
curvature —R < 0, we assume that D = Agor = {r € R?: R < |z| < 2R}
and consider (n -aVusy)(x), for some = with |z| = R. We will consider the
cases of zero curvature and positive curvature; the case of negative curvature

being handled similarly to the case of positive curvature.
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We begin with the case of zero curvature. Let {e; };l:l denote the stan-
dard basis vectors. Let H; denote the hyperplane z1 = 0. The interior unit
normal to D on 9D N Hj is constant and equal to ey; that is,

n = e;1. Let y denote the projection of n-a onto Hy. Then y+(n-an)e; =

n-a. Since usy = 1 on Hy, we have

us,v (tn - a) — usy(0) us,v(tn - a) — us v (ty)

(n-aVus)(0) = tE)I(I)l-‘r t - tl—i>%l+ t
~ im us,y (ty + t(n - anjer) — us v (ty)
t—0+ t
= n-an lim Ousy (ty + s¢g(n - an)ey)
t—0t+ Ox1
— (n-an)(n- Vusy)(0), (3.2)

where 0 < s; < t. Since usy depends only on x1 and since n = e, we can
reduce the calculation of (nVusy1)(0) to a one-dimensional problem. So we
write usy = usy(x) with 0 < 2 < 1. Now u solves the constant coeffi-
cient equation %5&171%’7‘/ + 5B1ug7v — Vu = 0 with the boundary condition
us v (0) = us,v(1) = 1. The quantity (n - Vusy)(0) above is now given by
us1,(0). One can solve this explicitly and check that lims_od %u&V(O) =
2V Substituting this in and noting that a1 1 = n - an, we obtain
a1 ’
lims_,o(n - aVusy)(0) = —/2(n - an)V.

Now we turn to the case that the curvature is R > 0. We let D = ABJ%
and consider the boundary point Re;. We need to evaluate lim(;_m(zn .
aVusy)(Rer). We first reduce the calculation to the calculation of the nor-
mal derivative, similar to ([B.2). Note that the inward unit normal n =
n(Rey) at Rej satisfies n = —ej. For small ¢ > 0, let z; denote the
point on |z| = R which is closest to Re; + tn - a. Define the vector wy
by z: + wy = Rey; + tn - a. (Note that Rej, z; and w; take on the roles
played by 0, ty and ¢(n - an)e; respectively in the case of zero curvature.)

Of course lim; ,o+ |2t — Rej| = 0. Since the curvature is positive, we have
Jwe]

ot =
ﬁ of w; approaches the direction of n as ¢ — 0. Thus, since usy = 1 on

|we| < (n - an)t; however limy_,o4 n - an. Note also that the direction

|z| = R, we have

. usy(Rer +tn-a) — usy(Rer)
(n-aVusy)(Rer) = t1_1>%1+ ;




560 ROSS G. PINSKY [December

— lim us v (2t + we) — usv(2e)
t—0+ t

_ oy [l usv (et we) —usy(z)

t—0+ [wy|
= (n-an)(n - Vusy)(Rer). (3.3)

We now consider (n - Vusy)(Rep). Let (r,0) with § € S9~1 denote po-
lar coordinates. We rewrite the constant coeflicient operator L in polar
form. Of course now the operator will no longer have constant coeffi-
cients; however by the localization mentioned above, we may consider instead
the constant coefficient operator obtained by evaluating the coefficients at
Rey. Call the resulting operator L. We have L = %(n - an)% + B4+
terms involving differentiation with respect to 8 and maybe also r, where
B is a certain constant whose form is irrelevant for our purposes. Now us 1/
solves dLusy — Vusy = 0 for % <r < R,and usy = 1 atr = % and
r = R. It follows that sy is a function of r alone. Thus usy satisfies the
one-dimensional equation 1§ (n-an)ug v +0Bugy, —Vugy = 0 for Z<r<R
and u(%) = u(R) = 1, and (n- Vusy)(Re1) becomes —uj, (R). We have
thus reduced the problem to the previous case of zero curvature, and con-

clude that lims_,o(n - aVusy)(Rer) = —/2(n - an)V. O

Proof of Proposition 1. Let p(-) be an arbitrary probability measure on
D which has a density po(z) which satisfies the same smoothness assump-
tions in D that the density p satisfies in D¢, and which satisfies the same
vanishing conditions on 0D that the density p satisfies there. An easy ar-
gument then shows that to prove the proposition, it suffices to prove it with
Aj replaced by D, du replaced by dug and p(x) replaced by pio(z). We will
first prove the proposition for the case k& = 1, which is easier than the case
k = 0. We then show how to go from the case k = 1 to the case k = 3, from
which it will be clear how to proceed for odd k. After that we will prove the
proposition for kK = 0 and then we show how to go from the case k = 0 to

the case k = 2, from which it will be clear how to proceed for even k.

In light of the above paragraph, we consider |, p Us,vpodr. Since k =1,
o vanishes on 0D, but Vg does not vanish identically on 0D. Using (2.3])
and the fact that ug vanishes on 9D, and recalling that n denotes the inward
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unit normal, integration by parts gives

5_1/ u(;,v,uoda::/ Lu(;y@clw
D D 14

= Ho 1 o
= U, L—da:—l——/ aV (=) - ndo. 3.4
[ vavifpan s [ aviid) (34)

(Note that by assumption, po and V are C2-functions so there is no problem
with the integration by parts.) By Lemma 2] usy converges to 0 boundedly
pointwise on D. Also, since po vanishes on 9D, we have V(“VO) n = %V,uo -n
on dD. Thus, letting 6 — 0 in ([3.4]), we obtain

1
lim 6! ug, v podr = — / V~taVyg - ndo.
6—0 D 2 oD

We now turn to the case k = 3. In the case k = 3, pg and all its derivatives
up to order 2 vanish on 0D; in particular, the last term on the right hand
side of (B.4) is 0. Thus, using (23] again, integrating by parts and using
the fact that the second order derivatives of pg vanish on 9D, we have from

B.4),
6_2/ us, v podr = 5_1/ u&vﬂ@dx
D D 14

1 = po
— [ (Lugy)=LH0
/D( u(W)V v

=1 =po L = po
= L—L— —L—)- . .
/Du(;y % VdaH—/aDaV(V V) ndo. (3.5)

(Note that by assumption, pg and V are C*-functions and a;; and b; are
C3-functions, so there is no problem with the integration by parts.) Using
Lemma 2] again and the fact that pg and all its derivatives up to order 2
vanish on 0D, we obtain

lim 62 us,v podr = / V_zaV(ﬂuo) -ndo.
0—0 D oD

The same technique is used repeatedly to handle larger values of odd k, the
smoothness requirements in the statement of Theorem [Il being the smooth-

ness required to implement the integration by parts.
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Now we turn to the case k = 0. Let w solve the equation

- w
L—=0in D;

4 (3.6)
w = o on OD.

Note that by the smoothness assumptions on a, b, V, ug, it follows that w is
the solution to an elliptic equation with C®(D)-coefficients and continuous
boundary data. Thus, w € C%%(D) N C (D) [3].

We will show below that

lim 62 / us v (po — w)der = 0. (3.7
6—0 D

Thus, it is enough to show that

. _1 1 Mo
lim § 2/ ug ywdr = —/ v (n-an)—=do. 3.8
=0 b Y V2 Jap ( )\/V 3.8)
Using (2.3)) and (3.6]), and integrating by parts, we have
63
573 / us ywdr = 53 / (Lu(;,v)ﬂdx =—— @CLV’U,&V -ndo,  (3.9)
D D 4 2 Jap V

where we have used the fact that

1/ w / w /~w
— aV(=) -ndo — —b-ndo = L—dx =0
2 Jop (V) op 'V p V

by ([B:6). (Actually, since w is not necessarily C2 up to the boundary, in the
above integrals one should replace D by D — D¢ and D by d(D — D) and
then let € — 0.) Letting 6 — 0 in (3.9]), and using Lemmald] we obtain (3.8]).

It remains to prove (3.17). By Lemma [2, we have

673 / |, vl =w)dz] < supuo(a) +u(@)|Dls~Eeexp(-=7). (3.10)

xE co2

We also have

57 [ syt = w)d] < sup o) ~ (@] [ wsydo). (311)
De reDe D

Now (B.8) holds for every pug in a wide class; in particular, it holds for pg
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which are uniformly positive on D. In such a case, it follows by the maximum
principal that w is uniformly positive on D. (The principal eigenvalue for L
coincides with that of L, and is consequently negative. Thus the generalized
maximum principal holds: Lv = 0 in D and v > 0 on 9D guarantees that

v > 0 on D. Apply this with v = #.) By considering (B8) with such a

uniformly positive w, it follows that 573 Jpusydz is bounded as 6 — 0.
Using this, the proof of [B1) now follows from (BI0), (BI1I)) and the fact

that lim¢ o sup,epe |po(x) — w(x)| = 0.

We now turn to the case k = 2. Since g and all its derivatives up to

order one vanish on 9D, we can write (3.4]) as

5_3/ u(;v,uodaczé_é/ u(gvl:@dl‘. (3.12)
D p V

As with the case k = 0, we define an auxiliary function w. Let w solve the
equation
w —
7=
7 Mo
w=L— on 0D.
v

L 0in D;

(3.13)

(By assumption, po and its first order partial derivatives vanish on 9D, but
not all of its second order partial derivatives vanish on dD. It then follows
from the maximum principal that Z% > 0 on 0D.) The same argument
used to show (B.7) shows that

lim 62 /D u(g,v(f/% —w)podz = 0. (3.14)

6—0

In light of (3I2)) and (314, it is enough to prove that

6—0

1 .
lim 62 / us ywde = —/ Vin- cm)V_%L,uoda. (3.15)
D V2 Jap

Using (2.3)), integrating by parts and using (3.13]), we have

(NI

1
1 1.
0~ / us ywdr = 52 / (Lu(;,v)ﬂdx = o2 —(L@)aVu(g,v -ndo,
D

b % 2 Jop V'V
(3.16)
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where we have used the fact that

1/ w / w /~w
— aV(=) -ndo — —b-ndo = L—dx =0
2 Jop (V) opV p V

by BI3]). Since pg and all its first order partial derivatives vanish on 9D,
we have E”vo = %I:,uo on 9D. Using this and Lemmall and letting § — 0 in
(B.16l), we obtain (3.I5]). The same technique is used repeatedly to handle
larger values of even k, the smoothness requirements in the statement of
Theorem [I] being the smoothness required to implement the integration by
parts. O
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