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Abstract

In this paper, we are concerned with the existence of symmetric positive solutions for
second-order differential equations. Under suitable conditions, the existence of symmetric

positive solutions are established by using Krasnoselskii’s fixed-point theorems.

1. Introduction

Most of the recent results on the positive solutions are concerned with
single equation and simple boundary condition (see [1, 12,13, 4, [5]). As far as
the author knows, there are few results on the symmetric positive solutions.
It should be mentioned that Sun [6] discussed the following boundary value

problem:
u"(t) +at)f(t,u(t) =0,0 <t <1,
, ) 1 (1.1)
u(0) = u(l =), w(0) —u' (1) = u(3),
by using Krasnoselskii’s fixed-point theorems, the existence of symmetric

positive solutions is shown under certain conditions on f. Yang and Sun [7]
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considered the boundary value problem of differential equations

—U,/(.T = g(.T,’U, s
u(0) = u(1) =0, (1.2)
v(0) =v(1) =0.

using the degree theory, the existence of a positive solution of (L2 is estab-
lished. Motivated by the work of [6] and [7], we concern with the existence

of symmetric positive solutions of the boundary value problems.

—

u(t) = u(l — 1), ae (0) — Bu/ (1) = yu(2), (13)

v(t) = v(l —1t),a0'(0) = B (1) = yv(5),

N | — po

where f,g : [0,1] x RY — R™ are continuous, both f(-,u) and g(-,u) are
symmetric on [0,1], f(z,0) =0, g(z,0) =0, | B - |[<[ 3 |, B+ a > 27,
o, > 0,7 # 0. The arguments for establishing the symmetric positive
solutions of ([L.3]) involve properties of the functions in Lemma 2.5 that play a
key role in defining certain cones. A fixed point theorem due to Krasnoselskii

is applied to yield the existence of symmetric positive solutions of (L3]).

This paper contains three sections besides the Introduction. In Section
2, we present some necessary definitions and preliminary lemmas that will
be used to prove our main results. In Section 3, we discuss the existence
of at least one and at least two symmetric positive solutions for BVP ([L.3]).

Finally, we give some examples to illustrate our results in Section 4.

2. Preliminaries

In this section, we present some necessary definitions and preliminary

lemmas that will be used in the proof of the results.

Definition 2.1. Let E be a real Banach space. A nonempty closed set

P C FE is called a cone of F if it satisfies the following conditions:
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(1) x € P,A > 0 implies A\x € P;
(2) x € P,—x € P implies = = 0.

Definition 2.2. The function w is said to be concave on [0, 1] if u(rt; + (1 —
r)ta) > ru(ty) + (1 — r)u(te),r, t1,t2 € [0,1].

Definition 2.3. The function wu is said to be symmetric on [0, 1] if u(t) =
u(l —t),t € [0,1].

Definition 2.4. The function (u,v) is called a symmetric positive solution
of the BVP (L3)) if v and v are symmetric and positive on [0, 1], and satisfy
the BVP (L3).

We shall consider the real Banach space C]0, 1], equipped with norm ||
u ||= maxo<i<1 | u(t) |. Denote C*[0,1] = {u € C[0,1] : u(t) > 0,¢t € [0,1]}.

Lemma 2.5. Let y € CI0,1] be symmetric on [0,1], then the three-point
BVP

o (t) +yt) =0,0 <t <1,

u(t) = u(1 — 1), a0t (0) — pu/ (1) = yu(s),

(2.1)

has a unique symmetric solution u(t) = fol G(t,s)y(s)ds, where G(t,s) =
Gi(t,s) + Ga(s), here

Gt - t(1—s) 0<t<s<l1,
1he) = s(1—1), 0<s<t<l,
(%—s)—%(l—s)+w+g, ogsgé,
GQ(S):
_%(1—s)+—(0‘_5¥1_5)+§, %gsgl

Proof. From (2.1)), we have u”(t) = —y(t). For t € [0, 1], integrating from
0 to t we get

u'(t) = —/0 y(s)ds + Ay, (2.2)

since u/(t) = —u/(1 — ), we can find that

t 1—t
— / y(s)ds + Ay = — / y(s)ds — Ay,
0 0
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which leads to

t 1—t t 1-¢
A = %/0 y(s)ds—%/o y(s)ds = %/0 y(s)dS—i-%/o y(1—s)d(1—s)

- %/Oty(s)ds—i-%/tly(s)ds: %/01 y(s)ds:/ol(l—s)y(s)ds.

Integrating again we obtain
t 1
u(t) = — / (1 — s)y(s)ds + ¢ / (1= 8)y(s)ds + As.
0 0
From (2.1)) and (2.2]) we have

1 1 1
(=916 [ yds =o(= [TG-adst g [ (1= s+ )

Thus

a = [Pl -a+E

La-p g1
fé[w (1=9)+ 2 = 50 = 9)y(s)ds

(1-s)+ g — 5= )ly(s)ds

From above we can obtain the BVP (2.1]) has a unique symmetric solution

t 1
u(t) = — /O (t — s)y(s)ds + ¢ /O (1= $)y(s)ds

—I—/j[(%—s)+a;5(1—8)+§—%(1—8)]y(8)ds

10[—
+/[ Sa—9+2 2L sys)ds

2
1
-
1

_ / (G (£, 5) + Ga(5)]y(s)ds.

0

i Y Y
1
Gl(t,s)y(s)ds—l—/o Ga(s)y(s)ds

This completes the proof. O

Lemma 2.6. The function G(t,s) satisfies 3G(s,s) < G(t,s) < G(s,s) for
t,s €[0,1] if a, B,y are defined in (L3]).
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Proof. For any t € [0,1] and s € [0, 3], we have

Gt,s) = Gi(t,s) + Ga(s) > Gals) = 302(3) + 202(3)

> s(1 —s)Ga(s) + =Ga(s).

Note that | B —a |<| 3 |, a+ B8 > 27, v # 0, we obtain Ga(s) > 2.
Thus G(t,s) > 2[G1(s,s) + Ga(s)] = 2G(s,s). As in the same way we can
conclude G(t,s) > 3G(s,s) for any t € [0,1] and s € [3,1]. It is obvious
that G(s,s) > G(t, s) for t,s € [0,1]. The proof is complete. O

Lemma 2.7. Let y € CT|0,1], then the unique symmetric solution u(t) of
the BVP (LL3) is nonnegative on [0, 1].

Proof. Let y € CT[0,1]. From the fact that u”(t) = —y(t) < 0,t € [0,1], we
know that the graph of w(t) is concave on [0, 1]. From (2.1). We have that
31 a—f 8

w0) =) = [*l =)+ =L -9+ 250 - lyois

1
a—pf 5 1
— E_Za- >
+/% [ 5 (I1—-s)+ 5 2(1 s)]y(s)ds > 0.
Note that u(t) is concave, thus u(t) > 0 for ¢ € [0,1]. This completes the
proof. O

Lemma 2.8. Let y € CT|[0,1], then the unique symmetric solution u(t) of
BVP (L3)) satisfies

3
N T
min u(t) > | u | (2.3)

Proof. For any t € [0,1], on the one hand, from lemma we have that
u(t) = fol G(t,s)y(s)ds < fol G(s,s)y(s)ds. Therefore,

1
E /0 G(s, 5)y(s)ds. (2.4)
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On the other hand, for any ¢ € [0,1], from lemma we obtain that

/Gts s)ds > - /Gss ds>—||u|| (2.5)

From (2.5) and (24]) we find that (2.3 holds.

Obviously, (u,v) € C?[0,1] x C2[0,1] is the solution of (I3)) if and only
if (u,v) € C[0,1] x C0, 1] is the solution of integral equations

1
- / G(t, 5)f (s, v(s))ds,
0 (2.6)

1
= /0 G(t,s)g(s,u(s))ds.

Integral equations (2.6) can be transferred to the nonlinear integral equation

-/ G5 / G5, €)g(€, u(€))de)ds (2.7)

Define an integral operator A : C — C by

1 1
- / G(t,8)f (s, / G, €)g(&, ul€))de)ds. (2.8)
0 0

It is easy to see that the BVP (3] has a solution v = w(t) if and only if u
is a fixed point of the operator A defined by (2.8]).

Let P={ueC™[0,1] : u(t) is symmetric, concave on [0, 1] and O%igl u(t)
>3 || u||}. It is obvious that P is a positive cone in C[0, 1]. o

Lemma 2.9. If the operator A is defined as in (2.8)), then A : P — P is
completely continuous.

Proof. 1t is obvious that Au is symmetric on [0,1]. Note that (Au)"(t) —
f(t,v(t)) < 0, so we have that Au is concave. Thus from lemma [Z6 and
non-negativity of f and g,

Ault) = /O G (s /0 G5, (6, ()€ ) ds

< [ G1(s. [ Gls.0ateuienae)is
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then
I awls [ G5 (s [ Gloateuene)ds

On the other hand,

auz3 [ a0 (s, [ 6o utenenie)ds > 2 au).

Thus, A(P) C P. Since G(t,s), f(t,u) and g(t,u) are continuous, it is easy
to see that A : P — P is completely continuous. The proof is complete. [

Lemma 2.10 (see [8]). Let E be a Banach space and P C E is a cone in
E. Assume that Q and Qs are open subsets of E with 0 € Q and Q1 C Qs.
Let A: PN (Q2\Q1) — P be a completely continuous operator. In addition
suppose either

(D) || Au ||<]| w ]|, Yu € P01 and || Au ||>|| u ||, Yu € P 0Qs or

2) || Au ||<]| w ||, Yu € P02 and || Au ||>|| w ||, Yu € PO

holds. Then A has a fized point in P((Q2\Q1).

Lemma 2.11 (see [8]). Let E be a Banach space and P C E is a cone in E.
Assume that Qq, Qo and Q3 are open subsets of E with 0 € Q1 , Q1 C o,
Qo C Q3 and let A: PN(Q3\Q1) — P be a completely continuous operator.
In addition suppose either

(D) [ Au (=]l w I, Yu € P10%;
2) || Au ||<]| w ||, Au # u, Yu € P 0Qy;
@) | Au (=]} w |, Yu € P08

holds. Then A has at least two fived-points x1, x2 in P(Q3\Q1), and
furthermore x1 € P((22\Q1), 22 € PN (23\Q2).

3. Existence of Positive Solutions

In this section, we study the existence of positive solutions for BVP
(L3). First we give the following assumptions:

(Hy) lim sup M:Q lim sup g(tz’LU) —0;

u—0% g<z<1 u—0% g<z<1
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(Hy) lim infocp<i ftu) _ o, lim info<, <) gt _ o,
U—00 U—>00
(H3) lim lnf0<:z:<1 f(tdu) = 00, lim 1nf0<x<1 Q(ZL:L;LU) = 00;
u—0t u—0t
(Hg) lim sup MZO, lim sup _g(tz,tu) =0;
U= 0<g<1 U0 0<r<1
(Hs) There exists a constant R > 0, such that f(s,u) < —17) y for every
0

(s,u) S [O, 1] X [ZRl’Rl]

Theorem 3.1. If (Hy) and (Hs) are satisfied, then (L3)) has at least one
symmetric positive solution (u,v) € C?([0,1], RT) x C%([0,1], R") satisfying
u(t) > 0,v(t) > 0.

Proof. From (H;) there is a number N; € (0, 1) such that for each (s,u) €
[0,1] x (0,N7), one has f(s,u) < mu, g(s,u) < niu, where 9 > 0 sat-

isfies m; fol (s s)ds < 1, for every u € Pand || u [|= 71, note that
Jo G(5,99(&,u(€)dg < [§ G(&,)g(&,u(€))ds < fy mG(& Eu(§)de < u |
= % < Ny, then
1
A < [ G, | G(s, ; dg)d
u@) < [ G [ Gl oleu©)ae)ds
1 1
< [ Gl [ Gloouleu(E)dsds
1 1
<t [ Gl [ Geou@dds <l ull.
Let
0 = fueCto1] ull< ).
then

| Au||<|| wll,ue P[0 (3.1)

From (Hs) there is a number Ny > 2N; for each (s, u) € [0, 1] (Ng, +oo) one
has f(s,u) > nou, g(s,u) > nyu where 1y > 0 satisfies 79Xt 8 fo (s,s)ds >
1, then, for every u € P and || u ||= 2Na, from lemma 2.6l and lemma 28]
we have

1 9 1
/0 G(s, £)g(& ul€))dé > - /0 mG(E,€) || u | de
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> G\f | w||=V3Ny > No,
then
1 1
| Au | = / Gt 5)f (s, / G(s, €)9(E,u())de)ds
0 0
1 1
> [ Glss) [ Gl eatéue)des
1 1
912 9
> Gy /0 G(s, s) /0 G(€,€)u(€)deds
3 3 9 1 1
> (% [ Glas) [ Gle.e) uldeds = u .
Let
Q2 = {u € C+[07 1]7 ” U ”< 2N2}7
then

| Au||=]| wll,u € P(7)09q. (3.2)

Thus from(3.1), (3.2) and Lemma 2.10] we see that the operator A has a
fixed point in P ((Q2\Q1) . The proof is complete. O

Theorem 3.2. If (Hs) and (Hy4) are satisfied, then (L3l) has at least one
symmetric positive solution (u,v) € C*([0,1], RT) x C%([0,1], RT) satisfying
u(t) > 0,v(t) > 0.

Proof. From (H3), there is a number N3 € (0,1) such that for each (z,u) €
[0,1] x (0, N3), one has f(s,u) > n3u, g(s,u) > nzu where 3 > 0 satisfies
@7]3 fol G(s,s)ds > 1. From g(z,0) = 0 and the continuity of g(s,u), we

know that there exists number N3 € (0, N3) such that g(s,u) < flG(%
o G(s,s)ds
for each ( ) [0,1] x (0, N3]. Then for every u € P and || u ||= N3, note

that [} G(s,&)g(&,u(€))de < [ G(E,€) i G( ———d¢ = Ny. Thus

Au(z) = /01 Gl s) / G(s,€)g(&, u(€))de) ds

3 1
> im [ Gl /O G5, €)g(E,ul€)deds
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1 1
> (8 [ 6l [ Gt ueeas
3 1 1
> (8 [ 6l [ 660 ul deds =] u .
Let
Q3 = {’LL € C+[07 1]7 || u ||< N3}7
then

| A= w[l,u € P(7)0%s. (3.3)

From (Hy), there exist C7 > 0 and Cy > 0 such that f(s,u) < nau +
Cy, g(s,u) < mau + Cy for V(s,u) € [0,1] x (0,00), where ny > 0, and
N4 fol G(&,€)dE < 1. Then, for u € CT[0,1] we have

1 1
Au = /0 Gs.0)f (s, /O G(s,€)g(€. u(€))de)ds
1 1
< /O G(s,5)(m /O G(s,€)g(&, ul€))dE + Cr)ds
1 1
< m / G(s, s) / G(&,€)g(E,u(€))deds + Cy
01 01
< m / G(s. s) / G(&, ) (u + Co)dgds + Cs
0 1 0 1
< (m)? /0 G(s, 5) /O G(6,€) || u | déds + s <|| u || +C4

Thus || Au [|<[| u || as || u |[|— oo.

Let Q4 ={u € E, || u||< Ls}. For each u € P and || u |= Ly > L3 large

enough, we have
| Au||<|| wll,u € P() 0. (3.4)

Thus from B3], (B.4) and Lemma 210, we know that the operator A has a
fixed point in P ((Q4\23) . The proof is complete. O

Theorem 3.3. If (Hy), (Hs)and (Hs) are satisfied, then (L3) has at least
two symmetric positive solutions (uy,v1), (uz,ve) € C%([0,1], R*)xC?([0,1], RT)
satisfying ui(t) > 0,v1(t) > 0,u2(t) > 0,va(t) > 0.
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Proof. Let
Qs ={uecCT0,1],| u < R},

then Vu € P 0S5, we have u(s) € 2Ry, Ry]. From lemma 2.6]lemma 28]
and (2.4]) we can obtain

! 3 [ 3
| s oneuenas = § [ aeoncuends = Fiul

1 1
/mﬂaﬁﬂéwﬂwééy/Gﬂéw@m@WE
0 0

1 Rl
séammagﬁzm (3.5)
Thus Au = [y G(s,6)f(s, fo G(s,€)g(&,u(€))d8)ds < [y Gls,8) ot zds
= Ry =|| w ||. Then
| Au |I<] u ll,w € P[99, (3.6)

For another hand, from (Hs) and (Hs), we can choose two right numbers
N € (Ry,00), N3 € (0, Ry) satisfy

| Aull > [[ull,ue P[0, (3.7)
| Aull > [ull,ue P[00, (3.8)

where Q = {u € CH[0,1],] u ||< Na}, Q3 = {u € CH[0,1],] u ||< Ns}.
Then from lemma 21Tl (5.6]), (5.7) and (5.8), A has at least two fixed points
in P ﬂ(ﬁ;\§2_5) and P 0(95\@) , respectively. The proof is complete. [

4. Examples

In this section, we give three examples to illustrate our results.

)02 T2
Example 4.1. Let f(t,v) = v? + %, g(t,u) = 2u? + W,

a = 3 =~ = 1, then the conditions of Theorem [B.] are satisfied. From
Theorem 3.1l BVP(L3]) has at least one symmetric positive solution.
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)2 2
Example 4.2. Let f(t,v) = i+ %, g(t,u) = 23 + W,
a = 8 =~ =1, then conditions of Theorem B.2] are satisfied. From Theorem
B2, BVP(L3) has at least one symmetric positive solution.

Example 4.3. Let f(t,v) = %(v% +v?), g(t,u) = %(u% + u?),
a = 8 =~ =1, then conditions of Theorem B.3 are satisfied. From Theorem
B3, BVP(L3)) has at least two symmetric positive solutions.
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