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0. Introduction and Statement of Results

0.1. Let W be a Weyl group with standard set of generators S; let < be
the Bruhat order on W. In [6], [7], certain polynomials Py, = >~ 0 Py w:itt’
(Pyw:i € N, u is an indeterminate) were defined and computed in terms of
an algorithm for any y < w in W. These polynomials are of interest for the
representation theory of complex reductive groups, see [6]. Let I = {w €
W;w? = 1} be the set of involutions in . In this paper we introduce

some new polynomials P, = Y ;5 PJ.u' (Pg

i>0 Py wii o w:i € Z) for any pair y <w

of elements of I. These new polynomials are of interest in the theory of
unitary representations of complex reductive groups, see [1]; they are again
computable in terms of an algorithm, see 4.5. For y < win I and ¢ € N there
is the following relation between P, ,,.; and P7 . there exist a;, b; € N such
that Py ..; = a; + b;, szw;i =a; — b;.

Let A = Z[u,u!] and let $ be the free A-module with basis (T})wew
with the unique A-algebra structure with unit 77 such that
(i) TwTw = Ty if l{ww') = L(w) + 1(w')

(I : W — N is the standard length function) and (T + 1)(7s — u) = 0 for
all s € S. Let $ be the A-algebra with the same underlying A-module as
$ but with multiplication defined by the rules (i) and
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(ii) (Ts + 1)(Ts —u?) =0 for all s € S.

In the course of defining the polynomials P, ,, in [6] a special role was played
by the triple () ® HPP,H,” : H — $) where the middle § is viewed as
a ) ® HPP-module via left and right multiplication ($°PP is the algebra
opposed to ) and ~: ) — $ is a certain ring involution. To define the new
polynomials Py, we shall instead need a triple

(%', M,”: M — M)

where M is the free A-module with basis (ay )wer with a certain $’-module
structure and ~ : M — M is a certain Z-linear involution which are described
in the following theorem (here ~: " — $' is the ring involution such that
u"T, = u T, for all w € W,n € Z).

Theorem 0.2. (a) Consider for any s € S the A-linear map Ts : M — M
given by

(1) (Ts + D(aw) = (u+ 1) (ay + asw) if w € I, sw=ws > w;
(ii) (Ts 4+ 1)(aw) = (u? — u)(aw + asw) if w € I, sw = ws < w;
(iii) (Ts + 1)(aw) = aw + asws if w € I, sw # ws > w;

(iv) (Ts + 1)(aw) = u*(aw + asws) if w € I, 5w # ws < w.

(Note that in (iii) we have automatically sw > w and in (iv) we have auto-
matically sw < w.) The maps Ts (s € S) define an $H'-module structure on
M.

(b) There exists a unique Z-linear map ~: M — M such that u™m = u~"m
for allm € M, n € Z, ag = a1 and (Ts +1)m = u 2(Ts + 1)m for all
me M,s €S. For anyw € I we have @y, = Zyel;ygw Ty,wly wfiere Tyw € A
and Ty = uw' ) For any h € ' and m € M we have hm = him. For any
m € M we have m = m.

The proof of (a) is given in 1.8. The proof of (b), given in 2.9, is based
on a sheaf theoretic construction of M, some elements of which are inspired
by the geometric construction of the plus part of a universal quantized en-
veloping algebra of non-simply laced type given in [10, Chap.12].)

Let A = Z[v,v~!] where v is an indeterminate. We view A as a subring
of A by setting u = v2. Let M = A® M. We can view M as a A-submodule
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of M. We extend ~: M — M to a Z-linear map ~ : M — M in such a way
that v"m = v "mform € M,n € Z. Let H = A9, H = A®45. These
are naturally A-algebras containing ), )’ as A-subalgebras. Note that the
$y/-module structure on M extends by A-linearity to an $)-module structure
on M. We have the following result.

Theorem 0.3. (a) For any w € I there is a unique element

Ay =07 Z P yay € M

yeLy<w

(P7,, € Z[u)) such that Ay = Ay, Pg,, =1 and for any y € I, y < w, we
have deg Py, < (l(w) —I(y) — 1)/2.

(b) The elements Ay, (w € 1) form an A-basis of M.

The proof is given in 3.1, 3.2. In 3.3 we give an interpretation of P,
in terms of intersection cohomology.

0.4. For any 2z € Q — {0} let M, = Q@4 M, $H, = Q®4 H where Q is
viewed as an A-algebra under u — z. For w € W we write T, € £, instead
of 1 ® T,; for w € I we write a,, € M, instead of 1 ® a,. Note that £
can be identified with Q[W], the group algebra of W, so that for w € W,
T, becomes w. Now specializing 0.2(a) with u = 1 we see that M; is a
W-module such that

s(ay) = Gy + 2a5y, if w € I, sw = ws > w;
s(aw) = —ay if w € I, sw =ws < w;
s(ay) = asys if w € I, sw # ws.

In §6 it is shown that the W-module M; is isomorphic to a direct sum
of representations of W induced from one-dimensional representations of
centralizers of involutions. The last direct sum has been studied in detail by
Kottwitz |8]; in 6.4 we reformulate Kottwitz’s results in terms of unipotent
representations.

0.5. If X isaset and f : X — X is a map we write X/ = {z € X; f(z) = 2}.
If X is a finite set we write | X| for the cardinal of X.
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Some extensions.

1. Proof of Theorem 0.2(a)

1.1. Let k be an algebraic closure of the field F,, with p elements. (p is a
prime number.) Let G be a connected semisimple simply connected algebraic
group over k. Let B be the variety of Borel subgroups of G. Then G acts
on B x B by simultaneous conjugation and the set of orbits can be viewed
naturally as a Coxeter group (the Weyl group of G); we shall assume that
this Coxeter group is W of 0.1 with its standard set of generators. For
w € W we write O, for the corresponding G-orbit in Bx B. Let ¢ : G = G

be the Frobenius map for a split F-structure on G.

Let s € Z~¢ and let ¢ = p*. Then ¢ := ¢* : G — G is the Frobenius
map for a split Fy-structure on G (we denote by F, the subfield of k of
cardinal ¢). For any s € S the A-linear map Ts : M — M defined in 0.2(i)-
(iv) induces a Q-linear map M, — M, denoted again by T%; it is given by
0.2(i)-(iv) with u replaced by g.

Consider the Fy-rational structure on B x B with Frobenius map
F:(B,B') = (¢/(B),¢'(B)).
We have

(Bx B ={(B,B)e BxB;B=¢'(B),B =¢(B)}.
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If (B,B') € O, is fixed by F then (¢/(B’),¢'(B)) € Oy NO,-1 hence w € 1.
On the other hand if (B, B’) € O, w € I then (¢/(B’),¢'(B)) € O, so that
O, is F-stable. We see that (B x B)!" = U,ec1OF. Now if w € I, then G acts
transitively on O,, and this action is compatible with the F,-structure on
Oy given by F and with the Fg-structure on G given by ¢' : G — G. Hence,
using Lang’s theorem, we see that OF = () and that the induced action of
G? on OF is transitive (here we use also that the stabilizer in G of a point
in O, is connected). We see that the G -orbits in (B x B)¥ are exactly the
sets OF with w € I. Let F, be the vector space of functions (B x B)I' — Q
which are constant on the orbits of G¢. Clearly we can identify M, with
F, in such a way that for w € I, a,, becomes the function which is 1 on Of
and is 0 on OF, for w' € T,w' # w.

Next we consider the Fj-rational structure on B x B with Frobenius
map (B,B) (¢’2( ) g 2( ")) denoted again by ¢2. We have clearly
(B x B)¢” = I_Iwew(’)w and this is exactly the decomposition of (B x B)¢"
into G¥”-orbits. Let F, be the vector space of functions (B x B)¢/2 —+ Q
which are constant on the orbits of G¥*. We define an (associative) algebra
structure on JF, by h,h' = h* h' where

(hh')(By,By) = > h(By,B)N (B, Ba).
,BEB¢I2

Clearly we can identify ﬁf] with .7-"(; as vector spaces in such a way that

for w € W, Ty, becomes the function which is 1 on (93,2 and is 0 on (’)3/,2
for w' € W — {w}. By Iwahori [5], this identification respects the algebra
structures on Fy, ;.

For h € F,m € F, we define h x m € F, by

(h+m)(B1,Bs) = Y _ h(B1,B)m(B,¢(B)).

B€B¢l2

(It may look strange that By does not appear in the right hand side; but in
fact it appears through Bj since By = ¢'(By).) If h,h' € ]-";, m € Fy we
have

((h#h)xm)(By,Ba) = > (h*1)(By,B)m(B,¢'(8))

B€B¢l2
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= > uBLAWE,BMB, ¢ (B))
8,8 eB?'?

=Y WBLAK e m) (8.8
BeBs’?

= (h* (W *m))(By, Bs).

Thus (h *h') * m = h* (b’ xm) so that h,m > hxm defines an F-module
structure on F,. (Note that 77 * m = m for m € F,.)

1.2. Let s € S, w € I. We have T x ay, = Y rc1 Now,uw G, Where

Neww = {B€ B (8,4 (8) € O, (C,B) € O}
— {(8,8) € OF;(C,B) € Oy, (8,C") € O}

for any (C,C") € (95,. To simplify notation we write N, instead of N 4
since s,w are fixed. In 1.3-1.6 we compute the number N,  for a fixed
(C,C"eOF wel

1.3. In this subsection we assume that sw # ws > w. Using [3, 1.6.4] we
see that [(sws) # l(w) hence I(sws) = l(w) + 2. If Ny # 0 then there
exists (8,0') € Oy such that (C,5) € O, (8,C") € Os. Hence w' = sws.
Conversely, assume that w’ = sws. There is a unique (8,3') € O, such
that (C,B) € O, (8',C") € Os. We have (¢/'(58'),¢'(8)) € Ow, (C,¢'(B)) €
Os, (¢'(B),C") € O;. (We use that ¢/'(C) = C’, ¢'(C) = C’.) By uniqueness
we must have ¢'(8) = 3, ¢'(8') = 8. Thus (8,5) € OF. We see that
Ngws = 1 so that T x ayy = Qgws-

1.4. In this subsection we assume that sw = ws > w. If Ny # 0 then there
exists (3, 8") € Oy, such that (C, ) € Oy, (8',C") € Os. Hence (C, ) € Og,
(we use that I(sw) > l(w)) and (C,C") € Ogy U O, (we use that sws = w);
hence w' = sw or w' = w.

Assume first that w’ = w. We set

Z ={(B,B") € Ou; (C,B) € Os, (B, C") € Os}.

We claim that the first projection Z — Y := {8 € B;(C,5) € O} is an
isomorphism so that Z is an affine line. Let § € Y. It is enough to show
that there is a unique 8 € B such that (8,8') € Oy, (8',C") € Os. Since
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l(ws) > l(w) it is enough to show that (8,C’) € Ous; but from (8,C) €
Os, (C,C") € Oy, l(sw) > l(w) we do indeed deduce that (53,C") € Oy,
as desired. This proves our claim. Now the restriction of F' to Z is an Fg-
rational structure on an affine line hence it has exactly ¢ fixed points. It
follows that N, = q.

Assume next that w' = sw = sw. We set
7' = {(ﬁ,ﬁ/) € Ou; (C,8) € Os U Oy, (ﬁ',C") € O, U0}

We claim that the first projection Z' — Y’ := {5 € B;(C,5) € Os U 01} is
an isomorphism so that Z’ is a projective line. It is enough to show that for
any 3 € Y/ the set

Ep=A{8 € B;(8,8) € Ou, (,C") € O, U0}

has exactly one element. Let C; be the unique element of B such that
(C,C1) € O, (C1,C") € Oy (we use that (C,C") € Oy, and l(sw) > I(w)).
Note that C, € Y'. If 8 = C then C' € Zp; if f/ € 5 — {C'} then
(B',C") € Os, (C",C1) € Oy hence (/,C1) € Oy, (since I(sw) > l(w))
contradicting (8',8) € On. Thus |E¢,| = [{C'}| = 1. Now assume that
B eY —{Ci}. From 8 # Cq, (C,8) € OsU Oy, (C,C") € Oy, we deduce
that (8,C") € Og,. Hence there is a unique ) € B such that (8, 8)) € O,
(B8, C") € Os. We have g € =Z3. Conversely, if 5/ € Eg we have ' # C’
(since (B,C") € Osy); thus ' = fBy. We see that |Zg| = [{5}| = 1. This
proves our claim.

Now the restriction of F' to Z’ is an F,-rational structure on a projective
line hence it has exactly ¢ + 1 fixed points. If (3,8") € Z¥ then we have
necessarily C # 8 and C’ # . Indeed, if C = 8 then ¢'(C) = ¢'(8) hence
C'=p and (8,8) = (C,C") € Oy, contradicting (3,") € O,. Similarly,
if ¢" = f' then ¢'(C') = ¢/(f’) hence C = g and (5,8') = (C,C") € Oy
contradicting (3, 8') € Oy. Thus

g+1= 2" ={(8.8) € Oy; (C,B) € Os, (8,C") € Os}| = Nyw.
We see that Ts % ay = qay + (¢ + 1)asy-

1.5. In this subsection we assume that sw # ws < w. Using [3, 1.6.4] we
see that [(sws) # [(w) hence [(sws) = I(w) —2. We have s(sws) # (sws)s >
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sws. Applying 1.3 to sws instead of w we obtain Ty * asys = ay. Applying
Ty to the last equality and using the equation 72 = (¢?—1)Ts+¢* : Fq — Fq,
we obtain

(q2 - 1)Ts * Qgys + qzasws = T * ay
that is, Ty * ayw = (¢° — 1)ayw + ¢®agws.

1.6. In this subsection we assume that sw = ws < w. We have s(sw) =

(sw)s > sw. Applying 1.4 to sw instead of w we obtain Ts*asy, = qasy+(q+
1)ay. Applying Ts to the last equality and using the equation T, 52 = (¢® -
DTs+q* : Fy — Fy we obtain (¢2—1)Ts*asw+q*asw = qTskasy+(q+1)Ts*ay,
that is

(q + 1)Ts * Ay = (q2 -1- Q)Ts * Qg + q2asw
= (¢* = ¢— D)gasw + (> — ¢ — 1)(q + 1)aw + ¢asw.

Dividing by ¢ + 1 we obtain Ty * ay = (¢> — ¢ — 1)aw + (¢* — q)tsw.

1.7. From the results in 1.3-1.6 we see that the operators T : M, — M,
(s € S) given by the formulas 0.2(i)-(iv) with u replaced by ¢ define an
S’Jf]—module structure on M,.

1.8. We now prove 0.2(a). We shall use the following obvious fact.

(a) If m € M has zero image in My for s =1,2,... then m = 0.

Let s,t € S,s # t and let k be the order of st in W. Let m € M. Let
m' = (TsTyTs - )m — (I TsT; - -- )m € M (both products have k factors).
From 1.7 we see that m’ has zero image in M,s for s = 1,2, ...; hence by (a)
we have m' = 0.

Now let s € S and let m € M. Let m’ = T?m— (u?—1)Tym—u’m € M.
From 1.7 we see that m’ has zero image in M,s for s = 1,2, ...; hence by (a)
we have m/ = 0.

We see that 0.2(a) holds.
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2. Proof of Theorem 0.2(b)

2.1. We preserve the notation of 1.1. We fix a prime number [ # p. For any
complex R of constructible Q;-sheaves on an algebraic variety we denote by
HR the i-th cohomology sheaf of & and by DS the Verdier dual of £.

Let Cy be the category whose objects are the constructible G-equivariant
Q-sheaves on B x B; the morphisms in Cy are morphisms of G-equivariant
Q;-sheaves. Let Vec be the category of finite-dimensional Q;-vector spaces.
If S € Cy and x € B x B, let S, be the stalk of S at z; for any w € W
there is a well defined object V5 € Vec which is canonically isomorphic to
S, for any x € O,. Note that S — Vw‘s is a functor Cy — Vec. For w € W
let S,, be the object of Cy which is Q; on O, and is 0 on B x B — O,,. For
we W let SEU be the intersection cohomology complex of the closure O,, of
O, with coefficients in Q; (on O,) extended by zero on B x B — O,,. We
have H'S%, € Cy (i € Z); moreover 7S}, is zero for large i and is zero unless
i € 2N, see |1, Thm. 4.2]. If S € Cy, then H'DS € Cy (i € Z); moreover
H!DS is zero for all but finitely many i.

Let C; be the category whose objects are pairs (S,V) where S € Cy
and VU is an isomorphism ¢**S5S in Cy. A morphism between two objects
(S,V),(8,¥) of Cy is a morphism S — &’ in Cy which is compatible with
U, 0. If (S,¥) € C; then for any w € W, ¥ induces a linear isomorphism
U, : VS = VS (Note that Vii" S = VS since O, is ¢-stable.) If 2 € Q}
and (S, W) € C; then (S,2V) € C;. If (S,¥) € C; then for any i let ¥
GPH DSSH!DS be the inverse of the isomorphism H'DS — ¢**H'DS
induced by D; thus (#'DS,¥®) € ;.

For any w € W and any z € Qj we have (Sy,,t,) € C; where ¢, :
#**S,—>S,, is multiplication by z (we have ¢**S,, = S,).

Let Cy be the full subcategory of C; whose objects are the pairs (S, V) €

Cy1 such that for any w € W all eigenvalues of ¥,, : V.5 — V.5 are even
powers of p. For example if w € W,k € Z then (Sy,t,2) € Ca.

Lemma 2.2. For any (S, V) € Cy and any i € Z we have (H'DS,¥®)) € C,.

It suffices to show that (H!DS,, tgi)) € Cy for any w € W,7 € Z. We can
assume that w € W is fixed and that the statement in the previous sentence
holds when w is replaced by any w’ € W, w' < w. Let 7% : ¢**St, 8% be the
unique isomorphism such that the induced isomorphism Vfosuw — VUZ{OSE“ is
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the identity map. By [7, Thm. 4.2], j* induces for any h € Z an isomorphism
I ¢2*H"SE S HPSE, such that

(a) (H"SY,, ) € Co.

Let K be the restriction of SEU to O, — O,, extended by 0 on the com-
plement of O,, — O,,. Now ;% induces an isomorphism d : ¢$** K 5K. Let
d : $** DK DK be the inverse of the isomorphism DK — ¢?* DK induced
by d; this induces isomorphisms dj, : P> H'DKSHMDK for h € Z. Since
supp(K) C O, — O,, we see using (a) and the induction hypothesis that

(b) (H"DK,d}) € Cs for h € Z.

Now j% induces an isomorphism DSEH — gbz*DSEU whose inverse is an
isomorphism 5 : ¢2*DS§U:>DSEU. This induces for any h € Z an isomorphism
Jh - <;52*’HhDS§U:>’HhDS§U. We can identify DSEU = Sgu[2m] for some m € Z
in such a way that j; becomes p2m/ Jivom for some m’ € Z. Using (a) we
deduce that

(¢) (H"DS%,, j;) € Ca.

Using (c), (b) and the long exact sequence of cohomology sheaves asso-
ciated to the exact triangle consisting of DS,,, AS?U, DK (which is obtained
from the exact triangle consisting of K, Sgu, S.) we deduce that (H"DS,,, tgh))
€ Cs for any h € Z. This completes the inductive proof. O

2.3. Define 0 : Bx B— B x B by (B,B’) — (B, B). Then

p:=¢pc=0p:BxB—BxB

is the Frobenius map for an F,-rational structure on B x B such that ? = ¢2.

Let C be the category whose objects are pairs (S, ®) where S € Cy and ®

is an isomorphism ¢*S — & in Cy such that, setting ¥ = <;~5*(<I>)i> (0P S = S,

we have (S,¥) € Cy (note that ¢*S = ¢*S). A morphism between two

objects (S, ®), (8, ®’) of C is a morphism § — S’ in Cy which is compatible

with ®,®’. Note that if (S,®) € C, then (S,—®) € C. For (§,®) € C

and w € I, ¢ induces a linear isomorphism @, : VS — V5. (Note that
ff S Vu‘? since O, is qg-stable.)
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For any (S,0) € Cy let ® : ¢*(S @ ¢*S) — S & ¢*S (that is @ :
F*SHP*S > S @QNS*S) be the isomorphism whose restriction to ¢*S is 06 1
and whose restriction to ¢**S is ¥ & 0. We set O(S,¥) = (S @ ¢*S, D).
Note that ©(S, V) € C.

Let E be the subset of Q; consisting of p", —p" (n € Z). For w € I,
z€ FElet 1, QNS*Sw%Sw be the isomorphism such that &, : ng — VS’W is
multiplication by z. We have (S, 7,) € C.

Let K(C) be the Grothendieck group of C. We have the following result.

Lemma 2.4. If (S,®) € C then in K(C), (S,®) is a Z-linear combination
of elements (Sy,7,) (w € I,z € E) and of elements ©(S,¥) for various
(5, \I/) € Cs.

We can assume that the set J := {w € W;S|o,, # 0} consists either
of (i) a single element of I or (ii) of two distinct elements w’,w” whose
product is 1 and that for any w € J we have S|lo, = Q;. In case (i)
we have (S,®) = (Sy,7:) where J = {w}, z € E; in case (ii) we have
(S,®) = O(Sy, ty2n) where w € J and n € Z. The lemma is proved. O

2.5. Let K'(C) be the subgroup of K(C) generated by the elements of the
form ©(S, ¥) for various (S, ¥) € Cy and by the elements of the form (S, ®)+
(S, —®) with (S,®) € C. Let K(C) = K(C)/K'(C). From 2.4 we see that

(a) the abelian group K(C) is generated by the elements (Sy,Tpn) (w €
ILneZ)

We regard K(C) as an A-module where v (S, ®) = (S,p"®) for n € Z.
Then K'(C) is an A-submodule of K(C) hence K (C) inherits an A-module
structure from K (C).

2.6. Let s be an odd integer > 1 and let ¢ = p®. Let
F=¢c=0¢"=¢° :BxB—BxB

be as in 1.1. For (S, ®) € C we define a function x4(S,®) € F; (see 1.1) as
follows. For € (B x B)¥', xs(S, ®)(z) is the trace of the composition

P P P P
Sz = Sgo() 7 Sge-1(m) 7 Sy Se
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or equivalently, the trace of @2 : V.5 — V¥ where w € I'is such that 2 € o0y
Clearly, (S, ®) — xs(S, @) defines a group homomorphism x : K(C) — F,
such that xs(u&) = p®xs(§) for all £ € K(C) and such that xs(Sy, 1) = aw
for all w € 1.

If (S, V) € Cy, the function xs(O(S,®)) : (B x B)F — Q; is 0 (its value
at © € (B x B)' is, from the definitions, the trace of a linear map of the
form A® B — A® B, (a,b) — (T(b),T'(a)) where T: B — A,T": A — B
are linear maps). From the definition we see also that if (S,®) € C then
Xs(S, ®) + xs(S,—®) = 0. Thus, x;s: K(C) = F4 maps K'(C) to 0 hence it
induces a group homomorphism K (C) — Fy denoted again by x. It satisfies
xs(u€) = p*xs(€) for all £ € K(C). We show:

(a) if € € K(C) is such that xs(£) = 0 for all odd integers s > 1 then & = 0.

By 2.4 we have £ = ZwGI,nGZ Cwn(Sw, Tpn) where ¢, € Z are zero for
all but finitely many (w, n). Applying ys we obtain 0 = Zwel,nez Cuwnp" ay.
Since the a,, form a basis of Fp,s we deduce ZwGI,nGZ cwnp™® = 0 for any
w € I. Since this holds for s = 1,3,... we see that ¢, , = 0 for any
w € I,n € Z, proving (a).

We show:
(b) The elements (Sy,71) (w € I) form an A-basis of K(C).

The fact that they generate the A-module K(C) follows from 2.4. The
fact that they are linearly independent over A follows from the proof of (a).

2.7. If (S, ®) € C then for any i let &) : ¢*H'DSZIH DS be the inverse of
the isomorphism H!DS — ¢*H'DS induced by D. Note that if z € E (see
2.3) then (2®)®) = 2~1®®) . Moreover, setting ¥ = ®¢*(P) : >SS, we
have that ®@¢*(®®) : $*S — S is equal to ¥ (as in 2.1). Using now 2.2
we see that

(a) (H'DS, ™) e C.
Clearly there is a well defined Z-linear map D : K(C) — K(C) such that

D(S,®) =Y (-1)"(H'DS, o)

1€Z

for any (S,®) € C. If (S, V) € Cy and O(S,¥) = (S ® ¢*S, ®) then for any
i we have (H'D(S & ¢*S), ") = O(H'DS, ¥®) where (H'DS,¥) € C,
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(see 2.2). Moreover if (S,®) € C then for any i we have (H!DS, (—®)®)) =
(H'DS,—®®). Tt follows that D carries K'(C) into itself hence it induces
a Z-linear map K(C) — K(C) denoted again by D. Note that D(u"¢) =
u~"D(&) for any ¢ € K(C) and any n € Z.

Since Oy is closed, smooth, of pure dimension v := dim B, we have from
the definitions

D(Sl,Tl) = U_V(Sl,Tl).

2.8. Now let t € S. We have O; = O, U O;. Let
Y = {(BlyB27B3yB4) € 847 (BlaBQ) S @ty (B3yB4) € @t}

Define ¢ : Y — Y by

¢(B1, By, Bs, By) = (¢(Bs), #(Bs), ¢(B2), ¢(B1)).

This is the Frobenius map for an F,-rational structure on Y. Define 7,7 :
Y — B x B by

m(By, By, B3, By) = (B2, Bs), 7'(By, Bz, B3, By) = (B1, Ba).

We have 7 = ¢, 7'dp = ¢n’. (The ¢ to the left of 7 or 7’ is as in 2.3.) For
S €Candi € Zlet 8" = Rin{n*S; note that S* € Cy. Let (S,¥) € Cs.
For i € Z, ¥ : ¢*S — S induces an isomorphism ¢*71*S — 7*S (since
n$? = ¢?n) and this induces for any i an isomorphism ‘¥ : ¢**S — S!
(since ©'¢? = ¢?n’). A standard argument shows that (S%,'W) € Co. It
follows that if (S,®) € C and i € Z, then the isomorphism ‘® : ¢*S? — S°
induced by @ satisfies (S*,'®) € C. (Setting ¥ = ¢*(D)® : $p**S>S, we have
W= ¢*(10)('®) : ¢**S5S.) Hence there is a well defined Z-linear map
0; : K(C) — K(C) such that 6,(S,®) = >_,(—1)"(S*,"®) for all (S,®) € C.
From the definitions we have 0;(u"§) = u"0:(§) for any £ € K(C), n € Z.
From the known properties of Verdier duality we have that

D(6,(¢)) = u20,(D(€)) for all £ € K(C).

(We use that 7 is proper and that 7 is smooth with connected fibres of

dimension 2.)
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If (S,¥) € Co and O(S,¥) = (S & ¢*S, @) then for any i we have

(S® ¢*S)",i®) = O(S', ).

Moreover if (S,®) € C then for any i we have
It follows that 6; carries K'(C) into itself hence it induces an A-linear map

K(C) — K(C) denoted again by 6.

Now let s be an odd integer > 1 and let ¢ = p°. We define a linear map
O : Fqg — Fq by f— f' where

f'(B1,Bs) = > f(B2, B3)

(B2,B3)e(BxB)%*;(B1,B2)€0:,(Bs,B1)€0;

for any (B, By) € (B x B)‘VBS.
Let (S,®) € C and define (S%,'®) € C as above. Using Grothendieck’s

sheaves-functions dictionary, we see that
Ors(xs(S, @) = > (=1)'xs(Si, ' ®).
It follows that
Or.5(xs(§)) = xs(6:(£))

for any ¢ € K(C). From the definition of the $,-module structure on F, in
1.1 we see that 0; s(m) = (T3 +1)(m) for any m € F,. Thus for any £ € K(C)

we have

Xs(et(é)) = (Tt + 1)(Xs(€))

2.9. Using 2.6(b) we identify M = K(C) as A-modules in such a way that
for any w € I, the element a,, € M becomes the element (S,,,71) of K(C).
Then D in 2.7 and 6; in 2.8 become Z-linear maps M — M (denoted again
by D, 6;). From 2.8 we see that for any s = 1,3,5,... and any m € M, the
image of 6;(m) in M,s is equal to the image of (T3 + 1)m in M,s. It follows
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that
O:(m) = (Ty +1)m in M.

Note also that 6; : M — M is A-linear while D(u"m) = v~ "D(m) for
all m € M, n € Z. From 2.8 we see that D(6;(m)) = u=26,(D(m)) for all
m € M. Equivalently we have D((T} + 1)(m)) = v~ (T} + 1)(D(m)) for all
m € M. (Here t is any element of S.) From 2.7 we have D(a;) = v “a;. We
now define ~: M — M by m +— u”D(m). This has the properties described
in the first sentence of 0.2(b). Thus the existence part of that sentence is
established. To prove the uniqueness part of that sentence it is enough to
verify the following statement.

Let f : M — M be a Z-linear map such that f(u"m) = u~"m for all
m e M, n €Z, flar) =0 and f((T; + 1)m) = u 2(Ty + 1) f(m) for all
meM,teS. Then f=0.

We must show that f(a,) = 0 for any w € I. We can assume that w # 1
and that f(a,) = 0 for any w’ € I such that w' < w. We can find ¢t € S
such that wt < w. If tw # wt then applying 0.2(iii) with w, s replaced by
twt,t we have

f(atwt + aw) = f((T;t + 1)(atwt)) = u_2(Tt + 1)f(atwt) =0

(since twt < w) hence f(a,) = 0. If tw = wt then applying 0.2(i) with w, s
replaced by wt,t we have

f((u4+ 1) (aw + aw)) = (T + 1) (aw)) =0

hence (u™t + 1)f(ay,) = 0 so that f(a,) = 0. This completes the proof
of the first sentence in 0.2(b). The second sentence in 0.2(b) follows from
the fact that DS, has support contained in O, and from the fact that
dim(O,,) = l(w) + v. We prove the third sentence in 0.2(b). Let $); be the
set of all h € $/ such that hm = hm for any m € M. Clearly £ is an
A-subalgebra with 1 of §’. By definition, $){, contains T3 + 1 for any ¢t € S.
Since the elements T; + 1 generate $’ as an A-algebra we see that ), = $/,
as desired. We prove the fourth sentence in 0.2(b). Define f' : M — M
by f'(m) = m. This is an $/-linear map M — M such that f/(a1) = a;.
We must show that f’ = 1. It is enough to show that f’ = 1 after the
scalars are extended to Z[u,u™!, (u + 1)7!]. But this follows the fact that
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M (with scalars thus extended) is generated by a; as an $)-module. (We
use the formulas in 0.2(a).) This completes the proof of 0.2(b) hence that of
Theorem 0.2. O

3. Proof of Theorem 0.3

3.1. In this section we fix w € I. Recall that we have morphisms o, <;5,¢~> =
o¢ = ¢o of B x B into itself, see 2.3. Clearly there is a unique isomorphism
kY O'*SEU:)SEU, (resp. mY : ¢*S§1,:>S§U, v QB*SEU;SEU) such that the

induced isomorphisms
wy .y HESE ~ RS
(K )y =V —Vy

hgt ~ hgt . hgi ~ hgt
(resp. (m})y, : VH Sw VH Sw (1), : VyH Sw—>VyH Si)

defined for any y € I,y < w and h € 2N satisty (k§)y = 1 (resp. (m§)w =1,
(i )w = 1). We have (Zg)y = (k;f)y(m;‘:)y = (m;‘:)y(kﬁ’)y By [7, Thm. 4.2],

h/2

(m}’)y is equal to p™/“ times a unipotent transformation. Clearly, (k}), has

square equal to 1. In particular, for any h € 2N, we have

(a) (H"SE i) e,
(H"8L,, i) = Z wh/2u 1?8y,
yeLy<w
S sk = Y PLS, € K(C)
he2N yeLy<w
where

gt o
Py = tw((ky)y : VH} Sv V"" Suy € Z,

ngw: Z wh/2u GZ[]
he2N

From the definition of S, we have (with notation of 2.7):

SN (1 HIDHMSE, (1)) = w0 N (nhSE i) € K(C)

he2N jeZ he2N
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that is

D( > (HSh, i) = u ' " (1hSE i) € K(C).
he2N he2N

Hence, setting

we have
that is

where we identify K(C) = M as in 2.9. Under this identification the element
A, € M becomes
Ay = > Py €M
yeby<w
From the definition of S, we have deg P, < ((w) = 1l(y) —1)/2 (ify €
Ly <w) and Pg,, = 1. We see that the existence part of 0.3(a) is verified
by the element A, = v""®)A, € M (recall that v? = u).

3.2. We prove the uniqueness part of 0.3(a). Assume that we have an
clement A’ = =) > yely<w Py way € M (P, € Z[u]) such that Al =
Ay, Py, = 1and for any y € I, y < w, we have deg P’y , < (I(w) —
I(y) —1)/2. We must show that P, = 0 where P, ,, = P'¢,, — P7,, for all
zel,z<w.

We already know that P, ,, = 0. We can assume that z < w and that
Py.w = 0 for any y € I such that z < y < w. With the notation in 0.2(b) we

have

o) Z m Z 7”y’7yay’:“_l(w) Z Py,way

yeLy<w y'ely' <y yeLy<w

hence

pHw) Z Pywrzy = v_l(w)Pz7w.

yelz<y<w
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Using our inductive assumption this becomes

vl(w),PZﬂurz,z = v_l(w)Pz w-

Using 7, , = v~ 2(2) this becomes

vl(@U)—l(Z)pZﬂU - v—l(w)+l(2)pz7w_
Here the right hand side is in v~ 1Z[v~!] and the left hand side is in vZ[v] (we
use that z < w). Hence both sides are zero. Thus P, ,, = 0. This completes
the proof of 0.3(a). Now 0.3(b) is immediate. O

In the course of this proof we have also verified the following result.

Proposition 3.3. For any y € I, y < w, the polynomial PJ,, defined in 0.3
satisfies

hgt hgt
P, = Y tr((k)y : VUSe — VS e Zju).
he2N

Note that, by [7], the polynomial P, ,, of [6] satisfies (for y,w as in the
proposition):

Ppw= 3 dim(V}"St)u/? € Z[u).
he2N

3.4. Let s € S be such that sw < w or equivalently ws < w. Let y € I be
such that y < w. Then we have also sy < w; moreover, if sy # ys we have
sys < w. We show:

(a) If sy =ys then P;,, = Pg,

sy,w "
(b) If sy # ys then Py = Pgysw-
Let P be the variety of parabolic subgroups P of G such that for any Borel
subgroups B, B’ in P we have (B, B’) € O, and for some Borel subgroups
B,B’ in P we have (B,B’) € Os. Let p: B — P be the morphism B — P
where P € P contains B. Let p = pxp : BxB — PxP. This map commutes
with the diagonal actions of G and po = ¢/p where 0/ : Px P — P x P
is (P,P') — (P',P). We have O,, = p}(X) where X = 5(O,), a closed
subvariety of P x P. Let Xo = p(Oy), the unique open G-orbit in X. Let
K be the intersection cohomology complex of X with coefficients in Q; (on



2012] HECKE ALGEBRAS AND INVOLUTIONS IN WEYL GROUPS 341

Xp) extended by 0 on P x P — X. We have St = prK. Let Z = p(Oy);
we have 0/(Z) = Z. For any h € 2N there is a canonical vector space V'
with a linear involutive o’-action which is canonical isomorphic to the stalk
of H'K at any z € Z. From the definitions we have canonically V;“hs’ﬁ =V

and VH'Sb = V' if sy = ys, (resp. VIH'Sb = V' if sy # ys); moreover under
sy

sYs
these identifications the operators (ky), and (k}")sy if sy = ys (vesp. (k}Y)sys
if sy # ys) correspond to the o’-action on V'. It follows that
tr((ky )y : yHsh wy — VHh vy =tr(o’ : V' = V')
= tr((ki)sy < ViS5 o VS

if sy = ys and

(k) : VI Shy 5 VHISY) — (o V5 V)
= (k) ys - VIS 5 28y

sys sys

if sy # ys. This implies (a) in view of 3.3.

4. The Action of u (T, + 1) in the Basis (4,)

4.1. Let y,w € I. Weset 0y, = 1ify = w, dy,, = 0if y # w, J yw = 1—0yuw-
When y < w we set my,, = v_l(“’)“(y)P;w so that 7y, € v Zv™ if y < w
and 7y, = 1; when y £ w we set 7, = 0. In any case we have
(a) Tyw = Oy + 1 (y,w)o~t + 1’ (y, w)v=2 mod v3Z[v™!]

where ¢/ (y, w) € Z, " (y, w) € Z. Note that
(b) W(y,w) #0 = y <w,l(y) # l(w)mod2,
(c) ' (y,w) #0 = y < w,l(y) = l(w) mod 2.
For w € T we set a,, = v Wgq, so that A, = Zyel Wy,wafy.
4.2. In this section we fix s € S. We set ¢, = v 2(Ts+1) € §'. The formulas
in 0.2(a) (with w € I) can be rewritten as follows.

csah, = (v+vYal, + (1 +v72)d, if sw=ws > w;

csal, = (v —v Hal, + (V2 - 1)d), if sw = ws < w;

I -2/ .
Csy, = Qs + 07 7al, if sw # ws > w;
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ro_

2,0
Csly, = Qs + V7ay, if sw # ws < w.

4.3. For any y,w € I such that sy <y < sw > w we define Mj , € A by:

s __ N 2 : ! / / /
My,w - luy,w - :uy,xlux,w - 5w,8wsluy,sw + Nsy,w‘ssy,ys
rely<z<w,sz<x

if I(y) = l(w) mod 2,

M = ,u;,w(v +o7h
if I(w) # (y) mod 2.
Theorem 4.4. Recall that s € S. Let w € 1.

(a) If sw = ws > w then csAy = (v+v71)Agy + Zzel;sz<z<sw M A
(b) If sw # ws > w then csAy = Agps + ZZ61;5Z<Z<8w M LA
(c) If ws < w then csAy = (V2 +v72)A,.

We prove (c). For z € I,52 < z we set a, = a’, + v~ tal, (if sw = ws)

and @, = a/, + v—2d,,, (if sz # zs). By 3.4 we have

/

yWithy eI, sy <y <z

(d) A, = a,+A-linear combination of elements a

It follows that the elements A,(z € I,sz < z) span the same A-submodule
M’ of M as the elements a,(z € I,sz < z). To show (c) it is enough to
show that cs — (v +v~2) acts as 0 on M’; hence it is enough to show that
(cs — (V> +v72))a., =0 for any z € I, 52 < z. But this follows from 4.2. This
proves (c).

In the rest of the proof we assume that sw > w. Note that

/
csAy = g TywCsy,

yeEWy<w

hence using 4.2, ¢;A,, is an A-linear combination of elements of the form @’
with sz < z and with z < sw (if sw = ws) or with z < sws (if sw # ws).
Using (d) it follows that csA,, is an A-linear combination of elements of the
form A, with sz < z and with z < sw (if sw = ws) or with z < sws (if
sw # ws). For such z we have either z = sw or z = sws or z < sw. (To
see this we can assume that sw # ws, z < sws. Then we must have z < sw
or z < ws; if z < ws then taking inverses we obtain z < sw. Thus z < sw
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in any case. We cannot have z = sw since sw # ws; hence z < sw.) We
see that c, A, = zxel;sx<x mg A, where m, € A; moreover we have m, =0

unless z = sw (if sw = ws), z = sws (if sw # ws) or x < sw.

Since ¢ Ay, = cs Ay, we have erl;sxq MyAy = erl;ngz m, A, hence

My = my for all z € I such that sx < x. We have

/ /!
csAy = E Ty,wCsy + g Ty,wCsy,

yeLsy=ys>y yelsy=ys<y

/ !/
+ E Ty, wCsly + E Ty, wCsy

yeLsy#ys>y yeLsy#ys<y

hence, using 4.2:

-1\ 7/ —2\ /
csAy = E Tyw((v+v )as, + (I+wv )ay,)
yelsy=ys>y
=1y 7 2 !
+ E : ﬂ-va((v - )asy + (’U - 1)ay)
yelisy=ys<y
2 : ! -2/ } : / 2 1
+ Ty,w (asys twv ay) + ﬂ-va(asys +v ay)7
yELsyAys>y yELsy#Ays<y
—1\ 7 —2\ 1
csAy = g Toyw(V +v )ay + E Tyw(l +v )ay
yelsy=ys<y yel;sy=ys>y
—1y\ 7 2 /
+ E Toyw(V — v )ay + E Ty (V™ — 1)ay
yelsy=ys>y yelsy=ys<y
! -2/
+ g Tsys,wly + g Tywl "Gy
yeLsy#ys<y yeLsy#ys>y
! 2 7
+ g Tsys,wly + g Ty, w¥” Gy
yeLsy#ys>y yeLsy#ys<y
Thus,
A _ —1 2 1 /
csAy = (Toyw(V +077) + Ty w(v ))ay,
yelsy=ys<y
-2 —1\\ ./
+ E (Tyw(l +077) + sy w(v —v77))ay,
yelsy=ys>y

2\ ./ -2 /
+ E (Tsys,w+Tywv )a’y+ E (T, +7Tsys,w)ay-
yeLsy#ys<y yeLsy#ys>y
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‘We have

/
E mgAy = E E My Ty 2y,

zel;se<z yel xeljsax<ax

It follows that for y € I such that ys < y we have

Z MaTy e = Tsyw(v + ”_1) + 71'y,w("‘)2 — 1) if sy = ys;
zel;se<z

2 .
E MeTyr = Meysw + Tywt~ if SY # ys.
zel;se<z

For any f € A we define f+ € Z[v] by f — fT € v 1Z[v™!]. Tt follows that

3 mamye)t = (Mo + )T 4 (0 (0® = 1) if sy = ys < y;
zeljse<x

Z (memy o)™ = nlew+ (Tywv?) T if sy # ys < y.
zel;sx<x

Using 4.1(a) and that y # w if sy < y we deduce

m; + Z (MaTy2) ™ = [y + Osy w1y oty v i sY=ys <y;
zeljse<z,y<z
(e)

m;_ + Z (mxﬂym)"‘ = Osys,w T MZM + ,u;,wv if sy # ys <.
zel;se<z,y<x

In particular we have

m; + Z (mymy )™ € Z+ Zo
zel;se<z,y<z

for any y € I such that sy < y. This shows by descending induction on
l(y) that m; € Z + Zv for any y € I such that sy < y. (Indeed, if we
know that for x € I such that sz < x,y < x we have m; € Z + Zv, then
(mqmye)t € Z.) Setting mf = m +mjv (with m € Z, m} € Z) for any

y € I such that sy < y, we can rewrite (e) as follows:

0 ! ’or
m,, + M, v + g M fhy o
zeljse<z,y<zx

! ! " /
= 5sy,ysﬂsy,w + 55%3/358%10@ + 5sy,y853y37w + Iuy,w + :uy,wv'
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In particular,

/

7
my - Nyﬂu + 55?/798553/710

for any y € I such that sy < y. It follows that

0 l /
7R S (TS L S S I
relise<z,y<z

_ / !/ 2
- 58y7ysusy,u} + 53y7y558y8,w + Nyﬂu'

Equivalently we have

o / / /
my - - Z ,uy,gc:um,w - 5w78w8:uy,su)
zeljse<z,y<z

/ !/ "
+5Sy,y81usy,w + 5sy,y358y8,w + luy,w'

(We have used that erl;sx<x7y<x 5sz7m(58w,w,u;7x = 5w7sws,ufy78w.) Since Ty, =
m, we must have m, = mg + mfy(v +ov7 1) for y € I,sy <y. For y € I such
that sy < y,l(w) # {(y) mod 2 we deduce using 4.1(c) that

My = iy, (0 + v = M iy <sw, my=v+ vt
if y = sw, hence ws = sw. For y € I such that sy < y,l(w) = I(y) mod 2 we
deduce using 4.1(b),(c) that

My =ty = D Mk~ Owswsty g+ Osyystoyw T ey ysPsys -
zel;se<z,y<x

If ws # sw and y = sws we deduce that my, = 1. If y € Lsy < y,y <

sw,l(y) = l(w) mod 2 then

My = Ng,w - Z :u;,gcﬂéc,w - 5w,sws,u;,sw + 58y7ysN;y,w = Mz,w-
zel;se<z,y<z
We see that m, = My, for any y € I such that sy <y < sw. We also see
that mg, = v+ v~ ! if sw = ws and Mmyys = 1 if sw # ws. This completes
the proof of the theorem. O

4.5. We now present an algorithm for compute the polynomials Py, for

y < w in I. It will be convenient to state this in terms of the elements
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Tyw = v_l(“’)“(y)P;’w € Z[v™1] (see 4.1). Recall that m,,, is defined to be 0
ify,wel,y Lw.

We can restate Theorem 4.4(a),(b) as follows. (Recall that s € S, w €1,

sw > w.)

Z (Tsyw(v + vl + 7Ty,w(”2 - 1))‘1;
yeLsy=ys<y

+ Z (Ty0(1 +072) 4 Ty (v — v_l))a;
yelsy=ys>y

2 / —2 /
+ E : (Tsys,w + Tyw¥ )ay + E (Tywv ™" + ”sys,w)ay
yeLsy#ys<y yeLsy#ys>y

— S /
= E E Mx’wﬂy@ay

y€l zel;sx<x<sw

-1 / /
+ Z(v + 07 )Ty, sw0sw,wsly + E Ty, sws(1 — Osw,ws)ay,-
y€el y€el

It follows that for any y € I, the expression

_1 /
(U +v )Wy,sw(ssw,ws + ﬂy,sws(ssw7ws

is equal to

- Z M Tye + Tayw(V+ 070 + 700" — 1) if sy = ys <y,

el ser<r<sw

— Z MG Ty z + Ty (1 + v72) + Tsyw(V — v if sy = ys > v,

zelsx<zr<sw

relsz<z<sw
— Z MG W Tyz + Ty 2 + Teysw if 8y # ys > y.

relsz<z<sw
We want show that the formulas above determine uniquely the quantities
Ty,sw (T€SP. Ty sws) assuming that y € I and that sw = ws (resp. sw # ws)
and assuming that the quantities 7, s are known for any w’ € I such that
l(w') < l(ws) (resp. l(w') < I(sws)) and any 3’ € I. Then the quantities
M3, in these formulas are also known except for a part of them given by

5ws,sw,uéc78w which is not known. If in the formulas above we replace the



2012] HECKE ALGEBRAS AND INVOLUTIONS IN WEYL GROUPS 347

terms that are assumed to be known by a symbol # we obtain

(@) v M= Y My + & i ws = sw.
zelsr<r<sw

Ty sws = W if swW # ws.

We can now assume that sw = ws. In this case we determine the quantities
Ty,sw Dy descending induction on [(y). (We can assume that y < sw since
Tysw = 1 for y = sw.) Thus we can assume that 7, s, (hence also i )
is known when y is replaced by x € I such that y < = < sw. Since in the
sum over z in (a) we can restrict to those x such that y < z we see that (a)
becomes

-1
(v+w )Wy,sw - ,Uf/(ya sw) = Z N;,swﬂ'y@ )
zelsr<r<sw,y<z

that is
(v+ v_l)ﬂy,sw — i (y,sw) = M.

Let us write my 5 = Zn21 c,v~ " where ¢, € Z are zero for all but finitely
many n; note that ¢; = p/(y, sw). (Recall that y < sw.) It follows that

Z cpu M4 Z v "l =@

n>1 n>1
sothat co = #,c1 +c3 =@, co+cy =B, c3+c5 =W, c4+c6 =MW, ...
It follows that cor = & for k = 1,2,... and, since corr1 = 0 for large ¢ we
have also cop,_1 = # for k = 1,2,.... Thus ¢; = & for i = 1,2,... so that
Tysw = M.

The procedure above gives an algorithm to compute m, . for any y,z € 1
such that y < 2. Indeed, if z =1 then y = 1 and 7, ., = 1. If z # 1 then we
can find s € S such that sz < z. Setting w = zs (if zs = sz) or w = szs (if
zs # sz) we see that m, , is determined by the inductive procedure above.

5. Relation with Two-sided Cells

5.1. For any w € W let ¢, = v 1) ZyGW veu P, w(v*)T, € $ (compare
[6]); similarly let ¢, = u '™ JEW iy<uw Py w(w?)T, € §'. The elements
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Cw(w € W) form an A-basis of §; the elements ¢, (w € W) form an A-basis
of §’. For z,w in W we write (in the algebra ):

C2Cuwlot = D urew Paww Cu

where h, . € N[v,v7 Y. For 2 € W,w € I we write (using the $’-module
structure on M):

Ay = Zw’el fz7w,w’Aw’

where f, . € A are related to h, ., as follows. For z € W, w,w’ € 1
we write heww = Dz 00"y frww = Dopez U™ where b, € N, b, € Z
are zero for all but finitely many n. One can show that for each n we have
b, = bf + b, b, = bl — b, for some b} € N,b, € N. (This is similar to
the relation between Py, and Py, for y,w € I. It is also analogous to the
phenomenon described in [12, 16.3(a),(b)].) In particular,

(a) If for some n we have b, = 0, then b}, = 0. Hence if f,upu # 0, then
hz7w,w’ 7£ 0.
(b) If for some n we have b, =1, then b, = 1.

5.2. Let ¢ be a two-sided cell of W, see [6]. For y,w € W we shall write
y = w instead of y <pr w (<pg is the preorder defined in [6]). For y € W
we write y < ¢ instead of: y < w for some w € ¢. For y € W we write y < ¢
instead of: y < ¢ and yc.

Let $' =¢ be the A-submodule of H’ spanned by the elements ¢, where
w’ € W is such that w' < c. Let $=¢ be the A-submodule of § spanned
by the elements ¢,y where w’ € W is such that w’ < ¢. Note that ¢, ’=¢
are two-sided ideals of §3'. Hence $/=¢/$'=¢ is naturally an $-bimodule, in

particular a left $)-module.

Let M=¢ be the A-submodule of M spanned by the elements A, where
w' €I, w < c. Let M™°be the A-submodule of M spanned by the elements
Ay where w' € I, w' < c.

From 5.1(a) we see that for z € W, w € I, the element c,A,, is an
A-linear combination of elements A, with v’ € I,w < w. In particular,
M=¢, M~¢ are $-submodules of M. Hence M=¢/M=¢ is naturally an $'-
module.

Let a € N be the value of the a-function [12, §13] on ¢. Let n € INec.
We define an $)-linear map 7, : $'7¢ - M=¢ by £ — anﬁAn (we use
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the $-module structure on M). From 5.1(a) we see that if £ € £'=¢ then
€A, € M~°. Thus 7, restricts to an $’-linear map '3 — M~° hence it
induces an $'-linear map $'=¢/$'<¢ — M=°/M=° denoted again by 7,. Let
d be the unique distinguished involution in the same left cell as 1 (hence
in the same right cell as 7). From the known properties of distinguished
involutions (see [12, §15]) we see that the following holds in $.

V2 Cqlnéq = én +E+ €

where £ € >
deduce that

vec VL[], and & € $H7¢ Using now the results in 5.1 we

v2achq7 =+A, +my,+m
where m, € > .y vZ[v]A; and m' € M=¢. Thus we have
Ty(cq) = £A, +my,

where m,, is as above. Now let 7 : ®pcn1$)=¢/H ¢ — M=¢/M=° be the
$’-linear map whose restriction to the n-summand is 7,,. The image of this
map contains the elements +A, +m, (n € cNI) which clearly form a basis of
Z[[v]] ® 4 (M=¢/M=°): the (cNI) x (¢NI) matrix whose 7, n-entry (in Z[v])
is the A,/-coordinate of +A, + m, has determinant &1 plus an element in
vZ[v], hence is invertible in Z[[v]]. Thus after extension of scalars to Z[[v]],
T is surjective. Hence after extension of scalars to the quotient field of Z[[v]],
or to the quotient field Q(v) of A, 7 is surjective. We see that

(a) the Q(v)® 49 -module Q(v)®4(M=¢/ M=) is a direct sum of irreducible
Q(v) ®4 9’ -modules which appear in the Q(v) ® 4 H’'-module Q(v) ®4
(£'7¢/H'=¢) carried by the two-sided cell c.

5.3. In this subsection we assume that W is a Weyl group of type A,_1,
n > 2. In this case for any two sided cell ¢, the Q(v) ® 4 H’-module Q(v) ® 4
($'7¢/$'=¢) is known to be a direct sum of copies of a single simple module
E.. Hence from 5.2(a) we deduce that the Q(v) ®4 $'-module Q(v) ®4
(M=¢/M=) is a direct sum of say n. copies of E,. The dimension over
Q(v) of this module is the number of involutions contained in ¢ which is
known to be equal to dim E.. It follows that n. = 1. It follows that the
Q(v) ®4 H'-module Q(v) ® 4 M is isomorphic to &.F, that is, is a “model
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representation” for the algebra Q(v) ®4 $’. (Each simple module of the
algebra appears exactly once in it.)

6. The W-module M;

6.1. Let I be the set of conjugacy classes of W contained in I. For any w € 1
let h(w) be the dimension of the fixed point set R~ of —w in the reflection
representation R of W (over Q). For any C' € I we set h(C) = h(w) where
w is any element of C. We have the following result.

Lemma 6.2. Let s € S, w € I be such that sw = ws > w. Then h(sw) >
h(w).

From our assumptions it follows that the line R™* is contained in RY,
the fixed point set of w, and R~" is contained in R®, the fixed point set of
s. It follows that R~° and R™" are contained in R™*" hence R™°* ® R™" is
contained in R™**. Thus h(sw) > h(w) + 1. The lemma is proved. O

6.3. In the setup of 0.4 for any ¢ € N let MlZZ be the subspace of M;
spanned by {a,;h(w) > i}. From the formulas for the W-action in 0.4
and from 6.2 we see that for any i € N, MlZZ is a W-submodule of Mj.
This induces a W-module structure on M? := MZ*/MZ"t. Let gr(M;) =
Dien(M 122 /M 12i+1). This is naturally a W-module. By complete reducibility
we have M; = gr(M;) as W-modules. For any w € I we denote by ay,
the image of a,, under the projection Mlzh(w) — Mlzh(w)/Mlzh(w)H. The
elements a,,(w € I) form a Q-basis of gr(M;) in which the W-action is as

follows. (Here s € S.)
$(Ay) = —asws if w € I, sw = ws < w;
$(@y) = Gsws for all other w € 1.

It follows that for any z € W,w € I we have x(dy) = €zwlpws—1 Where
€zw € {1,—1} satisfies ezyw = €, yuy-16y0 for all z,y € Wiw € 1. In
particular, if z,y are in Z(w), the centralizer of w € I, in W then €;y , =
€xwEyw- Thus, T — €5, is a homomorphism €, : Z(w) — {1,—1} and it is
clear that for any C' € I, the subspace of gr(M;j) spanned by {a,;w € C} is
a W-submodule of gr(M;) isomorphic to the representation of W induced
from the character €, of Z(w) where w is any element of C'. We see that
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(a) My = @,Indy,(ew)

as a W-module; here w runs over a set of representatives for the various
C € 1. The multiplicities of the various irreducible W-modules in the W-
module given by the right hand side of (a) were first described explicitly
in [4] for W of type A,,—1; and later by Kottwitz [8] for any irreducible
W for example, if W is irreducible of classical type then an irreducible
representation E of W appears in the right hand side of (a) if and only if it
is special in the sense of |9, (4.1.4)] and then its multiplicity is the integer
fein [9, 4.1.1] (in type A,—; this follows also from 5.3).

6.4. Kottwitz’s formula for the W-module grM; in the right hand side of
6.3(a) is in terms of the nonabelian Fourier transform matrix of |9, 4.14].
We shall reformulate that formula in terms of unipotent representations, by
using [9, 4.23] which relates unipotent representations with the nonabelian
Fourier transform matrix. One advantage of this reformulation is that unlike
in [8] we need not consider separately the “exceptional” representations of W
of type E7, Es. (In the remainder of this section we assume that G is almost
simple and that g, ¢ are as in 1.1.) Let [ rrG? be a set of representatives for
the isomorphism classes of irreducible representations of G¢ over Q;. For
any p € IrrG? let e(p) € {0,1,—1} be the Frobenius-Schur indicator of p;
thus €(p) = 1 (resp. €(p) = —1) if p admits a nondegenerate G¥ -invariant
symmetric (resp. antisymmetric) bilinear form p x p — Q; and €(p) = 0 if p
is not isomorphic to its dual representation. It is known (Frobenius-Schur)
that the dimension of the virtual representation el G €(p)p is equal to
the number of g € G?" such that ¢®> = 1. Let us now consider the part
© :=3_ i €(p)p of the virtual representation above coming from the set U
of unipotent representations of G¥'.

Let X be the set of all triples (F,y,r) where F is a family [9, 4.2]
of irreducible representations of W (with an associated finite group Gr,
see [9, Chap. 4]), y is an element of Gr defined up to conjugacy and r
is an irreducible representation of the centralizer of y in Gr defined up to
isomorphism. In [9, 4.23], X' is put in a bijection (F,y,r) <> pry» with .
If (F,y,r) € X then we have e(pr ) € {0,1}; moreover, €(pry,) = 1 in
exactly the following cases:

(i) |F| # 2 and y acts on r by the scalar +1;
(i) |[F]=2and y = 1.
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(This follows from results in |11, Sec. 1] where it is shown that in case (i)
pryr is actually defined over Q. On the other hand, in case (ii), pry,
is defined over Q[,/g].) In particular, if W is of classical type, we have
e(pryr) =1 for any (F,y,r) € X.

For each W-module FE we define

Rp=[W[' Y tr(w, B)) (1) Hi(Xw, Qi)

weWw )

where X,, is the variety associated to G,¢’,w in [3]. We view Rg as an
element of Q[U], the vector space of Q-linear combinations of elements of U
with its symmetric inner product (,) in which ¢/ is an orthonormal basis.

Using the above description of €(pr,,) and [9, 4.23] we can rewrite
Kottwitz’s formula in the form

(@) 2 pettse(p)=1(0> RE) = (Rgrary, Ri) for any irreducible W-module E.
Using the isomorphism M; = grM; we can rewrite (a) as follows.

(b) We have © = Ry, + £ where & € Q[U] is orthogonal to Rg for any
trreducible W -module E.

Note that if G is of type # Fj, Eg then (£,£) = 0 hence £ = 0; if G is of type
Fy or Eg then (&,&) = 1.

6.5. Let ¢ be a two-sided cell of W. Let Ml'—<C be the subspace of M; spanned
by the elements A, where w’ € I, w’ < ¢. Let M[*° be the subspace of M
spanned by the elements A, where w’ € I, w’ < c¢. Then MFC,MFC are
W-submodules of M; and Mljc /M7 is naturally a W-module. From 5.2(a)
we see that this last W-module is a direct sum of irreducible representations
E of W which appear in ¢ (which we write as E - ¢). Since M; is isomorphic
as a W-module to @C/Mljc/ /Mfcl (¢’ runs over the two-sided cells of W) we
see that Mljc/MfC >~ O p. g BPFM) swhere (E : M) is the multiplicity of
E in the W-module M;. Note that dim(Mle/Mfc) = |enI|. Tt follows that

(a) leNI| = ®p.pc(E : My)dim(E).
This determines explicitly the number |c¢ N I| since the multiplicities (E :

M) = (E : grM;) are known from [8]. In particular, if W is of classical
type we have
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(b) [enT] = fgdim(E)

where F is the special representation such that E - ¢ and fg is as in 6.3.
We thus recover a known result from [9, 12.17]).

7. Some Extensions

7.1. In this subsection we assume that W is irreducible and that w — w® is
a nontrivial automorphism of W (as a Coxeter group) such that (w®)® = w
for all w € W. Let I, = {w € W;w® = w1} be the set of “o-twisted” invo-
lutions of W. Let M, be the free A-module with basis (@, )wer,. Replacing
M by My, I by L,, ws, sws by ws®, sws® in Theorem 0.2 we obtain a true
statement. The proof is along the same lines as that in §1,§2: we replace
¢’ in §1 or ¢ in §2 by a not necessarily split Frobenius map G — G which
induces w — w® on W (if G is not of type Bg, G2 or Fy) or by a Chevalley
exceptional isogeny, see |2, 21.4, 23.7], (if G is of type Bo,Go or Fy and
p = 2,3,2 respectively). Note that in this last situation, only cases (iii),(iv)
appear in 0.2(a). (Indeed, in this situation, for s € S, s, s® are not conjugate
in W hence sw # ws® for any w € W; this guarantees that the formulas in
0.2(a) specialized with u equal to an odd power of ,/p involve only integer
coefficients.) The statement obtained from Theorem 0.3 by replacing I by
L, M by M, = A®a M, and PJ,, by Py w remains true with essentially
the same proof. The description of the W-module M, ; = Q ®4 M, (with
Q viewed as an A-algebra under u — 1) given in 0.4 with I replaced by
I, and ws, sws replaced by ws®, sws®) remains valid. The statement of 4.4
remains valid if I is replaced by I, and ws, sws are replaced by ws®, sws®.
(The quantities M3, are defined as in 4.3 with the same replacements.)
The analogue of 5.2(a) continues to hold. The analogues of 6.2, 6.3 continue
to hold.

7.2. Theorems 0.2 and 0.3 remain valid if W is replaced by an affine Weyl
group. The proofs are essentially the same but use instead of B the affine flag
manifold associated to G(k((€))) (here € is an indeterminate). We note that
although D and multiplication by u” (in 2.9) do not make sense separately,
their composition m +— u”D(m) does. The results in §4 also remain valid.
The results in §6 remain valid as far as gr(Mj) is concerned but one cannot
assert that My = gr(My). The generalizations of 0.2,0.3,84 involving w — w®
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(as in 7.1) also remain valid if W is replaced by an affine Weyl group and

w

7.
if

— w® is any automorphism of order < 2 of W (as a Coxeter group).

3. Theorem 0.2(a) (and its variant for twisted involutions) remains valid
W is replaced by any Coxeter group. The main part of the proof involves

the case where W is a dihedral group. It is likely that Theorem 0.2(b) (and
then automatically Theorem 0.3) also extend to the case of Coxeter groups.

10.

11.

12.
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