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Abstract

The representation theory of the symmetric groups is intimately related to geometry,
algebraic combinatorics, and Lie theory. The spin representation theory of the symmetric
groups was originally developed by Schur. In these lecture notes, we present a coherent ac-
count of the spin counterparts of several classical constructions such as the Frobenius char-
acteristic map, Schur duality, the coinvariant algebra, Kostka polynomials, and Young’s

seminormal form.

1. Introduction

1.1. The representation theory of symmetric groups has many connections
and applications in geometry, combinatorics and Lie theory. The following
classical constructions in representation theory of symmetric groups over the

complex field C are well known:

The characteristic map and symmetric functions

Schur duality

(1)

(2)

(3) The coinvariant algebra

(4) Kostka numbers and Kostka polynomials
(5)

Seminormal form representations and Jucys-Murphy elements
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(1) and (2) originated in the work of Frobenius and Schur, (3) was developed
by Chevalley (see also Steinberg [35], Lusztig [20], and Kirillov [15]). The
Kostka polynomials in (4) have striking combinatorial, geometric and repre-
sentation theoretic interpretations, due to Lascoux, Schiitzenberger, Lusztig,
Brylinski, Garsia and Procesi [19, 21, 12, [7]. Young’s seminormal form con-
struction of irreducible modules of symmetric groups has been redone by
Okounkov and Vershik [24] using Jucys-Murphy elements.

Motivated by projective (i.e., spin) representation theory of finite groups
and in particular of symmetric groups &,,, Schur [31] introduced a double
cover &, of &,,:

1—>Z2—>én—>6n—>1.

Let us write Zo = {1, z}. The spin representation theory of &,,, or equiva-
lently, the representation theory of the spin group algebra CS,, = (Cén [{z+
1), has been systematically developed by Schur (see Jézefiak |12] for an ex-
cellent modern exposition via a superalgebra approach; also see Stembridge
[36]).

The goal of these lecture notes is to provide a systematic account of
the spin counterparts of the classical constructions (1)-(5) above over C.
Somewhat surprisingly, several of these spin analogues have been developed
only very recently (see for example |41]). It is our hope that these notes will
be accessible to people working in algebraic combinatorics who are interested
in representation theory and to people in super representation theory who
are interested in applications.

In addition to the topics (1)-(5), there are spin counterparts of several
classical basic topics which are not covered in these lecture notes for lack
of time and space: the Robinson-Schensted-Knuth correspondence (due to
Sagan and Worley [30, 44]; also see [§] for connections to crystal basis); the
plactic monoid (Serrano [34]); Young symmetrizers |23, 133]; Hecke algebras
[25, 10, 42, 43]. We refer an interested reader to these papers and the
references therein for details.

Let us explain the contents of the lecture notes section by section.
1.2. In Section 2, we explain how Schur’s original motivation of studying

the projective representations of the symmetric groups leads one to study
the representations of the spin symmetric group algebras. It has become
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increasingly well known (cf. [13, 133, 136, 45] and [18, Chap. 13]) that the
representation theory of spin symmetric group (super)algebra C&,, is super-
equivalent to its counterpart for Hecke-Clifford (super)algebra 3, = Cl,, x
C6,,. We shall explain such a super-equivalence in detail, and then we
mainly work with the algebra J,, keeping in mind that the results can be
transferred to the setting for CS,,. We review the basics on superalgebras
as needed.

The Hecke-Clifford superalgebra H,, is identified as a quotient of the
group algebra of a double cover B, of the hyperoctahedral group B,, and
this allows us to apply various standard finite group constructions to the
study of representation theory of H,. In particular, the split conjugacy
classes for B, (due to Read [27]) are classified.

1.3. It is well known that the Frobenius characteristic map serves as a
bridge to relate the representation theory of symmetric groups to the theory

of symmetric functions.

In Section 3, the direct sum R~ of the Grothendieck groups of H,-
mo0 for all n is shown to carry a graded algebra structure and a bilinear
form. Following Jézefiak [13], we formulate a spin version of the Frobenius
characteristic map

ch-: R~ — F@

and establish its main properties, where I'g is the ring of symmetric functions
generated by the odd power-sums. It turns out that the Schur @Q-functions
Q¢ associated to strict partitions § play the role of Schur functions, and up
to some 2-powers, they correspond to the irreducible H,-modules D¥.

1.4. The classical Schur duality relates the representation theory of the
general linear Lie algebras and that of the symmetric groups.

In Section 4, we explain in detail the Schur-Sergeev duality as formulated
concisely in [32]. A double centralizer theorem for the actions of q(n) and the
Hecke-Clifford algebra H4 on the tensor superspace ((C”'")®d is established,
and this leads to an explicit multiplicity-free decomposition of the tensor
superspace as a U(q(n))®H4-module. As a consequence, a character formula
for the simple g(n)-modules appearing in the tensor superspace is derived in
terms of Schur Q-functions. A more detailed exposition on materials covered
in Sections 3 and 4 can be found in [5, Chapter 3.
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1.5. The symmetric group &,, acts on V = C” and then on the symmetric
algebra S*V naturally. A closed formula for the graded multiplicity of a
Specht module S* for a partition \ of n in the graded algebra S*V in different
forms has been well known (see Steinberg |35], Lusztig [20] and Kirillov [15]).
More generally, Kirillov and Pak [16] obtained the bi-graded multiplicity of
the Specht module S* for any A in S*V & A*V (see Theorem [5.4), where
A*V denotes the exterior algebra. We give a new proof here by relating this
bi-graded multiplicity to a 2-parameter specialization of the super Schur

functions.

In Section 5, we formulate a spin analogue of the above graded multi-
plicity formulas. We present formulas with new proofs for the (bi)-graded
multiplicity of a simple H,,-module D¢ in Cl,, ® S*V, Cl, @ S*V & A*V and
Cl, ® S*V ® S*V in terms of various specializations of the Schur @-function
Q¢(z). The case of Cl, ® S*V ® S*V is new in this paper, while the other
two cases were due to the authors [40]. The shifted hook formula for the
principal specialization Qg(1,¢,t2,...) of Q¢(z) was established by the au-
thors [40] with a bijection proof and in a different form by Rosengren [2§]

based on formal Schur function identities. Here we present yet a third proof.

1.6. The Kostka numbers and Kostka(-Foulkes) polynomials are ubiquitous
in combinatorics, geometry, and representation theory. Kostka polynomials
have positive integer coefficients (see [19] for a combinatorial proof, and see
[7] for a geometric proof). Kostka polynomials also coincide with Lusztig’s
g-weight multiplicity in finite-dimensional irreducible representations of the
general linear Lie algebra |21, 14], and these are explained by a Brylinski-
Kostant filtration on the weight spaces [2]. More details can be found in the

book of Macdonald [22] and the survey paper [6].

In Section 6, following a very recent work of the authors [41], we formu-
late a notion of spin Kostka polynomials, and establish their main properties
including the integrality and positivity as well as interpretations in terms of
representations of the Hecke-Clifford algebras and the queer Lie superalge-
bras. The graded multiplicities in the spin coinvariant algebra described in
Section 5 are shown to be special cases of spin Kostka polynomials. Our
constructions naturally give rise to formulations of the notions of spin Hall-

Littlewood functions and spin Macdonald polynomials.
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1.7. By studying the action of the Jucys-Murphy elements on the irre-
ducible &,-modules, Okounkov and Vershik [24] developed a new approach
to the representation theory of symmetric groups. In their approach, one
can see the natural appearance of Young diagrams and standard tableaux,
and obtain in the end Young’s seminormal form. A similar construction for
the degenerate affine Hecke algebra associated to &,, has been obtained by
Cherednik, Ram and Ruff [4, 26, 29].

In Section 7, we explain a recent approach to Young’s seminormal form
construction for the (affine) Hecke-Clifford algebra. The affine Hecke-Clifford
algebra 32 introduced by Nazarov [23] provides a natural general frame-
work for H,,. Following the independent works of Hill, Kujawa and Sussan
[9] and the first author [39], we classify and construct the irreducible H2f-
modules on which the polynomial generators in 32! act semisimply. A sur-
jective homomorphism from H to J(,, allows one to pass the results for 2
to H,, and in this way we obtain Young’s seminormal form for irreducible
H,,-modules. This recovers a construction of Nazarov [23] and the main re-
sult of Vershik-Sergeev [38] who followed more closely Okounkov-Vershik’s
approach.

2. Spin Symmetric Groups and Hecke-Clifford Algebra

In this section, we formulate an equivalence between the spin representa-
tion theory of the symmetric group &,, and the representation theory of the
Hecke-Clifford algebra H,. The algebra J, is then identified as a twisted
group algebra for a distinguished double cover En of the hyperoctahedral
group B,. We classify the split conjugacy classes of B,, and show that the
number of simple H,,-modules is equal to the number of strict partitions of

n.

2.1. From spin symmetric groups to H,

The symmetric group &, is generated by the simple reflections s; =
(i,i4+1),1 <4,5 <n—1, subject to the Coxeter relations:

) . .
si =1, 8;Sj=5;Si, SiSi+15 = Si+18iSi+1, |t —j| > 1. (2.1)
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One of Schur’s original motivations is the study of projective represen-
tations V' of &, which are homomorphisms &,, - PGL(V) := GL(V)/C*
(see |31]). By a sequence of analysis and deduction, Schur showed the study
of projective representation theory (RT for short) of &,, is equivalent to the
study of (linear) representation theory of a double cover Sy

Projective RT of &, < (Linear) RT of &,

A double cover én means the following short exact sequence of groups
(nonsplit for n > 4):

1—{1,2} — 6, ™6, — 1

The quotient algebra C&; = CS,,/(z + 1) by the ideal generated by (z + 1)
is call the spin symmetric group algebra. The algebra C&, is an algebra
generated by t1,t2,...,%,—1 subject to the relations:
2 =1, titipiti = tigititivr, titj = —titi, |i—j| > 1.

(A presentation for the group én can be obtained from the above formulas
by keeping the first two relations and replacing the third one by ¢;t; = zt;t;.)
C6,, is naturally a super (i.e., Zg-graded) algebra with each ¢; being odd,
for1<i<n-—1.

By Schur’s lemma, the central element z acts as =1 on a simple én—
module. Hence we see that

RT of &, < RT of &, (P RT of C&,

Schur then developed systematically the spin representation theory of &,
(i.e., the representation theory of C&,;). We refer to Jozefiak [12] for an
excellent modern exposition based on the superalgebra approach.

The development since late 1980’s by several authors shows that the
representation theory of C&;, is “super-equivalent” to the representation
theory of a so-called Hecke-Clifford algebra H,:

RT of CS,, < RT of H, (2.2)

We will formulate this super-equivalence precisely in the next subsections.
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2.2. A digression on superalgebras

By a vector superspace we mean a Zo-graded space V = V5@ Vi. A
superalgebra A = Ag ® Aj satisfies A; - A; C A;y; for i,j € Zy. By an ideal
I and a module M of a superalgebra A in these lecture notes, we always mean
that I and M are Zs-graded, i.e., I = (INAg)® (INA;z), and M = Myz® My
such that A;M; C M;,; for i,j € Zs. For a superalgebra A, we let A-mod
denote the category of A-modules (with morphisms of degree one allowed).
This superalgebra approach handles “self-associated and associates of simple
modules” simultaneously in a conceptual way. There is a parity reversing
functor II on the category of vector superspaces (or module category of a
superalgebra): for a vector superspace V = V5 @ V3, we let

H(V) = H(V)(—] D H(V)i, H(V)Z = Z-_,_I,VZ‘ c ZQ.

Clearly, 112 = 1.

Given a vector superspace V with both even and odd subspaces of equal
dimension and given an odd automorphism P of V of order 2, we define the
following subalgebra of the endomorphism superalgebra End(V):

Q(V) ={x € End(V) | z and P super-commute}.
In case when V = C™" and P is the linear transformation in the block

0 I,
m(_ln 0>,

matrix form

we write Q(V) as Q(n), which consists of 2n x 2n matrices of the form:

(0 2)

where a and b are arbitrary n X n matrices, for n > 0. Note that we have
a superalgebra isomorphism Q(V') = Q(n) by properly choosing coordinates
in V, whenever dim V' = n|n. A proof of the following theorem can be found
in Jézefiak [11] or [5, Chapter 3].

Theorem 2.1 (Wall). There are exactly two types of finite-dimensional sim-
ple associative superalgebras over C: (1) the matriz superalgebra M (m|n),
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which is naturally isomorphic to the endomorphism superalgebra of cmin.
(2) the superalgebra Q(n).

The basic results of finite-dimensional semisimple (unital associative)
algebras over C have natural super generalizations (cf. [11]). The proof is

standard.

Theorem 2.2 (Super Wedderburn’s Theorem). A finite-dimensional semisim-

ple superalgebra A is isomorphic to a direct sum of simple superalgebras:

m q

A = @M(MSZ) P @Q(”j)’

i=1 j=1

A simple A-module V is annihilated by all but one such summand. We
say V' is of type M if this summand is of the form M((r;|s;) and of type @ if
this summand is of the form @Q(n;). In particular, C"l5 is a simple module
of the superalgebra M(r|s) of type M, and C™" is a simple module of the
superalgebra Q(n). These two types of simple modules are distinguished by
the following super analogue of Schur’s Lemma (see [11], |5, Chapter 3] for
a proof).

Lemma 2.3 (Super Schur’s Lemma). If M and L are simple modules over
a finite-dimensional superalgebra A, then

1 if M = L is of type M,
dim Homa(M,L) =< 2 if M = L is of type @,
0 if M%EL.

Remark 2.4. Tt can be shown (cf. [11]) that a simple module of type M
as an ungraded module remains to be simple (which is sometimes referred
to as “self-associated” in literature), and a simple module of type Q as an
ungraded module is a direct sum of a pair of nonisomorphic simples (such

pairs are referred to as “associates” in literature).

Given two associative superalgebras A and B, the tensor product A® B
is naturally a superalgebra, with multiplication defined by

(a@b)(d @) = (- (aa')y o V)  (a,d’ € A,b Y € B).
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If V is an irreducible A-module and W is an irreducible B-module,
V ® W may not be irreducible (cf. [11], [3], |18 Lemma 12.2.13]).

Lemma 2.5. Let V' be an irreducible A-module and W be an irreducible
B-module.

(1) If both V and W are of type M, then VW is an irreducible AQ@B-module
of type M.

(2) If one of V. or W is of type M and the other is of type @, then V@ W is
an irreducible A ® B-module of type Q.

(3) If both V' and W are of type @, then V@ W = X ® IIX for a type M
irreducible A @ B-module X .

Moreover, all irreducible A @ B-modules arise as components of V& W for
some choice of irreducibles V, W .

If V is an irreducible A-module and W is an irreducible B-module,
denote by V ® W an irreducible component of V' ® W. Thus,

VeWolIl(VeW), ifbothV and W are of type Q,

Vews= { Ve, otherwise .

Example 2.6. The Clifford algebra Cl,, is the C-algebra generated by ¢;(1 <
i < n), subject to relations

=1, cicj=—cjc; (i # 7). (2.3)

Note that Cl, is a superalgebra with each generator ¢; being odd, and
dim @[,, = 2™.

For n = 2k even, Cl, is isomorphic to a simple matrix superalgebra

~

M (2F=1|2F=1). This can be seen by constructing an isomorphism Cly =2
M(1|1) directly via Pauli matrices, and then using the superalgebra isomor-
phism
Clopy =Cla® ... ®Cly.
———— ——
k

Note that Cl; = Q(1). For n = 2k + 1 odd, we have superalgebra isomor-
phisms:

Cly = €y ® Cloyy, = Q(1) © M(2M 12" 1) = Q(2%).
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So Cl,, is always a simple superalgebra, of type M for n even and of type
Q for n odd. The fundamental fact that there are two types of complex
Clifford algebras is a key to Bott’s reciprocity.

2.3. A Morita super-equivalence

The symmetric group &,, acts as automorphisms on the Clifford algebra
Cl,, naturally by permuting the generators ¢;. We will refer to the semi-direct
product H,, := Cl,, x CG,, as the Hecke-Clifford algebra, where

5iCi = Ci118i, SiCit1 = CiSi, 8iCj = Cj8;, J # 1,1+ 1. (2.4)
Equivalently, o¢; = c4(;)0, for all 1 <7 <n and o € &,,. The algebra 3, is
naturally a superalgebra by letting each o € &,, be even and each ¢; be odd.

Now let us make precise the super-equivalence (2.2)).
By a direct computation, there is a superalgebra isomorphism (cf. [32,
45)):
CG, ®Cl, — I,
e, 1<i<n, (2.5)

1 .
tjl—>—‘ i — )7 1§]§’I’L—1-

\/__28](6] Cjt1

By Example 2.6 Cl,, is a simple superalgebra. Hence, there is a unique
(up to isomorphism) irreducible Cl,,-module U, of type M for n even and of
type Q for n odd. We have dim U,, = 2¥ for n = 2k or n = 2k — 1. Then the

two exact functors

Sni=—U,: C6 -mod — H,-mo?,
®,, := Homg, (U, —) : H,-mod — CS,, -mod

define a Morita super-equivalence between the superalgebras I, and CS,;

in the following sense.

Lemma 2.7. [, Lemma 9.9] [18, Proposition 13.2.2]
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(1) Suppose that n is even. Then the two functors §, and &, are equiva-
lences of categories with

3n0®n§id, @n03n§1d
(2) Suppose that n is odd. Then

Gno®, 2idall, ©,0F,~2id®IlL

Remark 2.8. The superalgebra isomorphism (2.5) and the Morita super-
equivalence in Lemma [2.7] have a natural generalization to any finite Weyl
group; see Khongsap-Wang [17] (and the symmetric group case here is re-
garded as a type A case).

The group B,, and the algebra H,,

Let II,, be the finite group generated by a; (i = 1,...,n) and the central
element z subject to the relations

ai =1, 2°=1, aaj=zaja; (i#]j). (2.6)

The symmetric group &, acts on I, by o(a;) = a3y, 0 € &,. The semidi-
rect product én := II,, ¥ 6&,, admits a natural finite group structure and will
be called the twisted hyperoctahedral group. Explicitly the multiplication in
En is given by

(a,0)(d',0") = (ac(d'),00"), a,d €l,,0,0' € &,.

Since I1,, /{1, 2} ~ Z%, the group En is a double cover of the hyperocta-
hedral group B,, := Z% x &,,, and the order | B,,| is 2"*1n!. That is, we have
a short exact sequence of groups

1—{1,2} — B, 2% B, — 1, (2.7)

with 6, (a;) = b;, where b; is the generator of the ith copy of Zy in B,,. We
define a Zs-grading on the group En by setting the degree of each a; to
be 1 and the degree of elements in &,, to be 0. The group B,, inherits a
Zo-grading from B, via the homomorphism 6,,.
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The quotient algebra CII,,/(z + 1) is isomorphic to the Clifford algebra
Cl,, with the identification a; = ¢;, 1 < i < n. Hence we have a superalgebra

isomorphism:

CB,/(z+1) = H,. (2.8)

A En—module on which z acts as —1 is called a spin En—module. As a

consequence of the isomorphism (2.8]), we have the following equivalence:

RT of H,, & Spin RT of En

2.5. The split conjugacy classes for B,

Recall for a finite group G, the number of simple G-modules coincides
with the number of conjugacy classes of G. The finite group B, and its
double cover B,, defined in [27) are naturally Zs-graded. Since elements in
a given conjugacy class of B, share the same parity (Zo-grading), it makes
sense to talk about even and odd conjugacy classes of B,, (and én) One
can show by using the Super Wedderburn’s Theorem that the number of
simple En—modules coincides with the number of even conjugacy classes of

B,.

For a conjugacy class € of B, 6, 1(€) is either a single conjugacy class
of B, or it splits into two conjugacy classes of En; in the latter case, C is
called a split conjugacy class, and either conjugacy class in 6, 1(€) will also
be called split. An element z € B,, is called split if the conjugacy class of x
is split. If we denote 0, (z) = {%, 22}, then z is split if and only if & is not
conjugate to zZ. By analyzing the structure of the even center of CB, using
the Super Wedderburn’s Theorem and noting that (an = CB,, ® H,,
one can show the following [11] (also see |4, Chapter 3]).

Proposition 2.9. (1) The number of simple H,-modules equals the number
of even split conjugacy classes of By,.
(2) The number of simple H,-modules of type Q equals the number of odd

split conjugacy classes of B,,.
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Denote by P the set of all partitions and by P, the set of partitions of
n. We denote by 8P, the set of all strict partitions of n, and by OP,, the set
of all odd partitions of n. Moreover, we denote

8P = | 8Pn, 0P = | 0Py,

n>0 n>0

and denote

8P = {\ €8P, | £(N) is even},
8P- = {Ae 8P, | £(\) is odd).

The conjugacy classes of the group B,, (a special case of a wreath prod-
uct) can be described as follows, cf. Macdonald [22, I, Appendix B]. Given
acycle t = (i1,...,1y), we call the set {i1,...,iy,} the support of ¢, denoted
ser bi for
I c{1,...,n}. Each element byo € B,, can be written as a product (unique

by supp(t). The subgroup Z§ of B,, consists of elements by := []

up to reordering) bro = (by,01)(br,02) . .. (br,0k), where o € &,, is a product
of disjoint cycles 0 = 07 ...0y, and I, C supp(o,) for each 1 < a < k. The
cycle-product of each by, o, is defined to be the element [, 1, bi € Zo (which
can be conveniently thought as a sign £). Let m;~ (respectively, m; ) be the
number of i-cycles of byo with associated cycle-product being the identity
(respectively, the non-identity). Then p™ = (sz )i>1 and p~ = (i™i );>1 are
partitions such that [p™| + |[p~| = n. The pair of partitions (p*, p~) will be
called the type of the element bro.

The basic fact on the conjugacy classes of B, is that two elements of B,
are conjugate if and only if their types are the same.

Example 2.10. Let 7 = (1,2,3,4)(5,6,7)(8,9),0 = (1,3,8,6)(2,7,9)(4,5) €
Sy0. Both z = ((+,+,+,—, +,+,+,— +,—),7) and y = ((+,—, —, —, +, —,
—,—,+,—),0) in Big have the same type (p™,p~) = ((3),(4,2,1)). Then x
is conjugate to y in Byg.

The even and odd split conjugacy classes of B,, are classified by Read
[27] as follows. The proof relies on an elementary yet lengthy case-by-case
analysis on conjugation, and it will be skipped (see [5, Chapter 3| for detail).

Theorem 2.11 ([27]). The conjugacy class Cy+ ,~ in B, splits if and only
if
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we have p™ € OP, and p~ = 0;
we have p* =0 and p~ € 8P, .

(1) For even C\+
(2) For odd C,+

7p77
7p77

For a € OP,, we let C! be the split conjugacy class in En which lies in
6,,1(C,.9) and contains a permutation in &,, of cycle type . Then 2€ is the
other conjugacy class in 6, (C, ), which will be denoted by €. By (Z3)
and Proposition 2.9, we can construct a (square) character table (¢q)e.a
for H,, whose rows are simple H,,-characters ¢ or equivalently, simple spin

By,-characters (with Zs-grading implicitly assumed), and whose columns are

even split conjugacy classes € for a € OP,,.

Recall the Euler identity that [SP,| = |0P,|. By Proposition 2.9 and
Theorem 2T we have the following.

Corollary 2.12. The number of simple H,-modules equals |8P,|. More
precisely, the number of simple H,-modules of type M equals |SP;"| and the
number of simple H,-modules of type @ equals |SP,|.

3. The (spin) Characteristic Map

In this section, we develop systematically the representation theory of
H.,, after a quick review of the Frobenius characteristic map for &,,. Follow-
ing [13], we define a (spin) characteristic map using the character table for
the simple J,,-modules, and establish its main properties. We review the
relevant aspects of symmetric functions. The image of the irreducible char-
acters of H,, under the characteristic map are shown to be Schur Q-functions

up to some 2-powers.

3.1. The Frobenius characteristic map

The conjugacy classes of G,, are parameterized by partitions A of n. Let

Z\ = Hzmlm,'

i>1

denote the order of the centralizer of an element in a conjugacy class of cycle

type A.
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Let R, := R(S,,) be the Grothendieck group of &,-mod, which can be
identified with the Z-span of irreducible characters x* of the Specht modules
S* for A € P,,. There is a bilinear form on R, so that (x*,x*) =4 Au- This

induces a bilinear form on the direct sum
o0
R=(PD R,
n=0

so that the R,,’s are orthogonal for different n. Here Ry = Z. In addition,
R is a graded ring with multiplication given by fg = Inng;’én( f®g) for
f€e€Ry,and g € R,,.

Denote by A the ring of symmetric functions in infinitely many variables,
which is the Z-span of the monomial symmetric functions my for A € P.
There is a standard bilinear form (-, -) on A such that the Schur functions sy
form an orthonormal basis for A. The ring A admits several distinguished
bases: the complete homogeneous symmetric functions {h)}, the elementary
symmetric functions {ey }, and the power-sum symmetric functions {py}. See
[22].

The (Frobenius) characteristic map ch : R — A is defined by

Ch(X) = Z Z;1Xupu, (3-1)
pnePn

where x,, denotes the character value of x at a permutation of cycle type
w. Denote by 1,, and sgn,, the trivial and the sign module/character of &,

respectively. It is well known that

e ch is an isomorphism of graded rings.
e ch is an isometry.
e ch(1,) = h,, ch(sgn,)=e,, ch(x})=s\.
Moreover, the following holds for any composition p of n:
ch(indeg15) = hy, (3.2)

where 6, = &, x &, X --- denotes the associated Young subgroup.
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We record the Cauchy identity for later use (cf. |22, I, §4])

S () = [[ 1= = S sws(e) (33
LEP i, Yizi  Nep

3.2. The basic spin module

The exterior algebra Cl,, is naturally an H,-module (called the basic

spin module) where the action is given by
Ci-(CiyCiy -+ 2) = CiCiy Ciy s O(Ciy Ciy - ) = Co(i)Colin) - - -5

for 0 € 6,. Let ¢ = 01...0p € &,, be a cycle decomposition with cycle
length of o; being p;. If I is a union of some of the supp(o;)’s, say I =
supp(ci,) U ... Usupp(oi,), then o(cy) = (=1)Fat-FHis=Sc; Otherwise,
o(cr) is not a scalar multiple of ¢;. This observation quickly leads to the

following.

Lemma 3.1. The value of the character £ of the basic spin H,-module at

the conjugacy class C is given by

g = 2U), a € OP,. (3.4)

The basic spin module of H,, should be regarded as the spin analogue

of the trivial /sign modules of &,,.

3.3. The ring R~

Thanks to the superalgebra isomorphism (Z.8]), H,-mod is equivalent
to the category of spin En—modules. We shall not distinguish these two
isomorphic categories below, and the latter one has the advantage that one
can apply the standard arguments from the theory of finite groups directly
as we have seen in Section 2. Denote by R, the Grothendieck group of
H,-mod. As in the usual (ungraded) case, we may replace the isoclasses of

modules by their characters, and then regard R, as the free abelian group
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with a basis consisting of the characters of the simple H,,-modules. It follows
by Corollary that the rank of R, is |8P,|. Let

[e.e]

R~ ::@R;, Ry :Z@Q@?ZRE,
n=0

n=0
where it is understood that R, = Z.

We shall define a ring structure on R~ as follows. Let H,,, be the
subalgebra of H,,4,, generated by Cly,4p and S, x &,,. For M € H,,,-mod
and N € H,,-mod, M ® N is naturally an H,, ,-module, and we define the
product

[M] : [N] = [g{m—i-n ®9{m,n (M ® N)]7

and then extend by Z-bilinearity. It follows from the properties of the in-
duced characters that the multiplication on R~ is commutative and associa-

tive.

Given spin En—modules M, N, we define a bilinear form on R and so on

Rg by letting
(M,N) = dimHomgn(M, N). (3.5)

3.4. The Schur @-functions

The materials in this subsection are pretty standard (cf. [22,12] and [5,
Appendix A]). Recall p, is the rth power sum symmetric function, and for a
partition p = (p1, po, . ..) we define p,, = pu, Py, - -+ Let @ = {x1,22,...} be
a set of indeterminates. Define a family of symmetric functions ¢, = ¢,(z),

r > 0, via a generating function

Q) =Y o) = [[ 1. (36)

k 1-— txl-
r>0 7

It follows from (3.6]) that

Q(t) = exp (2 Z p,nt7">'

r
r>1,rodd
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Componentwise, we have

In = Z 219 21, (3.7)
ac0Py

Note that go = 1, and that Q(t) satisfies the relation

Q)Q(-t) =1, (3.8)

which is equivalent to the identities:

> (-1)gg,=0, n>1.
r4+s=n
These identities are vacuous for n odd. When n = 2m is even, we obtain
that

m—1

r— 1 m
dom = Z (_1) 1(]7“q2m—7" - 5(_1) qrzn,- (39)

r=1

Let I be the Z-subring of A generated by the g,.’s:

I'= Z[Q1,QQ,(]3,- . ]

The ring I' is graded by the degree of functions: I' = @nzo I'". We set
I'g = Q®zI'. For any partition p = (1, pt2, . ..), we define

Qu = Gu9us - - - -

Theorem 3.2. The following holds for I' and I'g:

(1
(2
(3
(4

I'g is a polynomial algebra with polynomial generators pay—1 for r > 1.
{pu | € OP} forms a linear basis for I'g.

{gu | 1 € OP} forms a linear basis for I'g.

{qu | 1 € 8P} forms a Z-basis for T

~— ~— ~— ~—

Proof. By clearing the denominator of the identity

Q/(t) _ 2r
0 —2§]p2r+1t ;
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we deduce that
rqr = 2(p1¢r—1 + P3gr—3 +...).
By using induction on r, we conclude that (i) each g, is expressible as a
polynomial in terms of ps’s with odd s; (ii) each p, with odd r is expressible

as a polynomial in terms of g5’s, which can be further restricted to the odd s.
So, I'g = Q[p1,ps,--.] = Ql¢1, 4¢3, .. .], and from this (1), (2) and (3) follow.

To prove (4), it suffices to show that, for any partition A,

a\ = Z Ay

HESP,u>A

for some a,) € Z. This can be seen by induction downward on the dormi-
nance order on A with the help of (B.9]). O

We shall define the Schur Q-functions @y, for A € 8P. Let

Q(n) =qn, n=>0.

Consider the generating function

t — to

Q(t1,t2) = (Q(t1)Q(t2) — 1)t1 5

By B.8), Q(t1,t2) is a power series in t; and t2, and we write

Q(t17t2) = Z Q(r,s)tqlntg'

r,s>0

Noting Q(t17t2) = _Q(t27t1)7 we have Q(r,s) = _Q(s,r)7Q(r70) =¢q. In
addition,

S
Qrs) = ¢rs 2D (~1)'gryigs—i, 7> 5.
i=1

For a strict partition A = (A1,..., Ay,), we define the Schur Q-function

Q) recursively as follows:

m

Q)\ = Z(_1)jQ()\1’)\j)Q(A27---,5\j7---,)\7n)’ for m even,

Jj=2
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m

Q)\ = Z( )] IQ)\ Q)\h 7)\J’ Am )7 formodd.

j=1

Note that the @y above is simply the Laplacian expansion of the pfaffian of

the skew-symmetric matrix (Q(»,,;)) when m is even (possibly A, = 0).

It follows from the recursive definition of @ and ([3.9) that, for A\ € 8P,,,

Q)\ =q\+ Z dAuQ;u

MES?TL 7/1/>)\

for some dy, € Z. From this and Theorem we further deduce the follow-

ing.

Theorem 3.3. The Q) for all strict partitions \ form a Z-basis for I'.

Moreover, for any composition i of n, we have

qu = Z [?A;LQM

AESPH A>p

where I?Au € 7Z and I?M =1.

Let x = {x1,29,...} and y = {y1,y2,...} be two independent sets of
variables. We have by (3.6]) that

H 1+ zy; Z QZ(Q)Za_lpa(:E)pa(y). (3.10)

i LTI o
We define an inner product (-,-) on I'g by letting
(Parpp) = 271 208,5. (3.11)
Theorem 3.4. We have
(@x, Qu) =2Wdy,, A pesP.

Moreover, the following Cauchy identity holds:

AeSP
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We will skip the proof of Theorem [3.4]l and make some comments only.
The two statements therein can be seen to be equivalent in light of (8:10]) and
(BII). One possible proof of the first statement following from the theory
of Hall-Littlewood functions [22], and another direct proof is also available
[12]. The second statement would follow easily once the shifted Robinson-

Schensted-Knuth correspondence is developed (cf. [30, Corollary 8.3]).

3.5. The characteristic map

We define the (spin) characteristic map
ch™: Ry — I'g
to be the linear map given by
ch™(p) = Y 2'¢abas  PER,. (3.12)
acO0Py
The following theorem is due to Jézefiak [13] (see |5, Chapter 3| for an
exposition).
Theorem 3.5. [13/

(1) The characteristic map ch™ : Ry — I'g is an isometry.
(2) The characteristic map ch™ : R@ — T'g is an isomorphism of graded

algebras.

Sketch of a Proof. We first show that ch™ is an isometry. Take ¢, € R .
Since ¢ is a character of a Zs-graded module, we have the character value
vq = 0 for a ¢ OP,,. We can reformulate the bilinear form (3.3 using the

standard bilinear form formula on characters of the finite group B, as

(o) = > 2712 oaipa,

ac0?P,

which can be seen using ([B.I1)) to be equal to (ch™ (¢),ch™ (¢))).

Next, we show that ch™ is a homomorphism of graded algebras. For
peR,,,¥eR, and v € OP,,4p, we obtain a standard induced character
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formula for (¢ - 1), evaluated at a conjugacy class (“,’fyr . This together with

the definition of ch™ imply that

ch™(¢-v) = Yz (¢ ¥)ypy
yeOP

=3 > T uuepy = ch(@)ch ().

.
ZaX
Y a,Be0Paup=y P

Recalling the definition of ch™ and the basic spin character £", it follows
by (7)) and Lemma Bl that ch™ (™) = ¢,. Since ¢, for n > 1 generate the
algebra I'g by Theorem 3.2} ch™ is surjective. Then ch™ is an isomorphism of
graded vector spaces by the following comparison of the graded dimensions

(cf. Corollary and Theorem [3.2)):
dimg Ry = H(l +¢") = dim, Ig.
r>1

This completes the proof of the theorem. O

Recall from the proof above that ch™ (£") = g,,. Regarding £ = £" we
define £* for A\ € 8P using the same recurrence relations for the Schur Q-
functions Q. Then by Theorem B35, ch™(£}) = Qy, and (&, &H) = 2“”5)\”,
for A, pu € 8P.

For a partition A with length ¢(\), we set

0, if ¢()) is even,
I\ = 1
*) { 1, if ¢()) is odd. (3:13)

By chasing the recurrence relation more closely, we can show by induction

on £(\) that the element
O 2_[@);5@)@
lies in R™, for A € 8P,,. Note that

_ =)

ch (M =2""=2 Q.. (3.14)
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It follows that, for each A € 8P,

L) =8()) Z1a
=2 2 > z'Cpa

ac0P,

Given p € Py, let us denote H, = H,, ® H,, ® ---, and recall the
Young subgroup &, of &,,. The induced H,-module

M* .= J’Cn ®‘C6u 1,

will be called a permutation module of H,,. By the transitivity of the tensor

product, it can be rewritten as
M¥ =30, ®gc, (Clyy, @Clyy @--0).
Since ch™ (™) = ¢, and ch™ is an algebra homomorphism, we obtain that
ch™ (M") = qy. (3.15)

Theorem 3.6 ([13]). The set of characters ¢* for A € 8P, is a complete

list of pairwise non-isomorphic simple (super) characters of H,,. Moreover,
. LN =N
the degree of ¢ is equal to 2"~ = gy, where

n! Ai — A
gr = 15—
1<J
Sketch of a Proof. For strict partitions A, u, we have

A o ) 1 for £(X) even,
(€560 = {2 for £(\) odd, (3.16)

(¢" =0, for A
From this and Corollary 212, it is not difficult to see that either ¢} or —¢*

is a simple (super) character, first for A with ¢(\) even and then for A with
£(X\) odd.

To show that ¢ instead of —¢? is a character of a simple module, it

suffices to know that the degree of ¢* is positive. The degree formula can be
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established by induction on ¢()) (see the proof of [12, Proposition 4.13] for
detail). O

We shall denote by D* the irreducible 3(,,-module whose character is
(A, for A € 8P,,. The following is an immediate consequence of Theorem [3.3]

B.14), and (3.13).

Proposition 3.7. Let p be a composition of d. We have the following de-
composition of M* as an Hg-module:

LN)=8(N) ~
MF = @ 22 K,,D",
AESPA>

where I?Au €Z,.

4. The Schur-Sergeev Duality

In this section, we formulate a double centralizer property for the ac-
tions of the Lie superalgebra q(n) and of the algebra H,; on the tensor super-
space (C"")®4 We obtain a multiplicity-free decomposition of (C"")®? as
a U(q(n)) ® Hg-module. The characters of the simple q(n)-modules arising
this way are shown to be Schur @Q-functions (up to some 2-powers).

4.1. The classical Schur duality

Let us first recall a general double centralizer property. We reproduce
a proof below which can be easily adapted to the superalgebra setting later
on.

Proposition 4.1. Suppose that W is a finite-dimensional vector space, and
B is a semisimple subalgebra of End(W). Let A = Endg(W). Then,
EIldA(W) = B.

As an A ® B-module, W is multiplicity-free, i.e.,
w=@Puiev,

where {U;} are pairwise non-isomorphic simple A-modules and {V;} are pair-
wise non-isomorphic simple B-modules.
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Proof. Assume that V, are all the pairwise non-isomorphic simple B-
modules. Then the Hom-spaces U, := Homg(V,, W) are naturally A-modules.
By the semisimplicity assumption on B, we have a B-module isomorphism:

W%@Ua@gVa.

By applying Schur’s Lemma, we obtain

A =Endg(W) = D Endg (U, @ Vo) = @ End(U,) @ idy,,.

Hence A is semisimple and U, are all the pairwise non-isomorphic simple
A-modules.

Since A is now semisimple, we can reverse the roles of A and B in the
above computation of Endg (W), and obtain the following isomorphism:
Enda (W) = Pidy, @ End(V,) = B.
a
The proposition is proved. O
The natural action of gl(n) on C" induces a representation (wg, (C")®%)

of the general linear Lie algebra gl(n), and we have a representation (g,
(C™)®9) of the symmetric group G4 by permutations of the tensor factors.

Theorem 4.2 (Schur duality). The images wqa(U(gl(n))) and 1¥4(CSy4) sat-
isfy the double centralizer property, i.e.,

wq(U(gl(n))) =Endee, ((C")®9),
Endgn) (C")®?) =(CS,).

Moreover, as a gl(n) x &4-module,

™= P Les (4.1)

NP4, L(N)<n

where L(\) denotes the irreducible gl(n)-module of highest weight X.

We will skip the proof of the Schur duality here, as it is similar to a
detailed proof below for its super analogue (Theorems [£.7] and [L.8]).
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As an application of the Schur duality, let us derive the character formula
for chL(\) = trzfgk22 ... g Fnn |L(n)>, Where as usual £; denotes the matrix
whose (7,4)th entry is 1 and zero else.

Denote by CP4(n) the set of compositions of d of length < n. Set
W = (C")®?. Given u € CPy4(n), let W, indicate the u-weight space of W.
Observe that W, has a linear basis

e, ®...® e, with {i1,..., g} ={1,...,1,...,n,...,n}. (4.2)
M1 Hn

On the other hand, &,, acts on the basis ([@.2) of W, transitively, and the
stablizer of the basis element e}’ ® --- ® " is the Young subgroup &,.
Therefore we have W, = Indgi 1, and hence

~ ~ I
we @ w.= @ mdd'1. (4.3)
HECPy(n) HECPy(n)

This and (4.1]) imply that

P mdg= P Lesh

neCPy(n) AEP4L(N)<n

Applying the trace operator tr xf“wfﬂ ---zPm and the Frobenius charac-
teristc map ch to both sides of the above isomorphism and summing over d,
we obtain

S muz,aa)hu(z) = Y chL(M)sa(2),

HEPL(p)<n AEPL(A)<n

where z = {z1,22,...} is infinite. Then using the Cauchy identity (B3]
and noting the linear independence of the sy(z)’s, we recover the following
well-known character formula:

chL(\) = sy(z1,z2,...,Ty). (4.4)

4.2. The queer Lie superalgebras

The associative superalgebra Q(n) (defined in Section 2.2) equipped
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with the super-commutator is called the queer Lie superalgebra and denoted
by q(n). Let

I(njn) ={1,...,n,1,...,n}.

The q(n) can be explicitly realized as matrices in the n|n block form, indexed

by I(n|n):
( Z Z) , (4.5)

where a and b are arbitrary n x n matrices. The even (respectively, odd) part
gp (respectively, g7) of g = q(n) consists of those matrices of the form (4.5l)
with b = 0 (respectively, a = 0). Denote by E;; for i, j € I(n|n) the standard

elementary matrix with the (7, j)th entry being 1 and zero elsewhere.

The standard Cartan subalgebra h = hg @ b1 of g consists of matrices
of the form (4.3 with a,b being arbitrary diagonal matrices. Noting that
[b5,b] = 0 and [h7,h7] = by, the Lie superalgebra h is not abelian. The

vectors
Hi::E{j"i'Eiia 1=1,...,n,

is a basis for the hz. We let {¢|i = 1,...,n} denote the corresponding
dual basis in hg. With respect to h we have the root space decomposition
g =b®P,cp 9o with roots {e; — ;|1 < i # j < n}. For each root a we
have dimc(gq); = 1, for ¢ € Zy. The system of positive roots corresponding
to the Borel subalgebra b consisting of matrices of the form (L5]) with a,b
upper triangular is given by {e; —¢;]1 <i < j <n}.

The Cartan subalgebra ) = hgP b is a solvable Lie superalgebra, and its
irreducible representations are described as follows. Let A € b5 and consider

the symmetric bilinear form (-,-), on h; defined by
<U7 w>)\ = A([”) w])

Denote by Rad(-,-) the radical of the form (-,-)x. Then the form (-,-))
descends to a nondegenerate symmetric bilinear form on hi/Rad(-,-)x, and
it gives rise to a Clifford superalgebra Cl) := Cl(h7/Rad(-,-)»). By definition
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we have an isomorphism of superalgebras

Clx = U(h)/ I,

where I denotes the ideal of U(h) generated by Rad(:,-), and a — A(a) for
a € bg.

Let h/I C b7 be a maximal isotropic subspace and consider the subalgebra
b" = bg @ b} Clearly the one-dimensional hg-module Cuvy, defined by hvy =
A(h)vy, extends trivially to . Set

Wy = Indg,(Cv,\.

We see that the action of h factors through Cl) so that W) becomes the
unique irreducible €l -module and hence is independent of the choice of h/i'
The following can now be easily verified.

Lemma 4.3. For A € by, Wy is an irreducible h-module. Furthermore,

every finite-dimensional irreducible h-module is isomorphic to some W,.

Let V' be a finite-dimensional irreducible g-module and let W, be an
irreducible h-submodule of V. For every v € W, we have hv = u(h)v, for all
h € bg. Let o be a positive root with associated root vectors e, and €, in
n™ satisfying dege, = 0 and degé, = 1. Then the space Ce,W,, + Ce,W,,
is an h-module on which hg transforms by the character p + «. Thus by
the finite dimensionality of V' there exists A € b7 and an irreducible b-
module Wy C V such that n™W, = 0. By the irreducibility of V' we must
have U(n™ )W, = V, which gives rise to a weight space decomposition of
V= @uehg V.. The space Wy = V) is the highest weight space of V, and it
completely determines the irreducible module V. We denote V' by V().

Let £(\) be the dimension of space h7/Rad(-, ), which equals the num-
ber of ¢ such that A(H;) # 0. Then the highest weight space Wy of V(\)
has dimension 20M+9(N)/2 Tt is easy to see that the h-module W) has an
odd automorphism if and only if £(\) is an odd integer. An automorphism
of the irreducible g-module V' (\) clearly induces an h-module automorphism
of its highest weight space. Conversely, any h-module automorphism on
W) induces an automorphism of the g-module IndﬁWA. Since an automor-

phism preserves the maximal submodule, it induces an automorphism of the
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unique irreducible quotient g-module. Summarizing, we have established the

following.

Lemma 4.4. Let g = q(n), and b be a Cartan subalgebra of g. Let A € b
and V(\) be an irreducible g-module of highest weight X\. We have

1, if L(N) is even,

dim Endg(V (X)) = { 2, if £(\) is odd.

4.3. The Sergeev duality

In this subsection, we give a detailed exposition (also see [5, Chapter 3|)

on the results of Sergeev [32].

Set V = C"". We have a representation (g4, V®%) of gl(n|n), hence
of its subalgebra q(n), and we also have a representation (¥y4, V&%) of the
symmetric group &, defined by

\Ild(s,-).(vl R...0 &K Vi+1 R...Q vd)
= (—D)lillimly @ @U@ u ... Qg

where s; = (4,7 + 1) is the simple reflection and v;,v;11 € V are Zo-
homogeneous. Moreover, the actions of gl(n|n) and the symmetric group
S, on V& commute with each other. Note in addition that the Clifford
algebra Cly acts on V®?, also denoted by U :

Uy(es).(01 @ ... @ vg) = (=1)lHtvicily o @1 © Puy ... ® v,
where v; € V is assumed to be Zs-homogeneous and 1 < i < n.

Lemma 4.5. Let V = C*". The actions of &4 and Cly above give rise to
a representation (¥g, V) of 4. Moreover, the actions of q(n) and Hg on

Ve super-commute with each other.

Symbolically, we write

q(n) L ved Hogg,
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Proof. 1t is straightforward to check that the actions of G4 and Cly on V&
are compatible and they give rise to an action of Hy. By the definition of
q(n) and the definition of W4(¢;) via P, the action of q(n) (super)commutes
with the action of ¢; for 1 <i < d. Since gl(n|n) (super)commutes with &g,
so does the subalgebra q(n) of gl(n|n). Hence, the action of q(n) commutes
with the action of H, on V&4, O

Let us digress on the double centralizer property for superalgebras in
general. Note the superalgebra isomorphism

Q(m) ® Q(n) = M (mn|mn).

Hence, as a Q(m) ® Q(n)-module, the tensor product C"™™ @ C™" is a direct
sum of two isomorphic copies of a simple module (which is & (Cm”|m"), and
we have HomQ(n)((C”m,(Cm”'m”) =~ C""™ as a Q(m)-module. Let A and B
be two semisimple superalgebras. Let M be a simple A-module of type Q
and let N be a simple B-module of type Q. Then, by Lemma 23] the A ® B-
supermodule M ® N is a direct sum of two isomorphic copies of a simple
module M ® N of type M, and we shall write M ® N = 271 M ® N; Moreover,
Homg(N,27'M ® N) is naturally an A-module, which is isomorphic to the
A-module M. The usual double centralizer property Proposition [£.1] affords
the following superalgebra generalization (with essentially the same proof
once we keep in mind the Super Schur’s Lemma 2.3]).

Proposition 4.6. Suppose that W is a finite-dimensional vector superspace,
and B is a semisimple subalgebra of End(W). Let A = Endg(W). Then,
Endg(W) = B.

As an A ® B-module, W is multiplicity-free, i.e.,

w2 UV,

where 0; € {0,1}, {U;} are pairwise non-isomorphic simple A-modules, {V;}
are pairwise non-isomorphic simple B-modules. Moreover, U; and V; are of
same type, and they are of type M if and only if 0; = 0.

Theorem 4.7 (Sergeev duality I). The images Qq(U(q(n))) and ¥4(Hy)
satisfy the double centralizer property, i.e.,

Qa(U(q(n))) =Endy, (V¥9),
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Endg(n) (V) = Wg(Ha).

Proof. Write g = q(n). We will denote by Q(V') the associative subalgebra
of endomorphisms on V' which super-commute with the linear operator P.
By Lemma 5, we have Q4(U(g)) C Endge, (V).

We shall proceed to prove that Q4(U(g)) 2 Endge,(V®?). By examining
the actions of Clg on V®?, we see that the natural isomorphism End(V)®? =
End(V®?) allows us to identify Ende,(V®Y) = Q(V)®4. As we recall 3, =
Clyx &g, this further leads to the identification Endye, (V®?) = Sym?(Q(V)),
the space of Gg-invariants in Q(V)®?.

Denote by Yz, 1 < k < d, the C-span of the supersymmetrization

w(xy, ..., xE) = Z 0.(21® ... Qx, ®197F),
[gSICH

for all z; € Q(V). Note that Y; = Sym?(Q(V)) = Endg, (V7).
Let 2 = Q(x) = Z?Zl 1"'®2z® 197 for z € g = Q(V), and denote by
Xk, 1 <k <d, the C-span of 7 ... Ty for all z; € q(n).

Claim. We have Y}, C X, for 1 < k < d.

Assuming the claim, we have Q4(U(g)) = Endg, (V®9) = Endg(V®9),
for B := W, (H,). Note that the algebra Hy, and hence also B, are semisimple
superalgebras, and so the assumption of Proposition is satisfied. There-
fore, we have Endyr(g) (V%) = W 4(Hq).

It remains to prove the Claim by induction on k. The case & = 1 holds,
thanks to w(x) = (d — 1)!Z.

Assume that Y1 C Xj_1. Note that w(zy,...,25-1) - Tx € Xk. On
the other hand, we have

w(a;l,. .. ,:L’k_l) . :i’k

= Z o(r1®...0xp_1® 1d_k+1) Ty
geSy

d
= Z Z o. ((azl ®..Qxp_1 @1 (U lgr @ 1d—j)) ,
1=10€6y
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which can be written as a sum A; + Ay, where
k—1
Al = E w(ml, s LTy e ,xk_l) €Yr_1,
i=1

and

d
A :Z Z 0(21®...Qxp_1 @V F @, @177)
=k 0€6y

J
— (d— k4 Dw(ar,. .. a1, 25):

Note that A; € X}, since Y1 C X;_1 € Xi. Hence, Ay € X}, and so,
Y, € X. This proves the claim and hence the theorem. Od

Theorem 4.8 (Sergeev duality II). Let V = C"". As a U(q(n)) ® Hy-

module, we have

vele @ 27°Wv(y) e DM (4.6)
AESP4L(N)<n

Proof. Let W = V@2, Tt follows from the double centralizer property and
the semisimplicity of the superalgebra H,; that we have a multiplicity-free

decomposition of the (q(n), Hz)-module W:

w= P 27°WvNe D
AEQ (n)

where VIV is some simple q(n)-module associated to A, whose highest weight
(with respect to the standard Borel) is to be determined. Also to be deter-
mined is the index set Qg(n) = {\ € 8P4 | VN # 0}.

We shall identify as usual a weight p1 = Y1 | p;e; occuring in W with a
composition p = (1, ..., un) € CPg(n). We have the following weight space

decomposition:

W= P w, (4.7)

where W), has a linear basis e;, ® ... ® e;,, with the indices satisfying the
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following equality of sets:

Uitl oo lialy = {1, 1, ms o om).
M1 Hn

We have an Hz-module isomorphism:
W, = M*, (4.8)

where we recall M* denotes the permutation Hy-module M* = H;®ce, 14

It follows by Proposition B and #X) that VIN = @uee?d(n)wﬁk “[M’
and hence, A € Py(n) if VI =£ 0. Among all such y, clearly A corresponds to
a highest weight. Hence, we conclude that VI = V(X), the simple g-module
of highest weight A, and that Qg(n) = {\ € 8P4 | £(\) < n}. This completes
the proof of Theorem [£.8] O

4.4. The irreducible character formula for q(n)

A character of a q(n)-module with weight space decomposition M =
®M,, is defined to be

tr i gt = E dim M, - i* ... k.

=115 4m)

Theorem 4.9. Let A be a strict partition of length < n. The character of
the simple q(n)-module V (\) is given by

_ =N
2

chV(\) =2 Qx(z1, ..., Tn).

Proof. By (A1) and (48], we have

vel— P Tndgil,
HECPy(n)

Applying ch™ and the trace operator tr x{{l . xﬁ” to this decomposition of
V@4 simultaneously, which we will denote by ch?, we obtain that

Ve = N gu(z)mu()

d REPL(p)<n
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1<i<n,1<j

=Y 27 VQN(m1,. ., 22)Qn(2),

AESP

where the last equation is the Cauchy identity in Theorem [3.4]and the middle
equation can be verified directly.

On the other hand, by applying ch? to (@8] and using (3.14)), we obtain
that
Sen2(vehy = 3 2 W (h)-2m Q) (2).

d AESP,L(N)<n

Now the theorem follows by comparing the above two identities and noting
the linear independence of the Q5 (2)’s. O

5. The Coinvariant Algebra and Generalizations

In this section, we formulate a graded regular representation for J,,
which is a spin analogue of the coinvariant algebra for &,. We also study
its generalizations which involve the symmetric algebra S*C™ and the exte-
rior algebra A*C". We solve the corresponding graded multiplicity problems
in terms of specializations of Schur @-functions. In addition, a closed for-
mula, for the principal specialization Q¢(1,t, t2,...) of the Schur Q-function
is given.

5.1. A commutative diagram

Recall a homomorphism ¢ (cf. |22, III, §8, Example 10]) defined by

po: AN—T,
20, for r odd,
r) = 5.1
#lpr) { 0, otherwise, (5.1)

where p, denotes the rth power sum. Denote

1) = S = [ =ew (L 155),

n>0 % r>1
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Note that Q(t) from (3.6) can be rewritten as

Q(t) = exp (2 Z p,;tr

r>1,r odd

and so we see that
e(H(t) = Q(t). (5:2)

Hence, we have ¢(h,) = g, for all n > 0, and
o(hu) = qu, Yne?P. (5.3)

Given an &,-module M, the algebra H, acts naturally on Cl, ® M,
where Cl,, acts by left multiplication on the first factor and &,, acts diago-

nally. We have an isomorphism of H,-modules:

Cl, ® M = Indjig M. (5.4)

Following [41], we define a functor for n > 0

P, :6,-mo0 — H,-mo0
@, (M) = ind('g M.

Such a sequence {®,} induces a Z-linear map on the Grothendieck group

level:
d:R— R,
by letting ®([M]) = [®,(M)] for M € &,,-mod.

Recall that R carries a natural Hopf algebra structure with multiplica-
tion given by induction and comultiplication given by restriction [47]. In the
same fashion, we can define a Hopf algebra structure on R~ by induction and
restriction. On the other hand, Ag = Q[p1,p2,ps,...] is naturally a Hopf
algebra, where each p, is a primitive element, and I'g = Q[p1,p3,ps,...] is
naturally a Hopf subalgebra of Ag. The characteristic map ch : Rg — Ag is
an isomorphism of Hopf algebras (cf. [47]). A similar argument easily shows

that the map ch™ : R@ — I'g is an isomorphism of Hopf algebras.
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Proposition 5.1. [41] The map ® : Ry — Rg is a homomorphism of Hopf
algebras. Moreover, we have the following commutative diagram of Hopf

algebras:

Ry —— Ry
chl% ch*l% (5.5)

AQ L} FQ
Proof.Using (3.2)) and (5.3) we have
gp(ch(indggz 1)) = gy
On the other hand, it follows by (B3] that
— . (CGTL . — /. g{n .
ch ((I)(deGH 1,)) =ch (md(cguln) = qQu-

This establishes the commutative diagram on the level of linear maps, since
R,, has a basis given by the characters of the permutation modules indggzln

for p € Py,

It can be verified easily that ¢ : Ag — I'g is a homomorphism of Hopf
algebras. Since both ch and ch™ are isomorphisms of Hopf algebras, it follows
from the commutativity of (5.5]) that ® : Rg — Ry, is a homomorphism of
Hopf algebras. O

We shall use the commutation diagram (5.5]) as a bridge to discuss spin
generalizations of some known constructions in the representation theory of

symmetric groups, such as the coinvariant algebras, Kostka polynomials, etc.

5.2. The coinvariant algebra for G,

The symmetric group &,, acts on V = C" and then on the symmetric
algebra S*V, which is identified with C[z1, ..., z,] naturally. It is well known
that the algebra of &,-invariants on S*V, or equivalently Clxy, ..., z,]%", is
a polynomial algebra in ey, es,...,e,, where ¢; = ¢;[x1,...,x,]| denotes the

ith elementary symmetric polynomial.
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For a partition A = (A1, Ag,...) of n, denote

n(A) = (i— 1)\ (5.6)
i>1
We also denote by h;; = A\; + )\;- — 14— j+ 1 the hook length and c;; = j —1

the content associated to a cell (7, ) in the Young diagram of .

Example 5.2. For A = (4,3,1), the hook lengths are listed in the corre-

sponding cells as follows:

413[1]
2

—_

|>—~hu®

In this case, n(\) = 5.

Denote by t* = (1,t,t2,...) for a formal variable t. We have the following

principal specialization of the rth power-sum:

The following well-known formula (cf. [22, I, §3, 2]) for the principal spe-
cialization of s) can be proved in a multiple of ways:
tn()\)

i jen —tha)

s\(£) (5.7)

Write formally
SV =Y (V).

Jj=0

Consider the graded multiplicity of a given Specht module S* for a partition
A of n in the graded algebra S*V, which is by definition

fa(t) := dim Homg,, (S*, S;V).
The coinvariant algebra of &, is defined to be

(S*V)g, = S*V/I,
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where I denotes the ideal generated by eq,...,e,. By a classical theorem of

Chevalley (cf. [14]), we have an isomorphism of &,,-modules:

SV = (8*V)s, @ (S*V)5n, (5.8)

Define the polynomial
fA(t) := dimHomg, (S*, (S;V)e,,).

Closed formulas for fy(t) and f*(t) in various forms have been well known
(cf. Steinberg [35], Lusztig [20], Kirillov [15]). Following Lusztig, f*(t) is
called the fake degree in connection with Hecke algebras and finite groups
of Lie type. We will skip a proof of Theorem [£.3] below, as it can be read
off by specializing s = 0 in the proof of Theorem [5.4l Thanks to (5.8]), the

formula (5.10) is equivalent to (B.9]).

Theorem 5.3. The following formulas for the graded multiplicities hold:
(N

[T pen(1 —thi)’

N1 =1 —12)... (1=t

) = Moo= ) : (5.10)

Nt) =

(5.9)

Note that the dimension of the Specht module S* is given by the hook

formula
n!

B H(i,j)e)\ hij.
Setting ¢ — 1 in (5.I0) confirms that the coinvariant algebra (S*V)g, is a

regular representation of &,,.

@)

5.3. The graded multiplicity in S*V @ A*V and S*V ® S*V

Recall that © = {x1,x9,...} and y = {y1,9,...} are two independent
sets of variables. Recall a well-known formula relating Schur and skew Schur

functions: sx(z,y) = 3_,c) $p(2)s/p(y). For A € P, the super Schur function
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(also known as hook Schur function) hsy(z;y) is defined as

hsx(z;y) Zsp T)Sx /(Y (5.11)
PCA

In other words, hsy(x;y) = wy(sx(x,y)), where w, is the standard involution
on the ring of symmetric functions in y. We refer to [5, Appendix A] for

more detail.

Since wy(pr(y)) = (=1)""'pr(y), pr(z1y) = wy(p(x,y)) for r > 1is
given by

y) =Y @i =) ()"
i j

Applying w, to the Cauchy identity (B3] gives us

oy e+ ysze)
)%Ds,\(z)h&\(x, y) = =z (5.12)

Let a, b be variables. The formula in [22, Chapter I, §3, 3] can be interpreted

as the specialization of hsy(z;y) at © = at® and y = bt*:

hsy(at®; bt*) = "N H % (5.13)
(1,5)EX

The &,,-action on V' = C" induces a natural &,,-action on the exterior

algebra
NV =P V.
§=0

This gives rise to a Z4 x Zy bi-graded C&,,-module structure on

SVeNV= P SVe~nv
120,0<5<n
Let s be a variable and write formally

AV =D s (NT).
§=0
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Let .]/C\)\(t, 5) be the bi-graded multiplicity of the Specht module S for A € P,,
in S*V ® A*V, which is by definition

f)\(t, s) = dim Homg, (57, S,V ® AsV).
Theorem 5.4. Suppose A € P,,. Then

1. fa(t, s) = hsy(t%; st®).

n . tn(k)n(i,j)ex(l‘f‘“c”) ~ Mg jext+st/7h)
2. f)\(t,s) — hs — 12
[T, yex(1=t"9) [, yex(1=t"7)

Formula (2) above in the second expression for f)\(t, s) was originally
established with a bijective proof by Kirillov-Pak [16], with (¢’ + st/) being
corrected as (#~! + st/~1) above. Our proof below is different, making clear
the connection with the specialization of super Schur functions.

Proof. 1t suffices to prove (1), as (2) follows from (5.13) and (1).

By the definition of f)\(t, s) and the characteristic map, we have

ch(SV @ AsV) = Fa(t, s)sa(z). (5.14)

Take 0 = (1,2,...,p1)(1 + 1,..., 01 + p2)--- in &, of type u =
(1, b2y - .y pg) with £ = ¢(u). Note that o permutes the monomial basis
for S*V, and the monomials fixed by ¢ are of the form

(331332 . l’ul)al (ZE“1+1 . $“1+“2)a2 N (xﬂl+---+ﬂe—1+1 . $n)a£7

where a1 ...,ap € Z,. Let us denote by dz; ...,dz, the generators for A*V.
Similarly, the exterior monomials fixed by ¢ up to a sign are of the form

(dridzs . . . d:zsm)b1 (dep, 41 - .. dl‘u1+u2)b2 v (dx oy 41 - d:pn)b‘f,
where by ..., by € {0,1}. The sign here is (—1)2:bi(#i=1),
From these we deduce that

£ s £ . (s —
wolsvenw = 3 S STy
at,...,a>0,(b1,...,be) EZY

(1= (=)@ = (=s)")... (1 = (=s)")
(1 — ) (1 —tr2) ... (1 —tHe) ’
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We shall denote [u"]g(u) the coefficient of 4™ in a power series expansion of

g(u). Applying the characteristic map ch, we obtain that

ch(S:V @ AV) (5.15)
1= (=9)M) (A~ (=9)")... (1 = (—8)“")]9
= # (1 — ) (1 —tH2) ... (1 — the) K
= [u"] Z z;lu‘“‘pu(t'; st®)pu
nep
1 4 ust! z;
31301:[ 1 —utiz
= Z hsx(t®%; st®*)sx(z),
AePy,

where the last equation used the Cauchy identity (5.12)). By comparing

(5I4) and (BI5]), we have proved (1). O

We can also consider the bi-graded multiplicity of Specht modules S*
for A € P, in the C&,-module S*V ® S*V, which by definition is

fi(t, s) = dim Homg, (57, 5,V ® S,V).

Theorem 5.5. [1] We have fy(t,s) = s5(t°s*), for A € P, where t*s* indi-
cates the variables {t/s* | j,k > 0}.

Proof. By the definition of ﬁ\(t, s), we have
ch(S;V @ S,V) = fa(t, s)sx(2). (5.16)
Arguing similarly as in the proof of Theorem [£.4] one deduces that

ch(S,V ® S,V) (5.17)

1 1
_ -1 .
;Z (1t )(1—ti2) .. (1 —the) (1 — sm)(L—sh2)... (1 she)lr
12 n

Zz Lultlp, (1°5%)p,

neP

H H 1—utﬂsk’

7,k>0 1



132 J. WAN AND W. WANG [March

= Z sa(t%s®)sa(2),

AE:P7L

where the last equation used the Cauchy identity (B.3]). The theorem is
proved by comparing (5.16) and (B.I7). O

Remark 5.6. By (5.8) and Theorem [5.5], the graded multiplicity of S for
A € P, in the &,-module (S*V)g, @ (S*V)e,, is [ [, (1—t")(1—s")sx(t*s®).
This recovers Bergeron-Lamontagne [1, Theorem 6.1 or (6.4)].

5.4. The spin coinvariant algebra for H,

Suppose that the main diagonal of the Young diagram A contains r cells.
Let o; = X\; — ¢ be the number of cells in the ith row of A\ strictly to the
right of (i,7), and let 3; = X, — i be the number of cells in the ith column of
A strictly below (i,7), for 1 <i <r. We have oy > ag > --- > «,, > 0 and
81> B2 > -+ > (B, > 0. Then the Frobenius notation for a partition is A =
(a1y...,00|B1,...,0). For example, if A = (5,4,3,1) whose corresponding
Young diagram is

then o = (4,2,0),8 = (3,1,0) and hence A = (4,2,0/3,1,0) in Frobenius
notation.

Suppose that £ is a strict partition of n. Let £* be the associated shifted

diagram, that is,
¢ ={0G,5) | 1<i<IN),i<j<X\+i-1}

which is obtained from the ordinary Young diagram by shifting the kth row
to the right by k — 1 squares, for each k. Denoting ¢(§) = ¢, we define
the double partition 5 to be E = (&,..,&&E — 1,6 —1,...,§ — 1) in
Frobenius notation. Clearly, the shifted diagram &* coincides with the part
of E that lies above the main diagonal. For each cell (i,j) € £*, denote by

h;; the associated hook length in the Young diagram &, and set the content

Cij :j—’i.
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Example 5.7. Let £ = (4,3,1). The corresponding shifted diagram £* and

double diagram E are

£ = §

The contents of £ are listed in the corresponding cell of £* as follows:

[0]1
0

3
2

BEE

The shifted hook lengths for each cell in &* are the usual hook lengths for
the corresponding cell in £*, as part of the double diagram &, as follows:

723? 715]4]2
: 131
1]

Since (S*V)g, is a regular representation of &,, Cl, ® (S*V)g, is a

n

regular representation of H,, by (5.4]). Denote by

d¢(t) = dim Homg, (D%, Cl,, ® S, V),
d*(t) = dim Homg, (D%, Cl, ® (S¢;V)s,, ).

The polynomial d¢(t) will be referred to as the spin fake degree of the simple
H,-module D¢, and it specializes to the degree of D¢ as t goes to 1. Note

d*(t) = de(t) [Tr_y (1 — 7).
Theorem 5.8 ([40]). Let & be a strict partition of n. Then

£&)=3(&)
2

1. dg(t) =27 Qg(t.).

2. d*(t) = 9~ O3 n(e) 7:1(1—”)H(i,]-)eg**(lﬂ%j).
H(i,j)eg*(l—thij)

Proof. Let us first prove (1). By Lemma [B.I] the value of the character
&™ of the basic spin H,-module at an element ¢ € &,, of cycle type pu €
0Py, is §; = 2{1) When combining with the computation in the proof of
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Theorem [5.4], we have

(1)
— i) (1 —tm2) ... (1 —tme)

Applying the characteristic map ch™ : R~ — I'g, we obtain that

24(1)
_ . 1
ch (ezn®stv)—u€§o; SN ey ey e s e R CRL)
= [u"] Y 21 e, (),
neo?
H H 1+Ut Zi
1 —ut™z;
m>0 ¢
= > 270Q(t*)Q¢(),
AESP,,

where the last two equations used (3.10) and the Cauchy identity from The-
orem [3.4l It also follows by (3.14]) and the definition of d¢(t) that

— £(&)+6(8) 5(&)
ch™(Cly@SV)= Y 27 2 de()Qe(2)-

€e8Py,

Comparing these two different expressions for ch™(Cl,,®S;V') and noting
the linear independence of Q¢(z), we have proved (1). Part (2) follows by
(1) and applying Theorem below. O

Theorem 5.9. The following holds for any £ € 8P:

Theorem [£.9] in a different form was proved by Rosengren [28] using
formal Schur function identities, and in the current form was proved in |40,
Section 2] by setting up a bijection between marked shifted tableaux and
new combinatorial objects called colored shifted tableaux. The following

new proof follows an approach suggested by a referee of [40].

Proof. Recall the homomorphism ¢ : A — T' from (5.1)). For A € P, let
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Sy € I be the determinant (cf. [22, III, §8, 7(a)])
Sx = det (g, —i+j)-
It follows by the Jacobi-Trudi identity for s) and (5.3]) that
@(s1) = i (5.19)

Applying ¢ to the Cauchy identity (B.3) and using (5.2]) with ¢ = z;, we
obtain that

[T 2% = 3 s 2)8h @) (5.20)

Do =@z
1,521 Ae?P

This together with (5.12]) implies that

Sx(x) = hsy(z;x). (5.21)

Recall the definition of the double diagram £~ from Section 5.4. It follows
from [46, Theorem 3] (cf. |22, III, §8, 10]) that

plsg) =2710QF, Ve €8Py,

and hence by (519) we have
Qf =2"08;, V¢ €8P, (5.22)
By (5I3) and (5.21I]), we have

3 1+ 1% !
($*) — n(§) —
S:t*) =t Ilji?z II:Ti?E_' (5.23)
(1.4) €€ (1,4)€€
Let ¢ = 4(¢). Denote by H, the rth hook which consists of the cells
below or to the right of a given cell (r,r) on the diagonal of 5 (including

(r,7)). For a fixed r, we have

- . t?”—l +t$1'+7"_1 _ o
H (tz 1 4t 1) — ( T ) H (tr 1 4t 1)2
(i,j)EHr r<j<&+r—1
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1+t ,
(rj)€g*

Hence,

I[Ie*+e =11 I ¢ '+¢ (5.24)

(i.j)€€ 1<r<t (i,j)€H,
¢
r=1 (irj) €™

On the other hand, for a fixed i, the hook lengths h;; for (i, j) € € with
J > 1 are exactly the hook lengths hj; for (i, j) € §*, whichare 1,2,...,&, &+
it1,&i+8iv2, - -+, &+ & with exception &§ —&iy1,§ —&ita, - -+ & —&e (cf. [22,
II1, §8, 12]). Meanwhile, one can deduce that the hook lengths hy; for (k, i) €
€ with k > i for a given i are 1,2, ...,& — 1,26, &+ &1, &+ Einas o, &+ &

with exception & — &+1,& — Eiva, - -, & — & This means
Loy g :
~ghi) = BEUACE § il e 6
H~(1 th7) = H (1—=1") H ke H (1—t"5) H(1+t ).
(i,5)€€ (4,5)€€ i=1 (i,5)€&* i=1

(5.25)
Now the theorem follows from (5.22]), (5:23]), (5.24]), and (5.25). O

Remark 5.10. The formulas in Theorem [B.8] appear to differ by a factor
20(6) from |40, Theorem A] because of a different formulation due to the type

Q phenomenon.

5.5. The graded multiplicity in Cl,, ® S*V ®A*V and Cl, ® S*V @ S*V

Similarly, we can consider the multiplicity of D¢ for & € 8P, in the
bi-graded H,,-modules Cl,, ® S*V @ A*V and Cl,, ® S*V ® S*V, and let

de(t, s) = dim Homgg, (DS, €L, @ S,V @ AV),

de(t,s) = dim Homg, (D, €1, ® S,V ® SsV).

Theorem 5.11. Suppose & € 8P,. Then



2012] LECTURES ON SPIN REPRESENTATION THEORY 137

~ _tN=s0) o
(1) de(t,s) =272 Qelt®, st*).
L(N)=8(N\)

(2) delt,s) =272 Qelts®).

Part (1) here is [40, Theorem C] with a different proof, while (2) is new.

Proof. By Lemma B.1] and the computation at the beginning of the proof
of Theorem [5.4], we have

ol(1) . (I = (=s)")(1 = (=s5)2)...(1 = (=s)")
Ty ()

trolen, 08, very =

for any o € &,, of cycle type pu = (u1, p2,...) € OP,. Applying the charac-
teristic map ch™ : R~ — I'g, we obtain that

ch™ (Cl,, ® StV @ AsV)

21— (=)0 = (=5)) (L= (—5)")
2 & (1 — tm) (1 — t#2). .. (1 — tue)

Pu
pneOPy

un] Y 2 el (10 5t%)py,
neoP
14+ utiz 1+ ust? z;
_ n
- ]HH 1—utiz; 1 —ustiz
720 1@
= > 270Qc(t*, 5t°)Qe(2), (5.26)

AESP,

where the last two equalities used ([B.I0) and Cauchy identity from Theo-
rem 3.4l Tt follows by (3.I4]) and the definition of cjg(t, s) that

h(ClL @ SV & AV) = S 270 de (1, 5)Qe(2).
£e8Py,

Comparing these two different expressions for ch™ (Cl,, ® S;V ® AsV) and

noting the linear independence of the Q¢(2)’s, we prove (1).
Using a similar argument, one can verify (2) with the calculation of the

character values of S*V ® S*V in the proof of Theorem at hand. O

Remark 5.12. It will be interesting to find closed formulas for s)(¢*s®) and
Qs (t°, st®).



138 J. WAN AND W. WANG [March
6. Spin Kostka polynomials

In this section, following our very recent work [41] we introduce the spin
Kostka polynomials, and show that the spin Kostka polynomials enjoy fa-
vorable properties parallel to the Kostka polynomials. Two interpretations
of the spin Kostka polynomials in terms of graded multiplicities in the rep-
resentation theory of Hecke-Clifford algebras and ¢-weight multiplicity for
the queer Lie superalgebras are presented.

6.1. The ubiquitous Kostka polynomials

For A\, € P, let Ky, be the Kostka number which counts the number
of semistandard tableaux of shape A and weight u. We write |A| = n for
A € P,. The dominance order on P is defined by letting

A>pus|M=|pland A\ 4+ ...+ N>+ .+, Vi > 1

Let A, € P. The Kostka(-Foulkes) polynomial K}, (t) is defined by
i‘) = Z K)\u(t)P,u(x; t)7 (61)
m

where P,(z;t) are the Hall-Littlewood functions (cf. [22, III, §2]). The
following is a summary of some main properties of the Kostka polynomials.

Theorem 6.1 (cf. [22](III, §6)). Suppose A\,u € P,. Then the Kostka
polynomials Ky, (t) satisfy the following properties:

(1) K),(t) =0 unless A > p; Kx(t) = 1.
(2) The degree of Ky, (t) is n(u) — n(A).
(3) Kxu(t) is a polynomial with non-negative integer coefficients.
(4) Km( ) = Ko
(5) Ky (t) = "0,
n(\) (1 — 2y (1 -
(6) K)\(ln _t 1-t)1—t)---(1—t )

[Tii jyen(d —t"9)

Let B be the flag variety for the general linear group GL,(C). For a
partition p of n, the Springer fiber B, is the subvariety of B consisting
of flags preserved by the Jordan canonical form J, of shape p. According
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to the Springer theory, the cohomology group H*®(B,) of B, with complex
coefficient affords a graded representation of &,, (which is the Weyl group
of GL,(C)). Define C,(t) to be the graded multiplicity

Cou(t) =Yt Homeg, (S*, H*(B,,)). (6.2)
>0

Theorem 6.2 (cf. [22](III, 7, Ex. 8), [71](5.7)). The following holds for
Ap € P:

Fou(t) = Ca (4117,

Denote by {e1,...,€,} the basis dual to the standard basis {E; | 1 < i <
n} in the standard Cartan subalgebra of gl(n). For A\, u € P with £(A) < n
and ¢(p) < n, define the g-weight multiplicity of weight p in an irreducible
gl(n)-module L(\) to be

mh(t) = I (),

where the product ], is over all positive roots {e; —¢; | 1 <i < j < n}

for gl(n) and [e]f(e,...,e") denotes the coefficient of the monomial e
in a formal series f(e,...,e“). A conjecture of Lusztig proved by Sato
[14, 121] states that

Ku(t) = m)(0). (6.3)

Let e be a regular nilpotent element in the Lie algebra gl(n). For each u € P
with £(u) < n, define the Brylinski-Kostant filtration {J¥(L()),)}x>0 on the
p-weight space L(\), with

JELN)) ={v e LN, | o =0}
Define a polynomial «,,(t) by letting

() = Y (dim JELN)) L TEH L)) )

k>0

The following theorem is due to R. Brylinski (see [2, Theorem 3.4] and

©.3))-
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Theorem 6.3. Suppose A\, i € P with £(X) <n and () < n. Then we have

K)\,u (t) = Yu (t) .

6.2. The spin Kostka polynomials

Denote by P’ the ordered alphabet {1’ <1< 2 <2< 3 <3---}. The
symbols 1/,2'/3' ... are said to be marked, and we shall denote by |a| the
unmarked version of any a € P’; that is, |k/| = |k| = k for each k € N. For a
strict partition £, a marked shifted tableau T of shape &, or a marked shifted
&-tableau T, is an assignment T : ¥ — P’ satisfying:

(M1) The letters are weakly increasing along each row and column.
(M2) The letters {1,2,3,...} are strictly increasing along each column.

(M3) The letters {1’,2/,3/,...} are strictly increasing along each row.

For a marked shifted tableau T of shape &, let a be the number of cells
(1,7) € & such that [T'(i,5)| = k for & > 1. The sequence (a, a2, as,...)
is called the weight of T. The Schur @Q-function associated to £ can be
interpreted as (see [30, 136, 22])

Qg(IL’) = Z :L,T’
T

where the summation is taken over all marked shifted tableaux of shape &,

and 27 = 2{ 25225 - -+ if T has weight (aq, g, as,...). Set

K = #{T | T is a marked shifted tableau of shape £ and weight u}.
Then we have
Qe(x) = > Kgmyu(x), (6.4)
o
where K f_u is related to k&u appearing in Theorem by

— VA >
K., =2"0Ke,.
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Definition 6.4. [41] The spin Kostka polynomials K (t) for £ € 8P and
u € P are given by

Qe(x) =Y K¢, (1) Pulw;t). (6.5)
I
For £ € 8P, write
Qe(r) = bexsa(w), (6.6)
\eP

for some suitable structure constants be.

Proposition 6.5. The following holds for & € 8P and p € P:

Ko, (1) = bexKu(b).
\e?

Proof. By (6.1 and (6.6]), one can deduce that

S Ko (OPu(mit) = Y beaKu(t) Pula;t).
Iz ApEPn
The proposition now follows from the fact that the Hall-Littlewood functions
P, (x;t) are linearly independent in Z[t] @z A. O
The usual Kostka polynomial satisfies that K, (0) = dy,. It follows
from Proposition that

KZ,(0) = b
For £ € 8P, \ € P, set

gex = 2_2(5)b§)\. (67)

Up to some 2-power, gey has the following interpretation of branching
coefficient for the restriction of a q(n)-module V(X) to gl(n).

Lemma 6.6. As a gl(n)-module, V(§) can be decomposed as

L(E)+5(E)
V2 P 2T galn.

AEPL(N)<n
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Proof. 1t suffices to verify on the character level. The corresponding char-
acter identity indeed follows from (6.6, (61) and Theorem [L9 as the
character of L()\) is given by the Schur function sy. O

Lemma 6.7. [306, Theorem 9.3] [22, III, (8.17)] The following holds for
e8P, ANeP:

gex € Zy; gex =0 unless E > Xy gee = 1. (6.8)

Stembridge [36] proved Lemma by providing a combinatorial for-
mula for g¢y in terms of marked shifted tableaux. We give a representation

theoretic proof below.

Proof. 1t follows by Lemma that gey > 0, and moreover, gey = 0 unless
& > X (the dominance order for compositions coincide with the dominance
order of weights for q(n)). The highest weight space for the q(n)-module
V(&) is We, which has dimension 2Z(E)+6(E) Hence, g¢e = 1, by Lemma

again.

By Theorem 9] 2_wchV(§) = 27UOQ(x1,...,x,), which is known

to lie in A, cf. [22] (this fact can also be seen directly from representation the-
ory of q(n)). Hence, 2= Q(xy,...,z,) is a Z-linear combination of Schur
polynomials sy. Combining with Lemma [6.6] this proves that gey € Z. 0O

The following is a spin counterpart of the properties of Kostka polyno-
mials listed in Theorem [6.1]

Theorem 6.8. [41] The spin Kostka polynomials Kf_u(t) for& € 8Py, u e Py,
satisfy the following properties:

(1) K, (t) =0 unless § = p; Kg(t) = L&)

(2) The degree of the polynomial K¢, (t) is n(p) — n(§).

(3) 2 u(t) s a polynomial wzth non-negative integer coefficients.
(4) K ( )= K¢, K, (—1) =25,

(5) Ky, (6) = 0TI (1 + £179).

O =) (1= 12) - (1= ") [Ti jyeer (1 + )
[T jpee- (1 = 1"9)

(6) Kg(ln)m =
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Proof. Combining Theorem [6.1)(1)-(3), Lemma and Proposition [6.5]
we can easily verify that the spin Kostka polynomial Kg_u(t) must satisfy
the properties (1)-(3) in the theorem. It is known that P,(x;1) = m, and
hence by (6.4) we have K. (1) = K, Also, Q¢ = 2/€) Py (25 —1), and
{P,(x;-1) | p € P} forms a basis for A (see [22, p.253]). Hence (4) is

proved.

By [22, 111, §3, Example 1(3)] we have

H L+ wl _ Z T+ Y Py(x5t). (6.9)

Comparing the degree n terms of (6.9) and (3.6]), we obtain that

()
Quy(@) = qu(z) = > _ "W [ + ") Bu(ast).

peEPn j=1

Hence (5) is proved.
Part (6) actually follows from Theorem [5.8] and Theorem [6.10] in Sec-

tion 6.3 below, and let us postpone its proof after completing the proof of
Theorem [6.10 O

6.3. Spin Kostka polynomials and graded multiplicity

Recall the characteristic map ch and ch™ from (3] and (3I2]). Note

that ch™ is related to ch as follows:
ch™(¢) = ch(res{g ¢), for (€ R,. (6.10)

Recall that the &,-module S* and H,-module D¢ have characters given
by x* and (%, respectively. Up to some 2-power as in Lemma 6.6, g¢) has

another representation theoretic interpretation.

Lemma 6.9. Suppose £ € 8P, A € P,,. The following holds:

£E+5(9)
dim Homg, (DS, indgénS)‘) — 9" gex-
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Proof. Since the H,-module ind?cfgn S* is semisimple, we have

dim Homg, (DS, indgén S*) = dim Homye, (ind?c{gn SA, Df)
= dim Homgsg, (S?, resgéan)
=(sx, ch(res?c%an))

=(sx,ch™(D%))
_ =50

Qe(2))

:(S)n
L(&)+8(8)
=2 2 gens

where the second equation uses the Frobenius reciprocity, the third equation

uses the fact that ch is an isometry, the fourth, fifth and sixth equations

follow from (€.10]), (B.14) and (6.6]), respectively. O

For p € P, and £ € 8Py, recalling (G.2)), we define a polynomial C¢,(t)
as a graded multiplicity of the graded H,,-module ind?c{gnH *(Bu) =Cl,®
H*(B.):

Co(t) =t ( dim Homy, (DS, €L, ® Hz"(BM))>. (6.11)

i>0
Theorem 6.10 ([41]). Suppose & € 8P, u € Py,. Then we have

)7
K- (t) _ 25(5 25(5) -

¢ (0.

Proof. By Proposition and Theorem [6.2] we obtain that
Ko (1) = Y bexFou(t) = D beaChu(t™ "™,
AeP, AEP,
On the other hand, we have by Lemma that

Cot)y=> "t (dim Homg, (D, indggnHQi(BM))>
i>0

= Z Ch,u(t) dim Homygg, (D, ind?c%n SM)
A

_(&)—5(8)
=2 2 Z bg)\C)\“(t).
AE:P‘IL
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Now the theorem follows by comparing the above two identities. O
With Theorem[6.I0lat hand, we can complete the proof of Theorem[6.8((6).

Proof of Theorem [6.8(6). Suppose { € 8P,,. Observe that B(ny = B
and it is well known that H®(B) is isomorphic to the coinvariant algebra of
the symmetric group &,,. Hence by Theorem 5.8 we obtain that

ICEG] M=) (1=17) - (1= ") T] s jyeer (1 +99)
5
H(Lj)e{*(l — ")
where £* is the shifted diagram associated to &, ¢;;,h;; are contents and

shifted hook lengths for a cell (i,j) € . This together with Theorem [6.10]

gives us

Ceamy(t)=d* (1) =2

)

O (1 — ) (1= ) T jyeer (1 +179)
H(i,j)eg*(l - t_th)
- 4O+ jeer M= )1 —t2) - (1 — ) [T jyee (1 + )
2205 eex Cis i jyee (1 - thi)
B O =) (1= 1%) - (1= ") [T(s jyee- (1 + )
i [ jpee- (1= ")
where the last equality can be derived by noting that the contents c;; are
0,1,...,& — 1 and the fact (cf. [22, III, §8, Example 12]) that in the ith row
of &, the hook lengths h;; for i < j < §+i1—1larel,2,...,§,§+&iv1,&6 +
it2, -, & + & with exception & — &1, & — Sivo, -+ &G — & O

Keam(®) =

)

6.4. Spin Kostka polynomials and ¢g-weight multiplicity

Observe that there is a natural isomorphism q(n); = gl(n). Regarding
a regular nilpotent element e in gl(n) as an even element in q(n), for £ €
8P, € P with £(§) < n,l(n) < n, we define a Brylinski-Kostant filtration
{JE(V(€),) }rzo on the p-weight space V(€),, of the irreducible q(n)-module
V (&), where

JEV () ={v e V(| v=0}.
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Define a polynomial ’ygu(t) by letting

Yeut) = (dim Jg(V(g)“)/Jj—l(v(@u))tk,

k>0

We are ready to establish the Lie theoretic interpretation of spin Kostka
polynomials.

Theorem 6.11. [41] Suppose & € 8P, u € P with £(§) < n,l(u) < n. Then

we have

_ LO—-6E) _

Proof. The Brylinski-Kostant filtration is defined via a regular nilpotent
element in gl(n) = q(n)g, and thus it is compatible with the decomposition
in Lemma Hence, we have JF(V(£),) = @,@wg@\ﬁ“ (L(A)p)- It
follows by the definitions of the polynomials 7, (t) and y,(t) that

_ (Q+5(©)
Ve =D 277 goma(t),
X

Then by Theorem [6.3] we obtain that

_ £(8)+6(8) _L&)—4(8)
’yfu(t) = Z 2 2 gg)\K)\u(t) = Z 2 2 bg)\K)\u(t).
A A

This together with Proposition proves the theorem. O

Remark 6.12. We can define spin Hall-Littlewood functions H (z;t) via
the spin Kostka polynomials as well as spin Macdonald polynomials H,, (z;q,
t) and the spin ¢, t-Kostka polynomials K €_u(q’ t). The use of ® and ¢ makes
such a g, t-generalization possible (see [41] for details). There is also a com-
pletely different vertex operator approach developed by Tudose and Zabrocki
[37] toward a different version of spin Kostka polynomials and spin Hall-
Littlewood functions, which did not seem to admit representation theoretic

interpretation.
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7. The Seminormal form Construction

In this section, we formulate the seminormal form for the irreducible
H,-modules, analogous to Young’s seminormal form for the irreducible CS,,-
modules. Following the independent works of [9] and [39] (which was built
on the earlier work of Nazarov [23]), we first work on the generality of affine
Hecke-Clifford algebras, and then specialize to the (finite) Hecke-Clifford
algebras to give an explicit construction of Young’s seminormal form for the

irreducible H,,-modules.

7.1. Jucys-Murphy elements and Young’s seminormal form for G,

The Jucys-Murphy elements in the group algebra of the symmetric group
G,, are defined by
L= > (k) (7.1)
1<j<k
where (7, k) is the transposition between j and k. Observe that Ly is the
difference between the sum of all transpositions in & and the sum of all
transpositions in G;_1. Hence the Jucys-Murphy elements L1, ..., L, com-

mute and act semisimply on irreducible C&,,-modules.

The Gelfand-Zetlin subalgebra A,, of C&,, is defined to be the subalge-
bra consisting of the diagonal matrices in the Wedderburn decomposition of
C6,,. It is not difficult to show by induction on n (see |24, Corollary 4.1]
and |18, Lemma 2.1.4]) that A, is generated by the centers of the subalge-
bras C61,CG,,...,C6,,, and that it is also generated by the Jucys-Murphy

elements Lq,..., L,.

The moral is that the subalgebra A, of C&,, plays a role of a Cartan

subalgebra of a semsimple Lie algebra. Every irreducible C&,,-module V

v= & W

i=(i1,...,in)EC™

can be decomposed as

where V; = {v € V | Lyv = ixv,1 < k < n} is the simultaneous eigenspace

of Ly,..., L, with eigenvalues i1, ...,%,. By the description of A,, above, we
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have either V; = 0 or dimV; = 1. If V; # 0, we say that 7 is a weight of V'
and Vj is the i-weight space of V', and we fix a nonzero vector v; € V;.

Suppose A € P, and T is a standard tableau of shape \. Define its con-
tent sequence ¢(T") = (¢(T1),...,¢(T,)) € C" by letting ¢(T}) be the content
of the cell occupied by k in T for 1 < k < n. By analyzing the structures
of weights, we can show that the sequences ¢(T") for standard tableaux T'
with n cells are exactly all the weights for irreducible &,-modules. Now we
are ready to formulate the Young’s seminormal form for irreducible C&,,-
modules. For A € P,,, define V* = > -1 Cur, where the summation is taken
over standard tableaux of shape A. For 1 < k <n — 1, define

svr = (c(Tt1) — c(Tk))_lvT + \/1 — (e(Tp41) — C(Tk))_2vskT, (7.2)

where s, T indicates the standard tableau obtained by switching k and k+ 1
in 7" and v, 7 = 0 if 537 is not standard. In this way Okounkov and Vershik
[24] established the following.

Theorem 7.1 (Young’s seminormal form). For A\ € P,, V* affords an
irreducible &,-module given by (T2). Moreover, {V* | X € P,} forms a
complete set of non-isomorphic irreducible &,,-modules.

7.2. Jucys-Murphy elements for H,

As in the group algebra of symmetric groups, there also exist Jucys-
Murphy elements Ji(1 < k < n) in H,, defined as (see [23])

Je= Y (L+cjer)(,k). (7.3)

1<j<k

Lemma 7.2. The following holds:

(1) Jidy = Jidi, forl<i#k<n.

(2) ¢iJ; = —Jici, ¢y = Jgei, for 1 <i#k <n.
(3) SiJi = Ji+1si — (1 + CZ'CZ'_H), fO’f’ 1 < 1 <n-— 1.
(4) s;iJy = Jgsi, fork #i,i+ 1.

Proof. It follows by a direct computation that ¢;J,, = J,¢;, and oJ,, = J,0,
forl <i<n—lando € 6,_1. Hence, J, commutes with H,,_1, and whence
(1). The remaining properties can be also verified by direct calculations. O
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7.3. Degenerate affine Hecke-Clifford algebras 2

For n € Z,, the affine Hecke-Clifford algebra 2 is defined to be the
superalgebra generated by even generators si,...,S,-1,%1,...,%, and odd
generators cq,. .., ¢, subject to the following relations (besides the relations

1), 23) and [24)):

riwj = vx5, 1<14,7 <n, (7.4)
sit; = Tip18; — (1L + ¢icip1), 1<i<n-—1, (7.5)
siv; =x58;, jFii+1, 1<i,j<n, (7.6)
Tic; = —CiTy, Ticj = cjxy, 1 <i#j<n. (7.7)

Remark 7.3. The affine Hecke-Clifford algebra fH?LH was introduced by
Nazarov [23] (sometimes called affine Sergeev algebra). The Morita super-
equivalence (2.3)) between H,, and C&;, has been extended to one between
32 and the affine spin Hecke algebras [42, Proposition 3.4] and for other
classical type Weyl groups [17, Theorem 4.4].

Denote by P, the superalgebra generated by even generators zi,...,z),
and odd generators ¢, ..., ¢, subject to the relations [2.3)), (Z.4)) and (Z.7).
For o = (av1,...,0p) € Z% and B € Zy, set 2 = z7'-- -z and # =

Cf Lo, cﬁ”. Then we have the following.

Lemma 7.4. [23][3, Theorem 2.2] The set {z*Pw | a € 2,8 € Z5,w €
&, } forms a basis of HAE,

Proof.[Sketch of a proof] One can construct a representation 7 of 3T on
the polynomial-Clifford algebra Pf, where the z; and ¢; for all i act by left
multiplication (and the action of s;’s is then determined uniquely). Then
one checks that the linear operators m(z%c?w) are linearly independent. We
refer to the proof of [17, Theorem 3.4] for detail. O

By [23], there exists a surjective homomorphism

Fo3et — 3, (7.8)

Cp = Cy S = s ap = Jp, (1<k<n,1<1<n-1),

and the kernel of / coincides with the ideal (2) of H2 generated by z.
Hence the category of finite-dimensional J,,-modules can be identified as
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the category of finite-dimensional H2¥-modules which are annihilated by ;.
For the study of H2f-modules, we shall mainly focus on the so-called finite-
dimensional integral modules, on which x%, ...,x2 have eigenvalues of the
form

@) =i(i+1), i€Zy.

It is easy to see that a finite-dimensional H2f-module M is integral if all of
eigenvalues of x? for a fized j on M are of the form ¢(i) (cf. |3, Lemma 4.4] or
[18, Lemma 15.1.2]). Hence the category of finite-dimensional 3,,-modules
can be identified with the subcategory of integral H#f-modules on which
xz1 = 0.

By Lemma [Z4, P¢, can be identified with the subalgebra of 2 gen-
erated by x1,...,x, and c1,...,¢,. For i € Zy, denote by L(i) the 2-
dimensional P{-module with L(i)5 = Cvy and L(i); = Cv; and

r1vg = V/q(i)ve, x1vr = —\/q(i)v1, c1vo =1, €U = Vp.

Note that L(i) is irreducible of type M if i # 0, and irreducible of type Q if
i = 0. Moreover L(7),i € Z4 form a complete set of pairwise non-isomorphic
integral irreducible P{-module. Since Pj, = P{ ®---® P{, Lemma 25l implies
the following.

Lemma 7.5. {L(i) = L(i1)® L(i2)®-- - ® L(in)| i = (i1,...,in) € Z1L} form
a complete set of pairwise non-isomorphic integral irreducible P;,-modules.
Furthermore, dim L(i) = 2”‘“7”, where vy denotes the number of 1 < j <mn
with ij =0, and | ] denotes the greatest integer less than or equal to % .

The following definition of [9,39] is motivated by similar studies for the
affine Hecke algebras in [4, 26, [29].

Definition 7.6. A representation of 2 is called completely splittable if

Z1,...,Ty act semisimply.

Since the polynomial generators z1, ..., x, commute, a finite-dimensional
integral completely splittable J—Czﬂ—module M can be decomposed as

M= P M;,

i€zn
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where
M; ={z € M | 2}z = q(ix)z,1 < k < n}.

If M; # 0, then ¢ is called a weight of M and M; is called a weight space. Since
:L‘z, 1 < k < n commute with cy,...,¢c,, each M; is actually Pj-submodule
of M.

Following Nazarov, we define the intertwining elements as

Or = sp(@h — Tiq1) + (@ + Thg1) + rchir (T — Thy1), 1 <k <n. (7.9)

It is known [23] and easy to check directly that

O = 2(x} + 23 41) — (27 — 2341)°, (7.10)

Pkl = Thy1 Pk, PkTht1 = TPk, PkTL = T1 Pk, (7.11)
PrkCk = Ch+1Pks PkCht1 = CkPks PrCL = 1Pk, (7.12)
POk = Okbj, Pk Pli1 Ok = k1 Pk D1, (7.13)

for all admissible j, k,l with [ # k,k+ 1 and [j — k| > 1.

7.4. Weights and standard skew shifted tableaux

This subsection is technical though elementary in nature, and we rec-
ommend the reader to skip most of the proofs in a first reading. The upshot
of this subsection is Proposition [[.12] which identifies the weights as content

vectors associated to standard skew shifted tableaux.

Lemma 7.7. Suppose that M is an integral completely splittable H2E -module
and that i = (i1,...,1,) € Z} is a weight of M. Then iy # ix41 for all
1<k<n-1.

Proof. Suppose ij, = i1 for some 1 <k <n—1. Let 0 # z € M;. One
can show using (7.0 that

zisk = skTpy1 — (2k(1 — crcryr) + (1 — chCr1)Thin) (7.14)

xiﬂsk = skxi + (IL’k_H(l + Ckck—i-l) + (1 + ckck+1)xk). (715)
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Since M is completely splittable, (27 —q(iy))z = 0 = (27, —q(ik+1))z. This
together with (C.14]) shows that

(@7 —qlir))skz = (2F —qlin1))sez = — (2p(1 = crcrr1) + (1= ckcri1)Tri1) 2,
(7.16)

and hence

(2} — q(ix)) sz = — (21 — crers1) + (1 — ercer1) i) (2} — q(ix))z = 0.

Similarly, we see that
(2341 — q(ik+1))?spz = 0.
Hence spz € M;, i.e., (22 — q(ix))spz = 0, and therefore (ZI6]) implies that
(z(1 = k1) + (1 = CpChp1)Th41) 2 = 0,
2z} +ahq)z = (zk(1 = ckepqr) + (1 — ckck+1)a:k+1)2z =0.

This means that q(ix+1) = —q(ix) and hence ¢(ix) = q(ig+1) = 0 since
iy = Ip+1. We conclude that 3 = 0 = x34; on M;. This implies that
Tip+15k2 = 0 since spz € M; as shown above. Then

(1 + ckCpy1)z = Tp15K2 — Sgxpz = 0,

and hence z = %(1 — ¢gCr1)(1 + exery1)z = 0, which is a contradiction. O

Lemma 7.8. Assume thati = (i1,...,i,) € Z is a weight of an irreducible
integral completely splittable HE -module M. Fiz 1 <k <n — 1.

1. If iy # i1 1, then ¢rz is a nonzero weight vector of weight sy - i for
any 0 # z € M;. Hence sy - 1 is a weight of M.

2. If i, = ig41 £ 1, then ¢, =0 on M;.
Proof. 1t follows from (ZII]) that ¢, M; C M, ;. By (ZI0]), we have

drz=(2(x} + i 1) —(2h—2741)%) 2= (2(q(ir) + q(ins1))— (qlin) —q(ir+1))?) 2

for any z € M;. A calculation shows that 2(q(ix) + q(ix+1)) — (¢(ix) —
q(ir+1))? # 0 when iy, # ig41 & 1 and hence ¢2z # 0. This proves (1).
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Assume now that i, = ix41 = 1. Suppose ¢rz # 0 for some z € M;.
Since M is irreducible, there exists a sequence 1 < ay,a9,...,0;, < n —1
such that

Gap ** PayPay Pz = 2 (7.17)

for some 0 # a € C. Assume that m is minimal such that (ZI7) holds.
Let 0 = 54, - 8a;5k € 6. Then 0 -1 = i. If 0 # 1, then there exists
1 < b; < by < n such that i, = i,, and o = (i1,42) by the minimality of
m. Hence, 4, and ¢, can be brought to be adjacent by the permutation
Sa; " Say S - & for some 1 < j < m. That is, sq; - Sq, Sk - & is a weight of
M of the form (---,3,53,---), which contradicts Lemma [7.7. Hence o = 1
and sq,, -+ Say8q; = Sk. We further claim that m = 1. Suppose that m > 1.
Then, by the exchange condition for Coxeter groups, there exists 1 < p <
q < m such that sq,, - - Sa, " Sa, " Sa; = Sapm """ Sag """ Sa, *** Say, Where §
means the very term is removed. This leads to an identity similar to (7.17])
for a product of (m — 1) ¢’s, contradicting the minimality of m. Therefore
m = 1 and then a; = k, which together with (ZI7]) leads to ¢iz =az #0.
This is impossible by a simple computation:

O = 2(xf + i) — (@F —2741)7 = 2(a(ix) +qikr1)) = (a(ix) = q(ig11))* = 0
on M; since iy = ip41 = 1. This proves (2). O

Corollary 7.9. Assume that i = (i1,...,i,) € Z' is a weight of an irre-
ducible integral completely splittable H2E -module M. If i), = i o for some
1<k<n—2 then iy =1tp12 =0 and i1 = 1.

Proof. 1f iy, # i1 +1, then si-i is a weight of M of the form (--- ,u,u,---)
by Lemma [T.§(1), which contradicts Lemma [[.7. Hence i = i 1 + 1. By
Lemma [T.8(2), we have

(a—b)spz = —((@k + Tpt1) + crCrp1 (T — Tht1)) 2,

(a—b)sp412 = —((Ths1 + Thr2) + Chop1Chp2(Thoa1 — Thi2)) 2,

for z € M;, where a = q(ix) = q(ix+2), b = q(ig+1). A direct calculation
shows that

(a—0b)(b—a)(a —b)(SkSkr1Sk — Sk+1SkSk+1)2
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= (g + Trp2) (62741 + 224 Tpr2) + CrChpo(Th —Thy2) (6] — 274 Ths2)) 2
0. (7.18)

for z € M; since SySi+15k = Sk+15kSk+1. Decompose M; as M; = N1 @ No,
where N1 = {z € M; | z32 = zp402 = £y/az} and Ny = {z € M; | zz =
—Zky02 = +4/az}. Now applying the equality (ZI8]) to z in N7 and No, we
obtain that

2v/q(ir) (6q(iks1) + 2q(ix)) =0,

which, thanks to ixr1 = ix + 1, is equivalent to one of the following two

identities:
if g1 =ik — 1, then \/ig(ix + 1)(4ip — 2)i = 0; (7.19)
if g1 =ik + 1, then \/ig(ix + 1)(4ig +6) (i +1) = 0. (7.20)

There is no solution for (7I9), and the solution of (7.20)) is ix = 0,
ik+1 - 1 D

Denote by W(n) the set of weights of all integral irreducible completely
splittable H2f-modules.

Proposition 7.10. Assume i € W(n) and iy, = iy = a for some 1 < k <
{<n.

1. Ifa=0, then 1 € {’ik+1,... ,ig_l}.

2. Ifa>1, then {a—1,a+1} C {igy1,..., 01}

Proof. Without loss of generality, we can assume that a ¢ {ig11,...,%-1}.

If a =0but 1 ¢ {igr1,...,9-1}, we can repeatedly swap iy with
iy—1 then with iy_o, etc., all the way to obtain a weight of M of the form
(++-,0,0,---) by Lemma[7.8 This contradicts Lemma [7.7 This proves (1).

Now assume a > 1 and a+1 ¢ {ix11,...,7¢—1}. If a—1 does not appear
between i1 and iy_; in %, then we can swap iy with iy_; then with ¢,_o,
etc., and by Lemma [7.§] this gives rise to a weight of M having the form
(---,a,a,---), which contradicts Lemma [I.7. If a — 1 appears only once
between ;41 and iy_1 in i, then again by swapping iy with iy_; then with
ig—2, etc. we obtain a weight of M of the form (--- ,a,a — 1,a,---), which
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contradicts Corollary [[.9 Hence a — 1 appears at least twice between iy
and 4;_1 in 7. This implies that there exist k < k1 < #1 < £ such that

ik, =i, =a—1,{a,a — 1} N {igy 11, 00, -1} = 0.
An identical argument shows that there exist k1 < ko < f3 < £1 such that
iky =10, =a—2,{a,a —1,a — 2} N {ikyt1s- - 005-1} = 0.
Continuing in this way, we obtain k < s <t <[ such that
is =1t =0,{a,a—1,...,1,0} N {isy1,... 51} =0,

which contradicts (1).

Now assume that a > 1 and a — 1 ¢ {igy1,...,%—1}. Then a + 1
must appear in the subsequence (igy1,...,i—1) at least twice, otherwise we
can repeatedly swap iy with 741 then with i;_o, etc., all the way to obtain a
weight of M of the form (--- ,a,a+1,a---) by Lemmal[l.8 which contradicts
Corollary [.91 Continuing this way we see that any integer greater than a
will appear in the finite sequence (igx41,...,%—1) which is impossible. This
completes the proof of (2). O

For v, £ € 8P such that v C £, the diagram obtained by removing the
subdiagram v* from the shifted diagram &£* is called a skew shifted diagram
and denoted by &/v. It is possible that a skew shifted diagram is realized by
two different pairs v C € and & C €.

Example 7.11. Assume £ = (5,3,2,1) and v = (5,1). Then the corre-
sponding skew shifted Young diagram &/v is

A filling by 1,2,...,n in a skew shifted diagram £ /v with [£/v| = n such
that the entries strictly increase from left to right along each row and down

each column is called a standard skew shifted tableau of size n. Denote

W'(n) = {i € Z1} satisfying the properties in Proposition [Z.10]},
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F(n) = {standard skew shifted tableaux of size n}.

Proposition 7.12. There erists a canonical bijection between W'(n) and

F(n).
Proof. For T € F(n), set
c(T) = (c(T1), c(T), ..., c(Th)) € 27,

where ¢(T};) denotes the content of the cell occupied by k in 7', for 1 < k < n.
It is easy to show that ¢(T') € W'(n). Then we define

O : F(n) — W(n), O(T) = <(T). (7.21)

To show that © is a bijection, we shall construct by induction on n a unique
tableau T'(z) € F(n) satisfying ©(T'(i)) = i, for a given i = (i1,...,i,) €
W (n). If n =1, let T(2) € F(n) be a cell labeled by 1 of content i;. Assume
that T'(i') € F(n—1) is already defined, where i’ = (i1, ...,i,_1) € W(n—1).
Set u = i,,.

Case 1: T(i') contains neither a cell of content u — 1 nor a cell of content
u~+1. Adding a new component consisting of one cell labeled by n of content
u to T", we obtain a new standard tableau T' € F(n). Set T'(i) =T

Case 2: T(i') contains cells of content u — 1 but no cell of content u + 1.
This implies u+ 1 ¢ {i1,...,4,}. Since (i1,...,4,) belongs to W (n), u does
not appear in i and hence u — 1 appears only once in i’ by Propostion [Z.10.
Therefore there is no cell of content v and only one cell denoted by A of
content u — 1 in T'(#'). So we can add a new cell labeled by n with content
u to the right of A to obtain a new tableau 7T'. Set T'() = T". Observe that
there is no cell above A in the column containing A since there is no cell of
content u in T'(¢). Hence T'(i) € F(n).

Case 3: T(i') contains cells of content u + 1 but no cell of content u — 1.
This implies u — 1 ¢ {i1,...,in}. Since (i1,...,i,) is in W (n), u does not
appear in 7' and hence u + 1 appears only once in i’ by Proposition
Therefore T'(i') contains only one cell denoted by B of content u+ 1 and no
cell of content u. This means that there is no cell below B in T'(¢'). Adding
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a new cell labeled by n of content u below B, we obtain a new tableau T
Set T'(i) = T. Clearly T'(z) € F(n).

Case 4: T(i') contains cells of contents u— 1 and u+ 1. Let C and D be the
last cells on the diagonals of content v — 1 and u + 1, respectively. Suppose
that C' is labeled by s and D is labeled by ¢. Then i =u—1,7; = u+1, and
moreover u — 1 & {iy11,...,ip—1},u+1¢ {is41,...,in—1}. Since i, = u, by
Proposition [.10] we see that u & {iz41,...,0n—1} and u & {isy1,...,0n—1}
This implies that there is no cell below C' and no cell to the right of D in
T(i'). Moreover C and D must be of the following shape

fei}
D)

Add a new cell labeled by n to the right of D and below C' to obtain a new
tableau T'. Set T'(z) = T'. Again it is clear that T'(3) € F(n). ([l

Example 7.13. Suppose n = 5. Then the standard skew shifted tableau
corresponding to i = (1,2,0,1,0) € W(5) is

1
T({) =13

‘cnhuw

7.5. Classification of irreducible completely splittable %Zﬁ-modules

For a skew shifted diagram &/v of size n, denote by F(&/v) the set of
standard skew shifted tableaux of shape /v, and form a vector space

Uélv = P clnvr.

TeF(E/v)
Define
zivr = \/q(c(T;))vr, 1 <i<n, (7.22)
1 1
SEUT = ( Ckck—i—l)UT
Va(e(Te1)) — Val(e( \/ (c(Tit1)) + Vale(

)
)

))2) L 1<k<n-—1, (7.23)

7))
24(eTin) + a(e(T
+\/ L o) = a(elTh)
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where s T denotes the tableau obtained by switching k and k£ + 1 in 7" and
vs, 7 = 0 if 5,7 is not standard.

Proposition 7.14. Suppose &/v is a skew shifted diagram of size n. Then
Uslv affords a completely splittable HX -module under the action defined

by (C22) and (Z23).

Proof. We check the defining relations (2.1)), ([24), (73], and (7.6). It
is routine to check (7.3, (C6) and ([Z4). It remains to check the Coxeter

relations (2.1).
It is clear by (7.6]) that sxs; = s;si if |l — k| > 1. We now prove sz =1.
Let T € F(&/v). A direct calculation shows that if s;T" is standard then

o= (i) ralcT)y () 2alelTin) +ale(T)
T\ elTor) —a(elT)? (@(c(Ticr1) —4(c(Ti)))?

Otherwise, if s;T is not standard then ¢(Ty) = ¢(Tk+1) = 1, and we have

s2up = ( 2(q(c(Th+1)) + q(c(Ti))
; (q(c(Thy1)) — q(c(Tk)))?

>UT:2)T.

)UT = vT.

So it remains to prove that sgsgir15r = Sp+15kSk+1. Fix 1 <k <n—2
and T € F(€/v). Let a = g(c(Tk)), b = g(c(Tis1)), ¢ = a(c(Tys2)). T e(Ti) =
¢(Tk+2), then by Corollary we have ¢(Ty) = ¢(Tgy2) = 0,¢(Ti41) = 1
and hence @ = ¢ = 0,b = 2. Then (a — b)? = 2(a +b). By (T23)), we obtain
that

2
SpUT = 7(1 + CrCh1 VT, Sk41VT = 7(—1 + Cp41Ch42)UT-

Then one can check that sgSk4+1SkVT = Sk+1SkSk+1VT-

Now assume ¢(T}) # ¢(Tk4+2) and hence a,b,c are distinct. Then it
suffices to show ¢pdgr10kVT = Pr+1Prdkr1v7 for the intertwining elements

Ok, Pr+1 defined via (7.9). It is clear by (7.23]) that

¢ror =/ (a(e(Tri1)) — a(e(T)))? = 2(a(c(Trr1)) + ale(T;)))vs, T,

if s, T is standard and ¢,vpr = 0 otherwise for 1 < r < n — 1. Now for
our fixed 1 < k < n— 2, if one of ¢(Tx) — ¢(Tk+1), ¢(Tk+1) — ¢(Tk+2) and



2012] LECTURES ON SPIN REPRESENTATION THEORY 159

c(Ty) — c(Tk42) is £1, then ¢rdpr10vT = 0 = Pp10xPr41v7. Otherwise,
one can check that

Pk Pr+1PKVT
- <\/(a T2 2@+ )/ — ) — 200+ o)\ /la— ) —2(a + c))vT
= Qk+1PkPk+1VT-
Therefore the proposition is proved. O

For a skew shifted diagram &/v of size n, pick a standard skew shifted
tableau T¢/¥ of shape £/v. Observe that the P&-module Cl,v ¢/ con-
tains an irreducible submodule £(£/v) which is isomorphic to L(C(Tf/ ")) ®
L(C(Tg/y)) ® - ® L(C(Tg/y)) and moreover

| HE—tw)
ol = —

Clyvre = (L£(5/v))® (7.24)

Set
U = 3" 9. L(&/v) S U,

0'6671

where ¢5 = ¢4, ¢i, - - - ¢4, With a reduced expression o = s;,5i, - - S, .

Lemma 7.15. Suppose £/v is a skew shifted diagram of size n. Then Us/v
is a HE -submodule of Us/v.

Proof. Clearly, US/” is a P -submodule of U/ by (Z11) and (71Z). Let
o €6, and z € L(£/v) be such that ¢,z # 0. Then

Oeboz = (sp(@h — 2h ) + (@ + Tpy1) + kChr1 (Th — Tha1) ) Gz € USY.

Meanwhile (m% — xi +1) acts as a nonzero scalar on ¢,z and hence sp¢,z €
Us/v. O

The following theorem is due independently to |9, 139]. The results of
the paper of the first author [39] were actually formulated and established
over any characteristic p # 2.

Theorem 7.16. Suppose /v and &' /v’ are skew shifted diagrams of size n.
Then
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UV is an irreducible H2E -module.
U = UEY if and only if £/v =€)V
~ LZ(‘E)*Z(V)J
U§/1/ ~ (Uﬁ/u)€B2 2
dim U&/v = gn— L1855
skew shifted tableaux of shape £/v.

(5) Ewvery integral irreducible completely splittable f]{zﬁ-module 18 isomorphic

/", where g8/ denotes the number of standard

to UV for some skew shifted diagram &/v of size n.

Proof. Suppose N is a nonzero submodule of U¢/¥. Then N; # 0 for some

i=0-c¢(T¢") and o € &, and hence Ne(esvy # 0. Observe that Uf(/TVE/V) =

L£(§/v). This implies that N ey = Uf(/TV5 /vy B8 L(¢/v) is irreducible as
P¢ -module. Therefore N = U¢/¥. This proves (1). If US/¥ = US'/Y | then
TE/Y € F(€'/V)). Hence, &/v = €' /1 and whence (2). Part (3) follows by the

definition of U¢/* and (Z.24)), and (4) follows from (3).

It remains to prove (5). Suppose U is an integral irreducible completely
splittable H2f-module and let u; be a non-zero weight vector of U. By
Propositions [7I0] and [T.12] there exists T € F(n) such that i = ¢(7T).

Assume T is of shape {/v. Observe that there always exists a sequence

of simple transpositions s, ..., sk, such that sk, --- sk, T is standard for
1 <j<randsg sl = T¢/V. Then it follows by Lemma [7.8 that
Ug/y = Py, + " sy, Ui IS @ non-zero weight vector of U of weight c(TE/M).

Hence U (pe/vy # 0 and it must contain a P%-submodule U’ isomorphic to
L(¢/v). Again by Lemma (T8, } s ¢,U’ forms a Hf_submodule of U.
Thus U = 3 e, ¢oU' Let 7:U" — L(£/v) be a Pj-module isomorphism.
Then it is easy to check that the map 7 : Zoegn oU' — U/, which sends

Pz t0 ¢pe7(2) for all z € U’, is an H-module isomorphism. O

7.6. The seminormal form construction for H,

When restricting Theorem [Z.16] to the case of shifted diagrams, we have
the following.

Theorem 7.17. {U¢|¢ € 8P,} forms a complete set of non-isomorphic irre-
ducible H,-modules. The Jucys-Murphy elements J1, Jo, ..., J, act semisim-
ply on each US.
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Proof. Consider the f]{zﬁ—modules U¢ and U § for & € 8P,,. For any stan-
dard shifted tableau T' of shape £, we have ¢(T}) = 0 and hence xjvp = 0.
Hence the action of H2 on Ut and U¢ factors through to an action of 3,
and z acts as J by (T8), as H, = H2T/(x1). The theorem now follows
from Theorem O

The construction of H,-modules U¢ above can be regarded a seminormal
form for irreducible H,-modules. Theorem [Z.17] in different forms has been
established via different approaches in [23, 138,19, 139].
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