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Abstract

We show that Lusztig’s a-function of a Coxeter group is bounded if the Coxeter
group has a complete graph (i.e. any two vertices are joined) and the cardinalities of finite

parabolic subgroups of the Coxeter group have a common upper bound.

0. Introduction

Lusztig’s a-function for a Coxeter group is defined in [5] and is a very
useful tool for studying cells in Coxeter groups and other related topics such
as representations of Hecke algebras. For an affine Weyl group, Lusztig
showed in [5] that the a-function is bounded by the length of the longest
element of the corresponding Weyl group. It might be true that for any
Coxeter group of finite rank, the a-function is bounded by the length of the
longest element of certain finite parabolic subgroups of the Coxeter group.
In this paper we first show that this property implies that the Coxeter group
has a lowest two-sided cell (Theorem [[.5]). Secondly, presenting Lusztig’s a-
function of a Coxeter group has this property (Theorem 2] if the Coxeter
group has a complete graph (i.e. any two different simple reflections of the
Coxeter group are not commutative) and the cardinalities of finite parabolic
subgroups of the Coxeter group have a common upper bound. For Coxeter

groups of rank 3, Peipei Zhou [12] showed an analogue result by using the
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approach stated in the paper. These facts support part (iv) of Question 1.13
in [11].

1. Preliminaries

1.1. Let (W, S) be a Coxeter group. We use [ for the length function and <
for the Bruhat order of W. The rank of the Coxeter group (W, S) is defined
to be the cardinality |S| of S, which may be infinite. A subgroup P of W is
called a parabolic subgroup if it is generated by a subset S’ of S. So (P, S’)
is also a Coxeter group with the cardinality of S’ being the rank of P. The
neutral element of W will be denoted by e.

Let ¢ be an indeterminate. The Hecke algebra H of (W,S) is a free
A= Z[q%,q_%]—module with a basis T,,, w € W and the multiplication
relations are (Ts—q)(Ts+1) = 0ifsisin S, T, Ty, = T if l(wu) = l(w)+1(u).

~ L(w) .
For any w € W set T, = q¢~ "2 T),. For any w,u € W, write

TwTu = Z fwm,vTva fw7u,v c A

veW

The following fact is known and implicit in [5, 8.3].

(a) For any w,u,v € W, fy 4 € A is a polynomial in q% — q_% with non-
negative coefficients and fu w0 = fu o101 = fo-1pu-1- Its degree is less
than or equal to min{l(w),(u),l(v)}.

Proof. Note that f,,.=0if xy # e and f, ;-1 . = 1 for any x,y € W.
Then it is easy to verify

fw,u,vfmv*l e — fw,w*%efu,v*l aw—1-

So we have fyuv = fuv-tw-1t = fo-twu-1. It is clear that fy .., is a
polynomial in q% — q_% with non-negative coefficients and degfy . is less
than or equal to min{l/(w),l(u)}. The second assertion follows. O

For any w,w,v in W, we shall regard f, ., as a polynomial in { =
q% — ¢~ 2. The following fact is noted by Lusztig 6, 1.1 (c)].

(b) For any w,u,v in W we have fu uo = fu-145-1,-1.
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Lemma 1.2. Let (W,S) be a Cozeter group and I be a subset of S. The
following conditions are equivalent.

(a) The subgroup Wy of W generated by I is finite.

(b) There exists an element w of W such that sw < w for all s in I.

(c¢) There exists an element w of W such that w < ws for all s in I.

Proof. Clear. O

We set L(w) = {s € S|sw < w} and R(w) = {s € S|ws < w} for any
weWw.

Lemma 1.3. Let w be in W and I be a subset of L(w) (resp. R(w)). Then
l(wrw) + l(wr) = l(w) (resp. (wwy) + l(wy) = l(w)), here wy is the longest
element of Wr.

Proof. Clear. O

1.4. For any y,w € W, let P, be the Kazhdan-Lusztig polynomial. Then
(w)

all the elements C,, = q_lT Zygw P, Ty, w e W, form a Kazhdan-Lusztig

basis of H. It is known that P, = u(y,w)q%(l(w)_l(y)_l) +lower degree

terms if y < w and Py, = 1.
For any w,u in W, Write

CwCu = Z hw7u,UCv7 hw7u,v €A
veW

Following [5], for any v € W we define
a(v) = max{i € N|i = deghy v, w,u € W},

here the degree is in terms of q%. Since Ny .y i a polynomial in q% + q_%,
we have a(v) > 0.

We are interested in the bound of the function a : W — N. Clearly, a
is bounded if W is finite. The following fact is known (see [6]), at the same
time easy to verify.

(a) The a-function is bounded by a constant c if and only if degfiy o < ¢

for any w,u,v € W.
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Lusztig showed that for an affine Weyl group the a-function is bounded
by the length of the longest element of the corresponding Weyl group. This
fact is important in studying cells in affine Weyl groups. One consequence
is that an affine Weyl group has a lowest two-sided cell [§]. We will show
that the boundness of a-function is also interesting in general.

Assume now that the a-function is bounded and its maximal value is
c. Let w,u,v be elements in W. We shall regard hy 4., as a polyno-
mial in n = q% + q_%. Following Lusztig [5], write hy 40 = ’yw%vna(”) +
5w7u,m“(”)_1+lower degree terms. Then 7y, 4, and dy 4, are integers. Let
be the subset of W consisting of all elements w with a(w) = c.

Assume that v € 2. For w,u € W, we have fyuv = Yow,uo§ +lower
degree terms. Using 1.1(a) and 1.1 (b) we get

(b) Ywuw = Va1 w1 = Vol wu-t = Yu-tw-1y-1 fOr w,u,v e Q.

(c) Let w,u € W and v € Q. If vy 40 # 0, then w,u are in Q and vy 40 =
Yuo-1w=1 = Vo=l wu-1 = Yu-1w-1,-1 18 pOsitive.

Since hy o # 0 implies that w < v, u < v, by (c) we obtain
R L

(d) Let w,u € W and v € Q. If 7y 40 # 0, then w "V W w ! and u o

In particular, w,u, v are in the same two-sided cell.

Theorem 1.5. Let (W, S) be a Cozeter group. Assume that the a-function is
bounded by the length of the longest element wg of a finite parabolic subgroup
P of W. Then the two-sided cell of W containing wy is the lowest two-sided
cell of W. Moreover, the lowest two-sided cell contains all elements w in W
with a(w) = l(wp).

Proof. We first show that x < wy for any x € W. (We refer to [3] for the
LR

definitions of the preorders <, <, < and the equivalences ~, ~ on W.)
LR R L L' LR

Let € W be such that l[(zwg) = l(x) — I(wo). We first show that z and
wq are in the same left cell. Clearly x < wg. Let y = xwg. Then
L

To1 T = Tuo (Y fy1,5,2T:) T
zeW
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Since fy-1. ¢ =1, fuwgwo,wo has degree I(wp) as a polynomial in § = q% —q_%
and fy, 4, has non-negative coefficients as a polynomial in £ for any w,u,v €
W. By 1.4(a) we conclude that f,-1 .., has degree I(wp). Thus hy-1 4,
has degree [(wg) as a Laurent polynomial in q%. In particular, hy-1 ,, is

non-zero, so wy < x. Hence z and wq are in the same left cell.
L

Now assume that x is an arbitrary element in W. Let w € P be such that
zw is the longest element in xP. Then [(zw) = I(z) + I(w) and [(xwwy) =

[(xw)—1(wg). So we have wy v W < z. Hence, the two-sided cell containing
R

wy is the lowest one among the two-sided cells of W (with respect to the

partial order < on the set of two-sided cells of W).
LR

Now we show that the lowest two-sided cell contain all elements w in W
with a(w) = I(wg).

Assume that a(w) = I(wg). Then there exists z,y € W such that
Yeww # 0 and z,y,w are in the same two-sided cell. By 1.4 (c), a(z) =
a(y) = l(wg). Choose u € P such that I(yu) = I(y) + (u) = I(yuwo) + l(wo).
It is easy to see that I(wu) = I(w) + I(u) = l(wuwg) + l(wy). Since T, Ty, =
(Tmfy)fu, we have vz yuwu = Vayw- Thus z,yu,wu are in the same two-
sided cell. But we have seen that yu and wg are in the same two-sided
cell.

The theorem is proved. O

Corollary 1.6. Let (W, S) be a Cozeter group. Assume that the a-function
18 bounded by the length of the longest element wqy of a finite parabolic sub-
group P of W. Then

{z e W|l(zwy) = l(z) — l(wp) }
is a left cell of W.
Proof. 1t follows from the proof of Theorem O

Remark. For affine Weyl groups, this result is due to Lusztig [5].

1.7. Let (W, S) be a Coxeter group. Assume that the a-function is bounded
by the length of the longest element wq of a finite parabolic subgroup P of W.
Denote the left cell containing wg by I'. Then I' = {w € W | l(w) = l(wwq) +
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I(wo)}. Let Jpap-1 be the free Z-module with a basis {t,,|w € T N T~}
Define tt, = Zvel"ﬂl"*l Yw,uwtv. Then Jpap-1 is an associative ring with
unit 1 = ty,.

Let € be the subset of W consisting of all elements w with a(w) = l(wyp).
We can define Jo and similarly the multiplication in Jg. The multiplication
is associative. However, Jo has no unit in general, since in general € contains

infinite left cells, as shown in [1, 2], see also Proposition 3.2.

1.8. Remark. Keep the assumption of Theorem Motivated by the
work of Shi [8, 9], we will pose some conjectures.

It is likely that the lowest two-sided cell is exactly the set of elements
w in W with a(w) = [(wp). Furthermore, it is likely that the lowest two-
sided cell coincides with the set of elements of W of the form zwy such that
lzwy) = U(z) + l(w) + I(y), {(w) = l(wg) with w being the longest element
of a finite parabolic subgroup of W.

Let D’ be the set consisting of all elements x € W such that

(1) = wy for some w in a finite parabolic subgroup of W with length [(wy)
and y € W and I(z) = l(w) + I(y),

(2) for any s in L(w), there are no z,z’,u € W such that sz = zuz’, l(sz) =
1(z)+1(u)+1(2") and u is in a finite parabolic subgroup of W with length
[(wp).

For any x € D', let I'; be the subset of W consisting of all elements
zx satisfying [(zx) = I(2) + l(x). It is likely that T', is a left cell in the
lowest-sided cell of W and the map z — I', is a bijection between the
set D' and the set of left cells in the lowest two-sided cell. Also, the set
D = {y twy|wy € D'} should be the set of distinguished involutions in
the lowest two-sided cell, here wy satisfies the above (1) and (2). When the
Coxeter graph of W is connected we also conjecture that the set D is finite
if and only if W is finite or is an affine Weyl group or st has infinite order
for any different simple reflections s,t € S.

Assume that wy satisfies (1) and (2). Let zw € W be such that [(zw) =
[(z) + l(w). Then we should have C,,Cyy = huww,uwCruwy- Also we should
have p(Z'wy, zwy) = p(Z'w, zw) if 1(Z'w) = I(2') + l(w). For affine Weyl
groups, these equalities are true, see |10, [7].
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If (W, S) is crystallographic, then the function a is constant on a two-
sided cell |5]. Since a(wg) = I(wp) (see [5]), we see that the lowest two-sided
cell is exactly the set {w € W |a(w) = l(wo)}.

For an affine Weyl group W, thanks to [, 9], we know that (a) the
lowest two-sided cell of W coincides with the set of elements of W of the
form xwy such that I(zwy) = I(z) + l(w) + (y), l(w) = l(wp) and w is the
longest element of a finite parabolic of W; (b) D is the set of distinguished
involutions in the lowest two-sided cell.

In Section 3 we will show that the above conjectures are true for certain
Coxeter groups with complete graphs.

2. Coxeter Groups with Complete Graphs

Throughout this section (W, S) is a Coxeter group and any two simple
reflections in S are not commutative. In other words, the Coxeter graph
of (W,S) is a complete graph. Another main result of this article is the
following.

Theorem 2.1. Let (W, S) be a Cozeter group. Assume that any two different
simple reflections are not commutative and the cardinalities of finite parabolic
subgroups of W have a common upper bound. Then Lusztig’s a-function on
W is bounded by the length of the longest element of certain finite parabolic
subgroups of W.

Note that in the theorem the set S is not assumed to be finite. If S
is finite, the set of cardinalities of finite parabolic subgroups of W is finite,
hence an upper bound exists. The remaining of this section is devoted to a
proof of the theorem.

Lemma 2.2. Let r,s,t be simple reflections such that the orders of rs,rt, st
are all greater than 2. Then there is no element w in W such that w =
wyr = wast and l(w) = l(wy) + 1 = l(we2) + 2.

Proof. We use induction on [(w). When [(w) = 0,1,2,3, the lemma is clear.
Now assume that the lemma is true for u with length /(w) — 1. Since r,t €
R(w), by Lemmal[l.2] we know that the subgroup W,; of W generated by r, ¢
is finite. Let w,¢ be the longest element in W,;. By Lemmal[l.3] w = wsw,; =
wytrt for some ws,wy € W and l(w) = l(ws) + L(wye), {(w) = l(wg) + 3. So
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we get wytr = wys. Clearly we have [(wyrt) = l(w) —1=l(w4)+2 = l(wz)+1.
By induction hypothesis, wos does not exist, hence w does not exist. The
lemma, is proved. O

Lemma 2.3. Keep the assumption of Theorem Il Let x € W and t1-- -ty
(m >2) be a reduced expression of an element in W. Assume that xt; <
x, Tty tpm1tym < xto---tym—1, and l(xte - tym—1) = l(x) + m — 2. If
for any reduced expression s1So--- Sy of tity - t,, with xs1 < x we have
lxsg- -+ Sm—1)=l(x)+m—2, then tity - -t is in a finite parabolic subgroup
of W generated by two simple reflections.

Proof. If m = 2, by Lemmal[l.2] the result is clear. Now assume that m > 3.
Let s = ty—1, t = iy, and y = xty - t;y—1. Then s,t € R(y). By Lemma
1.3, y = y15%(ts)® and I(y) = I(y1) + a + 2b, here a = 0 or 1 and s%(¢s)®
is the longest element of the subgroup Wy of W generated by s,t. Write
t1 ooty =t t;s4(ts)C, ti A t,s,d=0o0r 1, ¢>0and d+2c+i=m—1.
We understand that ¢1 - - - t; is the neutral element e of W if ¢ = 0.

We need to show that ¢ = 0. Since t,, = t and t1ta---t,, is a reduced

expression, we must have d + 2¢ < a + 2b.

Assume a+2b = d+2c+1. If i > 1, then tity - - -ty 1ty =ty - - - t;5%(ts)®
and R(xts---t;)N{s,t} contains exactly one element, denoted by r. (We un-
derstand that ty---t; = e if i = 1.) Then ¢yt - - - t,, has a reduced expression
in the form ¢ty --t;7---. Since zt7 < x and i < m — 2, by the assumptions
of the lemma, we know that zty - - - t;r has length (x) + ¢, which contradicts
that xty---t;r < xty---t;. Soi =0 in this case.

Assume a +2b > d+ 2c+ 1, then b > ¢ since 0 < a,d < 1. We
have y15%(ts)? = (wty)tity---t;5%(ts). So y15%(ts)P s = (wt1)tita---t;
and I(s%(ts)’=¢s?) > 2. Then y;5%(ts)"¢s? = y3st or ysts for some y3 with
I(y15%(ts)b=Cs?) = I(y3)+2. If i > 1, we have y15%(ts)PCs%; < y15%(ts)P~¢s?.
Since t; # s,t, by Lemma 2.2 the above is impossible. The contradiction
leads ¢ = 0. That is, all t1,¢9,...,t, are in {s,t}. Hence the lemma is
proved. O

Remark. The lemma is not true in general. For instance, let (W,S) be
of type As, s1, S92, 83 are simple reflections such that s;s3 = s3s;. Consider

Tr = t1t2t3t4 = S§925183S2.
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Lemma 2.4. Let € W and ty-- -ty ---t, (1 < m < n) be a reduced
expression of an element in W. Assume that (1) l(zty - tym—1tmi1 - th—1)
has length l(x) +n — 3, (2) xt; < x, (3) xty---ty—1tm < xty - tym—1, and
(4) xty - ty—1tmyr - tp_1tn < xto - tym—1tmyr - th—1. Further, assume
that tity - -ty (Tesp. ty -+ - ty) is in a parabolic subgroup P (resp. Q) of W
with rank 2. Then P = Q is finite and n = m + 1. In particular, t---t, is
in a finite parabolic subgroup of W generated by two simple reflections.

Proof. Let t,, = s and t,,—1 = r. Then R(xty---t,,—1) contains r, s. Since
the graph of W is complete, any parabolic subgroup of W generated by
more than two simple reflections is infinite. By Lemma we know that
R(xty---tm—1) is exactly {r,s} and P =< r,s > (the subgroup of W gener-
ated by r, s) is finite. Assume that @) is generated by s, t. Clearly t,,+1 # 7, s,
SO tyy1 = t. Let xto---ty—1 = yty,. Then l(yt,y,) = l(y) + 1 and R(y) does
not contain s. We must have t € R(y). Otherwise, R(y)N{s,t} is empty and
xty+ tym—1tmi1* tn = Ytmtme1 -+ - tn has length I(z) + n — 2. It contra-
dicts the assumption ato - ty_1tmy1 - tho1tn < Tto -t 1tme1 - th_1-
Therefore xtg -+ - ty—1 = Yty = y1ts = yasrs has length 1(y1) +2 = (y2) + 3.
So y1t = yosr has length I(y1)+1) = I(y3) + 2. By Lemma [2.2] we must have
t = r and then n = m + 1. The lemma is proved. O

Lemma 2.5. Let x,w,y be elements in W. Assume that w is in a parabolic
subgroup generated by two simple reflections r,s € S, l(w) > 3 and r,s are
not in R(x) U L(y). Then l(zwy) = l(z) + l(w) + I(y).

Proof. By Lemma2.2] R(zw) = R(w). Let ¢; - - - t,, be a reduced expression
of y. Assume that [(xwty - tpy—1) = l(z) + L(w) + m — 1, 2wty - ty_1tm,
< awty - tym_1, and m < n is minimal for all reduced expressions of ¥, then
m > 2. By Lemma[2.3] there exists tyg € R(w) such that tgt; - - - t,,—1 is in the
finite parabolic subgroup of W generated by to,¢;. Since l(w) > 3 and r, s are
not in R(z)UL(y), by Lemma2.2] R(xwtg) does not contain t; € L(y). Thus
toty - - - t;m—1 is the longest element of the parabolic subgroup of W generated
by to,tl and R(l‘wtl s tm—l) == {to,tl}. So totl et =ty Thus
to € L(y). This contradicts that r, s ¢ R(z) U L(y). The lemma is proved.O

Corollary 2.6. Let r,s be simple reflections and x,y,z € W such that
x = yrs with l(x) = l(y) + 2, R(z) = {s}, R(yr) = {r}, r,s & L(z). Then
l(zz) =1(z) +1(2).
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Proof. 1t follows from the proof of the above lemma. O

Lemma 2.7. Assume that w,u are elements of a finite parabolic subgroup
P of W generated by two simple reflections. Then degfyuo < l(v) forv e P
and fuyuo =0 if v & P. (Recall that fy 4. is a polynomial in q% — q_%.)

Proof. The first assertion follows from 1.1 (a) and the second assertion is

clear.

Lemma 2.8. Let r,s,t be simple reflections and x,y,z € W. Assume that

z = yrs, R(yr) = {r,t}, R(z) = {s}, R(y) = {t}. If r,s & L(z), then deg
fozw <1 for all w in W.

Proof. If I(zz) = l(x) + (%), nothing needs to be proved. Assume that
l(xz) < l(z) +1(z). Let tyty---t, be a reduced expression of z. Then we
can find a positive integer m such that zty---t,,_1t,m < zt1---t,_1. By
assumptions of the lemma, clearly we have m > 2. We choose the reduced
expression of z so that m is minimal in all possibilities. According to Lemma
23| sty ---t;,_1 is in the parabolic subgroup of W generated by s, 1.

We claim that ¢; = t. Otherwise, for r, s ¢ L(z), Lemma[2.2limplies that
the element sti---t;,,_1 = t1---t,;, is the longest element of the subgroup
< s,t1 > of W generated by s,t;. This contradicts that s ¢ L(2).

Let y; € W be such that x = ytrts. Then [(x) = I(y1) + 4. By Lemma
we know that R(yitr) = {r}. So tsty---t,—1 is the longest element wg,
in < s,t >. Then (recall that £ = q% — q_%)

TxTz = gTyltrwStTthrl---tk + TyltrwsttmTthrl---tk .

We must have s,t & L(ty41---t,). Otherwise ¢y ---t,,+1 is the longest
element of < s,t > and s € L(z), which contradicts our assumptions.

Since l(wg) > 3, by Lemma 251 we have

Tyltrwstﬂm-‘—l"'tk = Y1trwsttm41--tg -

If l(wsity,) > 3, using Lemma 2.5 we get

TyltTwSttm Tt’m+1 etk = yltTwsttmtnL+1 ot
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We are done in this case.

Assume now [(wgty,) = 2, then wg = tst, m = 2, t1 = t, t3 = s.
So yitrwsity,, = yitrst. If the longest element w,; of < r,t > is at least 4,
then w,.t has the length of at least 3. Since s,t & L(t3---t,) and r,s ¢
L(ty---t,) we see that r,t &€ L(sttsg---t,). Write y1trwsit,, = yaw,stst, then
l(yowyitst) = l(y2) + l(wpt) + 2. By Lemma 2.5 we know that

TyltrwsttmTtm+1"'tk = Ty1trwsttmtm+1---tk'

We are done in this case.

Assume now wg = sts and w,y = rtr. Let u = yitrwgt,, = yitrst. As-
sume that sq ---s,_9 is a reduced expression of t3---t, and usy - - s;_18; <
usy - -+ s;—1 and 4 is minimal in all possibilities. Note that R(u) = {t}. By
Lemma 23] ¢s1---s;_1 is in a parabolic subgroup of W of rank 2. Since
s,t & L(ts---ty), we have ¢ > 2. Also, we have s; = r and R(ut) = {r, s}.
Otherwise, Lemma implies that ts;---s;_1 = s1---s; is the longest el-
ement in < t,87 >, sot € L(ts---t,), is a contradiction. Now we have
R(u) = {t}, R(ut) = {r,s}, R(uts) = {r} and s,t & L(t3---t,). So one can

use induction on [(z) to see the lemma is true in this case.

The lemma is proved. O

2.9. Now we prove Theorem 21l Let 2,y € W and consider

TmTy = Z fx,y,sz-
zeW

We will prove that degf,, . < ag, here ag is the maximal number among
the lengths of the longest elements of all finite parabolic subgroups of W.
Let t1ty- - -t be a reduced expression of y. We may assume that xt; < x,
otherwise x is replace by xt;. We may further assume that xs; < z for any

reduced expression s1 - - - S, of y.

We use induction on k. For k = 0,1, the result is clear. Now assume
that k > 1.

If xty - - -t has length I(z) + k — 1, then we have

TmTy = ngtg---tk + Tmtlﬁwa
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where £ = q% — q_%. Using induction hypothesis we see the theorem is true
in this case.

Now assume that xte -« typ_1tm < 2t9 -+ t;—1 for some 2 < m < k. We
may require that m’ > m > 1 if sys9--- s is another reduced expression
of y and 89+ Sp/_18m < TS9 - Spy—1. By Lemma 23] ¢1 - - -, is in the
parabolic subgroup P generated by %1, ts.

Let z1 (resp. y1) be the element in the coset 2P (resp. Py) with minimal
length. Let u,v € P be such that * = z;w and y = uy;. Then we have

TxTy = Z fw,u,valval'
veEP

By Lemma 2.7 degfuyuo < l(v) and v € P if fy 4, # 0. If [(v) > 3, by
Lemma 25, I(x1vy1) = l(x10) + U(y1). Hence Ty Ty, = Toywy,- I 1(v) = 2,
using Corollary 2.6 and Lemma [2.§ we see that degfy 4.4, . < 1 for any 2. If

[(v) = 0, by induction hypothesis, we see that the degrees of f, 4, . are not
greater than aqg for any z € W.

Now consider the case [(v) = 1. In this case v is a simple reflection. We

have [(x1v) = l(x1) + 1 and l(vy1) = {(y1) + 1 < l(y) since m > 2. Applying
induction hypothesis to the equality

TxlvTvyl - meva + TxlTyu

we see that degfy vy, < ag— 1 for any z € W.
Theorem [2.1] is proved. O

Corollary 2.10. Keep the assumption of Theorem 21l Let ag be the maxi-
mal number among the lengths of the longest elements of all finite parabolic
subgroups of W. Then a(w) = ag if and only if w = xuy for some x,u,y € W
with u being the longest element of a finite parabolic subgroup, l(w) = I(x) +
l(y) + l(u) and I(u) = ap.

This is clear from the proof of Theorem 2.1l
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3. Some Consequences I - the Lowest Two-Sided Cell

In this section (W, S) is a Coxeter group with completed graph. The set
S may be infinite, but the cardinalities of finite parabolic subgroups of W are
required to have a common upper bound. The lowest two-sided cell of W is
discussed. Let ag be the maximal value of the lengths of the longest elements
of finite parabolic subgroups of W and let A be the set consisting of all the
longest elements of finite parabolic subgroups of the maximal cardinality
(which is 2ag). Let D', D and ', (x € D’) be as in subsection 1.8.

Proposition 3.1. Keep the assumptions and notations above. We have

(a) The lowest two-sided cell of W coincides with the set {w € W |a(w) =
ap}. So for any x in the lowest two-sided cell, there exists y,z € W and
u € A such that x = zuy and l(x) = 1(z) + l(u) + (y).

(b) The map x — T, defines a bijection between the set D' and the set of
left cells in the lowest two-sided cell cg.

(c) The set D = {y tuy|u € A, uy € D', l(uy) = l(u) + l(y)} is the set of
distinguished involutions in the lowest two-sided cell.

(d) Let z,2 € W and uy € D' be such that u € A, I(zuy) = 1(z) + l(u) +
ly) and 1(Z'uy) = 1(2") + l(u) + U(y). Then C.y,Cuy = hyyuChuy and
w(Z'uy, zuy) = p(z'u, zu).

Proof. Let
Q={zuy e W|y,ze W, ue A, and l(zuy) =1(z) + l(u) + I(y)}.

We claim that  is the lowest two-sided cell. Since A C 2, it suffices to
prove that € is a two-sided cell.

Let z € Q. Then there exist y,z € W and u € A such that x = zuy
and [(z) = I(z) + I(u) + I(y). It is no harm to assume that uy is in D’. By
computing T T, uy, it is easily seen 7,y uyw 7 0 if and only if w = = and
Yzuuy,e = 1. This implies that C.,Cyy = hyuuCruy. The first part of (d) is

proved.

Let w € W and w o~ x. There exists w = wi,ws,...,w, = = such

that p(w;, wit1) # 0 or pw(wiyi,w;) # 0, and L(w;) ¢ L(wi41) or R(w;) ¢
R(wiqq) for all i = 1,2,...,n — 1. We show that all w; are in Q. It is no
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harm to assume that n = 2 and L(w) ¢ L(z). Let s be the simple reflection
in L(w) — L(x). Then C\, appears in CsC, with coefficient pu(w,z). Using
the identity C.,Cuy = hy,u,uCruy, We see that there exists 21 € W such that
l(z1u) = l(21) + l(u), C,,y appears in CsCly and vz yuyw 7 0. We must
have w = zyuy and pu(z1u, zu) = p(w, x) or u(zu, z1u) = p(x,w). So w € Q.
Part (a) is proved.

In addition, we have shown that 'y, = {zuy |z € W, I(zuy) = I(2) +
l(u)+1(y)} is a left cell of W. Let uyyy € D', I(u1y1) = I(u1) +1(y1), ug has
the length ag and is the longest element of a finite parabolic subgroup of W.
Ifujy; € T'yz, then uyy; = zuy for some z € W and I(zuy) = I(z)+1(uw)+(y).
By the definition of D’ we see that z = e. So ujy; = uy. Part (b) is proved.

Comparing the coefficients of T, in both sides of the equality CouCuy =
hu,uCruy, we see that the I(w)—2deg P, yy—a(u) > 0. Moreover, [(w)—2deg

1

P, ouy —a(u) = 0 if and only if z = y~". In this case, the coefficient of the

term ¢!® is 1. Part (c) is proved.

Now to prove the second part of (d), let E,,F, € H be such that
CuFy = Cyy and E,Cy = Cy-1,. Then C,,Fy = C,yy and E,C,,—1 =

Clruy)-1- Thus Ryt 0 = hy-14,-1 Assume that z'uy < zuy,

2luy,y~lwy:

comparing the coefficients of T, on both sides of the equality Clouy)-1Coruy =

Y ow Pytuz—1 2wy 1wy Cytwy = D Puz—1 2uwCy—1wy» a8 in [T, 2.2], we see
that the second part of (d) is true.

The proposition is proved. O

Proposition 3.2. Let (W,S) be a Cozeter group with complete Cozeter
graph and the cardinalities of finite parabolic subgroups of W have a common
upper bound. Assume the cardinality of S is greater than 2 and the order
of st is finite for some simple reflections s,t in S. Then the number of left
cells in the lowest two-sided cell of W is finite if and only if W is an affine
Weyl group of type As.

Proof. The if part is clear (see [5]). Now assume that W is not of type As.
Let s,t be simple reflections such that the order st is finite and maximal
in all possibilities. Let w be the longest element of the subgroup < s,t >
of W generated by s,t. Then w is in the lowest two-sided cell of W. If w
has length of at least 4, then w(rst)* is in D’ (see 1.8 for the definition of
D’) for any positive integer k, here r is a simple reflection in S — {s,t}. By
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Proposition 3.1 (b), we know that the number of left cells in the lowest when
two sided cell of W is infinite.

If w has the length 3, then either |S| > 4 or one of rs, rt has infinite
order for r € S — {s,t} since W is not of type As and the length of w is
maximal among the longest elements of finite parabolic subgroups of W. In
the first case, we can find two different simple reflections r,v in S — {s,t}.
Hence w(rvst)F is in D’ for any positive integer k. For the second case, let
r € S be different from s,t. It is no harm to assume that rs has infinite
order. Hence w(rs)¥ is in D’ for any positive integer k. By Proposition 3.1
(b), in both cases the number of left cells in the lowest two-sided cell of W

is infinite.

The proposition is proved. O

4. Some Consequences 1II - Other Results

In this section, (W,S) is a Coxeter group such that any two simple
reflections are not commutative, except when other specifications are given.
We shall give some other consequences of Theorem 211

In 4], Lusztig showed that the elements in W with the unique reduced
expressions form a two-sided cell of W. If the order of st is co for any two
different simple reflections s, ¢ of the Coxeter group (W, S), then W has only
two two-sided cells: {e}, W — {e}, see [6].

Proposition 4.1. Let m > 3 be a positive integer. Assume that the order
of st is either m or oo for any two different simple reflections s,t of the
Cozeter group (W, S) and the order of some st is m. Then W has only three
two-sided cells.

Proof. If w € W has different reduced expressions, then there exists simple
reflections s,t in W and x,y € W such that st has order m and w = zuy,
l(w) = l(z) + l(u) + I(y), where u is the longest element in the subgroup
of W generated by s,t. By Theorem 2.1l m is the maximal value of the
a-function on W. According to Proposition 3.1, w is in the lowest two-sided
cell of W. Therefore, W has only the following three two-sided cells: {e},
{elements in W with unique reduced expression}, {elements in W having
different reduced expressions}. The proposition is proved. O
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4.2. Assume that any two simple reflections in W are not commutative. Let
O be the set of isomorphism classes of finite parabolic subgroups of W with
rank 2. It is likely that the number of the two-sided cells of W is |O|+2, here
|O| denotes the cardinality of O. Proposition 1] supports this conjecture.
Below we will see that when W is crystallographic, the conjecture is also
true. We first establish some lemmas.

Lemma 4.3. Let P and Q be two different finite parabolic subgroups of
W with rank 2. Denote their longest elements by w and u respectively.
Assume l(w) < I(u). Let x,y € Q be such that l(wz) = l(w) +(z), l(wz) =
l(wzu) + l(u), l(ywz) = (y) + (wx) and (y) = l(wz) — l(u) — 1. Then
w(u, ywz) = 1.

Proof. The existence of x is clear. Since [(w) > 3, by Lemma 23] y exists.
Using the formulas (2.2.c) and (2.3.g) in [3], we can prove this lemma by a
direct computation. O

Corollary 4.4. Let P and @Q be two finite parabolic subgroups of W with
rank 2. Denote their longest elements by w and u respectively. Then u < w
LR

if l(u) > l(w). In particular, w and u are in the same two-sided cell if

l(w) =1l(u).

Proof. Let y,x be as in Lemma A3l Since [(w) < (u), we have [(y) < (z)
and L(ywz) is a proper subset of L(u). Lemma [A.3] then implies that u <

O

ywz. Clearly, ywxr < w. So u < w. The lemma is proved.
LR LR

Proposition 4.5. Let (W, S) be a crystallographic Cozeter group with com-
plete Cozeter graph and O be the set of isomorphism classes of finite parabolic
subgroups of W with rank 2. Then the number of the two-sided cells of W is
O] + 2.

Proof. By Theorem 2], the maximal value of the a-function on W is at
most 6. For i = 3,4,6, let W, be the set of elements x of W with the
properties below: (1) x = zuy for some z,y € W, u has the length ¢ and is
the longest element of a parabolic subgroup of W, (2) I(xz) = I(2)+1(u)+1(y).

We have two obvious two-sided cells: {e} and { elements in W with
unique reduced expression}. We claim that W, Wy — Wy N Wg, W3 — W3 N
(W4 U Ws) are two-sided cells whenever they are not empty.
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First, assume that Wy is not empty. According to Proposition 3.1, W
is the lowest two-sided cell of W. We claim that W, —W,NWj is a two-sided
cell of W if it is not empty. Clearly, a(z) > 4 for any x € Wy. From the
argument of Theorem [2.]] it is easily seen that a(x) < 4 if x is not in W.
Since W is crystallographic, by [6, Corollary 1.9], for z € Wy — Wy N Wg we
have x el here x = zuy is as in (1). Using Corollary 4.4 we know that
Wy — W4 N Wy is in a two-sided cell.

Let w be in W3 but not in Wy U Wg. According to 6, Proposition
1.4], vy-1pa = 1, here d is the distinguished involution in the left cell
containing w. Using the positivity for Kazhdan-Lusztig polynomials of W
and for Ay o With w,w’, w” in W, we see that the argument for Theorem
2.1 implies that v € Ws if deghy,-1,,, > 4. Since a(w) = a(d) > 3 and
d is not in Wy, we must have a(w) = 3 and w is not in the two-sided cell
containing x. Therefore, Wy — W4 N Wy is a two-sided cell if it is not empty.
We also showed that W3 — W3 N (W, U W) is a two-sided cell if it is not
empty.

If Ws is empty, the discussion is similar and simpler. The proposition is

proved. O

5. Examples

In this section the left cells in the Coxeter groups considered in Propo-
sition LIl Let (W, S) be a Coxter group of rank greater than 2 and m > 3
be a positive integer. Assume that the order of st is either m or oo for any
two different simple reflections s,¢ in S and the order of some st is m. By
Proposition 4.1] and its proof, W has only three two-sided cells: the trivial
two-sided cell {e}; 21 = {elements in W with unique reduced expression};
Q) = {elements in W having different reduced expressions}. Below we de-
scribe left cells in 7 and €.

For any simple reflection s in S, define I'; ; to be the subset of ()
consisting all w € Q; satisfying R(w) = {s}. Then we have

(a) The map s — I'y  defiens a bijection between S and the set of all left
cells in €. See [4].
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(b) Let w = tyta---t, be a reduced expression of w € W. It is clearly that
w belongs to 4 if and only if ¢;¢;11 - - - t;1;m—1 is not in a finite parabolic
subgroup of W (of rank 2) for any i = 1,2,...,p —m+ 1.

To describe the left cells in the lowest two-sided cell €2 of W, we need
the sets A and D’, see Section 3 and 1.8 respectively for the definition.
In current case, A is the set consisting of all the longest elements of finite
parabolic subgroups of W of rank 2. The length of any element in A is m.
For each w € A, let D), be the set consisting of all elements x € W such that

(1) x =wy for y € W and I(z) = l(w) + I(y),
(2) for any s in L(w), there are no z,z’,u € W such that sz = zuz/, l(sz) =
I(z) +1(u) + () and u € A

The set D' is the union of all D) ,w € A.

For any z € D', recall that T', is the subset of W consisting of all
elements zz satisfying [(zz) = [(z) + [(z) (see 1.8). By Proposition 3.1, we
have

(¢) The set I', is a left cell in Q and the map x — I'; is a bijection between
the set D’ and the set of all left cells in .

The following statements (d) and (e), which are easy to check, show that
the sets D!, and ', are computable.

(d) Let w € A and y = t1ty---t, € W be a reduced expression. Then wy
is D), if and only if the following three conditions are satisfied: (1) y is
in Q ory =e, (2) L(y) N R(w) is empty, (3) when p > m — 1, for any
simple reflection s € R(w), tita - - ty,—1 is not in the subgroup < t1,s >
of W generated by t1 and s, as long as the order of ¢1s is m.

(e) For w € A, z € D), and z € W, the element zz is in I'; if and only if
R(z) N L(w) is empty.

Let (W, S) be a crystallographic Coxeter group of rank 3 with complete
graph. We assume that (W, S) is not of type Ay and any parabolic subgroup
of W with rank 2 is finite. Then there are nine such Coxeter groups, two
of them are among the Coxeter groups discussed above: the order of st is
4 (resp. 6) for any s,t € S. The left V-cells of these nine Coxeter groups
(W, S) are described in [1].
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It should not be difficult to describe the left cells in (W,.S) for other
seven cases by using the results in section 3, section 4 and [5].

6. Some Comments

In this section two questions are proposed. Let (W, S) be an arbitrary
Coxeter group. In [5], a(w) < l(w) for any w in a Weyl group is shown.
This result was extended to arbitrary crystallographic Coxeter groups by
Springer, see [6] for the proof. It is natural to suggest that a(w) < l(w) for
w in an arbitrary Coxeter group.

Assume that (W, S) is connected (i.e. its Coxeter graph is connected).
Let P and @ be two finite parabolic subgroups of W. It is likely that the
longest elements of P and @ are in the same two-sided cell of W if P and @
are isomorphic Coxeter groups.
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