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Abstract

We show that a quaternary Jordan derivation on a quaternary Banach algebra asso-

ciated with the equation

f(x+i+z)+f(3x—i—4z)+f(4xl—3z):2f(96)-

is satisfied in generalized Hyers—Ulam stability.

1. Introduction

A quaternary algebra is a real or complex linear space, endowed with
a linear mapping the so-called a quaternary product (z,y,z,t) — [zyzt]a
of Ax Ax Ax A into A such that [[zyzt|a wouls = [z]yztw]s vuls =
[zy[ztwv]a ula = [ryz[twou]a]a for all x,y,z,t,w,v,u € A. If (4,.) is a
usual binary algebra, then an induced quaternary multiplication can be,
of course, defined by [zyztla = ((z.y).2).t = (z.(y.2)).t = z.((y.2).t) =
x.(y.(z.t)). Hence the quaternary algebra is a natural generalization of the
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binary case. If a quaternary algebra (A,[ |4) has a unit, i.e., an element
e € A such that x = [zeee]s = [ecex]4 for all x € A, then A with the binary
product z.y = [xeey|a, is a usual algebra.

A normed quaternary algebra is a quaternary algebra with a norm ||.||
such that ||[xyzt]a| < ||z||||ly]ll|z]|||t]] for x,y,z,t € A. A Banach quaternary
algebra is a normed quaternary algebra such that the normed linear space
with norm ||.|| is complete. Assume that A and B are real or complex
quaternary algebras. A linear map h : A — B is said to be a quaternary
homomorphism if hlxyzt]4 = [h(x)h(y)h(z)h(t)]p holds for all x,y, z,t € A.

Let A be a Banach quaternary algebra and X be a Banach space. Then
X is called a quaternary Banach A-module, if module operations A x A x A X
X=X AXxAXXXxA—- X, AxXxAxA— Xand X X AxAxA— X,
which are C-linear in every variable. Moreover satisfy

[[zabc]x def]x = [z]abed] s ef]x = [xalbede]a flx = [xabledef]a]x

[lazbc]x def]x = |alzbed]x ef]x = [ax[bedela flx = [axbledef]a]x
[labzc]x def]x = lalbred]x ef]x = [ablzede]x f]x = labx[cdef]a]x
[labcx]x deflx = [a[bexd]x ef]x = [ablcxde]x flx = labc[zdef]x]x,
[labed)a zeflx = lalbedx]x ef]x = [abledze]x flx = |abeldzef]x]x
[labed]a exflx = lalbede]a xf]x = [abledex]x flx = labe[dex f]x]x

[[abed] 4 efz]x = |albede]l o fz]x = [abledef]a x]x = [abe[defx]x]x

for all x € X and all a,b,c,d,e, f € A,
max{||[zabe]x |, [[[azbc]x ||, [[abzc]x |, [[[abex]x (|} < ||alll[b]|]|c]|]]]]

for all z € X and all a,b,c € A.

Let (A,[ ]a) be a Banach quaternary algebra over a scalar field R or C
and (X,[ ]x) be a quaternary Banach A-module. A linear mapping D :
(A, ]a ) — (X, ] ]x) is called a quaternary derivation, if

D([zyzt]a) = [D(x)yzt]x + [zD(y)zt]x + [zyD(2)t]x + [vyzD(t)]x
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for all x,y,z,t € A.

A linear mapping D : (A,[]a) — (X, [ ]x) is called a quaternary Jordan
derivation, if

D([zzzz|a) = [D(x)zzz)x + [zD(x)zz]x + [reD(z)zr]x + [rrxD(z)]x

for all z € A.

The stability of functional equations was first introduced by S. M. Ulam
1] in 1940. In 1941, D. H. Hyers |2] gave a partial solution of Ulam’s problem
for the case of approximate additive mappings under the assumption that
G1 and G9 are Banach spaces. In 1978, Th. M. Rassias [3] generalized
the theorem of Hyers by considering the stability problem with unbounded
Cauchy differences. This phenomenon of stability that was introduced by
Th. M. Rassias [3] is called the Hyers—Ulam—Rassias stability. According to
Th. M. Rassias Theorem:

Theorem 1.1. Let f : E — E' be a mapping from a norm vector space E
into a Banach space E' subject to the inequality

1 (e +y) = fx) = F)Il < e(l]” + [lyl*) (1)

for all x,y € E, where € and p are constants with € > 0 and p < 1. Then
there exists a unique additive mapping T : E — E’ such that

2¢

1) - T@) < 5=

[l]” (2)

for all x € E. If p < 0 then inequality (1) holds for all x,y # 0, and (2) for
x # 0. Also, if the function t — f(tx) from R into E' is continuous for each
fizred x € E, then T is linear.

On the other hand J. M. Rassias [, K], generalized the Hyers stability
result by presenting a weaker condition controlled by a product of different
powers of norms. According to J. M. Rassias Theorem:

Theorem 1.2. If it is assumed that there exist constants © > 0 and p1,ps €
R such thatp=p1+po # 1, and f : £ — E' is a map from a norm space E
into a Banach space E' such that the inequality

1f (@ +y) = f@) = fF) < ellz"[ly]”
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for all z,y € E, then there exists a unique additive mapping T : E — E'
such that

If () =T (@) <

for all x € E. If in addition for every x € E, f(tx) is continuous in real t
for each fized x, then T is linear (see [d]-[13]).

Stability problems of functional equations have been investigated ex-
tensively during the last decade. A large list of references concerning the
stability of functional equations can be found in [14], [15], |16, 17, 18], [19]
and [20]-[2).

Recently, R. Badora [21] and T. Miura et al. [26] proved the Ulam-Hyers
stability, the Isac and Rassias-type stability [27], the Hyers—Ulam-Rassias
stability and the Bourgin—type superstability of ring derivations on Banach
algebras. On the other hand, C. Park [2§8], C. Park and M. E. Gordji [29]
and Bavand et al. [3(] have contributed works to the stability problem of
ternary homomorphisms and ternary derivations. For more details about
the results concerning stability of functional equations the reader is referred
to [31]-[zd).

The main purpose of the present paper is to offer the Ulam—Hyers sta-
bility of quaternary Jordan derivations on Banach quaternary algebras as-
sociated with the following functional equation

rT+y+z 3r —y —4z 4z + 3%
e e R e R

f( ) = 2f(x) . (1.1)

2. Quaternary Jordan Derivations on Banach Quaternary Algebras

In this section, we investigate quartenary Jordan derivations on Banach
quaternary algebras.

Throughout this section, assume that (A, [ ]4) is a Banach quaternary

algebra and (X, [ |x) is a quaternary Banach A-module.

Lemma 2.1 ([31]). Let V and W be linear spaces and let f : V — W
be an additive mapping such that f(uzx) = pf(z) for all x € V and all
p €T :={\eC ;|\ =1}. Then the mapping f is C-linear.
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Lemma 2.2 ([32]). Let f: A — X be a mapping such that

R (e R e P Y )

I

forall x,y,z € A. Then f is C-linear.

Theorem 2.3. Let p # 1 and 0 be nonnegative real numbers, and let f :
A — X be a mapping such that

f(x+lﬁly+z)+ﬂf(3$_i_4z)+f(4x1_3z

for all € T' and all ,7y,z € A,

1f (lyyyy)a) = [f @)yyylx — [vf @)yylx — [y f (w)vlx — lwyyf @))x]| < 0lly[|*”

(2.2)
for all y € A. Then the mapping f : A — X is a quaternary Jordan deriva-
tion.

Proof. Assume p < 1. By Lemma [Z2 the mapping f : A — X is C-linear.
It follows from (2) that
1 (lyyyyla) — [f
= %Hf([(ny) ny)(ny)(ny)la) — 1f (ny) (ny) (ny) (ny)]x — [(ny) f (ny) (ny) (ny)]x
—[(ny) (ny) f (ny) (ny)] x — [(ny)(ny)(ny) f (ny)] x||

0 4
< L n4p||y 14
< 'y

Wyyylx — lwf(Wvylx — vy fWylx — lyyyyf(y)l x|l
(

for all y € A. Thus, since p < 1, by letting n tend to oo in last inequality,
we obtain

Fwyyyla) = [fWyyylx + [wf(@)vylx + lyyfW)ylx + vyyf(y)]x

for all y € A. Hence the mapping f : A — X is a quaternary Jordan
derivation. Similarly, one obtains the result for the case p > 1. O

We prove the following Ulam stability problem for functional equation
() controlled by the mixed type product-sum function

(@,y) = Olz|[P lylP2 1207 + [P + lyl” +120")  (p = p1+p2 +p3)
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introduced by J. M. Rassias (see [23]).

Theorem 2.4. Let p, p1, p2, p3 be real numbers such thatp < 1, p1+pa+p3 <
1, and 0 > 0. Suppose f : A — X satisfies

N e T (== Bl
< Ol Ryl 202 + Ll + ol + 1211, (23

for all p € T' and all x,y,z € A,

If ([zrwa) )~ [f (v)zza)x — [z f (v)az) x — oz f (2)2] x —[zza f (@) x| < 0)|=(|*
(2.4)
for all x € A. Then there exists a unique quaternary Jordan derivation

D : A — X satisfying

1f() — D) < 20-2

<20zl (25)

for all x € A.

Proof. Setting p=1and x =y =z =0 in Z3), yields f(0) = 0. Let us
take p =1, z =0 and y = x in ([Z3). Then we obtain

H2f(g) — f(@)I| < 20[|=]" , (2.6)

for all z € A. In (8, replacing § by z and then dividing by 2, we get

I£@) ~ 5o < 20lal? (27)

for all x € A. We easily prove that by induction that

1/ () = %f@”w)ll < 20]|fP Y 27D (2.8)
1=1

In order to show that the functions D, (z) = 5 f(2"z) form a convergent

sequence, we use the Cauchy convergence criterion. Indeed, replace = by

2"z and divide by 2™ in ([Z8), where m is an arbitrary positive integer. We
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find that
\|—1mf(2’”:17) - ml fR"T)|| < 20| =P E " 2i(p—1)
2 om+n 2

for all positive integers. Hence by the Cauchy criterion the limit D(z) =
lim;, .o Dy () exists for each x € A. By taking the limit as n — oo in ()

we see that
I (z) = D(z)|| < 20||z|P Y 2/
i=1

and (EZH) holds for all € A. Now, we have

T+ py+ 2z n Jr —y —4z 4z + 3%

IDETEIEE) 4 pPT YR p( ) ap()|
2% + p2ty + 2"z 3.2y — 2"y —4.2"2
= lim —an( )+ uf( )
42" +3.2"z n 1 n n n
FCEEEBZE oparaa < lim 0|2 0] 2" 2"

2%z + 12"yl + 112" 217)

= lim 27D |||y |2 2] ™)

n—oo
+ lim 2°®V0(||” + [y || + |12]7) =
n—oo
for all u € T! and all x,y,2 € A. Hence

T+ py+z
4

3x —y — 4z 4x + 3z
) 4 D)

D( ) + uD( = 2D(x)

for all 4 € T' and all x,%,z € A. So by Lemma £3), D is C-linear. On the
other hand

HD([ZE:E:L‘:E]A) [D(z)rzz|x — [xD(x)zz]x — [reD(x

= lim W\If([( ) (2"2)(2"x)(2"x)]a) — [F(2"

L) F2) (@) (2 — (272" F (2
_[(2") @) (2 2) f (@) x |

Tim 22"
= lim 016"*~ Yz =0

2lx — [zraD(x)] x|

2%x)(2"x)(2" )] x
(2"z)]x

)
z)(
)

IN
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for all x € A, which means that
D([zzzz]a) = [D(z)xzz)x + [xD(x)zz|x + [zzD(z)x]x + [zraD(x)]x.

Therefore, we conclude that D is a quaternary Jordan derivation. Suppose
that there exists another quaternary Jordan derivation D' : A — X satisfy-
ing ZH). Since D' (z) = %DI(Z"x), we see that

i

1 n "ron
ID(2) = D ()l = 5[ID(2"2) = D (2"z)|
1 n n n " ron
< S (lf(2%2) = D(2"2)| +[I£(2"2) - D (2"2)]))
oP
< 4 (=1 2|IP
which tends to zero as n — oo for all z € A. Therefore D' = D as claimed
and the proof of the theorem is complete. O

Theorem 2.5. Let p, p1,p2, p3 be real numbers such thatp > 1, p1+p2+ps >
1, and 0 > 0. Suppose f: A — X satisfies

(IR g BT R ) y p () i@y 29)
< Ol Ryl =02 + Ll + gl + =11, (210)

for all p € T' and all x,y,z € A,

1f ([wzza] a)=[f (@)xza)x — [z f (r)va] x—[va f (2)a] x —[zex f (2)] x| < 0]«

(2.11)
for all x € A. Then there exists a unique quaternary Jordan derivation
D : A— X satisfying

op
2r —2

I1D(z) — f(2)|| < 260 o[ [” (2.12)
for all x € A.

Proof. Setting u=1and z =y = z = 0 in (2.9), yields f(0) = 0. Let us
take p =1, z =0 and y = x in (2.9). Then we obtain

H2f(g) — f(@)I| < 20[|=" , (2.13)
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for all z € A. By induction, we get

n—1

H2”f(2£n) — fl@)l < 20)alP Y 270, (2.14)

i=0
In order to show that the functions D,(x) = 2" f(5%) form a convergent
sequence, we use the Cauchy convergence criterion. Indeed, replace x by 5=
and multiply by 2" in I4l), where m is an arbitrary positive integer. We
find that

m+n—1
X

m+n m T i(1—
1274 f () — 2 F (Gl < 28] ]P Y- 20D

for all positive integers. Hence by the Cauchy criterion the limit D(z) =
lim;, oo Dy () exists for each x € A. By taking the limit as n — oo in ([ZI4))

we see that

ID(@) = f(@)|| < 20]z|P Y 207
1=0

and (2.11) holds for all z € A. Thus, we have

T+ py+ 2z 3z —y—4z 4z + 32
IDEELEE) 4 (R 4 p(E) — 20()|
. 27" + pu2 "y + 27"z 327"y — 27"y —4.27"2
= lim 2%|[f( )+ 1 ( )

PP ofa)|

lim 270 (]|27 ][ 27"y P2 (|27
n—oo

IN

Il + 27yl + 22) = lim 2P g2 2] )

+ Jim 270D 4yl +]12]7) = 0

for all € T! and all z,y,z € A. Hence

T+ py+ 2
4

3r—y—4z 4z + 32
D( )+ uD(=E=2) 4 D=

) = 2D(a)

for all ;1 € T! and all z,y, 2 € A. So by Lemma &2, D is C-linear. Thus, we
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have

|D([xxzz]a) — [D(x)zzz]x — [zD(x)zz]x — [zeD(x)z]x — [zzeD(z)]x||
— lim 167 (222 ) (27 0) (2 ")) — [F@ )@ )2 ) x
—[@27" ) f(27"2) (27 ) (27" ) x — [(27"2) (27 ") f (27 ") (27" ) | x
—[(2_"1’)(2_"1’)(2_"35)f(2_"33)
hm 16"9” H4p

Jx||

IN

= lim 016™ 1 )|z =0
for all x € A, which means that
D([zzzz|a) = [D(x)zzz)x + [zD(x)zz]x + [reD(z)z]x + [rrxD(z)]x

Therefore, we conclude that D is a quaternary Jordan derivation. Suppose
that there exists another quaternary Jordan derivation D:A—-X satisfy-
ing (2.11). Since D' (z) = 2"D’ (3% ), we see that

’

|D(2) - D'(@)]| = 2"ID(5;) = D' ()

2(1£(55) = DG+ 1) = D ()l
op

n(1=p) || p||P

IN

which tends to zero as n — oo for all z € A. Hence, D' = D as claimed and

proof of theorem is complete. O

We are going to investigate the Hyers—Ulam—Rassias stability problem
for functional equation ([ITI).

Corollary 2.6. Let P € (—o0,1) U (1,00), 8 > 0. Suppose f : A — X

satisfies

y— 4z 4z + 3%

3r —
L2 BTV B pa)| < 0+ ol ),

|1
for all p € T' and all ,y,z € A,

I ([ezzz)a)~[f (2)zza]x —[2f (2)za]x~[eaf ()2]x ~[zraf(2)]x] < 0]|z]*
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for all x € A. Then there exists a unique quaternary Jordan derivation
D : A — X satisfying

P
@) = Dla)| < 205 =5 ol

for all x € A.

By Theorems 2] and we solve the following Hyers-Ulam stability
problem for functional equation ().

Corollary 2.7. Let 0 be a positive real number. Suppose f : A — X satisfies

S (= 4 p () — 2w <0

for all 4 € T' and all x,7y,z € A,
If (fzzwz]a) - [f (@) zez]x - [of(v)ez]x - o f(2)z]x - [zva f(2)] x| < 0|z
for all x € A. Then there exists a unique quaternary Jordan derivation
D : A — X satisfying

[f(z) = D(x)[| <0
for all x € A.
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