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Abstract

P. K. Sahoo in [i] has arrived at the functional equation stemming from trapezoidal

rule

o) - alw) = L5 [ )+ 21 (B ) war (52 ) 4 1),

for z,y € R, where f and g are unknown functions. In fact, Sahoo considered more general

equations

9(y) = W) = (y — 2)[f (x) + 2k(sz + ty) + 2k(tz + sy) + f(y)] (1)

with four unknown functions (cf. [1]) and

[1(y) = g1(x) = (y — 2)[fo(x) + fs(sz + ty) + fa(tx + sy) + f5(y)] (2)

with six unknown functions (cf. [§]), where s and t are two fixed real parameters. The
equations have been solved in [d] and [§] for s> = t* or s = 0 or t = 0 without any
regularity assumptions, and in the case s # t2 (with st # 0) the solutions have been
determined under high regularity assumptions on unknown functions (differentiability of

second or fourth order).

In this paper we solve equations () and () in the case of s* # * (with st # 0)
with no regularity assumptions on unknown functions for rational parameters s and ¢, and

under very weak assumptions in other cases.
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1. Introduction

In references [7] and [€] P. K. Sahoo considered the functional equations
@ and (@), stemming from the trapezoidal rule for estimation of Riemann
integral, with assumptions of high regularity of the unknown functions (two
times differentiability, or even four times differentiability), thus the results
were obtained. In the present paper we use a slightly different method of
solve ([[l) and (), based on Lemma 1 below. In addition, we show that
with no regularity at all in case of rational parameters or with very weak
reqularity in general case we are able to obtain similar results. Obviously, in
places where in Sahoo’s results appear to be linear functions, we get general
additive mappings. Sometimes even the general solutions of the Cauchy
equation have to be linear as well. This is due to the special shape of

equations () and ).

In this paper, functional equations () and (@) in the case s # t? with
s,t € Q, s,t # 0 are going to be solved without any regularity assumptions.
First let us recall notations used in reference [4].

Let G and H be commutative groups. Then SAY(G; H) denotes the
group of all i-additive, symmetric mappings from G’ into H for i > 2,
while SA°(G; H) denotes the family of constant functions from G to H and
SAYG; H) = Hom(G; H). We also denote by Z the subset of Hom(G; G) x
Hom(G; G) containing all pairs («, 3) for which Ran(a) C Ran(3). Further-
more, a convention that a sum over empty set of indices equals 0 is adopted.

Now we present the following useful lemma which is generalization of
lemma presented in reference [4] (Lemma 2.3) with a modification from [2].

Lemma 1. Fix N,M, K € NU{0} and let Iy, ..., Ip+x be finite subsets of
Z. Suppose further that H is uniquely divisible by N! and let functions p; :
G — SAYG;H), i € {0,...,N} and functions ;o : G — SA(G; H),
(a,B) €1;,i€{0,...,M + K} satisfy

N-1 M
on (@) ™M)+ D i@ W) = D D diasal@) + BW)) (1Y)
i=0 i=0 (a,B)el;
M+K

+ 3 Y Yies (e +B1)@)

i=M+1 (a,8)€L;
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for every x,y € G. Then on is a generalized polynomial of degree at most

equal to
M+K M+K
Z card( U I) —1.
=0 s=i

Proof. The Lemma is proved by using induction with respect to M + K.
If M+ K =0 then M = K = 0 and we can use the famous theorem of
Székelyhidi (Theorem 9.5 in reference [9]). Suppose that M > 1 or K > 1
and the assertion holds true for some M + K — 1. Let us consider the case
where on the right hand side there are M + K + 1 summands. It follows
that at least one of the sets I;, 1 < i < M + K is nonempty. If I; is a set
appearing in the first sum on the right-hand side then, as in the proof of

Lemma 2.3 in reference 4], we obtain for some uq,...,u; (k = cardl;)

=2

Ay on (@) (™) + i(@)(y)

=Y Y diesla@) +B8w))
J#i (avﬁ)eLj
M+K

+ 3 Y i@ +8@)),

J=M+1(a,B)€L;

1M
>

where ¢; and 1[1]-7(,175) are some functions mapping G into SA*(G; H) and
: . . M+K . .

SAJ(G; H), respectively. We admit L; = US:J; I, j€{0,...,M+K}\{i}.

By induction hypothesis, we obtain that A, ., ¢n is a polynomial function

of order at most equal to

M+K
anrdLj —-1= anrd( U I;)— 1.
i#i J#i s=j

In particular, the function ¢ is polynomial of order

M+K M+K M+K
Z cardL; — 1 = Z card( U I) —1.
j=0 5=0 s=j

Analogously, if the set I; is appearing in the second sum on the right-hand
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side, we get for uy,...,u; (k= cardl;)

N—
Aul, UL SDN Z

**M %Mi

Z

a,B)€
Z (2)+B8) "),
a,B)e

where L;, ¢; and zﬁj have the same meaning as above. Also for this case by
using induction hypothesis it is obtained that ¢y is a polynomial function

of order bounded by

M+K M+K
Z card( U I) — 1. O
=0 s=j

The following lemma is also required.
Lemma 2.([3]) For every k € N, if B € SA¥(R;R) satisfies
B(a*'y) = yB(z""11)

for every x,y € R, then B is k-linear, i.e.

B(wy,...,ax) = Bz -y
for every x1, ...,z € R, where 1% is the k-tuple (1,...,1).
——
k

2. Main Results

Now we are able to solve functional equations ([{l) and () in the case
s? # t2 for rational s,t without any regularity assumptions. We start with

the equation ().



2011] TRAPEZOIDAL RULE REVISITED 351
Let s,t € Q with s? # t? and s,t # 0. Taking in ([{l) y = = we get

h(z) = g(x). (3)

We may treat the multiplication y - ¢(x) as action of the homomorphism

©(x) on the argument y, i.e. p(z)(y) =y - p(z). If we put y =y — x in ()
after some simplifications we can write ([Il) in the form

f(@)(y) + g(z)
= [~f(x+y) —2k((s + )z + ty) — 2k((s + t)z + sy)|(y) + g(x + y).

Using Lemma [ for N =M =1, K =0, I; = {(id,id), ((s + t)id, tid), ((s +
t)id, sid)}, Io = {(id,id)}, v1 = f, vo = h, Yo daia) = 9> Y1,6did) = —f>
V1 (s+0)id,tid) = V1, ((s+b)id,sid) = —2k we get (with assumptions 52 # t2 and
s,t # 0) that f is a generalized polynomial of degree at most 22-1:0 card(Ui:Z
I;) — 1 =25, that is

5
= Bi(x), (4)
i=0

where Bld are diagonalizations of i-additive symmetric functions B; for i =
0,1,...,5.

Putting v = sz +ty, v = y — x we have z = S%rtu Sitv and y =
S—Hu—k v (s+t # 0 since s? # t2). Followed with obvious transformations

and 51mphﬁcations we get from ()

t 1 1 s
M) = 5 (e ) 0= 3 (e ) @
ku+ (s — 0)(v) + 39 (——u+ —
u S VIV 29 S+tu s+tU
1 ! u— ! v

2I\s+t" s+t )
Again using Lemmalllfor N =M =1, K =0, Iy = {(8+t1d, paed d), (s%-tidﬂ
—Lid)}, I = {(-Lid, —-Lid), (8+t1d, =id), (id, (s — 1)id)}, o1 = k, @o =
0, ¢0 (—1d srid) wO(SHld ——1d) 29’ 111)1 —1d,?1d) 1,(== sid— Sthld)

2f Y1, (id,(s—t)id) = —k We obtain (with assumptions 52 £ 12, 5,t # 0) that
I,)—1=5,

k is a generalized polynomial of degree at most E 0 card(U s—i
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that is
5
k(z) =) Alw), (5)
i=0

where Ald are diagonalizations of i-additive symmetric functions A; for ¢ =
0,1,...,5.

Putting now y = 0 in () we have
9(x) = [f(z) + 2k(sz) + 2k(tz) + f(0)](z) + 9(0)

and using previous calculations we get

5 5 5
g(0) =2 |3 Bla) + 23 Al(se) + 23 Al(ta) + By | +co,  (6)
=0 =0 =0

where ¢o = ¢(0).

Remark 1. M. Sablik during The Forty-fourth ISFE held in May 2006 in
Louisville, Kentucky, USA, has made a remark (refer to reference [3]) that
using Lemma, [l we are able to show that if functions f, g, h, k satisfy equa-
tion ([II) then f and k are generalized polynomial functions of order at most
5, and g = h is a polynomial of order at most 6. If we assume that every A;
and every B; for i = 0,1,...,5 are continuous (to get homogeneity of mono-
mial functions forming solutions) or satisfy any condition implying that A;
and B; are homogeneous (that is measurability or boundedness on a set of
positive Lebesgue measure) we get that functions f, g, h, k are polynomials
and then they satisfy the assertion of Sahoo’s theorems. So inserting the
general forms of functions f, g, h, k into equation () and assuming continu-
ity (or measurability or boundedness on a set of positive Lebesgue measure)
of functions f and k, we obtain the solution mentioned by Sahoo in his talk
at the meeting (reference [(]) and the differentiability (up to four times) of
unknown functions (for real parameters s and t) is not required. In addi-
tion, using the same condition, further result is obtained under no regularity

assumption in the case where s and t are rational numbers.
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Substituting formulas @), @), @), @) to the equation ([l) we have
5 5 5 5
2y Z Ad(sy) + 2y Z Ad(ty) — 2z Z Ad(sz) — 2z Z Al(tx)
= ; ; ;

5
= yZBf :EZBd —I—QyZAd sx + ty) —2$2Ad sT + ty)
i=1

=0 =0

5
+2y Z Ad(tz + sy) — 2z Z Ad(tx + sy).
i=0 i=0
Using ¢-additivity of functions A; and B; for ¢ =0,1,...,5 and their homo-

geneity with respect to s,t € Q we can write the previous equation as

5
2y > (5" + 1) A (y) —2xz s+t Ad(x)
=0 1=0
5 i
= yZBd +2yzz< > (879t 44179 87) Ay (2" 47
=0 j=0
5 4
— xZBfl( —2mzz< > (89t 41779 s7) Ay (2" ),
i=1 =0 j=0

that is

5 5
zY Biy)—y> Bi(x)
=1 i=1

5 i—1

= QyZZ < > 1—jtj —i—ti_jsj)Ai(xi_j,yj)
=1 j=0
5 )
—2:1722 ( > (89t 41779 80) Ay (27 o).
i=1 j=1

Now, comparing the terms with respect to degree of x and y, we arrive at

the following conditions

2B1(y) — yBi(x) = 2(s + t)yAi () — 2(s + )z A (y), (7)
5

5 5
y>_ Bi@) =21 i(st " +ts A y) = 2y ) (s +1)A(z), (8)
i=2 i=2

1=2
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1—2

5 .
Y-S (1) 4 ) A )

i=3 j=1

5 i—1 .
=22y Y < )(si—jtﬂ' + 77 s0) Ay (279 ) (9)

i
=3 j—2

holding for all z,y € R (expressions with degree of = equal to 1 for ¢ >
2 generate the same condition as expressions with degree of y equal to 1
therefore they are omitted).
If we put y = 1 in ([d) we get

Bi(z) = (b1 +2(s+ t)ar)x — 2(s + t) A1 (z), (10)

where a; = A1(1), by = B1(1).
From (B) we directly get

yBZ‘-i(a:) = 2i(si_1t + ti_ls)xAi(a:i_l, y) — 2(si + ti)yAf(a;) (11)
for every 2 <1 < 5. Letting y = x we have
Bl(z) = 2i(s" 1t 4+ t17Ls) — s¢ — t1]AY(2) (12)

for every 2 < i < 5.
On the other side putting y = 1 in ([8) and multiplying both sides by y we
get

yBi(x) = 2i(s' 1t + ' s)ay Ay (a1 1) = 2(s" + )y Al (x)  (13)
for every 2 < i < 5. Now, if we compare ([l and ([3]) we obtain
2i(s"H + 1)z A (2 y) = 2i(sT £ s)ay Ay (21 1),
Since s2 # t? and s,t # 0 then s'~ !t +#"1s = st(s*"2 +t'72) # 0 and thus
Az y) = yAi (2 1),
Using Lemma B] we get that A; are linear, that is

Ad(z) = ;2 (14)
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where a; are arbitrary real constants for every 2 < i <5. Using ([IZ) we also
get

Bl(z) = 2(is" Mt +itt s — st — tH)a! (15)

for every 2 < i < 5. Now, putting ([I]) in (@) and comparing the terms of
the same degree we obtain

i-2 . i-1 .
Z ( > (Sz—]t] 4 tz—JS])aixz—JyH-l — Z < > (SZ—Jt] 4 tz—]sj)aixz—]-l—ly]
=1 i=2 M
for i = 3,4,5. For i = 3 we have identity. For i = 4 we get

4(s3t + t35)agxy? + 125°t2au2%y® = 125212 au23y? + 4(st3 + ts3)agz?y?,
thus
st(s® + 12 — 3st)agz®y*(x —y) = 0.

Since z and y are arbitrary, s,t # 0 and the equality s? + ¢ — 3st = 0 is
fulfilled for s = %t, which is impossible as we assumed that s,t € Q, we
have

ayq = 0. (16)

For ¢ = 5 we get

5(s*t + t*s)aszty® + 10(s3? + 35 asx3y> + 10(s*t3 + 125%)as 2y
= 10(s*t* + t3s?)asxy? + 10(s*t® + t25%)azz®y® + 5(st* + s*t)aszy?,

thus
875(33 + 13— 25% — 28t2)a5x2y2(x2 - y2) =0.

Again, since z and y are arbitrary, s,t # 0 and the equality s34 3 — 2st(s +
t) = 0 is fulfilled for s = —t or s = %\/gt, which is impossible as we assumed
that s2 # t? and s,t € Q, then we also have

as = 0. (17)
Finally from [H), (I)), (I8) and [I7) we obtain

k(x) = azz® + aga® + Ay (z) + ao,
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from (@), (), ([F), (I8 and (D we get
f(z) =2(3st(s +t) — 55 — t3)aza® + 2(4st — s> — t*)asx® + By(x) + by
and from @), (@), (@), &), [0 and ([d) we have h(x) = g(x) and

g(z) = 2(3st(s +t) — s — t3)agaz? 4+ 2(4st — s* — t?)aga® + By (z)x + box
+2(s® + t¥)azz® + 2(s? + tH)agx® + 2(s + t) Ay (z)z + dagz + boz + co
= 6st(s + t)agx? + 8stagx® + (b1 + 2(s + t)a1)z”® + 2(by + 2a0)z + co.

Now let us state the first of our main results.

Theorem 1. Let s,t € Q be any two nonzero parameters with s> # t>. The
functions f,g,h,k : R — R satisfy the equation () for all z,y € R if and
only if h(z) = g(z) and

g(x) = 6st(s + t)azz?* + 8stagx® + (by + 2(s + t)a1)z? + 2(by + 2a0)z + o
f(z) =2(3st(s +t) — s — t3)aza® + 2(4st — s* — t?)agz? + By (x) + by

k(z) = azx® + agx® + A1(z) + ao,

where A1 : R — R is an arbitrary additive function, B1 : R — R is given by
@), a1 = A1(1), by = B1(1) and as, az, ag, by, co are arbitrary real constants.

Now we will solve functional equation (f) in the case s? # t2 for rational
s,t without any regularity assumptions. We will use Theorem [0 and the
following lemma (cf.[8; Lemma 2]).

Lemma 3. Let s and t be any two nonzero real parameters with s®> # t2.
Functions ¢, : R — R satisfy the equation

(y —2)[(x) + sz + ty) — d(tx + sy) —P(y)] = 0 (18)
for all x,y € R if and only if

P(z) = (£ = s*)ES(x) + (t — s)Er(x) + Fy, (19)
¢(z) = EY(z) + Ei(z) + Eo, (20)
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where Eg is a diagonalization of a biadditive symmetric function Ey : R x
R — R, E1 : R — R is an additive function and Ey, Fy are arbitrary real
constants.

Proof. From equation ([§) we easily get

Y(x) + ¢(sz + ty) — d(tw + sy) —Y(y) =0 (21)

for x # y, and in fact for all x and y. Hence we obtain directly from Lemma

[ that 1 is a generalized polynomial of degree at most equal to 2, i.e.
Y(x) =) Fl(x), (22)

where F2d is a diagonalization of a biadditive symmetric function F5 : RxR —

R, F7 : R — R is an additive function and Fj is an arbitrary real constant.

Taking now u = sx + ty, v = x we get that x = v, y = %u— Zv and

D(v) + () — & Gu + <t _ ?) v> _y <%u _ %J) —0.  (23)

Again, using Lemma [l we get that ¢ is a generalized polynomial of degree

at most equal to 2, i.e.
2
$(x) = > E(x), (24)
i=0

where Eg is a diagonalization of a biadditive symmetric function Fy : R x
R — R, E; : R — R is an additive function and FEy is an arbitrary real

constant.

Inserting [22) and 4)) to equation (EI) we obtain

Fd(x) + Fy(z) + Ed(sx + ty) + E1(sz + ty)
= Ed(tx + sy) + Ei(tx + sy) + F(y) + Fi(y).

Putting y = 0 and comparing the terms of the same degree we arrive at the

following conditions

Fy(z) = (1 — s*) E§(x),
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Fi(z) = (t — s)Er(x),

thus ¢ and ¢ fulfill conditions ([d) and 20), respectively. O

Theorem 2. Let s,t € Q be any two nonzero parameters with s*> # t2.
Functions g1, f1, f2, f3, fa, f5 : R — R satisfy functional equation @) for all
x,y € R if and only if g1(x) = fi(x) and

fi(x) = 6st(s + t)agz* 4 8stazx® + (by + 2(s + t)ay)x? + 2(by + 2ag)r + co

fo(z) = 2(3st(s +t) — 83 — t3)aga® + 2(4st — s* — t*)asx? + Bi(x) + bo+
(t? — s?)Ed(x) + (t — s)Er(z) + Fy

f3(2) = 2a323 + 20222 + 241 (2) + 2a0 + EY(z) + F1(z) + Eo
fa(z) = 2a323 + 2a02® + 2A; (2) + 209 — Ef(2) — E1(z) — Eo

f5(x) = 2(3st(s +t) — 83 — t3)aga> + 2(4st — s* — t*)asx® + By (x) + bo—
(t? — $?)Ed(z) — (t — 8)E1(x) — Fo,

where Eg 1s a diagonalization of a biadditive symmetric function Eo : R X
R—R, A : R — R and E; : R — R are arbitrary additive functions, By :
R — R is given by ([@), a1 = A1(1), by = B1(1) and as, as, ag, by, co, Eo, Fo
are arbitrary real constants.

Proof. To prove Theorem 2] we repeat the method used in the proof of [§],
Theorem 1.
Letting y = x in ([2l) we see that ¢g1(z) = f1(z) for all x € R. Thus

Ny) = [i(@) = (y — 2)[fa(2) + fa(sz + ty) + falte + sy) + fs(y)].  (25)
Interchanging x and y in ([Z5) we obtain
fiy) = filz) = (v — 2)[f2(y) + f3(sy + tz) + falty + sz) + f5(x)].  (26)

Adding and subtracting [ZH) and (28) respectively the followings are ob-
tained

9(y) — g9(z) = (y — 2)[f () + 2k(sz + ty) + 2k(tz + sy) + f(y)],  (27)
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(y — 2)[Y(z) + ¢(sz + ty) — d(tx + sy) —P(y)] =0, (28)

where

f(x) = fa2(2) + f5(x)

k(z) = 3 [f3(x) + fa(2)] (29)

9(z) = 2f1(x)

Y(z) = faz) — f5(2)

{ #(a) = fow) - fi(a) 30
for all z,y € R. Hence

fi(z) = 39()

fo(w) = 5 [f(2) + 4 (2)]

fa(z) = § [2k(x) + ¢(z)] (31)

falz) = 5 [2k(z) — ¢()]

fs(x) = 5 [f(x) — p(x)]

and without loss of generality (since () is linear with respect to unknown

functions)
fi(z) = g(x)
fo(z) = f(z) +(x)
fs(x) = 2k(x) + ¢(x) (32)
fa(x) = 2k(x) — ¢()
fs(z) = f(x) —¥(x)

Now, using Theorem [[l, Lemma Bl and (B2)) we obtain thesis of Theorem 2 O

Remark 2. The above results also hold true (mutatis mutandis) in the
case where the equations are considered for mappings from a group G to a
divisible group H. This is due to the fact that Lemma B is valid in such a
general case.

Remark 3. In [§] the following problem is asked (Problem 1): we have
assumed that the functions fi, fo, fs : R — R are twice differentiable
and fs, fy : R — R are four times differentiable. The proof of [Theo-
rem 1 from [8]] heavily relies on this differentiability assumption. Thus we
pose the following problem: Determine the general solution of the functional
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equation (@) without any regularity assumptions on the unknown functions
f1, f2, f3, fa, f5. Theorem B actually answers the Sahoo’s question, at least
for rational parameters s and t.
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