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Abstract

In this paper, we prove that if IV is a subcommutative I'-near ring with a right unity

and a strong left unity, then

(i) there is a one-to-one order preserving correspondence between pretopologies on N
and pretopologies on the left operator near-ring L of N and
(ii) there is a one-to-one order preserving correspondence between topologies (Gabriel)

on N and topologies (Gabriel) on L.

Finally, we show that if N is a distributive I'-near ring with right unity and a strong left
unity, there is a one-to-one order preserving correspondence between bases for strongly

prime spectrum of N and bases for strongly prime spectrum of L.

1. Introduction

The concept of ['-near ring, a generalization of both the concepts near-
ring and I'-ring was introduced by Satyanarayana |fl]. Later, several authors
such as Booth [1l, 2] and Selvaraj et al. [7] studied the ideal theory of I'-near
ring. We use SSpec(N) and SSpec(L) to denote the strongly prime spectrum
of N and the strongly prime spectrum of the left operator near-ring L of IV,
respectively. In this paper, we introduce pretopology and Gabriel topology
on N. It is shown that if N is a distributive I'-near ring with a right unity

and strong left unity, there is a one-to-one order preserving correspondence

Received March 16, 2010 and in revised form November 15, 2010.
AMS Subject Classification: 16Y30, 16Y99.
Key words and phrases: Pretopology, Gabriel topology, strongly prime spectrum.

329


mailto:selvavlr@yahoo.com
mailto:chelvissc@yahoo.co.in

330 C. SELVARAJ AND L. MADHUCHELVI [September

between bases for strongly prime spectrum of N and bases for strongly prime
spectrum of L.

2. Preliminaries

Throughout this paper N stands for a zero symmetric I'-near ring. For
basic terminology in near-rings we refer to Pilz [3] and in I'-near rings we
refer to Satyanarayana [fl]. In this section we recall certain definitions needed
for our purpose.

Definition 2.1. A T - near ring is a triple (N, +,T") , where
(i) (N,+) is a (not necessarily abelian) group;

(ii) I'is a non-empty set of binary operations on /N such that for each v € T,
(N, +,7) is a right near -ring and;

(iii) (xyy) pz = zy (yuz) for all z,y,z € N and vy, u € T

I'-near rings generalize near-rings in the sense that every near-ring NV is

a [-near ring with I" = {-}, where - is the multiplication defined on N.

Example 2.2. Let (G,+) be a group and X a non-empty set. Let M =
{flf : X — G}. Then M is a group under pointwise addition. If G is non-
abelian, then (M, +) is also non-abelian. To see this, let a,b € G such that
a+b# b+ a. Now define f,, fp : X — G by fo(z) =0, fi(z) = a for every
x € X. Then f,, fp € M and f,+ fp # fo+ fa- Thus if G is non-abelian then
N is also non-abelian.

Let T" be the set of all mappings from G into X. If fi, fo € M and g € T
then obviously figfo € M. For all f1, fa, fs € M and g1,g0 € T, it is clear
that

(i) (frgif2)92f3 = f191(f292f3) and
() (f1 + f2)g1fs = frg1fz + fa91 f3.
But fig1(f2 + f3) need not be equal to fig1fo + fig1 /3.

To verify this, fix 0 # z € G and u € X. Define g, : G — X by gu(x) = u
for all z € G, and f, : X — G by f.(z) = z for all z € X. Now for any
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two elements fo, f3 € M, consider f.g,(f2+ f3) and f.guf2+ f.guf3. For all
r e X,

[fogu(f2 + f3)](@) = falgu(fa(z) + f3(2))] = fo(u) = 2.

and

[fz.guf2 + fzguf3](x) = fzguf2($) + fzguf3($) = fz(u) + fz(u) =z+z.

Since z # 0, we have z # z + z and hence f,g,(f2 + f3) # f29uf2 + f29uf3.
Therefore M is a I'—near ring.

Definition 2.3. Let N be a I-near ring, then a normal subgroup I of (N, +)
is said to be

(i) left ideal if aa (b+1i) —aab e I Va,be N,ic I and a €T,
(ii) right ideal if ica € I Vi€ I,a € N and a € T,
(iii) ideal if it is both left and right ideal of N.

If I is an ideal of N, then it is denoted by I <1 N.

Definition 2.4. Let N be a [-near ring. Let £ be the set of all mappings
of N into itself which act on the left. Then L is a right near-ring with
operations pointwise addition and composition of mappings. Let x € Nand
a € . We define the mapping [z,a] : N — N by [z,a]y = zay Vy € N.
The sub near-ring L of £ generated by the set {[z,a] |2z € N,a € T'} is called
the left operator near-ring of V.

A right operator near-ring R of IV is defined analogously to the defi-
nition of L. Let R be the left near-ring of all mappings of N in to itself
which act on the right. If vy € T, y € N, we define [y,y] : N — N by
x[y,y] = xyy for all x € N. R is the sub near-ring of R generated by the
set {[y,y]|v €T,y e N}.

Definition 2.5. An element x of a I'-near ring N is called distributive if
za(a+b) = zaa + zab for all a,b € N and a € T'. If all the elements of
a I'-near ring N are distributive, then N is said to be a distributive I'-near
ring.
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Definition 2.6. A I'-near ring N is said to be zero symmetric if ay0 = 0
Yae N,y eT.

Definition 2.7. Let N be a I'-near ring with left operator near-ring L. If
> [di,0;] € L has the property that > d;0;x = x Yo € N, then ) [d;, d;] is

called a left unity for N. A strong left unity for N is an element [d,d] of L
such that ddx =z Vo € N.

N is said to have a right unity if there exist dq,ds,...,d, € N and
61,09, -+ , 0 €', for all x € N, Zx&zdz =x.
i

Definition 2.8. An ideal I of a I'-near ring NV is called a completely prime
ideal of N if for a,b € N and a € I',;aab € I impliesa € [ or b € I.

Definition 2.9. A I'-near ring N is said to be subcommutative if ayN =
N~a for all a € N and for all v € T'.

3. Gabriel topology for I'-near rings

Throughout this section by a I'-near ring N we mean a zero-symmetric
I'-near ring with left unity.

In this section, we introduce a Gabriel topology for I'-near ring and we
prove that if V is a subcommutative I'-near ring with a right unity and a
strong left unity, and if L is the left operator near ring of N, then there is
a one-to-one order preserving correspondence between topologies (Gabriel)
on N and topologies (Gabriel) on L.

Definition 3.1. Let I be a left ideal in a I'-near ring N and P a left ideal
in L. Then for each x € N and a € I', we define.

(I:2)q = {yeN | yax eI}
I®) = {tel | tzxel}
P = {yeN | [y, € P}

Lemma 3.2. Let I be a left ideal of a I'-near ring N. Then

(a) (I:x)q is a left ideal of N.
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(b)
(¢)

I®) is a left ideal in L.
P s q left ideal in N.

Proof.

(a)

For {,m € (I : z)a, ({ — m)ax = bax — max € I since I is a left
ideal of N. Therefore { —m € (I : z),. For m € (I : z)o, n € N,
(n + m — n)az=nax + maxr — nax € I since I is a left ideal of N.
Therefore, n +m —n € (I : ). Thus (I : x), is a normal subgroup of
(N,+). For alla,be N,i€ (I :x), and § €T,

(aB(b+1) —apfb)axr = af(b+ i)ax — afbax
= af[(b+ i)ax] — afbax
= af(baz +iax) — af(bax) € I.

Thus af(b+i) —afb € (I : z),. This implies that (I : z), is a left ideal
of N.

For ¢,m € I'®) (¢ —m)x = fx —ma € I. This implies that £ —m € I®),
For ¢ € Landi € I® (0 +i— 0z = lx +ir —lz € I since I is
a left ideal of N. Therefore I*) is a normal subgroup of (L,+). For
z € N, (b+i)x = bxr +ix € bx + I since iz € I. By [I, Lemma 4],
alb+ i)z + 1 C abx + 1, ie., a(b+ i)xr —abx € I. This implies that
(a(b+ i) —ab)x € I. Thus a(b+ i) — ab € I'®). Therefore I*) is a left
ideal of L.

Let 2,y € P(®). Then [z —y,a] = [z,a] — [y,a] € P. Therefore z —y €
P@. Forn e Nandx € P, [n+z—n,a] = n,a]+[r,0] — [n,a] € P
since P is a left ideal in L. Therefore n 4+ 2z —n € P, Thus P is a

normal subgroup of N.
For a,b € N and z € P&,

[aB(b+ z) — afb,aly = [aB(b+ x),aly — [afb,aly
= af(b+ x)ay — afbay
= af(bay + zay) — aB(bay)
= aB([b, oy + [z, aly) —afb, oy
= la, B([b; a] + [z, a])y — [a, B][b, a]y
= ([a, B]([b, 0] + [z, 0]) — [a, B][b, a])y.
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Since P is a left ideal, [a, 8]([b, o] + [z, @]) — [a, B][b, @] € P. This implies
that a3(b+ ) — afb € P(®. Therefore P(® is a left ideal in N. O

Lemma 3.3. Let I,J be left ideals in N and Q a left ideal in L. Then for
all x,y € N and o, € T,

(a) (I:x)q =N foralla €T if and only if x € I.
(b)) INJ:x)ag={T:2)eN(J:2)q.

(© ((I:2)a:y)s = :yax)s

Proof.

(a) Suppose that (I : z), = Nforallao € T'andz € N.Let n € N. Thenn €
(I : x)q. This implies that nax € I. Then nax = na(0 4+ =) — nal € 1.
This implies that « € I since [ is a left ideal of V. Conversely, suppose
that « € I. (I : x)o C N is obvious. Suppose N & (I : z),. Then there
exists some n € N such that n ¢ (I : x),. This implies that nax ¢ I.
But nax = na(0 4+ x) —nal € I since I is a left ideal of N and x € I, a
contradiction. Therefore N = (I : x)q.

(b) Let n € (INJ: x),. This implies that

nar € INJ < nax € I and nax € J
s ne(l:x), and ne (J:x),
S nel:x)aN(J:x),.

(c) Let n € ((I : z)q : y)g. This implies that

nBy € (I 1)y < nPyax €1
& ne (I :yax)s. O

Definition 3.4. Let I be a left ideal in N and Q a left ideal in L. Then we
define

It = {teL|4N C I}
QY = {z € N|[z,T] C Q}.

It is clear that IT and Q+, are left ideals in L and N, respectively.
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Lemma 3.5. Let N be a subcommutative I'-near ring. Let I and Q be left
ideals in N and L, respectively. Then, for all x,y,f € N and o € T,

(a) (It :[2,a]) = (I : 2)a)*
(b) (@:[r.,a)t =(Q )
() I® :[y:a]) = (I :2)a)®
(d) InJ)® =10 @)
(e) It = (I : o)
Proof
(a)
te((I:2)e)” & INC(:2)a
< (Nax C T
< LraN CI [ N is subcommutative]
& lr,a] €T
s le (I+ sz, ).
(b)
Y€ (QJFI (X)a & yax € Q+l
& [yaz,T] CQ
& [y, o]z, T CQ
& [y, d][z, 0] € Q
& ly,a] € (Q:[z,a]) for any a € T’
& [y, C(Q:[r,a)
s ye(Q:[z,a))"
(c)

~

te (I :[y,al) & (y,a] € I
& Ly,alzr el
& lyax e 1

S lye(l:x),
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o le((I:x))W.

te(INJ)® o txelnd
S lrelandleeld
& Lel® and (e J@)
s lel®ng@,

mel?® o mizel
& mlel®
s me ™). O
Lemma 3.6. Let I be a left ideal in N and P,Q left ideals in L. Then for
allz € N anda,ﬁef,

(a) (PNQ)@=P QL.
(b

) (P:[z,a])?) = (P(") L)
(c) (P@)@ = (P [z,a]),
(@) ()@ = (I:2)q
Proof

e(PNQ)Y < [z, e PNQ
< [z,a] € P and [z,0] € Q
& ze P and z e QW
& gz e P Q@

ye(P:[z,a)?) & [y,8 € (P:[x,q])
< [y, Oz, 0] € P
< |yfz,al € P
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SdlRS (P(a) :a:)ﬁ.

te (PN o gz e pl)
& [lz,a]l € P
& lz,al € P
& le(P:x,a]).

ye (I o [y a] e 1@
& [y,alxz el
& yax el
s ye ([l x)q. O

Definition 3.7. A nonempty family F(N) of left ideals of N is said to be
a pretopology on NV if

(T1) I € F(N) implies (I : x)q € F(N) for all z € N and a € T.
(T2) I € F(N), I C J implies J € F(N) for all left ideals J of N.
(T3) I,J € F(N) implies I NJ € F(N).

A pretopology on N is said to be a (Gabriel) topology on N if

(T4) (I : 2)o € F(N) for all « € T and z € J for some J € F(N) implies
I € F(N).

Proposition 3.8. If F(N) is a topology on N and I,J € F(N) then IT'J €
F(N).

Proof. For all z € J and a € T, Tax C IT'J implies I C (IT'J : x),. By
(T2), (ITJ : x)q € F(N) for all x € J and o € T". By(T4), ITJ € F(N). O

Lemma 3.9. Let F(N) be a pretopology on N. Then
F(L)={ left ideals P of L| P\® € F(N) for all & € T'} is a pretopology on
L.
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Proof. Let P € F(L). Then P® ¢ F(N) for all § € T implies (P :
Ve = (P : [y,8)® € F(N) for all @ € T and y € N by Lemma 3.6(b),
and so (P : [y,0]) € F(L). If P € F(L) and @ is any left ideal of L such
that P C @, then for all @ € T, P(® C Q@ implies Q(® € F(N) and so
Qe F(L). If P,Q € F(L) then PNQ € F(L) by Lemma 3.6(a). O

Lemma 3.10. Let L be the left operator near-ring of N and F(L) a pre-
topology on L. Then F(N)={left ideals I of N|I®) € F(L) for all z € N}
is a pretopology on N.

Proof. Let I € F(N). Then for all z,y € N and a € T, I®) ¢ F(L)
implies (I : [y,a]) = ((I : 2)o)¥ € F(L) by Lemma 3.5(c) and so (I :
) € F(N). If I € F(N) and J is any left ideal of N such that I C J,
then I®) C J@® for all z € N implies J® € F(L) and so J € F(N).
If I,J € F(N) then INJ € F(N) by Lemma 3.5(d). Thus F(N) is a
pretopology on N. O

Lemma 3.11. Let N be a subcommutative I'-near ring. If F(N) is a pre-
topology on N, then F(L) ={I"|I € F(N)} is a pretopology on L.

Proof. Let It € F(L). We have to prove that (I : [z,a]) € F(L) for
all z € Nand a € T. But (I" : [z,a]) = (I : 2)o)T € F(L) by Lemma
3.5(a), since (I : x)q € F(N). Let I and J be left ideals of N and I C J.
Since F(N) is a pretopology on N, J € F(N). Since I C J = It C J*
and J € F(N), J* € F(L). Since INJ € F(N), (INJ)" € F(L). Also
(INJ)t=ItNnJ*. Thus It NJ* € F(L). Therefore F(L) is a pretopology
on L. O

Lemma 3.12. Let F(L) be a pretopology on L. Then F(N) = {P+/|P €
F(L)} is a pretopology on N.

Proof. Let It e F(N). We have to prove that (I+, 1 x)q € F(N). By
Lemma 3.5(b), (I*l cx)q = (I : [m,a])Jr,. Since I € F(L), (I : [:E,CJZ])+/ €
F(N). Therefore (I*l 1 Z)q € F(N). Let I+ and J* be the left ideals in
N and It C J*. Then I* C J* = I CJ. Since I € F(L) and I C J
and F(L) is a pretopology on L, J € F(L). This implies that Jt e F(N).
Let It and J* € F(N). This implies that I € F(L) and J € F(L). Since
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F(L) is a pretopology on L, I'NJ € F(L). Thus (IN J)+, € F(N). It is
clear that (INJ)" =TIt NJ* . Therefore IT NJ* € F(N). Hence F(N)
is a pretopology on N. O

Proposition 3.13. Let N be a subcommutative I'—near ring with a right
unity and a strong left unity. Then there is a one-to-one order preserving
correspondence between pretopologies on N and pretopologies on L.

Proof. Starting with a pretopology F(N) on N, we get a pretopology F(L)
on L given by F(L) = {I*|I € F(N)}. This in turn induces a pretopology
Fi(N) on N given by Fi(N) = {IT)* |It € F(L)} = F(N) since (I*)* =1
by [I, Proposition 5].

On the other hand, if we start with a pretopology F(L) on L we get
a pretopology F(N) on N given by F(N) = {P+,|P € F(L)}. This in
turn induces a pretopology Fi(L) on L given by .7-"1(L):{(P+,)+|P+/ €
F(N)}=F(L), since (PJF,)Jr = P by [, Proposition 5]. Thus this correspon-
dence is order preserving and the proof is complete. O

Definition 3.14. A left ideal I of N is said to be essential in N if INJ # 0
for all non zero left ideals J of N.

Lemma 3.15.

(a) If P is an essential left ideal in L then P s an essential left ideal in
N foralla €.

(b) If I is an essential left ideal in N then I®) 4s an essential left ideal in L
and (I : x)y is an essential left ideal in N for all x € N and o € T’

Proof.

(a) Let J be a nonzero left ideal in N. Then [J, o] is a left ideal in L.
If [J,a] = 0, then J C P, If [J,a] # 0 then since P is essential,
[J,a] N P # 0. Therefore there exists € J such that 0 # [z,a] € P, i.e.,
P@ N J+£0and so P is essential.

(b) Let P be any nonzero left ideal in L. If Pz = 0 then P C I®). If
Pz # 0 then Px N1 # 0 implies that there exists 0 # r € P such that
re € I, ie,r e PNI®. Thus I® is essential in L. Moreover, since
(I:x)q =T by(a), (I:z), is essential in N. O
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Lemma 3.16.

(a) P is an essential left ideal in L if and only if P s essential in N for
alla € T.

(b) I is an essential left ideal in N if and only if I®) s an essential left ideal
in L.

Proof.

(a) One implication was proved in Lemma 3.15. Conversely, let P@) be
essential in IV for all a € I". Let @ be a nonzero left ideal in L. Since
P(@) ig an essential in N, P(YINQ® £ (. But (PﬂQ)(O‘) = P@NQ@® £
by Lemma 3.6(a). This implies that there exists y € N such that [y, a] €
PN@Q. This implies that PN Q # 0. Therefore P is an essential left ideal
in L.

(b) One implication was proved in Lemma 3.15. Conversely, let I(*) be an
essential left ideal in L. Let J be a nonzero left ideal in N. Since
I@ is essential, I*) N J®) £ 0. But I®) N J® = (InJ)@® +#£ 0, by
Lemma 3.5(d). This implies that there exists [ € L such that ¢z € IN.J.
Therefore I N J # 0. Thus [ is essential in N. O

Lemma 3.17.

(a) I is an essential left ideal in N if and only if I is an essential left ideal
mn L.

(b) @ is an essential left ideal in L if and only if Q*’l is an essential left
ideal in N.

Proof.

(a) Let I be an essential left ideal in N. Let P be a non zero left ideal in

L. If PN =0, then P C I*. If PN # 0, then PN NI # 0 implies that
there exists 0 # r € P such that rN C I. That isr € PNIT. Thus I*
is essential in L.
Conversely, let ' be an essential left ideal in L. Let J be a non zero left
ideal in N. Then JT is a non zero left ideal in L. Since IT is essential,
IT™NJt #0. Then there exists [ € L such that Iz € I NJ. This implies
that I NJ # 0. Thus [ is an essential in N.
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(b) Let @ be an essential left ideal in L. Since Q = (Q+/)+ by [, Proposition
5], (Q1 )T is an essential left ideal in L. Thus, by(a), (Q™ ) is an essential
left ideal in IN. The converse is similar. O

Proposition 3.18. The family of all essential left ideals in N is a pretopol-
ogy on N.

Proof. Let I € F(N), the family of all essential left ideal in N. Then by
Lemma 3.15(b), (I : ), is an essential left ideal in N. Since (7'2) and (7'3)
are obvious, F(N) is a pretopology on N. O

Theorem 3.19. Let N be a subcommutative I'-near ring with a right unity
and a strong left unity. Let the left operator near-ring L of N be commu-
tative. Then there is a one-to-one order preserving correspondence between
topologies on N and topologies on L.

Proof. Let F(N) be a topology. Suppose I is a left ideal in N such that
(IT:¢) e F(L) for all £ € J* for some J € F(N). Then by Lemma 3.5(a),
(I :x)e)™ =" : [z,0]) € F(L) for all x € J and « € T'. This shows
that (I : ), € F(N) and so I € F(N) by (T4) of Definition 3.7. Therefore
It € F(L) and hence F(L) is a topology on L.

Conversely, let F(L) be a topology on L and F(N) the corresponding
pretopology on N. We have to prove that F(N) satisfies (74). Let @ be a
left ideal in L such that (Q+, 1) € F(N) for all @ € T and z € Pt for
some P € F(L). Then forall { € P,ye L and a €T,

! !

(Q:Lly,a])" = (Q: [ty a])"
= (QJF’ :ly)e € F(N) by Lemma 3.5(b)

since fy € P .

Since L is commutative, (Q : L]y, a]) = (Q : [y, a]f) and [y, a]l=[y, a][0+
!l — [y,a]0 € P since P is left ideal. Therefore (Q : {[y, a])=(Q : ¢1) € F(L)
for all /1 € P. Hence Q € F(L) by (T4) of Definition 3.7. Therefore
Q+l € F(N) by Lemma 3.17(b). Thus F(N) is a topology on N. O
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Proposition 3.20. Let N be a subcommutative I'-near ring. Let Y., [y;, 3]
be left unity in N. Then a non empty family F(N) of left ideals in N is a
topology on N if and only if

(i) I € F(N) implies (I : x)g, € F(N) for allz € N and j =1,2,...,n.

(ii) If (I : x)p; € F(N) for all x € J for some J € F(N), j =1,2,...,n,
then I € F(N).

Proof. If F(N) is a topology, then clearly (i) is satisfied. Let F(N) be
a topology on N. If I is a left ideal in N such that (I : z)g, € F(N)
for all x € J,J € F(N), j = 1,2,...,n, then for all £ € J*, (IT :
[Cy;, Bi)=((I : Lyj)p,)" € F(L) by Lemma 3.5(a) and since fy; € .J. Since
€=37% 1 [ly;, B5], (IT : £) € F(L). This shows that I € F(L) since F(L)
is a topology on L and so I € F(N). This proves (ii).

Conversely, if F(N) satisfies (i) and (ii), then (T4) of Definition 3.7 is
automatically satisfied. Also if I € F(N) then for all z,y € N and g €T,

((I:z)g:y)s; = :yBr)s, € F(N) for j =1,2,...,n

and so (I : x)g € F(N) by (ii). O

4. Topology on the Set of All Strongly Prime Ideals in I'-near Rings

We use SSpec(N) and SSpec(L) to denote the set of strongly prime
ideals of N and the set of strongly prime ideals of the left operator near-
ring L, respectively. In this section, we prove that there is a one-to-one

order preserving correspondence between bases on SSpec(IN) and bases on
SSpec(L).

Definition 4.1. Let N be a I'-near ring. An ideal P # N is said to be
strongly prime if for any « ¢ P, there exist finite subsets F C N and A CT
such that for any y € N, zaffy € P for all ,8 € A and f € N implies
y € P.

Definition 4.2. Let N be a I-near ring. A basis for a topology on SSpec(N)
is a collection B(N) of subsets of SSpec(N) such that
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1. For each P € SSpec(IN), there exists an element B € B(NN) containing
P.

2. If P € B; N By, where By, By € B(N), then there is a basis element Bs
containing P such that Bs C B N Bs.

Proposition 4.3. If P € SSpec(N), then Pt € SSpec(L), where PT =
(¢ € L|¢N C P}.

Proof. Let ¢ ¢ PT. Then ¢z ¢ P for some z € N. Since P € SSpec(N),
there exists finite subsets F' = {f;[j = 1,2,...,m} C N and A = {«ali =
1,2,...,n} such that for any z € N

lxoy fjapy € P for all oy, o € A, f; € F implies y € P. (1)

Let G = {[zaifj,ox]|1 < i,k <n,1 < j < m}and £ € L such that
(Gl C P ie., l[za;fj,ax)l € Pt and so that f[za; fj, ax]¢ N C P. Hence
E:z:ozifjozkElN C P for all o, € A, fj € F. By(1), ¢'N C P. Therefore
¢ € PT. Thus Pt € SSpec(L). O

Note that the elements of the right operator near-ring R are expressible
in the form ), [a;, z;], where z; € M,o; € T see [1, p.472]. But the left
operator near-ring L does not, in general, consist exclusively of elements of
the form ), [z, a;], where x; € M, a; € I'. If a I'—near ring N is distributive,
then the elements of L are expressible in the form ), [x;, o).

Proposition 4.4. Let N be a distributive I'—near ring. If Q € SSpec(L),
then QT € SSpec(N), where QT = {x € N|[z,T] C Q}.

Proof. Let x € Q*’/. Then there exists a € T" such that [z,a] ¢ Q. Since
Q € SSpec(L), there exists

G = {Z[yik,ﬂik]]k =1,2,... ,n} C L such that for any £ € L,
i=1

[x,a]G¢ C G implies ¢ € Q. (2)

Let F ={y;.|i=1,2,... myk=1,2,... ,n}and A = {f;,,ali = 1,2,...,m;
k=1,2,...,n}. Let z € M such that zAFAz C Q' . Then zay;, (i, z €
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Q+, forall i =1,2,...,m; k=1,2,...,n. Hence [zay,, 0, 2, 03] € Q for all
B el ie., [z, dly,, 3]z 0l €Q forall BeT. Thus [z, o] Y 1" [Yi,, Bi)[7 5]
e Qforall k=1, 2 nandforallﬂef By (2), [2,8] € Q for all g € T.
Therefore z € Q+ and consequently Q+ € SSpec(N). O

Definition 4.5. For any subset A C N. We define B4 = {P € SSpec(N)|A
¢ P}. In case A = {z}, we write B, = {P € SSpec(N)|z ¢ P}. For any
subset U C L, we define By = {I € SSpec(L)|U ¢ I}.

Lemma 4.6. For any I'—near ring N, B(N) = {Bg|z € N} forms a basis
for a topology on SSpec(N).

Proof. For any P € SSpec(N), there exists € N such that x ¢ P, because
P # N. From the definition of B,, P € B,. If P € B,NB, for some y,z € N,
then y ¢ P and z ¢ P. Since P is strongly prime, there exist finite subsets
F C N and A C T such that yafBz ¢ P for some o, € A and f € F.
Hence P € Byaf3.. We claim that Byarg. € By NB.. Let Q € Byarg.. Then
yaffBz ¢ @Q, suppose y € Q or z € ), we have yaffz € @, a contradiction.
Therefore y ¢ @ and z ¢ @ and consequently, Q € B, N B.. O

Lemma 4.7. Let N be a distributive T—near ring. Then B(L) = {By |z €
N} forms a basis for a topology on SSpec(L).

Proof. Let P € SSpec(L). Then pt € SSpec(N) by Proposition 4.4. Since
B(N) is a basis on SSpec( ), there exists B, € B(N) such that Pt e B.

Hence z ¢ pt , that is [x,T'] € P and so that P € By, ). Let Q € By, N

By 1 for some y, 2 6 N. Then | y, ] € Q and [2,T] € Q. It means that
y ¢ Q+ and z ¢ Q+ . Hence Q+ € B, N B.. Since B(N) is a basis, there
is an element B,, € B(N) such that Q*l € B, C B, N B.. It can be easily
verified that @ € B[zrﬂ C Bjy,r) N Bp.r)- Thus B(L) forms a basis for a
topology on SSpec(L). O

Note that a distributive I'—near ring N with a right unity and a strong
left unity is not a I'-ring because in a I'-near ring, I' is a non-empty set of

binary operations on N.
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Theorem 4.8. Let N be a distributive I'—near ring with a right unity and a
strong left unity. Then there is a one-to-one order preserving correspondence
between the following:

(i) base for SSpec(N);
(ii) base for SSpec(L).

Proof. Since (P*)* = P by [, Proposition 5], the mapping B, — B,
defines a one-to-one correspondence order preserving between B(N) and

B(L). O
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