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Abstract

We discuss decay properties of solutions to viscous surface waves with capillarity
given in Beale-Nishida’s article [2]. We study their problem more precisely and make some

remarks on their results.

1. Introduction

The aim of the present paper is to discuss Beale-Nishida’s results [J]
more precisely and to give a complete proof to their decay estimates. J. T.
Beale and T. Nishida studied the decay properties of solutions to viscous
surface waves with capillarity more than twenty years ago in [2], based upon
the result of existence of smooth solution to a nonlinear problem [1]. They
gave delicate analysis on linearized operators by showing that a branch of
continuous spectra of negative real numbers accumulate at the origin, to
conclude decay of the solutions in algebraic orders. They applied the theory
of analytic perturbation to a family of two-point boundary value problems
of ODE’s, but they omitted writing details in [2]. The author considers that
their results are still significant and play an important role in the analysis of
nonlinear boundary value problems close to a constant state. To the author’s
knowledge, no one has given complete proofs to their results, and we give

supplementary remarks on their approach.
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Following [2], we state the problem as follows. We denote a fluid domain
of constant depth b (> 0) by 2, and

Q={(xz,y) eR*: zcR? —b<y<0}

We consider the fluid domain bounded by a free surface Sg from above,
and by a rigid flat bottom Sp from below. We denote the fluid velocity by
u = (uy,uz,u3)(t,x,y) and the pressure by ¢(¢,x,y), and we suppose the
elevation of free surface to be given by a graph y = n(t, ). Then our aimed
system linearized around the equilibrium is written as follows:

%—1@20 on Sr, (1)
a—u—yAu—l—Vq:O in Q, (2)
ot

V-u=0 in{, (3)
ou;  Ous B .
Y + oz, =0 ¢=1,2 on Sp, (4)
0
q=2wt ~ (9= AN =0 onSp, (5)
u=0 on Sg. (6)

Here v, g and (8 are given positive constants. The inhomogeneous functions
in (@) and (B) are neglected here for simplicity. This system is accompanied
by an initial data

(n,w) = (h, f) att=0. (7)

The author would like to express his thanks to Professor Takaaki Nishida
and Professor Yuusuke Iso for their fruitful comments and warm encour-
agement. The author is also greatly indebted to referee for his valuable
comments on the present manuscript.

2. Resolvents of the Linearized Operator

We formulate ([{l)-(@]) in an operator form according to [2]. Let an oper-
ator P be the Helmholtz projection defined as

L*(Q) = PL*(Q) @ {Vé: ¢ € H(Q), ¢ =0 on Sp},
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and decompose the pressure term Vq as PVq = Vo) + V7| where

, (@)
Ar®) =0 inQ, %ﬂ—yzo on Sp (i =1,2),
70 — 2V8({9—1§)’ 7@ = (g—BA) on Sp.

The system (- (@) is reduced to the following evolution equations in H*(R?)
x PL%(Q)

0
a—Z—RuzO on Sp,
O Aut Ry~ A =0 Q.

Here we define Ru := u3|s,, Au:= —vPAu+ Vr() and R*(g — fA)n =
vr,

We introduce a formal operator G by

G (Z) - (_R* (go_ aa) _Z) (Z) in HY(R?) x PL(Q),

D(G) D W = {t(n,u) € H?(R?) x PH?(Q): u satisfies @), @) and (@)},

and we consider
o))

for (h, f) € H'(R?) x PL?(Q2). Since G is a dissipative operator, we have (i)

the right half plane belongs to the resolvent set, (ii) G has a closed extension,

which is also denoted by G, and it generates a contraction semigroup e“.

Now we turn to discuss the solvability of equation () under the restric-
tion (h, f) € H?(R?) x PL*(%).

Lemma 1. (|2, Lemma 3.3]) For any 9,e1 > 0, there exists co = co(g0,€1) >
0 such that the operator (A — G) has a bounded inverse satisfying
[l ) + Ml 29) + INT Rul gorzgs,y + 1l s/ gey + A0l 2 ge)
< co (Il grroaey + 1))
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for e {A € C: |\| > gq, |arg \| < ™ —e1}.

We should refer to the resolvent near A = 0. We denote by f the partial
Fourier transform of f with respect to .

Lemma 2. ([2, Lemma 3.4]) Let supp h and supp }'(,y) belong to {£ €
R2: |¢| > &} for & > 0. Then there exist constants o > 0 and ¢; =
c1(&0,m0) > 0 such that for |\ < ro, equation @) has a solution '(n,u)
satisfying

lulm20) + ||77||H5/2(R2) <a <||h”H5/2(R2) + ||f||L2(Q)> .

We remark that the function (7, w) given in Lemma [[l and Lemma [ can
be considered holomorphic with respect to A as in the case of usual resolvent
problems.

In order to analyze the spectrum near the origin, we apply the partial
Fourier transform to () with respect to @ to obtain a family of ODE’s
parametrized by £ = (&1, &2):

Mj—t3=h ony=0, (9)

M —v(D? — |€)P)a+ (i€, D)= f in, (10)
(i€,D) -4 =0 inlI, (11)

Duj+i{u3 =0 j=1,2 ony=0, (12)

—2uDiig + G — (g + BlE)H =0 ony=0, (13)
u=0 ony=-b, (14)

where I = (—b,0) and D = 0/0y. We rewrite the system of these equations

in an operator form such as

where

X ={'((¢),a(, ) € C x LA (1)},
PeX = {*(0(&),a(¢, ") € X: i& i + i€z + Dig = 0 in I},
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D(G(€)) D {!(H,w) € C x H*(I): @ satisfies (), () and ([I)}.

For each ¢ € R?, the operator é(g) in P X is dissipative, and it has a closed
extension which we denote by G/(€) again. The spectra of G/(€) is determined

in the next proposition which is a slight modification of [2, Lemma 3.5].

Proposition 3. There exist & > 0 and 0 < 71 < v(m/2b)? such that if
€| < o, then the spectrum of G(€) contained in {\ € C: || < r1} consists
of a simple eigenvalue. Furthermore, the eigenvalue and the eigenvector are

analytic in & and have the following expansions.

_ gb* .12 3
A== Il + o),
i = 1+ 0([¢)) -
@; = z%(yz - bz)gj + O(|£|2)7 =12, ( )
3 2b°
5= 2 (% - -2 ) 6 + O

This proposition is a key to conclude decay properties of the solutions,
but Beale-Nishida omitted its proof in [2]. The author will complete its proof
in the present paper. We will prove this proposition in several steps. Firstly

we have the following preparatory lemma.

Lemma 4. The spectrum of G(0) in {\ € C: |A| < v(7/2b)%} consists of a
simple eigenvalue A = 0 associated with eigenvector (77(0),w(0,y)) = (1,0).

Proof. If we put £ =0 in ([@)—(I4l), we have
n N
a(0,) = 0. Xi(0) = h(0). d(0.) = [ 0. )d= +gi(0).
and

(A —vD?a;(0,y) = f;(0,y)  j=1,2 inl, (16)
a;(0,-b)=0  j=1,2, (17)
Dj(0,0)=0  j=1,2. (18)
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For ([H)-(IX), the largest spectrum of the operator D? with the boundary
conditions (7) and ([¥) is an eigenvalue —(7/2b)?. Hence, the set {\ €
C: Re) > —v(m/2b)%} \ {0} is in resolvent set of (&)—(I2l).

On the other hand, we see that A = 0 is an eigenvalue associated with
eigen vector (77(0),w(0,y)) = (1,0). O

Before proceeding the next step, we recall the definition of a holomorphic
family of unbounded operators ([3, VII §1]).

Definition 5. Let X,Y be Hilbert spaces.

(1) A family of bounded operators {S(£)} C ZA(X,Y) are said to be bounded-
holomorphic, if each & has a neighborhood in which S(§) is bounded and
a complex valued function (S(§)U,V)y is holomorphic in £ for every
UceXandVeY.

(2) A family of closed operators {G(£)} C €(X) are said to be holomorphic,
if there are a Hilbert space Y and two families of bounded-holomorphic
operators {S(§)} € B(Y, X), {T (&)} € A(Y, X) such that S(§) maps Y
to D(G(€)) bijectively and G(€)S(£) = T(€).

Lemma 6. {G(€)} are holomorphic in & near the origin & = 0.

Proof. In order to avoid the boundary conditions of the domain D(G(€))

depending on &, we adopt the associated sesqui-linear form

p—

SO, V] = (g-+ BEP) (i O)c — (nda)c} + 5 [ ST SToday,

where U = *(4,4),V = 4(0,9) € D(g(€)), S(u)i; = du;/dx; + du;/dx; and
(aij) : (bij) = >_;; aijbij. It is easy to see that the sesqui-linear form g has
the following property.

Lemma 7. g(&) is a densely defined, closed, and m-sectorial sesqui-linear

form in P: X, whose domain is
D(g(¢)) = {"(n,a) € PeX: a(¢,") € oH (1)},

where o H'(I) = {@(¢,-) € HY(I): @(&,—b) = 0}.
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We are ready to construct a bounded-holomorphic operator which maps
D(g(€)) onto X. To this end, define a sesqui-linear form h(§) := 1 + Re g(¢)
with its associated operator S(§) := Sy, and we have

_ (7 0
SOV = <u> * <—V(D2 — |gPy + (ié,D)w(”> '

Then it is easy to check the following three facts: (i) S(§) is essentially self-
adjoint, and bounded from below. (ii) {S71(£)} are bounded-holomorphic

on X. (iii) {S~1/2(¢)} are bounded-holomorphic, and map X to D(g(£))
bijectively.

Since

STV2(OU € D(SV2(€)) = D(h(€)) = D(Reg()) forall U € X,

we define a form go(§) on X by

909U, V] = g([S™2EU, ST (V]

The sesqui-linear form go(&) is closed, sectorial, and defined everywhere in
X, and its family are bounded-holomorphic on X. Thus we have a family of

bounded-holomorphic operators {Go(£)} by

90(5)[U7 V] = (GO(S)(L V)X7

and

GE)STH€) = S Go(€)S™2(9). (19)
Since the right side of ([J) is holomorphic and the left side is bounded,
{G(€)} are holomorphic. This completes the proof of Lemma Bl O

We now continue the proof of Proposition Bl From Lemma B and
Lemmald, the spectrum of G (€) near the origin consists of a simple eigenvalue
A(§) associated with the eigenvector ¢(€), both of which are holomorphic in
¢ by the following Lemma. This is the special case of general analytic per-
turbation theory. For the proof, the reader may refer to [4, I §1-1 and VII
§1-3], and also to [4, II §5-7] for holomorphy in several variables.
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Lemma 8. Let {T(&)} be a family of holomorphic operators in X. Assume
that the spectra $(0) of T'(0) is separated into {\(0)}UX"(0) by a rectifiable,
simple closed curve T'., and assume that A(0) is a simple eigenvalue. Then
the spectra (&) of T(§) are also separated by T'. into {\(&)} U X"(&) for
|€] < r1 with the associated decomposition X = span{p(£)) & P"(&)X. In
particular X(§) is a simple eigenvalue associated with the eigenvector p(§),
both of which are holomorphic in §.

Since we know A(0) is simple, we can choose an eigenvector and its
eigenvalue which are holomorphic in &:

l71>1 l7]>1

AE =1+ 08, &y =q0.9)+ > 4y &

l71=1 l71=>1

(20)

Here we adopt the vector notation j = (ji,j2) € N3, \;-&/ = Ajlé{l —l—)\j2£§,
and so on. If we put (1) in (@) (@) and set (h, f) = (0,0), we have §(0,y) =
g. We next calculate the coefficients of order £ of ([@)—(I4]) and obtain for

) = 1:

Aj=0, Y )¢ =(

l7]1=1

9 2 32 9 2 32
Z2l/(y b )517Z2V(y b )5270)7

and of order [¢£|? for |j| = 2:

3 2
(5 vty = Sl

gb3 2 N j
A= =g lEl, > as(y) € =5,03

l71=2

Hence we have determined some of the coefficients of the power series in &.
We complete the proof of Proposition Bl O

Remark 9. The eigenvalues {\(£)} of the family of ordinary differential
operators {é(ﬁ)} given in Proposition Bl correspond to continuous spectra of
the partial differential operator GG. Indeed, from the proof of Proposition B,
(1) if A(&o) is an eigenvalue of G, then the eigenvector U(x, y) does not vanish.
However U is supported only on £ = £, and U = 0 holds for almost every &.
Hence A\(€) is not an eigenvalue of G. (ii) We see that the range of (A(§p)—G)
is dense in H°/2(R?) x PL?*(Q), and it implies that \(&) is not a residual
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spectrum of G. (iii) Meanwhile, we can choose {F},} C H5/2(R2) x PL%(Q)
which satisfy || gs/2 g2y« prego) = 1 and [(A &) —G) ' Ful 2 m2yx pr2) —
oo as n — oo. Therefore, {A(£)} are a family of continuous spectra of the
partial differential operator G.

By Lemma [l and Lemma B, the inverse (A — G(€))~" is holomorphic in
{\ € C: ReX > —rp} for [£] > &, and we take the path of Dunford integral
in the left half plane to obtain

N8 | _ ae [ h©)
a(t, €, y) (€, )

—ro+iT . ~
= Laim [ M- G (uz(sz i (21)

On the other hand, by Lemma [[land Proposition B the inverse (A — G’(f )t
is holomorphic in {A € C: ReX > —r1} except the pole A = A\(&) for €| < &,
and the integral path should be modified (|3, VII.4 Theorem 22]) as

O TN I G el UV g 13
((t )) - 2m{fiﬂ~m } K= Ge) (ao@,y)) o

- corrie ()

21 T—00 —ri—iT uO(év Yy

+-1 lim A M= GE)! <f7°(5) )> dr.  (22)

Here we note that C¢ is a positively-oriented small circle enclosing A = A(§)
but excluding the line {\ € C: ReA = —r1}, and we denote by P’(§) the
eigenprojection associated with the eigenvalue A = A(§), which is holomor-

v [0 (o, Bo), (0, 4))exrzy (9°
e <uo) GGG <u)

Here by virtue of ([[H),

phic in &:

<(f'07 ’&’0)7 (7767 ﬁ’e)>(c><L2(I)
7 + 4, )72

< e[ ()] + €] 10§ )r2(n)- (23)
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We denote Q,'(n,u) =n and Q,'(n,u) = u. If we take [ZI), () and ([Z3)

into account, we have for a € [0,5/2] and o = min(rg, r1),

On

IOy = 00O
20%/ 22O ([ (&) + €[ [ar0(€, ) F2 (1)) 1 (€)[7dE
1€1<€o

IN

. 2
€[> I T s—aen-t[ P\ il g
+/|f|<§0 4r? TLIEO /—m—i'r ‘ Qn( (g)) ﬁO(é‘ay) 5
. 2
[ TR ~ Aren—1 [ 0(§)
+/|§|>€0 1 o /—To—i‘r COAmEe) (%(&zﬂ) w

IN

e {Jol2 / €[22 ge
{ L2®D J 1<,

+t_°‘_1/|£| . (t|§|2)a+le”(5)t||’&o(§>')||%2(1)d5}
<éo

—2T2t(

+c3e Im0 ”?{5/2([@%) + ”UOH%?(Q))’

< eat™ ™ (ol %ereae) + ol3s e, + Tuolaoy)-

the other hand, since u°(¢,-) is O(|¢]), we have for g € [0, 2],

[07w(t)]72(q) = H\f!ﬁﬁ(t,é,y)!l%zmgxz>

<

IN

<

27 / 11202 (o (€)1 + 1€ |0 (€, T2 1)) 14 (€, M 21y dE
1€1<€o

|£|2ﬁ ‘ —r1+iT N 770(&) 2

li w(A— G N d\| déd

+/{|f|<50}><1 4r? TLH;O /m —iT Q (é‘)) uO(fyy) § Y
‘5’2,3 ‘ —ro+iT \ 770(&) 2

li w(A— G N d\| déd

+/{|f|>€0}><1 4r? Tl_)ngo /ro —iT Q (é‘)) uO(fyy) § Y

C5{||ﬁ0||%w(Rg) / |£|2(ﬁ+1)e2>\(£)td£

[€1<€o

1072 /5 g (t1&]%)P 22Ot g €, ')||%2(1)d5}
<éo

—27”2t(

+c3e |70 ”?{5/2(1[&%) + ||u0||%2(9))’

Cﬁt_ﬁ_2(||770||§{s/2(Rg) + ||770||%1(Rg) + ||U0||%2(Q))-

As for ||65 u(t)|r2(q), if we apply y-derivatives to 4, we have no gain of
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the order of £. Hence ||65u(t)”L2(Q) is O(t™1) for B € [0,2]. We have thus
obtained the following theorem, which is one of the main results of Beale-
Nishida’s paper |2].

Theorem 10. ([2, Theorem 3.1]) Let Ex = [nolri(r2) + |molgs2@e) +
|wolz2(q). Then the solution to ([)-(@) has the decay rate:

10zn(®) | L2m2y < Bt 1792 0 < 0 <5/2,
[z < oot
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