Bulletin of the Institute of Mathematics
Academia Sinica (New Series)
Vol. 6 (2011), No. 2, pp. 115-243

SOLVING BOLTZMANN EQUATION, PART I:
GREEN’S FUNCTION

TAI-PING LIUM® AND SHIH-HSIEN YUL?

Mnstitute of Mathematics, Academia Sinica, Taipei.
¢E-mail: l[in@math.stanford.edu
2Department of Mathematics, National University of Singapore.

YE-mail: matysh@nus.edu.sg

Abstract

We present an approach for solving the Boltzmann equation based on the explicit
construction of the Green’s functions. The Green’s function approach has been useful for
the study of nonlinear interior waves and the boundary waves. In this Part I we study the
Green’s functions for the initial and initial-boundary value problems. In the forthcoming
Part I, we will study the general solutions of the Boltzmann equation. Our presentation
is self-contained, and, besides the synthesis of the existing ideas, we also established the

detailed analysis of the leading terms of the Green’s function.

1. Introduction

The kinetic theory starts with the density distribution function f(x,t, &)
where & = (2!, 22, 2%) € R3 is the space variables, t > 0 is the time variable,
and & = (£1,€2,¢3) € R3 is the microscopic velocity. Thus the kinetic theory
differs from the fluid dynamic description of the gases in the inclusion of
the microscopic velocity & as an independent variables. With the knowledge

of the density distribution function f(x,t, &) one can derive the macroscopic
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variables, functions of the space and time variables (z,t) through computing

the moments:

plx,t) = ng f(x,t,&)d€, density,

pv(x,t) = [s &f(2,t,£)dE, momentum, v = (v!, 02, v3) fluid velocity,
pe(x,t) = [ps %f(m,t,é)dﬁ, internal energy,

pE(x,t) = [ps gf(w,t,f)dg = pe + 3p|v[?, total energy,

p(x,t) = [a(&'—v") (& —v?)f(,t,€)dE, P = (pY)1<; j<3, stress tensor,

kqi(mvt) = fRS(gi - Ui)%h) - £|2f(m7t7£)d£7 heat flux.

(1.1)

The most important equation for the kinetic theory for the gases is the

Boltzmann equation, [2],

O (w,1,€) + € Oaf(2,1,6) = 7 QUF,£)(w,1,€). (1.2

The left hand side of the equation, 0;f +&-Oxf, is the transport term, measur-
ing the time rate of change along the particle path. The Boltzmann equation
says that the change is due to the collision operator Q(f,f), which takes the

form of the binary collision:

Qeh) = =

2 R3x 82
(£—€.)-22>0

(—g(§)h(&.) —h(&)g(éx) +8(€)n(€L)

+h(€")g(&,))B(€ — &, Q)dEdQ;  (1.3)

{€=£—K£—&%Qﬂl

1.4
£ =& +[€-&) -9 ey

The cross section B(&€—&,, ) depends on the inter-molecular forces between

the particles. For the hard sphere models

B(ﬁ—ﬁ*,Q) = (5_5*)9 (1'5)
The Maxwellian, thermo-equilibrium states have the defining property that

QM,M) =0
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and are of the form

p(ac, t) _ \&2*1:0(5”7 tt))\Q
(27 R6(x, )32 !

M = M,..0)

determined by the macroscopic variables. Here 6 is the temperature defined
by p/p = R6. For simplicity, in most part of our presentation, we will set
the mean free path k = 1.

The main purpose of this Part I and the forthcoming Part II of the
present paper is to present the Green’s function approach for the study of
the solutions of the Boltzmann equation. The Green’s function approach
alms at pointwise, more quantitative understanding of the solutions of the
Boltzmann equation. This is necessary for the qualitative understanding
of the rich phenomena that the kinetic theory can model, particularly the
nonlinear interior waves and the behavior of the solution near the boundary.
There are studies based on physical considerations and asymptotic theory
for the Boltzmann equation, see [42], [43], [18], [19], [20]. We start with
the construction and analysis of the Green’s function in this Part 1. The
construction involves explicit inversion of the Fourier transform for the fluid-
like waves and Picard iterations for particle, particle-like and other singular
waves. The Green’s functions are for the linearized Boltzmann equation. The
simplest situation is to consider the Boltzmann equation linearized around
a global Maxwellian M:

f=M+VMg

so that the linearization yields

g: + &€ - Oxg = Lg, linearized Boltzmann equation,

2Q(v'Mg,M) (16)

Lg = T, linearized collision operator.
The most basic Green’s function is for the initial value problem for the above
linearized Boltzmann equation. Because we are considering the Boltzmann
equation linearized around a fixed Maxwellian, the equation is of constant
coefficients in (z,t). Thus the equation is both time and space translational
invariant and so the Green’s function has the property:

G($,m0,t, 3»5%50) = G($ - $0,t - 376;50)
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and satisfies
Gy + & - 0,.G = LG,
{ t E T (1'7)

G(@,0,&; &) = 0(z)d(& — &o).
The Green’s function G(x — xg,t — s,&;&y) describes the propagation of the
perturbation over the Maxwellian M when at time s the perturbation consists
of particles concentrated at the location @ = xg and with the microscopic
velocity concentrated at &. The basic reason for the study of the Green’s
function is that it can be used to study the general solutions. The simplest
situation is to consider the initial value problem for the linear Boltzmann

equation with a given source h = h(x,t,£):

- 0pg = Lg + h,
{gt+£ g=Lg+ (1.8)

g(:l), 075) = go(w,E).

Multiply the equation with the Green’s function and integrate to yield the

solution representation:
g@t€) = [ [ Blo-yt&enb) ddy
R3 JR3

t
+ / / Gla -yt — s, & Eh(y, s, &) dEodyds.  (1.9)
o Jrs Jrs

We will construct this Green’s function first for the 1-dimensional case, x €
R, and then for the 3-dimensional case, & € R3. In preparation for these
constructions, we make the following preliminaries. In Section 2, we will
first review the basics for the Boltzmann equation and in Section 3 for the
linearized Boltzmann equation. For the study of the fluid aspects of the
Boltzmann equation, we consider in Section 4 the Euler and Navier-Stokes
equations in gas dynamics. The construction of the Green’s function is done
first for the case of plane waves, i.e. the case when the space variable is

1-dimensional, x € R,

G + £10,G = LG,
{ t ¢ (1.10)

G(x707£; EO) = 51(x)6(£ - 50)3
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and the solution formula for the general initial value problem becomes

gt + glaxg = Lg,
g(z,0,€) = go(, &), (1.11)
g, t,€) = [ Jus Gz — y.t,& &0)go (. &0) déody.

We will consider the fluid-like waves in Section 5 and the particle-like and
other singular waves in Section 6. The fluid-like waves are studied by the
Fourier transform and the spectral analysis near the origin. The particle-like
waves are constructed by Picard iterations and their regularity properties are
studied by the Mixture Lemma. To combine these two types of waves for the
complete picture of the Green’s function requires intricate analysis.

In Section 7 we construct the Green’s function for the initial value prob-
lem for the general waves in 3-dimensional space. There are Huygens waves
and other fluid-like waves.

After the Green’s function for a global Maxwellian is constructed for the
initial value problem, we will use it to construct the Green’s function for the
initial-boundary value problem in Section 8.

These construction are pointwisely explicit and will be used in the forth-
coming Part II for the study of nonlinear waves and boundary layers for the
Boltzmann equation. Our presentation is essentially self-contained. The
existing materials, [31], [32], for the initial value problem, [33], for initial-
boundary value problem, are reorganized with new perspectives. Some issues
are clarified and new materials are added. We raise open problems from time
to time. For the Green’s function approach aimed at the understanding of
the dissipation effects of the boundary, see [34] and [47].

2. Boltzmann Equation

In this section we review two basic properties of the Boltzmann equation
([C32): the conservation laws and the H-Theorem.

2.1. Conservation laws

The collision operator Q(f,f), (L3]), redistributes the density function
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f(x,t,€) as a function of the microscopic velocity €. Nevertheless, on the

macroscopic level, the collision operator conserves the mass, momentum and

energy:
1 mass
/ ¢ | Q(g,h)de =0, | momentum | . (2.1)
3
K 1€ enerqy

The above is proved by simple change of variables, noting that the transfor-

mation () has Jacobian one:

[, v©Qle @ = 1 [ (w€) + ¥(E) ~ 9(E) - ¥E) Qe MIE)E.

4
(2.2)
The key property is thus that the functions

Uo(§) =1, V() =&, i=1,2,3, Uy(&) = |€7/2, =T, j=0,...,4,
(2.3)

are collision invariants in the following sense.

Definition 2.1. A function ¥(&) of the microscopic velocity £ is a collision

invariant if
(&) +W(&) =T(E)+ T(E) (2.4)

under the transformation ([C4)).

In fact, the relation () is equivalent to the fact that the functions
1, &, |€|%/2 are collision invariant. Thus any function in the span of these
functions are also collision invariant and has the property that the integration
of them times the collision operator vanishes. There is the basic theorem
of Boltzmann saying that these are all the collision invariants; its proof is

omitted, [R].

Theorem 2.2 (Boltzmann). Any collision invariant is a linear combination

of 1, &, [€]%/2.

Multiply 1, &, |€|?/2 with the Boltzmann equation (L) and integrate
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to yield the conservation laws for the macroscopic variables of ([L):

Op + O0g - (pv) =0, conservation of mass,
O (pv) + 0z - (pr@ v+ P) =0, conservation of momentum, (2.5)
Ot(pE) + Oz - (pvE + Pv+q) =0, conservation of energy.

Remark 2.3. There are 5 conservation laws: 1 for the mass, 3 for the
momentum, and 1 for the energy. On the other hand, there are 14 unknowns:
1 for the density p, 3 for the fluid velocity v, 6 for the symmetric stress
tensor P, 3 for the heat flux g, and 1 for the internal energy e. Thus
the conservation laws are not a system of self-contained partial differential
equations. The macroscopic quantities are computed as moments of the
density function f(x,t,&). The stress tensor consists of second moments and
the heat flux consists of third moments. To derive equations for these would
require the fourth moments and so on. For instance, one may multiply
the Boltzmann equation by (£ — v%)(¢7 — v7) and integrate to derive the

evolutionary equation for the stress tensor p*, a second moment:

00 + 05+ [ (€= i) — DR = [ (€ =) — o) e,
This would involve the third moment, the integration of (£ —v%)(&7 — v?)&F.
The evolution of the third moments then involves the fourth moments and
so on. Also the right hand side is not zero anymore, as (&' — v*)(&/ — v7)
is not a collision invariant. Thus the Boltzmann equation is equivalent to
a system of infinite partial differential equations. Another way to view the
kinetic theory is to consider the distribution function f(x, ¢, &), for each fixed
space and time variables (x,t), as a function of the microscopic variables &.

The space of functions in £ is infinite dimensional.

For the fluid dynamics, the conservation laws are closed by making
assumptions on the dependence of the stress tensor and heat flux on the
conserved quantities and their differentials. For the Euler equations in gas

dynamics,

pg = pdij, qe = 0, Euler stress and heat flux; (2.6)
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and for the Navier-Stokes equations,
iJ o’ oI 2 3 vk 3 vk
Pig = Poij — pl5er + Gor — 5 2 ne1 5ow0ij] — BB Y je1 5ok digs

Navier-Stokes stress; (2.7)

gns = kV g0, Navier-Stokes heat flux.

We will derive the viscosity p and the heat conductivity x later. They are
functions of the temperature

For the in-depth study of the fluid dynamics from the point of view of the
kinetic theory, the readers are referred to [42], |43].

2.2. H-Theorem and Maxwellians

The Boltzmann equation has the so-called molecular chaos hypothesis
built in the collision operator in that the loss term —f(&€)f(€«) and the gain
term f(&')f(€,) in the collision operator Q(f,f) are supposed to be the two
particles distributions before the collision, taken here as the products of the
single particle distributions f. This is the hypothesis of no correlation before
collision. An important consequence is the H-Theorem on the irreversibility
of the Boltzmann process:

/ 1ogf€»2(f,f)d£=1 / / / log f/f*/[f’ffk—ff*]Bdeg*dg30. (2.8)
R3 4 R3 JR3 Si ff*

The above is proved by simple change of variables, again using fact that the
transformation (L) has Jacobian one, ([Z2). From (), the Boltzmann
Theorem yields that

/ log fQ(f,f)dé =0, if and only if logf is a collision invariant,
R3

in the span of 1, &, |&|%/2. (2.9)
In other words, log f, as a function of the microscopic velocity &, is quadratic,

or, equivalently, f is gaussian in &. Direct calculations show that the dis-
tribution function is explicitly given in terms of the macroscopic variables:
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,0($,t) _% B
GrRO. )P = Mi(p, v,0)]. (2.10)

f(x,t,&) =

Here we have introduced the macroscopic quantity 8, the temperature, through

the ideal gas relation between the temperature 6, the pressure p and the den-
sity p:
p = Rpb. (2.11)

The states M(, ¢y are called the Mazwellian distributions. They are the

thermo-equilibrium states in that
Q(M,M) =0. (2.12)

The H-Theorem is obtained by integrating the Boltzmann equation ([[Z))

times log f

OH+0, - H<0, H= flog fdg, HE/ &flog fdg. (2.13)
R3 R3
Thus a Boltzmann solution has the tendency to reach the thermo-equilibrium

and the Boltzmann process is irreversible.

Remark 2.4. From the kinetic theory point of view, the fluid dynamics and
thermodynamics are the study around the Maxwellians. The fact that the
Maxwellian distribution (ZI0) is determined by only two state variables p
and 6, and is consistent with the basic axiom in thermodynamics that there
are exactly two independent state variables. One can choose any two state
variables and all the other state variables are functions, the constitutive
relations, of the two chosen state variables. With the given distribution
(2T10), this thermodynamics axiom clearly holds. For the non-equilibrium
situation one can define, symbolically, the pressure

pll 4 p22 4 33 1
3 3

p / |’l) - £|2f(m7 ta £)d£7 pressure,
R3

and we have from (L)) that the internal energy and the pressure are related
as:

p = - pe. (2.14)
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This is the relation for the monatomic gases and, when combined with the
ideal gas relation (I1I), we have

e= gRG. (2.15)

In fact, one often takes (2IH) as the defining property of the temperature 0
in terms of the internal energy e. The monatomic gases have the 3 degrees
of freedom of translational energy. For the non-monatomic gases, there are
other degree of freedom of rotational and vibrational energy, for instance.
For a gas with o, a > 3, degrees of freedom, we would have e = 5 Rf.

2.3. One-dimensional flows

For plane waves, the density function f(x,t,£&) depends only on 1-di-

mensional space variable ', z = (2!, 22, 23). We will write 2! = 2. The

Boltzmann equation becomes

Of(z,t,€) + ' 0.F(2,t, &) = Q(f, f) (., £), (2.16)

Note that the microscopic velocity & = (¢1, €2, £3) must remain 3-dimensional.
The Green’s function G(z,t,&;€&y), = € R, for the initial value problem, c.f.

([C3), becomes

G, + £'9,G = LG for z € R,
{ & o (2.17)

G(m,O,é; EO) = 51(:17)53(5 - 50)

Here we have highlighted the dimension of the delta functions. For conve-
nience, we assume that the density distribution

f(z,t,€) is even in &2 and &3, (2.18)

It is easy to see that if this assumption is made for the initial data, it remains

so for later time. With this, the fluid velocity v = (v',v?,v?) becomes

v = (v%,0,0) = (v,0,0), (2.19)
and we will write the Maxwellians as

M[p,'u,@] = M[p,v,e}‘ (220)
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The thermo-equilibrium manifold, the collection of all Maxwellians, is then
3-dimensional. There are 3 effective collision invariants:

e
"2

1, &t , 1—dimensional collision invariants. (2.21)

3. Linearized Boltzmann Equation

Consider the solution f of the Boltzmann equation () as a perturba-
tion of the Maxwellian M = M, ,, o

f =M+ VMg,

g +&-0.8=Lg+I(g),
2Q(VMg, M)

Lg = ————=, linearized collision operator,

VM
_ Q(WMg,vMg)

VM

The Boltzmann equation linearized around M with the weight function VM

I'(g)

, nonlinear term.

1S

g+ & 08 = Lg. (3.2)

3.1. Linear collision operator

Any Maxwellian M = M,.0,6) is @ thermo-equilibrium state, Q(M,M) =

0. The equilibrium manifold is a 5-dimensional manifold of the Maxwellians,
parametrized by (p,v,0). As a consequence, the kernel of linearized collision
operator Lg = 2Q(vMg,M)/v/M is the tangent space of the equilibrium
manifold at the base Maxwellian M of the linearization. This is found by
the differentiation of the explicit form (ZI0) of the Maxwellian state with
respect to the 5 parameters (p,v, ). For instance the differentiation with
respect to v yields

oM  £—-w

v RO
which is, as a function of the microscopic velocity €, in the span of {M, &EM}.
In the form of the linearized variable g with the weight /M, @), it is in the
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span of {\/M, E\/M} The other differentiations yield altogether the span
{(VM, &VM, |€]>V/M} of the tangent space, and we have

Ly; =0, 7=0,...,4,
o = VM, ¢ =EVM, i =1,2,3, Yy = gm, linear collision kernel.
(3.3)

There is also the algebraic way of finding the linear collision kernel, cf. (22,

E.13).

Remark 3.1. The Boltzmann Theorem says that the linear collision ker-
nel is exactly the above 5-dimensional space, the linear equilibrium states.
The study of the Boltzmann solutions contains the following two important
considerations. The first is the tendency of the Boltzmann solutions con-
verging to the local Maxwellians, as predicted by the H-Theorem. There
is the Cercignani conjecture, [7] related to this efforts, see [12], [6], [46],
[21]. Then there is the study of the Boltzmann solutions flowing around
the 5-dimensional equilibrium manifold. The study of the later is essential
for the understanding of the relation of the kinetic theory with the fluid
dynamics. On the linear level, we call the projection, in the function space
of the microscopic variable, onto the linear collision kernel the linear macro
projection. Its orthogonal projection is called the micro projection. These
projections have been used for a long while, see for instance, in the content
of energy method, the recent papers, [22], [23], [24], and the hypocoercivity
theory, [39]; its introduction for the above specific purpose was done in [30)].
A good part of the present effort is to illustrate the Boltzmann flow from

the perspective of these two basic considerations.

For the hard sphere models, (CH), and taking the base Maxwellian M

for linearization to be

1 _lel?
M[l,O,l] = We 2 (34)
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the linearized collision operator has the explicit form, e.g. [d],

Le(€) = (—v + K)g(&) = —v(E)8(E) + [os K(€E)8(E.)dE.,
1 _lei? 1, (18 2

u(&):—<2e : +2(|£|+—>/ e zdn>,

0

V2r €]
Ci(1+ [&]) <v(€) < Ca(1 +€]) for some Cy, Cy > 0, (3.5)
_ 2 (1€ —1&2)? 1€~ E*!2>
K ) = — - _
€)= e (“eer
el (L)
( 2 4

The linearized collision operator around a Maxwellian My, , g is a simple
translation and dilation of the above. Here, as in what follows, we have

taken, for simplicity, the gas constant R = 1.

The Hilbert space Lg for functions of the microscopic variables will be

used. We will also use the weighted spaces:

leliz, = sup lg(©)/(1 +[¢)", 5> 0. (3.6)

The integral operator K has some boundedness and smoothing properties.

The following lemma follows from direct computations.

Lemma 3.2. The operator K is compact and the integral operators Ke, Ke,,
defined by the kernel K¢, K¢, respectively, are bounded in Lz. Forany >0

there exist positive constants C((3) and Cy such that

IKillzz,,, < COlillzg, o

Killgs, < Callillzz-

The integral operator K has limited smoothing property in &, BI).
This is due to the singularity of the kernel K (£, €&,) at & = &, BH). We
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decompose it into

K=K0+K1=K0D+K1D,

= [ps Ki(&,&0)z(&s) d€, for i = 0,1,
Ko(&E*) =0 ('%—5;) K(€.€.),
Ki(6,6) = (1-x0 (558))) K (&),
xo(r) =1 for r € [-1,1],
supp(xo) C [~2,2], xo € C°(R), xo0 > 0.

(3.8)

Here the cutoff parameter D will be chosen to be small. We may write the
linearized Boltzmann equation ([B2) as:

Og + 10,8 + v(&)g = (Ko + Ky)g. (3.9)

The operator Kg shares the same smoothing property as K and has strength
of the order of the cut-off parameter D:

IKohl[ e

=, < CsD|h||zs, for § > 0. (3.10)

The operator K is a smoothing operator because it does not inherit the
singular nature of the kernel K(&,&,) at € = &,.

Lemma 3.3. The operator K given in ([BF) is a smoothing operator in &:
for anyh € L2, i >0,

1Kl = O]
Here H é are the standard Sobolev spaces on L%.

Proof. From the definition of K; in (B,

ogkan(@) = [ neasg ((1-n (5550)) e de.

The function K (&, €,) is smooth for | —&.| > Dvy. Thus, <<1—X0<|ED_—,,%‘>>

K (5,@)) is a globally smooth function. It is easy to see that for any i =

la| > 0 the function 9¢'((1 — xo ‘EDVEO* NK (&) € Lé and therefore defines

a bounded operator from L% to L2 and the lemma is proved. O
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We have the following basic theorems, ], [5], [9].

Theorem 3.4. The linearized collision operator L is non-negative self-adjoint

in L% and the Green’s function G is bounded in Li(L%)
HGHLg(Lg) <L (3.11)

Proof. The form of the linear collision operator with the weight of vM
serves the convenient purpose that the collision operator is self-adjoint in

the Hilbert space Lg:

(Leh) = (). (@h) = (Ehy = [ s©neE 612
This is shown by simple changes of variables in the integrations such as ([Z2),

(Lg,h) = (g Lh)
= — 16 Jrs Jrs fS2MM*[\/g,fA—;+\/gﬁ_ﬁ_\/gﬁ*] (3.13)

h’, h’ h hs
X[\/W + N N*]Bdgdé*dg,

making use of the fact that the Maxwellians have the defining property that
log M is collision invariant, or, M'M’ = MM,. To prove the boundedness of
the Green’s function, we use the energy method by integrating the linear

Boltzmann equation ([B2]) times g to yield, using the non-negativeness of L:

d
i | @i = [ tegde<o (3.14)
dt RS 3 ]RS 3

Thus the Green’s function as an operator in propagating the solution of the
initial value problem, (), (C3), is contractive in Li(L%) and so ([BI)
holds. O

3.2. Macro-micro projections

One forms the orthogonal basis for the kernel of the collision operator
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X0 = M1/27
Xi = (SZ - Ui)M1/27 @ = 172737 (315)
xa = 7516 —vl* = 3)MI2

The macro projection Py and the micro projection P are

4
Pog = (g.x;)xj» Pr=1-Po. (3.16)
=0
We will write
go = Pog, g1 =P1g, g =go + g1, (80,81) = 0. (3.17)

The macro projection Py consists of the isotropic part P§° and the momen-

tum part Pg*:

3
Po = P§° + PG, Pig = (g, x0)x0 + (& xa)xa, P§" =Y (g xi)xi- (3.18)
i=1
Clearly, the linear collision operator L satisfies
Pol_ = LPO = 0, P1|_ = LP1 = L; (319)

and, from the Boltzmann Theorem, the nonlinear collision term I'(g), (B1J),

also satisfies

Po[ =0, PyT'=T. (3.20)

Theorem 3.5. The spectrum o(L) of the linearized collision operator L has

the following property:

(1) There is the eigenvalue 0 with corresponding eigenfunctions the 5-dimensional
collision invariants, ([B3).

(2) Besides the 0 eigenvalues, the maximum value of the spectrum is a nega-
tive number —vy. In other words, there is a spectrum gap between 0 and

the rest of the spectrum.
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Consequently,
(Lg,g) < —v1(P1g,P1g), (3.21)
for any function g € L%‘

Proof. From (BH), the collision operator can be viewed as the compact
perturbation K of the multiplicative operator —v(£). From the Weyl’s The-
orem, the essential spectrum oess = {y : y < —1p} of L is the values taken
by v(€). As v(€) is an increasing function of |£|,

vy =v(0) = mgin v(§), (3.22)

As L is self-adjoint and nonpositive, the discrete eigenvalues ogiscrete(L) =
0(L)\essential (L) C (=v(0),0]. Therefore, there are finite eigenvalues in in-
terval [—1g + ¢, 0] for any small positive . In particular, the zero eigenvalue
is isolated. Thus the maximum of the rest of the spectrum —uq is negative,
vo > v > 0. Finally, 821)) follows from the fact that the micro projection
P1 projects to the orthogonal complement of the kernel of L. This establishes
(B2T)) and the theorem is proved. O

The above theorem is due to the efforts of Hilbert, Carleman, and Grad.
For constructive estimates of the spectrum gap, see [1], [37], [38].

Corollary 3.6. There exist positive constants Cy, Coy such that

—C1((1 + [€])P1g, P1g), (3.23)

(Lg,g) <
| < Co[(g,8) + (—Le.g)l. (3.24)

(€le, &)

Proof. From the expression L = K — (&) and the estimates, B3,
W(E) > Di(1+ ), K|z = D < o0,
for some positive constants D1, Dy, and so we have
(Lg,g) = (LP1g,P1g) < —D1((1 + |§])P1g, P1g) + D2(P1g,P1g).  (3.25)

The estimate [B23]) is shown with C; = D1y /(D2 + 11) by adding (B21I)
times Dy /vy and B2ZH). We have from the Cauchy-Schwarz inequality that

(I€le,g)| = [(I€](go + &1), 80 + &1)]
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= O(D)[((1 + [€])Pog, Pog) + ((1 + [£])P1g, P1g)].
Thus B24]) follows from B23) if

((1 + |€])Pog, Pog) = O(1)(Pog, Pog),

which holds trivially because, after the macro projection Py, it is a finite

dimensional situation. This completes the proof of the corollary. O

3.3. Macroscopic variables

The fluid variables for the conservation laws
p=(g,M'/?) = (go,M'/?),
= (g,£'MY2) = (g0,6'MY2), m = (my, mg, my), (3.26)
E = (g, 5/€°M'/?) = (go., 5[€M'/2).

There is some ambiguity with earlier notations, as, for instance, the p here
is not the density, but the perturbation of the density. There is no confusion
here and we use these for the sake of notational simplicity. We will also use
the projection to the orthogonal basis x;, i =0,1,2,3,4:

ﬁ = (g7 XO) = (g07X0)7

m; = (g7Xi) = (g(]a Xi)7 (327)

E = (g, x4) = (80, x4);

go(x,t,&) = p(x, t)xo(&) + Zm, x, )X (&) + E(x, t)x4(€). (3.28)

4. Euler and Navier-Stokes

For the discussion of this section, the mean free path k is retrieved to
highlight the dependence of the hydrodynamics dissipation parameters, the

viscosities and heat conductivity on k.
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Boltzmann equation has its fluid dynamics aspects. The most basic equa-
tions for gas dynamics are the Euler equations. The Euler equations in gas
dynamics can be directly derived from the Boltzmann equation and provide
the basic information on the propagation of fluid-like waves in the kinetic
theory. The Navier-Stokes equations and the Boltzmann equation share
the basic property that they are both dissipative. Boltzmann equation is
dissipative partly as a consequence of the H-Theorem. The heat conduc-
tivity and viscosity coefficients for the Navier-Stokes equations are also the
basic dissipation parameters for the Boltzmann solutions. We will derive
the compressible Navier-Stokes equations in the spirit of Chapman-Enskog

expansion.

4.1. Euler equations

Each Maxwellian is a constant solution of the Boltzmann equation,
&T2). In general, local Maxwellians do not form a solution of the Boltz-
mann equation. As the mean free path k tends to zero, for smooth solutions,

one expects Q(f,f) to go to zero:

Q(f7 f)(mv ta E) = k[atf(wa t? 5) + 5 : awf(wv t? 5)] — 0.

And so, by the H-Theorem, ([ZI2)), f — Ms, where M¢ are the Maxwellians

determined by the macroscopic variables of the solution f. We call
(M¢) + & - 0 (M¢) = 0 (4.1)

the Fuler equations in the kinetic form. Assuming that the distribution

function is locally Maxwellian
f = Mg,
then, by direct calculations, it is easy to see that
stress tensor P = pl, the pressure p; heat flux q = 0.

Here I is the 3 by 3 identity matrix. Thus in this zero mean free path limit,

k — 0+, the conservation laws (ZH) are simplified to the Fuler equations in
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gas dynamics

Op + 0z - (pv) =0,
9 (pv) + 0z (pv ® v +pl) = 0, (4.2)
O (pE) + O - (pvE + pv) = 0.

The state variables are related by the constitutive relations for the monatomic

gases:

2 5
p = Rpl = 3P = poeips. (4.3)

Here the first relation is the ideal gas law, ZIIl). We will take the gas
constant R = 1. The second equality comes from the monatomic gases
law (ZI4]). From these we have the last equality by the thermal dynamics
relation de = —pd(1/p) + Ods, with s the entropy, for any choice of positive

constants A and pg.

The Euler equations are self-contained, as the stress tensor is now a
given function of the conserved quantity and the heat flux is zero. So the
number of the dependent variables is now 14 — 6 — 3 = 5, the same as the

number of equations.

Similarly, the linear Euler equations are the projection of the linearized
Boltzmann equation (B:2) to the tangent space of the equilibrium Maxwellian
states manifold at the base Maxwellian M = My = M[
FEuler equations in the kinetic form is the macro projection of the linearized
Boltzmann equation, (BI9):

- Thus the linear

£0,v0,0%0

(Pog)t + Vi - Po&Pog = 0. (4.4)

The resulting conservation laws, in terms of the macroscopic variables are
the linear Euler equations in gas dynamics. There are two versions. The
first is using the conservative macroscopic variables ([B26]). This one is the

same as the linearized version of the full Euler equations (2):

pt+vm'm:07
my + 2V,E =0, (4.5)
Ei+3Vg-m=0.
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Here we have, for simplicity, assumed that the base state for the linearization
is taken to be pg = 1, vg = 0, g = 1. The second version is using the

macroscopic variables through the orthogonal projections ([B27), (B25]):

pt+vo - Vgp+ Vg -m =0,
my + vy - Vem + Vgp + \/ngEzo, (4.6)
Et+v0-vwE+\/§vw-m:0.

4.2. Euler, Euler flux projections

In the linear Euler equations (E4), the flux operators Po&*Pg,i = 1,2, 3,
is on the 5-dimensional space {x;, j = 0,...,4}. For definiteness, we con-
sider Po&'Py. By straightforward calculations, we have the following Fuler

characteristics A} and Euler characteristic directions E;:

PoflE} — )\;E;7 j — 17 75,

M=vl—c, M =0, M=vl+e N =) =0l

El = \/%Xo - \/%Xl + \/%XAH

E; = —\/gx(] + \/ém, (4.7)
El= \/%Xo + \/gm + \/%X4,

El = xe,

E% = X3-
Here we have taken the base state to be (p, v, ) and so the sound speed c is

50
=4/ =, 4.
c 3 (4.8)

The Euler characteristic directions are orthogonal:

(E}, E}) =0 for )\} # Ai. This is seen easily as follows:

A (Ej,EL) = (Pog'Ej Ep) = (£'E}LEL) = (EJ,¢'Ep)
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The above Euler characteristic directions have been normalized:

(Ej.E}) =6y, i,j=1,...,5, (4.9)

so that the macro projection can also be written as

4
Pog = (g E})E].
j=0
We define the Euler projections B;:
Bjg = (g, Ej)E}, j=1,...,5. (4.10)

For the 1-dimensional Boltzmann equation, (ZI6), the linearized Euler

equations are
Pog: + (Po&'Pog)s = 0. (4.11)
The kernel of the linearized collision operator is the span of

L¢]:07 j:071747 TPOE\/M, 1)[)1 6 \/_ ¢4 |£| \/Mv

1-dimensional linear collision kernel, (4.12)
and the macro and micro projections become, with v = (v, 0, 0),

Pog = (g, x0)xo0 + (g, x1)x1 + (g Xxa)Xxa; P1 =1 — Py,
Xo = MV/2,

x1 = (& —v)MY2,

xa = 75 (l€ — v’ - 3)M/2,

(4.13)

The Euler characteristics are

(PoSE; = MEj, j=1,2,3,

AM=v—c, A\ya=v, A3 =0+ c,

\/7X0 \/7X1+\/7X4, (4.14)

Ex = \/;XO + \/;XA“

Es =/15x0 + \/;Xl + \/%X4-

r
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t
&= NF =L =X
x
Figure 1: Euler waves.
The Euler projections B; are defined as:
Bjg = (g, E;)E;, j =1,2,3. (4.15)

The initial value problem for the Euler equations

(4.16)

{Pogt + (Po&'Pog)s = 0,
POg('x7 07 E) = g(l’, £)7

is decoupled by the Euler projections:

95 = (g7 E])7 g] = (g7 E])a
(9)t + Aj(gj)z = 0, (4.17)
gj(x¢0) = gj(:p)

This can be solve by the characteristic method to yield the Fuler waves,

Figure [Tk

{g(m,t,&) = Zizlgj(xat)Ej(E)v (4.18)

gj(x,t) = g_]j(:n — /\jt).

The Euler fluz projections B ; are defined for nonzero Euler characteristic

speeds \; as follows:

3

- 1 ‘ ~ .

Big = r(glg, E,)Ej, j=1,2,3, Py = § B;. (4.19)
J j=1
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It is easy to see that

3
Po = ) Bj, P1B;=BP; =0,
j=1

. - _ (4.20)
BiE; = 6;Ei, Bi&'Bj = 6;;AiBi, 1,5 =1,2,3, P1B; = 0.

Although B;P; = 0, it is not true in general that L5>,-P1 =0.

For the study of initial-boundary and the boundary value problems, it is
essential to differentiate the direction of the Euler waves. For this, we define

the upwind Euler projection By and the downwind Fuler projection B_:

B,=> Bi, B.=) B (4.21)

Ai>0 <0

Similarly, the upwind-downwind Euler fluz projections By are defined as

B,=)> Bi, B_=) B (4.22)

;>0 Ai<0

4.3. Navier-Stokes dissipation parameters

The full Euler equations (2 are derived by assuming that the distri-
bution function is locally Maxwellian, f = Ms. For the derivation of the
Navier-Stokes equations, the distribution function is assumed to deviates
slightly from the local Maxwellian. For our purpose of the construction of
the Green’s function, we will consider the case of linear Navier-Stokes equa-
tions only. In the linear case, the Euler equations ([6]) are derived from the
linear Boltzmann equation (B2) by considering only the macro projection
of the macro part gg = Pog of the Boltzmann solution g, (E)). The macro
projection is the same as considering the conservation laws (Z8) induced by
the macro part. We now derive the linear Navier-Stokes equations by the
same procedure. First we write the linear Boltzmann equation ([B2) as:

1

k'-gh go = Pog, g1 = Pig.

(80 +g1)t + & 0z(go +81) =
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The macro and micro projections of this equation are

(g0)t + Oz - Po&(go + g1) = 0, macro part of linear Boltzmann equation;
(4.23)

(g1)t + Ox - P1&(g0 + 21) = %Lgl, micro part of linear Boltzmann equation.
(4.24)
In the spirit of Chapman-Enskog expansion, we assume that the macro part
go dominates the micro part g; and that the differential V:h is dominated
by the quantity h itself. Another way of thinking of this is to consider
the time-asymptotic dissipation of the Boltzmann solution toward a given
Maxwellian. As we will see, the macro part decays slower than the micro
part. Thus we will make the simplification of the micro part [@24]) of the
linear Boltzmann equation into
1

kLgl, or g, = kL™1[0, - P1(£gp)] Chapman-Enskog relation.

(4.25)
Plug the Chapman-Enskog relation (20 into the macro part E23]) of the

Boltzmann equation:

a:1: : Pl(ggO) =

(80)t + Ox - Po(€g0) = KOy - Po€&(—L) 10 - P1(&go)]; or,

3
(80)1 + 0z - Po(€g0) = k D 0,:0,5Po& (L)' [P1(¢g0)],
ij=1
Navier-Stokes equations in kinetic form. (4.26)

The linear Navier-Stokes equations in gas dynamics form are the con-
servation laws, obtained by integrating the kinetic equation ([Z6]) by the
linear collision invariants, the kernel of the linear collision operator, ([BIH),
(BZd). The integration of 20 times yo yields the usual conservation of

mass:

pt+ Ve -m-+vy-Vp=0.

The integration of (EZZH)) times x4 yields the conservation of energy:

2
Et—l—vo-VE—l—\/;Vm-m:/{AmE,
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with the heat conductivity coefficient k:
k=—k (P& xa, LTP1Ex4) - (4.27)

We now compute the integration of [E26]) times x;, | = 1,2,3, to yield the

conservation of momentum and the viscosity coefficients:
3
om . 0m 0 20F
e
o =" Ox 3 0x

0’m,(x, 1) i1 ;
= —k Z (x1,Po (€L [P1(&xn)])) - (4.28)

4,5,n=1 8x28x3
Observe that
3 9 | |
Z aa’n;znia(‘:;t) (X17 PO (ﬁlL_l [Pl(éjxn)]))
4,,n=1
3 9 | |
= Z %a(:;t) (P1 (élxl) 7|_—1 [P1(£]Xn)])
2,,n=1
_y 82m"(m’t)P et —ob VM) LY |P(&0 (€7 — o)V M
_Z’£1W< 1(6 (g _'U(]) >7 |: 1(5 (g —UO) )])
3 0’m,(x, 1) , .
= X e (P (6€VaT) L7 [Pu@ervin) )
ij,n=1

= 3 M(H ((5’)2\/M) [Pl (&) 2\/_] (i=1, n=j)

; 0xlox
‘7:

)
R o ) s
)

_l Z—

et (o0 e
i#

Due to the rotational invariance of the L~ and integration, for ¢ # j,
(P (VA7) L7 [Py (€VAT) )
= (Pi ((€)2Va1) L7 [Py ((€0)2VM) ])
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and

(3 0]

(@ W) L [P (@van)))
(Pr (s vaT) L7 [Py (€/vAT) ).

which implies that

(o). s )
s(eu i) V)

With these, ([2]]) becomes

o g i

:3M8 mlzawlt {Z ag;,lja:;t Z ag;zazzt > azr;zjlg;;t)}
-5 { T e

SV P
Here the viscosity i and the bulk viscosity pup are given as

p= k(P (VAT) L7 [Py (€€VAT)]) pp= o (430

5 (P

2

.3
2

Using ([E27) and 30 the linear Navier-Stokes equations in gas dynamics
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form are then:
p

pt+ Vg -m—+vy Vgp =0,

om, 3 i Om

8tl + Z g xil + Bxl + \/78321

0 omy om; 2 3 o 5 3 0
_ mn . mn _
- Z Oz {M <amﬂl + 8le o géjl Zl 8mn> N guéjl Zl ER }7 1_172737
n= n=

B, +vo- VoF + \/gvm-m = kALE.

(4.31)

Another form of the Navier-Stokes equations that are convenient for the
study of fluid waves are obtained by integrating the kinetic equation (E26])
times the Euler characteristic directions. We do this for 1-D case so that the

Navier-Stokes equation in the kinetic form is

2
%gto * aag;P (¢'90) = _k%PO (&' [P1(€'90)]) - (4.32)

Express

3
g0 =Y gE
j=1

in terms of the Euler characteristic directions E;, j = 1,2,3, ([EId). This

yields the Navier-Stokes equations in gas dynamics form:

3
(9i)t +Xigi)z = ; ij(9j)zas 1= 1,2,3, (4.33)
N

Ajj =~k (P1&'E; L7 [P1(¢'Ey)]) -

The dissipation parameters matrix A;; are related to the viscosity p and

heat conductivity k. For instance, from (T4,

~ An = (P L [PiEEn)] )

e (oG e (o fue))

Note that £!yg is a linear collision invariant and so P1&lyg = 0, and that
¢lx4 is odd in €' and &'y is even in ¢! and so (P1&'xy, L=1¢ x4) = 0. Thus



2011] SOLVING BOLTZMANN EQUATION, PART I: GREEN’S FUNCTION 143

it follows from (EZD), [E3M), and ([E2J) that

Ay = — é {g (P1&"x1, L7 [Pighxa]) + (Piéixa, L_1P1§1X4)}

S

Similarly, we have

A = — ( 161 E1, LHP1(E1ER)))

\[XO—\[X1+X4 15( \/%XOJFX‘*)D
:\/3

3 (P1&ixa, L'P1&ixa) =

Az = —k (P1&'Eq, L7 [P1(¢'Es)])

= 5P (30 o). it (i o))

1

= {_5 P1&txr, L7 [Prg! xl]) + (P1§1X4,L_1P1§1X4)}

’{7

5

T TR

Ay = —k (P16 Eo, L7 [P1(€'E)])
=5 (e (o) i (- )
— —kg (Pi&ixa, LT'P1&ixa) = =k,

Agz = —k (P1&'Eo, L1 [P1(¢'ER)])

V3 2
Z—k‘?<P1£1<— 3X0+X4 |-1 15 X0+ X1+X4

V3 V3
= —k‘? (Pi&ixa, LT P1&1xa) = 5

Azz = ( 1§1E3,|- '[P1(¢'Es)])

:—k; 15 \/7X0+\/7X1+X4 15 (\/g +\/gX1+X4>D

= —k3 {g (Pi&'xa, L7 [Piéhya]) + (Pi&axa, L™ P1§1X4)}

ol W

— okt s
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Due to the symmetry of A;; we have

[Ai;] = @/—i 3k V3 (4.34)

_%/L + %H el
where the viscosity p and heat conductivity x are given by 30) and [E2T).

The dissipation parameters matrix [A;;] is non-negative, and but not
positive definite. This is typical for systems of viscous conservation laws
with physical viscosity matrix, [25]. It follows from the general theory for
the system of hyperbolic-parabolic equations that the dominant dissipation

waves are given by the diagonal system, [35]:
(3j)e + 2j(G5)e = Aj(Fj)ae, J=1,2,3, (4.35)
with the dissipation parameters

A1 = A = —k (P1EEL, LT [P1(E'EY)]) = 3+ Ln,
Ay = Agy = —k (P1&'Ea, L1 [P1(¢1E2)]) = 25, (4.36)
Az = Agg = —k (P1&Es, L1 [P1(¢'E3)]) = A1 = Sp+ ik

The Green’s function

{(@j)t +05(Gi)e = A3(Gi)aws 5= 1,23 (4.37)

G(x,0) = 6(x),

consists of dissipation waves for this simplified system are the collection of

heat kernels H(x,t; A), Figure B c,f, Figure [Ik

Gj(a;,t) = H(a; - )\jt,t; Aj),
2

H(z,t; A) = \/ﬁe_ﬁ.

(4.38)

In the kinetic form, [32), [33), this is translated into

3
Gla,t) =) H(z — Nt, t; 45)E; ® (Ej, (4.39)
j=1
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Figure 2: Navier-Stokes leading waves.

containing the operator in the function of the microscopic velocity:

E; ® (Ejlg = (Ej, g)E;. (4.40)

5. 1-D Green’s Function, Fluid-Like Waves

In this and the following two sections, we will construct the Green’s
function for the initial value problem for the linear Boltzmann equation.
This and the next sections will concentrate on the 1-dimensional linearized
Boltzmann equation, cf. ([B2),

g +&to,g = Lg. (5.1)

For simplicity, we will take the base Maxwellian for linearization, (B to be
M = Mg = My g1 so that the explicit expression of the linearized collision
operator is given in (B3]) and the Euler characteristic values are

5 5
)\ = — — )\ :0 )\ = —.

The 1-D Green’s function G(x, o, t, s,&; &) = G(z — xo,t — s,&; &) satisfies

EID):
{Gt+§18xG:LG for — oo < < o0, t >0, (5.2)

G(z,0,& &) = 6(x)8° (€ — &o).

The Green’s function G(x — y,t — s,&;&y) describes the propagation of the
perturbation over the Maxwellian My when at time o the perturbation con-
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sists of particles concentrated at space x = 0 and with microscopic velocity

&o.

Consider the initial value problem

16;5 = Lg,
{gt+£ g=Lg (5.3)

g(‘ra 075) = go(x,E).

Multiply the equation with the Green’s function and integrate to yield the
solution representation for (B3)):

g(x,1,8) = / / Gz —y,t,& €0)80(y, &) d€ody (locally in (z,t,£)),
R JR3
(5.4)
g(z,t) = G'gy(z) (locally in (z,t) and in a semi-group format). (5.5)

Here the formula (B4)) is for pointwise expression; (B0)) is to view the Green’s
function as an operator. Consider the Fourier transform in the space variable
x:

A

1 - 1 .
)= — | e "g(x, t)dz, gzt E—/em” dn.
&(n,t) \/%/R gl t)dr, g(w,t) = —2= | ™" g(ndn
Take the Fourier transform of (ZI7) to obtain

@t+i£1n@:LG, —oo<n<oo, t>0,

. 5.6
G(x,0,&;80) = \/%753(5 —&o). (>0

With this, one can use the isometry property of the Fourier transform in the
L2 to study the dissipation property of the Boltzmann solutions. Instead,
we will invert the Fourier transform for the fluid-like part of G, to gain quan-
titative information on the Green’s function in the physical space variable
x. The formal expression of the Green’s function is

Gt gik) = 3= [ OIS € —gyay. (57

™

Plug this into the solution formula (B4) to yield

g(x>t7£):/R |: ! /Rein(x_y)—i—(_?fln—i—l_)tdngo(y7') (é)dy (58)

2
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Thus in the operator expression, c.f. ([BH), we can write
1 . 1
Gz, t) = — [ emet=i€Entt gy 5.9
@n=5[ . (5.9

Remark 5.1. The operator —i¢'n + L on functions of the microscopic ve-
locity £ is the focus of our study for this section. As the operator has the
one-dimensional Fourier parameter n, we do not have complete information
of its spectrum. Nevertheless, the point spectrum for 7 near origin has
explicit expression and correspond to the fluid-like waves, similar to that
for the compressible Navier-Stokes equations. These waves dominate the
Green’s function time-asymptotically. The construction and description of

these waves is the main concern of this section.

To obtain the complete description of the Green’s function, there are two
further steps to take. The first is to construct the singular waves through
a series of Picard iterations, done in Section 6. These two constructions of
waves offers two distinct decompositions of the Green’s function, and allows
us finally to apply the soft analysis of weighted energy method and Sobolev
calculus toward the end of Section 6 for the complete pointwise description

of the Green’s function.

5.1. Spectral near origin

From the expression ([£9) for the Green’s function, it is natural to con-
sider the spectrum of the operator —ié'n + L. We consider first the situa-
tion near the origin, || small. Let (0,e) = (0(n),e(n)) be the eigenvalue-

eigenfunctions for —i&'n + L:
(—i€'n 4 L)e = oe. (5.10)

We know from Theorem that the zero eigenvalue of the linear collision
operator L is isolated and with multiplicity 3, EI2). Thus for || < 1 the

spectrum of —i&'n 4 L should be also be 3 eigenvalues near zero.

The following Lemma B4 provides the spectrum information we need.
Statement (I)—(III) of Lemma B4 are true for hard potentials with Grad
cutoff. However, the analytic property, (IV), is only true for the hard sphere
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model, see Remark Since analyticity is required for the following anal-
ysis, we will assume the hard sphere model throughout. Still, for the sake of
completeness, we point out the fact that (I)—(III) are generally true for hard
potentials with Grad cutoff.

Definition 5.2. For any complex ¢, 1) € L2, define the pseudo inner product

as

.01 = [ o€ (1)

Remark 5.3. Note that we do not take complex conjugate in (&Il), so [, -]

is not an inner product.

Since (—ing!+L) is the sum of two multiplicative operators, —iné!, —v(€),
and an integral operator K, (—in¢! + L), is symmetric with respect to [-, -].

Namely,
[0, (=ing" + Ljw| = [(=ing! + L)g,v]. (5.12)
Consequently, if o; # oy, [ej,ex] = 0.

Lemma 5.4. Consider the spectrum Spec (1) of the operator —iéln+L, n €
R. For hard potentials with Grad cutoff, the following statement (I)—(III)
are true.

(I) For any 0 < § < 1, there corresponds T = 7(§) > 0 such that
(i) For |n| >4,

Spec(n) C{z€C: Re(z) < —7}.

(ii) For |n| < 6, the spectrum within the region {z € C: —7 < Re(2)}

consisting of exactly three eigenvalues o1(n),02(n),o3(n):
Spec(n) N{z € C: —7 < Re(2)} = {01(n),02(n), 03(n)} -
(IT) For |n| < 1, the eigenvalues o1(n),02(n), 03(n) satisfy

o1(n) = —inh — Ain* + O(|nf?),
o2(n) = —ina — Aan® + O(|n)?), (5.13)
os3(n) = —inAs — Asn? + O(|n|?),
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cf. Figure B, where A; = —(P1&*E;,L71P1€YE;) is the Navier-Stokes
dissipation coefficient, cf. ([E30).

In view of (BIF), for 0 < |n| < 1, the eigenvalues o1(n),c2(n),o3(n)
are distinct. After being normalized according to [ej,er] = djk, cf.
Remark B3, the eigenvectors e1(n),ez(n), es(n) take the following form:

. Ajk
&j(n) =E; +in( Y 2B+ ef ) +Olnf?),
Kty R (5.14)
e =L7'Pi¢'E;,
where Ajp = —(P1€'E;,L71P 1€ Ey) s the Navier-Stokes dissipation

coefficient, cf. [EZD).
For all 0 < § < 1, the semigroup e(=iE L can e decomposed as

» 1 . . -1
e=mE Lt — 115 4 X{lnl<é} 5 fie t<z - (et L)) dz, (5.15)

where HH5”L§ = O(1)e=t a(r) > 0 depends on T (and therefore on
d), X{.} @ the indicator function, and I' can be any close curve that
lies entirely on {Rez > —7} and that encloses the three eigenvalues
o1(n), 02(n), 03(n), Figure B

Particularly, for the hard sphere model, o;(n),e;(n) are holomorphic
in m for all |n| < 1. Consequently, (BI3) and [&Id) hold even for
complex 1.

Proof. The spectrum of —i¢'n + L has been studied and this lemma has

been proved, [41], [36], [14], [45], by making use of the spectral gap at origin

for L, Theorem Here we emphasize the computation of eigenvalues and
eigenvectors, (I3) and (14, and prove (II) only.

Apply Macro-Micro projection to the equation (—i¢'n + L)e; = oje;:

- inPo€1<(Poej) + (Plej)> = 0;(Poej), (5.16a)
— inP1&! (Poe;) — inP1&' (Pre;) + L(Pre;) = o;(P1e;). (5.16b)

In view of (BIGal), it is convenient to set o; = iny;. From (BI6D) we can
solve Pie; in terms of Poej as Pre; = inlL — inP1&! — iny;]71P1EY (Poe;).



150 TAI-PING LIU AND SHIH-HSIEN YU [June

Re

Figure 3: Spectrum near origin.

Substituting this back to (I6al), we obtain the following equation for Pge;:

(Posl +inPog! (L - inPrg! - z'mj)_lPlsl> (Poe;) = =7 (Poej)-  (5.17)

Through Macro-Micro decomposition, we have transformed the original infi-
nite dimensional eigen-equation into the 3 dimensional equation (EI7). Our
next step is to solve (&I1) by the implicit function theorem. We will do this

only for e;, since es, e3 can be treated similarly.

Instead of normalizing e; according to [e1,e1] = 1, we temporarily adopt

the normalization e; to €] by (Ej,e}) = 1. Set
Poe} = E1 + B2E2 + B3Es.
Under this setup, (BI1) becomes

% (1, B2, B3 m)
= A1+ in(Pog (L — inP1€" — iny;)'P1E! (Ey + BBz + GEg) By )
+m =0,
% (1, B2, B3 m)
= ot + in(Pog" (L — inP1€! — inyy) ' P1E! (Ey + BBz + BEy), Es
+7102 =0,
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gi}(’}/lu /827 /837 77)
= gty + in (P& (L — inP1€! — iny;) ' PLE! (1 + Ea + BoEs), By )
+7103 = 0. (5.18)

This equation has a solution (1, 82, 83;1) = (—A1,0,0;0). Moreover,

10 0
=10 (d—X) 0 £ 0.
0

'8(%,%,%)
0 (A3 — A1)

8(/717 ﬁ?) ﬁ3)

(_>‘1707070)

Consequently, by the implicit function theorem, for |n| < 1, (EIS) has
the solution (71(U)7ﬁ2(77)7ﬁ3(77))7 smooth in 7, with (/71(0)7ﬁ2 (0)763(0)) =
(—Al,0,0)-

Differentiating (BI8]) with respect to n yields

0 . _ .
ﬂ(0) :—Z<P0£1L 1P1£1E1,E1> :’LAl,

n

852 . 1 —1 1 1 Z‘AlZ
—= = — (P& LT P1E°EE =

an (0) Z( 0§ 1§ B, 2) SV W Ve v
033 1 iAgg

(0) = —i(Po¢'L™'P1€ Er, Es)

an A3 — A1 Az — AL

Hence o1(n) = —inA1 — A1n?+0(n?). Moreover, since P1e] = in[L—inP1& —
iny] ' P1E (Poe)),

. Aqo A1z _
"(n) =E E Es + L7 'PEE H.
e1(n) 1+Z77</\2_/\1 2+>\3_>\1 3+ 1§&°EL ) +0(7)

We now normalize €|: put e; = [:} 7 Note that [e],€]] is generally a
1+l
complex number. By some direct computation, [e],e]] = 1+ O(n?) ~ 1.

We unambiguously refer to /[e],€]] as the complex square root closer to
1. Under this choice, \/[e},€}] is smooth in 7, and, in the case of (IV),
holomorphic in 7. Also we have ([&I4):

. Aia Az A el
=(1 MW (E Es+ —— E;+ L7 'Pi¢'E
ei(n) = (1+0(n ))( 14-“7<)\2_)\1 2+/\3_/\1 3+ 1§°Er

+0(n?)
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Aqz Aiz 1p ¢l 2
E E L™ PE . O
Y v Rl v v 1$°E ) +0(n7)

=E; +1n (
Remark 5.5. The linear collision operator L = —v 4+ K has the property
that
v(€) ~ 1+ [€]%,

where o = 1 for the hard sphere models and 0 < « < 1 for Grad cut-off hard
potentials. The analyticity of the eigenvalues o;(n) holds only for the hard
sphere models because of this. To see that, note that

n t] — (E1, Po€ (L — inP1€! + in(\ + p)]""P1E (Ey + b))

The key is the behavior at |£] = oo:

o" . 1, . -1 :
o L —inP1& +in(A + p)] nl—

for hard sphere model. Hence,

N+HA =nm+Dn-1 : N
~Y ~S — A
—in Z (n+1)! n ? 177"’277 )

n=1 n=1

which converges as || < 1. On the other hand, for hard potentials

(RN SR ATl I ST
- n=1 n=1

which diverges for any 0 < a < 1 and 1 # 0. Thus the complex analytic
method that we will use to obtain the explicit expression of the inverse
Fourier transform for the hard sphere models cannot be applied to the hard
potential models. There is the study for the hard potential models, [2§],
which yields a version of the pointwise estimates for the Green’s function
weaker than that of Theorem for hard sphere models. The real analytic
method used in [28] is motivated by [29] for viscous conservation laws and
[10] for the boundary layers. It would be interesting to obtain, for the hard
potential models, similar estimates as for the hard sphere models in Theorem

We now proceed to compute explicitly the second term of ([ZZI]).
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Definition 5.6. For ¢ € L2,

(e @ lesl) 0 = [0, les-
Lemma 5.7. For |n| < 1,

3
1 [, , -1 o
i e t(z — (—in€e' + L)> dz = jEZl e%ile; @ [ejl. (5.19)

Proof. Define a subspace H,, of Lg as

Hy= {6+ [6,e;(n)] =0, for j = 1,2,3}.

Let (-) be the linear span. Clearly, L% = (e1,e9,€3) @ H,, ST e; @ [ej] is the
projection onto (e, ez, e3) along H,, and 1 — Zi’ e; ® [ej] is the projection
onto H, along (e1, ez, e3). Moreover, since e; is an eigenvector of (—iné! +L)
and (—iné! + L) is symmetric with respect to [-,-], (E&I2)), both (e;, ez, es3)
and H,, are (z — (—in&! + L))-invariant:

(z — (—z’n§1 + L)) (e1,e9,e3) C (e1,ea,€3), (z — (—in§1 + L)>H77 CHy.
(5.20)

Set
3 3
Sy = (—z'77§1 +L> Zej@) lejl, T,= (—z'77§1 +L> <1—Zej® [ej\).
j=1 j=1
As a consequent of [BZ0), (z — Sy) : (e1,e2,e3) — (e1,e2,€3), (2 —T)) :
H, — Hy, and (z — (—in&' + L))"t = (2= S,) ' + (2 = T,))"'. S, becomes
a 3 by 3 diagonal matrix under the basis {ej,e2,e3}, so by some direct

computations:

1

3
t —1 it
3 Fez (z—Sy) dz:jzz:le"ﬂ e; ® [ej].

It remains only to show ¢ e**(z—T},)~'dz = 0. First, since (—in¢*+L) ~
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[—(1 4 [&] +O(n))ro + K], for |n| < 1,
(—ine' + L) =L+ O(n), (5.21)

where O(n) symbolizes an operator with H(’)(n)HLZ = O(n). Next, for each
¢ € Hy,

[¢,e5(n)] = 0=[¢,Ej] + [, O(n)] = (¢, E;) + [[¢] O(n)
= (9, Ej) = [lo[l O(n).

Therefore, Po¢p = O(n) ||¢||. Combine this fact with (Z1]) and Lemma

to obtain

el [+ 0m) (P 1elom)],
folz ol 22
v P19l + 00 161l
: T2 o
13

Consequently, 7, 1 is uniformly bounded for || < 1. Since I' encloses
01,02,03 and o; = O(n), in the region enclosed by I' we may assume
2] ~ [n] < 1. Under this assumption, (z — T,))~" = =T, '(1 + 2(T,)) "' +
(,zT,7_1)2 +...) is holomorphic in z and therefore §.e*(z—T,) 'dz=0. O

5.2. Fluid-like Waves

Plugging (ZZ]) and (GI9) to (B), we have

3 )

1 — § : 1 xn+o;

G(.’L”t,é, 50) = \/%LO}\ ! o H5 + % /5 € s ](n)tej(n) & [e](n)‘ dna
=1

where .# ~! symbolizes the inverse Fourier transform. Since . ! : L% — L2

is an isometry,

Hg-l © HéHLg(Lg) =0(l)e @, (5.22)

for some C'(§) > 0 depending on J.
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Definition 5.8. Define the fluid-like waves as
3 1 5
Gulat.6:8) =3 5 [ o (1) o el d, (5.23)
= 2 -5
To highlight the dependence on ¢, we will frequently abbreviate Gp,(z,t, &;
§) as GY.

Our goal of this subsection is to the extract leading terms, the main
fluid-like waves, from Gy ..

Theorem 5.9. For any fivred C; > A;, j = 1,2,3, there exists C > 0 and
0 > 0 such that

(z=x;1)2
23: o A1
Gr(z,t,€0) — ) ——————=E; ® (Ej]

= \/47TAj(t—|—1) L

3
5 _(zijt)Q
e ic;t .
j=1

Note that here our estimate is pointwise in z, unlike (), which is L? in
x.

Proof. Pick C; > C] > C; > A;. We then fix some J > 0, so small such
that whenever |n| < 24:

(1) oj,e; are holomorphic in 7.

(2) @13), (&Id), and Lemma b7 hold. Moreover,

(aj(n) . (— i\ — Aﬁ)( < min { (1 - %) %} x Ajln|%. (5.25)

Because of the analyticity property of the eigenvalues and eigenfunc-
tions, we can apply the complexr analysis method to compute explicitly the
inverse Fourier transform by the contour integral. This will yield the fluid-
like behavior of the Green’s function. By Cauchy integral theorem, we can
substitute the path [—d,d] by any other path, lying entirely in the ana-
lytic region {|n| < 20}, with the same endpoints. We choose the contour
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Im

Im(n) =c¢ I

Figure 4: Path of integration.

I'y + 'y 4+ I's, Figure @

't =T1(c) ={n: Re(n) = =6, Im(n) lies between 0 and c},
Iy =Ta(c) ={n: —d <Re(n) <4, Im(n) =c}, (5.26)
I's =T3(c) ={n: Re(n) =0, Im(n) lies between 0 and ¢},

where ¢ is a constant, specified later. On I'y, put Re () = w so that n = u-+ic.

Since

elentoi(mt — exp

,.Z'—)\jt 2 (.Z'—)\jt)2 3

it is desirable to set ¢ = ng)]ff. However, in order that I'y + I'y + I'g lies

entirely in {|n| < 20}, |c| cannot be arbitrarily large. For this reason, we will

process the integral on I'y in two separated situations.

ZB—Ajt
24,1

EY r—A;t

CASE 1: < 35 In this case, set ¢ = Wft'

On Fg,

(z—A;1)2 (z—A;t)?
ezxn—l—oj(n)t — e At e_Ajtu2 —|—€_ Tt e—AjtuQ (eO(M‘S)t o 1) ]

By @2Z3),

(@=x;t)?
e_T;tte—Ajtuz 0(1)|;7|3t7 for |77|3t <1
Ot for |nt > 1
_(zf/\jt)z ) 5
— O(l)e 44t e—Ajtu eO(|n\ )t|77|3t
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_ @t e i d (1A L
_O(l)exp[ T4t Ajtu” +minq | 1 cr )3

z— At
XtA; <u2+< 2A-tj > ) Inl>t
j
_ (=Nt A\ (@ =Nt Ajtu®
= O(1)exp T4t Ajtu” + [ 1 c! T4t + 3
— .13
x <\u!3t+7’w 5 | >

_ (:vf)\jt)z

_ 107 _Ajtu2
= O(1)e A N N

l’—/\jt
t

)

Therefore,

1

3 L e () @ el

1 /9 _(@=x;1)? )
_ ¢ T v tAJ(Ej®(Ej|—|—|17|O(1))du

2 J_s
(z—X;t)2
1 s - 7 oAy T — A\t
+oo 6e G eTut <|u|+ ; 4 >ej(77)®[ej(77)|du
(z—;t)?

6_ 4Ajt 1 ) _ ,u2
= W(ﬁ/ée Ajt du) EJ®<E]‘

B
de 4C;t / e—u tTio(l)du

-5 Vi+1
(z—Ajt)? (z=2;t)2
e 1Ajt e iCjt 1 04/ Ajt 5
= | ——E; ® (E;| + ——=0(1 —/ e " du
VAT At (& (t+1)t o VT ) s A
(zf)\jt)2
e_ 1A ¢
ArA;(t+1) (&
_(@ayn? 1 1 5/Ajt 1
+e Mt | — —/ e du | — o)
VEAVT )5\ /A Vit 1
(z—Ajt)2

o i0jt 1 [5V/At e
MV =Y (W/_a\/rjte du) ot
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(z=x;1)2 (z—x;1)2
e_ 1At e_ iC;t
- _E;®(E|+——0().
ArAj(t+1) (& 71 oW
CASE 2: 2;1);? > % In this case, set ¢ = %sign (x — Ajt).

Note that in this case we have |x — A\;t| > 6A;t. On I'y, by (BZ0),

ei:cn-i-aj (n)t ‘ <

. A;
exp [z(m — \t)n — Ajt772 + ?]]n\zt} ‘

6 52 Ajt (52
=exp |:—|l‘ — /\jt|§ + Ajt <Z — ’LL2> + Tj <Z +’LL2>:|

2 52 ,
<exp [—Ajt <% - %)] =0(l)e"c.

Consequently,

L[ diontoie,(n) & e (n)|dn = O(e~ ).
271' Iy

For both cases, on I'y, I's, Im () takes the same sign as « — Ajt. There-
fore, |e(®=Xt| < 1. Moreover, for both cases, [Im (n)| < |¢| < %. Combin-
ing this fact with (22H), we have

(@)= A0 | < oy [_Ajt <52 - %) + % (52 + 54_2>]
= O(1)e @.
This implies
% -~ eimn+0j(?7)ej(77) ® [ej(n)|dn = 0(6_%). 5

Remark 5.10. The computation of the inverse Fourier transform is an es-
sential part of the study of the Green’s function here. The approach goes
back to Zeng 1994, [48], Liu-Zeng 1997, [35] for the viscous conservation
laws. This is generalized to the Boltzmann equation, Liu-Yu 2004 [31]. For
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the generalization to the 3-D case, Liu-Yu 2006 [32], to be presented later,
the inversion of the Fourier transform using the complex analytic method re-
quires additional thinking. There is an essential difference between Green’s
function for the viscous conservation laws and that for the Boltzmann equa-
tion in that the former contains heat kernel with singularity, c.f. [39]), while
the later’s singularity resides not in the heat kernels, (2Z4]). Instead, the
singularity for the Boltzmann equation is contained in the essential kinetic
waves that will be constructed in the next section.

5.3. Scale separations

Boltzmann equation has much richer wave phenomena than the equa-
tions for the fluid dynamics. We illustrate here a basic separation of scales
property, that the micro part decays at a faster rate than the macro part.

Theorem 5.11. For any fived C; > Aj, j = 1,2,3, there exists C' and o0
such that

3 -t
e J _t
||GL(x>t7£a5)P1HL§ 7HP1GL($7t>£75)HL§ :O(l) 2:1“71_‘_6 ¢ )
]:
(5.27a)
3 -t
(& J t
||P1GL(:E,75,£;5)P1H 2 :O(l) ——+4e C
te ; (t+1)2
(5.27D)

Proof. Since P (E; ® (E;|) = (E; ® (E;|) P1 = 0, Theorem B9 immediately
implies (BZ7al).
For (B2TH), after referring to the proof of Theorem B, one finds that:

1 .
tnCase L, o e es (n) @ [e (n)|dn = O™ ),
T Jry or I's
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Now that P;O(e~"/C)P; = O(e~¥/¢), it remains only to consider
1 ,
. izn+oj(n) . .
CASE 1: o /1“2 e TPy (e](n) ® [ej(n)]>P1dn.

Pie; = O(n) implies Py (ej(n) ® [ej(n)]> Py = O(n?). Therefore,

1 ; . ' j
S emn+ag(n)pl<ej(n)®[ej(n)o P1d77=/ i () 12 dnO(1)
2 s T2
s _(zijt)Q " oy 4\ 2
:/ o A0 —uttE <u2+ (33 t/\ﬂt> )du@(l)
-5
(@=X2;0)2 ;5 .
—e 4C;t / ! e—u2t%du0(1)
st+1
_(zijtﬁ
e 4Cjt
—¢ 7 _on. -
(t+1)2

6. 1-D Green’s Function, Particle-Like Waves

The Boltzmann equation is the meso-scopic equation, being between the
microscopic interacting particle systems and the macroscopic fluid dynamics
equations. In the last section we have shown that the fluid-like waves for
the Boltzmann solution have as their leading terms closely related to the
Euler and Navier-Stokes waves. In this section we finish the construction of
the Green’s function by considering the short waves in the Green’s function.
However, because the spectrum the short waves represent is not explicit,
the construction is indirect and elaborate, starting with the construction of
the singular waves. These waves contains particle wave, particle-like waves,
essential kinetic waves and a series of increasingly smooth waves. We now
outline the definition of these waves. For this, we need the following solution

operators, c.f. [BX):

Definition 6.1. Denote by S* and Q% the solution operators of the equa-
tions

1 _
{ht +&'9,h +v(€)h =0, 61)

h(z,0) = ho(z), = € R,
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h(z,t) = S'hy(z),

and

j(l‘,O) :jO(x)v r € R,
i(z,t) = Opjo ().

{Jt + €10, + v(€)j = Kaj,

These operators are studied in the first subsection. For the complete
construction of the singular waves, the first step is to use the damped trans-
port operator (GJl) and the essential kinetic operator (E2) to extract the

particle-like waves from the Green’s function. Recall the Green’s function,
(ET13),

G+ €'9,G +v(€)G =KG, z €R, ¢ e R?,

G(ﬂj‘,o,é, EO) = 5(33)53(6 - 50)7 z €R.

The first term is the particle waves defined by

0 1 0 0 _
{ht + £19,h0 4+ v (&)h0 =0, 63)

h®(z,0) = 6(2)6° (€ — &)
We then define the particle-like waves h, j =1,2, ..., as follows: We have

(G — h%) 4+ £10,(G — h°) + v(€)(G — h%) = K(G — h®) 4+ Kh",
(G —h%)(2,0,€&; &) = 0.

Thus we define the second term h! by

{hg + &9, + v(€)h! = KhO = KS'6(2)83 (€ — &), 6.4

h(z,0) = 0.

In general, the particle-like waves are defined through the Picard iterations
as:

h! + ¢'9,hi + v(&)h = Khi~ 1,

{ Ite v(€) 65)

hi(z,0) =0, j=1,2,....
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The Green’s function minus these particle-like waves

k

satisfies
+ &'gre = Lgi + KhF,
{gkt § gk gk 6.7)

gk($7 076) =0.

The source Kh* is bounded for & > 2, Lemma B3 and as it turns out, this
is so also for the 3 — D case. We next use the essential kinetic operator Q%,,
@), BF), to construct an essential kinetic wave h:

h 1K h — h 2
{ht + &'hy + v(€)h = Koh + Kh2, ©8)

h(z,0,&) = 0.

The function h is named the essential kinetic wave as it is localized. More-
over, the new source Kih is now smooth in microscopic velocity &, Lemma
Ss!

(G —ho —h! —h2—h); + (G — h® —h! —h%—h),
= L(G — h® —h! — h2 — k) + Kyh, (6.9)

(G —h% —h! —h2 — h)(z,0,&) = 0.

With the source smooth in microscopic velocity, we use the Picard iter-
ations, c.f. ([EX), again:

gl +¢10,8° + v(€)g? = Kih,
g+ El0,g7t +u(€)git! = Ke, (6.10)
g/(z,0) =0, 7=0,1,2,....

This is the final step in the construction of the singular waves. It is shown
by a Mizture Lemma that the smoothness of the source in £ induces an

increasingly more smooth functions g7, as j increases.

The construction in the last section of the fluid-like waves and the con-
struction of singular waves in this section offer two decompositions of the

Green’s function. This allows us to apply the energy method and Sobolev
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calculus to gain global pointwise analysis of the Green’s function.

6.1. Essential kinetic operators

The operator S, (B]), is a damped transport equation and is solved by

the characteristic method:
Stho(z, &) = e ©ho(a — £',€). (6.11)
From this we have immediately the following lemma.

Lemma 6.2. For any (3 > 0, the operator St satisfies

HStHL;O(Lg" < el

: (6.12)
HStHLg(Lg)

3)
S e—l/ot.
The operator Q), ([EZ), captures the singular part of the linear Boltz-

mann operator.

Lemma 6.3. There exist positive constants Dy and Cy such that for any
D € (0,Dy) the operator O, satisfies

H@EHLg(Lg) < Cre 2,

Proof. First, we regard O}, as an operator on LZ(LE), and consider the

initial value problem

{ﬁ+§h+V@M—Km=O
i(z,0) = go().

Take the Fourier transform to result in
2 gl N
F (Ohgo)(n) =j(n,t) = el T 1O FKollgy (),

Since the operator Ko, [B3), is symmetry and HKOHLg = O(1)D, the real
part of the spectrum of the operator —i¢ln — v(¢) + Ko is in {z € C :
Re(z) < =19+ O(1)D}. Thus we may choose D sufficiently small so that
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—vp + O(1)D < —1/2. This implies that there exist positive constants
C1, Dy such that, for D € (0, Dy)

||e(in51—V(5)+Ko)t||L§ < Cy ™2 for any 7 € R.
From this

t 2 t 2 2 _—vot|a 112
H©Dg0”L%(L§) :”g(@DgO)HL%(LE) < (Cl) e Vo HgOHL%(Lg)

:(01)2€_V0t‘|g0”%§(L§)- U

This lemma results in the existence of the operator O, in the functional
space L%(L%) and global decaying rate in time. We next use the Picard’s
iteration to analyze the operator Q%) in the sup norm.

Lemma 6.4. The operator Q' is a bounded operator on L°( ZOB) for any
B > 0. There exist positive constants Dy, Cy such that, for any D € (0, Dy),

||@§:)g0\|L;o(ng>ﬁ) < C'16_'/@/2||g0||Lg<>(ng>ﬁ)-
Proof. From Lemma
[Kohllzs,,, < CaDllhllzz, for 8> 0.

This and Lemma B33 yield
t Sk
H / e / STT8K S 752K S92 798K - - - S TSR HLK SR+
0 0

< (Cg)k+1Dk+1€_Vot/2.

L (L)

d8k+1 s d81

Thus, Picard’s iteration gives a convergent geometric sequence in LJ° (Lz?ﬁ)
for sufficiently small D > 0:

t t prs1
@tD = St—i-/ Sts1 KoS*'dsy —l—/ / St_le()Ssl_sz KoS®*2dsodsy + - - -
0 0 Jo

t Sk
—l—/ ‘e / SESIK S 52K S5 2758 K ) - - - S TSRH1K Sk 1
0 0
dsgsq---dsp+ -, (6.13)
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and the lemma follows. O

The following lemma yields the significant hyperbolic property of the
operator S* and OQ%,. We will use the crucial property that, for the hard
sphere model, BX), 3v(£) ~ 11]€| as [¢] — oo and so, for some positive

constant v,
V(&) = O(1)(1 + [€]), PIE"t] < v(€)t for & € R, (6.14)

Lemma 6.5. For any given 3 > 0, there exists sufficiently small D > 0
such that

IS"g0(2) |z,

SO(l)e‘zV@t/g[ max lgo(W)llzge, + II_la);t6_17|y_m|/3”g0(y)”Lgf’ﬁ:|, (6.15)

ly—z|<t ly—z|

|0beo(@) 2,

<O max lgallig, +

max e "W go(y)l| g, |, (6.16)
ly—z|<t y—x &0

| [>t

where vy is given in B2A) and v in ([GI).

Proof. We use the representation (GI1) for S’.
For |€!] < 1, we have from (G14)),

‘Stgo(x,f)’

IN

MO 4+ [6)Pllgo (@ — €14, ),

eI max leoWllig,  (617)

IN

From (614), for [€!] > 1

S"g0(x, )|

IN

e VBB 1) P lgo (v — €18 g,
< e TIEUB=20t3 (1 1) 7P g (a — €M, Mg,

< max e_lj|x—y|/3—21/0t/3(1 +1€) P llgo W)l Lee, - (6.18)
ly—z|>t &8

The estimate (GT3]) follows from ([EI7) and (EIS). From the construction

of 0%, in Lemma B4l one can view Q% as a small perturbation of S*. From
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(BI0) and (ETH), one has that

t Sk
. / St—31 KOSsl—SQ KOSSQ—SS KO A S KOSsngOdSk-i-l . ds
0

Les

< (CgD)FHe™t2 | max ||go(y )|zge, + max e~ =4 g0 (y)| e, | -
ly—z|<t ly—z[>t &8
(6.19)

Thus, the Picard’s iteration in (EI3]) converges for sufficiently small D > 0
and (E10) follows. O

6.2. Particle-like waves

In this section we compute and estimate the particle-like waves h?, h' h?,

(m, (M) FiI‘St, by m, we have
hO(z,t, & &) = e @61 (z — £14)53 (& — &). (6.20)

From (E20) we compute h! as the following:

Lemma 6.6. Sett; =t — (51 51). We have

e (@—t)—v€)h [ (£ &)

 for (= €(F — &) <0,

h'(z,t, & &) = (& = &)
0 , otherwise.
(6.21)
In particular,
e V%tfuo‘ = 1 |z — fot|
|h1(x,t,£;£0)| =oM< TE=ar K(&,&o), for |€ fo’ 2
0 , otherwise.
(6.22)

Proof. By the Duhamel’s principle, (4), and (EI1I), we have

hl(z,t;€, &) = /0 )€ K(&,€0)d(z—€"(t—s)—&}s)ds. (6.23)

The above integral is zero unless the characteristic line through (z,¢) and
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d
S d—zzf(%
(z,1)
Sztl
dy _ ¢1
d_ltlg/
Y

Figure 5: Characteristics.

with speed ¢! intersects with the source §(z — &}s) at some time s = #;

during the time period (0,t), Figure B
x— &Nt —t) = &t
This yields the expression ([B21]). Note that we have
x| = €1 (t — t1) + &ta| < [€1](t — t1) + &t

and so the estimate ([622)) follows from the linear growth vo(1 + |€|) of the
function v(£), (BH). O

Lemma 6.7.

K(h')(z,t,€)
= O(l)e_%o(“r'm')e

_ le—¢g1?
32

:E—fét

log

:cfgét
t

><<1+ ‘log|§1 —&ﬂ ‘2+

. (6.24)
sl

where xy.y is the indicator function.

Proof. From the explicit expression (B3], we obtain

1 _lex—gl?
9

K(&,&) = O(l)me

(6.25)
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Combining this with the estimate ([G22)) for h!, we have

[K(h')(,t,8)]

_ — 10 (t+]a) 1
O)e / T & — & &g "

_ex—&0® lgx—€]?
9 e 9

!fi—f&b’ﬁ’

vo 21€+ —£]%+2]€x —£0|?
(H_m)e_%

= 0O(1l)e 2
/ 1 e i)le—&f o~ (5156~ s\2d£
€8 =&l & — & €« — £ )
*—fé N xffét

v 2

— O(1)e~ P Hah 5500
/ 1 e G io)le—tol e—(%—l—gns*—a?dé
€ =&l 1€ — &l €« — £ ’

\51—53|>'””+§5t'

_ O(1)e= B e+lah o~ 55 (/D /D)

= O(1)e= Bt~ S5 4,

where

s
DIE{1>|¢_65|>|$2€7§075|}, Dy = {I& — &) > 1}.

We further split I; into three parts:

s </ 1 e (5 16) &80l o~ (5—15)I&+—€I° ae
A1 Ao As |£>»1< _g(ﬂ |£* _£0| | *_£|

= I+ Lo + 13,

where
Ar={& €D (2 -+ (- )2 <1&€ — €| < |& — €]},
Ay ={&, €Di: |(€ -+ (€ -2 <1& € — & > & — €]},
As =D, \ (Al U Ag)
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For Ill7

1 1 1 1 1
T d€. < &
s e eE e s L e e e

1 1 pr2n 1 1
1 4
g2/ 1 // —%d@drdz:/ 1 1/ s drdz
=&t Jo Jo 222+ '””*fof z Jo 224712

t t

2
1
1
S/ L 47T|ng|dz:47r<log ) ,
17507: z

r= \/(63 — )2+ (8 -€)2% 2=1& — &, 6 =tan

:E—fét
t

where we use the cylindrical coordinates:

L E-8
g-&

Next, we compute I1o under the following three different conditions:
2 < | =gl 1< |et =€} <2, and ¢! — €] < 1. For ¢! — &}| > 2, since

Ay =0, 12 =0. For 1 < |¢! — &l| < 2,

2
I d€.. 6.26
’MS/;@—ﬂﬁ—ﬂg (6.26)

Without lost of generality, assume 1 < ¢! —¢} < 2. We consider the following

cylindrical coordinates

8-
& -

r=(2-)2+ (8 -8)2 2=¢ —fé, f = tan

Thus,

1 4 1 e
’112’ < /m{lt / / drdfdz
o Jo 2 x|y G- @ - Q)

t
§47T<1+

x—é&t az—gét

t

log log

1
2
§/ 1 —Trd2§4ﬂ'
st ]

t

]

(6.27)
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For a = [¢! — ¢}] < 1, we have

1 1

I de. -

il < [ er—aie a1’ < L mae =
1 27 1 r

< /“C_g(l)t/(] /0 |z|(,r,2_|_(z_a)2)d7‘d9dz

t

1 _
w/ [loglz—al (6.28)
|

z—gqt z
7|

IN

S|
We shall estimate the integral on (|Z f‘)t ,5), and (§,2a), (2a,1) separately.

In the first interval,

3 log |z — 71
/251t Mdz < (24—|loga|)/2 —dz
| 0

- | z ‘””*_folt‘ z
t

x — &5t
< (2+ |logal)|log |—>*|

x — &t o
< C(1+|logal®+ |log\f0\‘ ).
In the second interval, we let 7 = 2. Thus,
/2“ |log\z—aHdZ _ /2 | log |a(1 _T)HdT
% z % T

2 |log\1—TH
< 2log2|logal + de

1
2

< O(1+|logal?).
For the last interval,
1 1 _ 1 1
/ Mdz < |10ga|/ ;dz < C|logal?. (6.29)
2 2a

2
) . (6.30)

Therefore, we can conclude

x— &ft
t

2
I, = 0(1) <1 + (1og &' — & ‘ +

log '
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Similarly,
| < / Ll -l e g,
A3 |£* - 0|
! 1 T — fét
— O(l)/| fét' ;dz =0(1) <| log | ; H)
el
= 0(1) <1+ ‘log|x t§0t||2>. (6.31)

In Dy, note that [&, — &| > |¢F — &} > 1. Thus,
1
[Io] < / —— e mlé—tPae, = 01). (6.32)

Combine all the inequalities above we can conclude (E24)). O

Apply the Duhamel principle to (G3), we obtain a integral representa-

tion of h?:
h2 (2,1, €) = /0 " O (& — (t— s)ELs.€)ds. (6.33)
Lemma 6.8.
W2 (2,1, €) = O(L)e FOHD =587 (1 4 | 1og ¢! — b)), (6.34)

Proof. Using the estimate (624]), we obtain
: 40 le—¢q/?
[h?(z,t,€)| < / O(1)e(@)t=3) =3 (sHlo—&ult=s)) o= P
0

z — &t + (€' — &))s
S

X(l—l— ‘log‘gl _g(ﬂ ‘24- log

sy )

v l€—¢ol?
< e BloHal) R

x/t <1+‘log|£1—£(ﬂ‘2+
0

w—ght+(el—€d)s
S

vt @ —ghs||
S

log
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o

For simplicity, put 8 = —(¢! — &), @ = z — ¢'¢. The problem is now

o—gdt+(gt—¢l)s
S

<1})ds. (6.35)

reduced to the estimate of the following integral

t
R :/ log X
o {
t
:/0 log X{|Q%M|<1}d8. (636)

In order to prove the lemma, it is enough to show R = O(1)t(1+ |log \5H2)

r—Et+ (& —&)s
s

s—ght+(gl—¢l)s
S

<1}d8

a— (s

Since we are considering (E30l), in order that x # 0, we require
—s<a—[fs<s. (6.37)

Express ([631) in seven different cases, classified by the signs of a, 3, Figure

1. 0<s< yfora=0,-1< (<1,

2. ﬁ<s<% ,fora>0,0>1,

3. ﬁ<s<oo yfora>0,0<38<1,

4. ﬁ<s<oo ,fora>0,-1<8<0,

5. _Eil<s<%,fora<0,ﬁ<—l,

6. _Ef‘r1<8<oo ,fora< 0, -1<8<0,
L 7. _Ef‘r1<8<oo ,fora<0,0< 8 < 1.

For case 1, we can evaluate the integral (B36l) directly and obtain
2
R = |log\ﬂ]| t.

Case 5, 6, and 7 are similar to case 2, 3, and 4 respectively, so, without lost

of generality, we consider only case 2, 3, and 4.
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A

a— (s

Figure 6: range of s.

For case 2, since # > 1, % < ﬁ Therefore,

2 2

t o t 2
RS/ log a Sﬂs dsg/ 2(10gﬂ) + 2 |log %—1‘ ds
25 26
plet 2
2 B ¢ «@
<2t{ logfB) +2 / X[ o +/ X N log ——1‘ ds
(os) w2 ([ xgoy* ooy el
2
<2t log 3) X,
9 2 2 t
_a/ <log——1‘> dz+2/ log g—l‘ ds
A 2o | | s

173

~21log 8) + Yop) <0(1)% +2t( log 2)2> — 0(1)t(1 + (log B)°).

For case 3, since 0 < 8 < 1,

J; Ges e

2

R

IN

S (E L sy o) sl )
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<

minge, ;)
J

e
2

(10g]2 - ﬁDZ ds + O()t(1+ (log 8)?).

For%<s<%,0<ﬁ<%—ﬁ<2. Therefore,

R

IN

wine. 5
J

(=3

(log E - ﬁ‘)z ds + O(l)t(l + (log 6)2)

< t(2(log 2)2 1 2(log 5)2) + 0(1)t(1 + (log ﬂ)Q)
_ O(l)t<1+(logﬁ)2).

For case 4,
«a

1—|B]

R< /: ‘log <|ﬁ| + %) ‘2ds < t<10g|ﬁ|>
3]

a
<s = W\<W\+§<1-

Therefore,
2

1—

The next lemma shows that the source K(h?) for the next Picard iter-
ation (E3) is finite. That the source is gaussian in microscopic velocity is
an interesting fact, which follows from the detailed estimates in the above

lemma.

Lemma 6.9.

v 2
K(h2)(x,t,€)] < Ce™ 3t e~ S50, (6.38)

Proof. Applying the estimate for h?, Lemma [E8 and the estimate (G.25)

for K, we obtain
2 1 e _voqpyg)) &bl
|K(h )(x>t7£)| = 0(1) - 9 ¢ 3 e 32
R3 |£* _£|
x (1+10g l¢! — &][*) de.

= 0(1)6‘515326_%0(#96)/ L - (-die—sr
R3 |£* - £|

_Jes—€gl?
64

(14 [log|e! — €] [*)e de..
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By Cauchy-Schwarz inequality,

_ 2
| e e 1 floglel - gl o e,
R3 ‘5* _5’

1
1 (11| g2 2
< - e (9 54)|§* EI d *>
N </R3 |£* _£|2 d

X<Aﬁy”bmﬁ—%WFa“

1
&ol? 2
32 d£*> < oo0.

This completes the proof of the lemma. O

6.3. Essential kinetic waves

With the estimate of the source K(h?) in Lemma [, we now study the
essential kinetic wave h, (G3).

Lemma 6.10. For any 8 > 0, there exists D > 0 such that

_vi(lz[+t)
D .

Allzz, = O(1)e (6.39)

Proof. With the operator @tD of (E2), we have by Duhamel principle that

t t 5 a2
E:/ @tD—SKhz(s)ds:/ 0520(1)e ¥ (Hah = 138" g
0 0

where we have used Lemma for Kh2. The estimate (G39) now follows
from Lemma on the exponential decay in time and the hyperbolicity
property of the operator Op. We omit the details. O

With this we have

{gt+§1gx+V(£)g= Kg + Kih, (6.40)
g(x,0,§) = 0;
g=G—[h®+h'+h? —h. (6.41)

We have the following estimate on the smoothness in microscopic velocity &

for the source K;h.
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Lemma 6.11. For any fized natural number [ > 0,

Haé(Klﬁ)”Lg(Lg) = O(1)e” b (6.42)

Proof. From Lemma B3 we have Hth”Hé = O(l)HhHLg The lemma now
follows from Lemma O

For the singular waves g/ of ([fI0), we have the following estimate.

Lemma 6.12. For each fized 5 > 0 and j = 0,1,..., there exists positive

constants D; such that

_vi(=zl+t)

g’ ||z, = O(We P (6.43)

Proof. This is proved by induction on j and uses Lemmal&il The procedure
is similar to the proof of Lemma BE.I0F details are omitted. O

We have, c.f. ([@3),
(G—-rohi—h—Y] 1g) +C - gh' —h =37 ;8.
=L(G - Y7 h—h—37 g +Ke,

9 ., = o
(G- zi:() h* —h — g:() g')(z,0,§) = 0.
(6.44)
Using the notion of damped transport operator S and the integral operator
K, the Picard iteration (EI0) has the representation:

. t . t 51 .

g/t = / St51Kg? (s1)ds1 = / / St 1KSS 1 752K gd 7L (59)dsods .
0 0 Jo
and so inductively we have

) t prs1 Sj _

gl = // / SIToIKSS T2 KS®2 58K - - S5 T K h(s)41)
0J0 0
d8j+1"'d81, ] = 0,1,2,... . (6.45)

A major point is that the above repeated convolutions of the damped trans-

port operator S and the integral operator K yield the smoothness in (z,t) as



2011] SOLVING BOLTZMANN EQUATION, PART I: GREEN’S FUNCTION 177

a consequence of the smoothness of the source Kih in &, (642). This is the
Mixture Lemma we study in the next subsection.

6.4. Mixture Lemma

We rewrite the linearized Boltzmann equation as follows:

g + &g +v(6)g = Kg. (6.46)

This form indicates that there are two essential mixing mechanisms:

(1) The mixing mechanism in x is due to particles travelling in different
velocity ¢!. This is represented by the operator S’, the LHS of the
equation, which represents the transport as well as part of the loss term
in the collision operator.

(2) The mixing mechanism in ¢ is due to the rest of the collision of particles.
This is represented through the integral operator K.

We introduce a sequence of mixture operators M! as follows.

Definition 6.13. For any gy € L%(Lg), k-th degree Mixture operator MY is
given as follows:

t rs1 S2k—1
M%goz//---/ SITSIKSS 152 KS 283K . . . §82k—17 52k KS52k gy dsop. - - -dsy.
0J0 0
(6.47)

The Picard iteration for solving the initial value problem d;h + £'9,h —
Lh =0, h(z,0) = hp(x), can be rewritten as

t
h(z,t) = Stho(z) + / S'*KS*hgds(z) + M hg(z)
0

[ee) + t t1
+Z< /0 S'”*KMhods(z) + /0 i St—tlKstl—hKM?hodtgdtl(a;)).

7j=1
(6.48)

This series is an asymptotic expansion, useful for identifying the singular
parts of the solution.
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Remark 6.14. The Mizture Lemma states that the mixture of the two op-
erators S and K in MY, transports the regularity in the microscopic velocity
& to the regularity of the space time (z,t). The Mixture Lemma is similar in
spirit as the well-known Averaging Lemma, [15], [16], [3], [21], (see also [4(]
for the gliding regularity for the non-dissipative Landau damping.) These
two Lemmas have been introduced independently and used for different pur-

poses.

Lemma 6.15 (Mixture Lemma). There exist Cy, > 0, k = 1,2,..., such
that

(6.49)

k
_ kot
zM};go‘ L g S Cre™ 2 ZHaélgo‘
L3(12) i

L2(L2)

Proof. In order to explain the main ideas, we will go to some details for the
cases of k = 1 and k = 2. The proof uses the characteristic method, [31],

[2€]. For k = 1, we write down the explicit form of the Mixture operator by
spelling out the operator Sth(z, &) = e *©th(z — ¢, ), BI):

M go(x €) / / [ fererentmrterng ¢ 6) K (61,6)
EH(t — s1) — €1 (51— 82) — €380, €2)d€ad€rdsadsy.  (6.50)
Set

A(é) £1 ; 527 t) S1, 32) = e_V(E)(t_Sl)_V(El)(Sl_82)_V(52)82K (57 El) K (517 62) )
1 1 1 (6.51)
z =z —&(t—s1)—&(s1— s2) — §50,

and we have

t prs1
8xMt190($7£) = /0/0 /]R3 RJA(£7£17£27t731782)61890('27E2)d£2d£1ds2j§152)

Next, we use the change of variables and the chain rule:

Vi =€-&, Va=68—&,
Oyag0(2,82) = 510:90(2,82) — Oe190(2, &2)- (6.53)



2011] SOLVING BOLTZMANN EQUATION, PART I: GREEN’S FUNCTION 179

By the switching the order of differentiations and applying the integration
by parts, we obtain

3M190 z E

// /RS/RSS1 A(E,€ = V1,€ = Vi — Va,t, 51, 52)0¢190(2, €2)

—90(2,€2)0y1 A&, € = V1,§ = Vi — Vo, i, 51, 82)} dVadVidsadsy. (6.54)

To estimate the L? norm of 9, M go(z, £), we only need the integrability
of é (A + Oy A> . Note that, as the result of the above switching of the
order of differentiation, it yields the integrability fo f - 1 d32d31 =t. If we
were to switch the differentiation with respect to x Wlth the differentiation
with respect to V21, then we would get the non-integrable factor é , instead
of i This would implies that the characteristic method only works for the
short time scale. On the other hand, we now have the partial differentiation

of the function A. The second point is then to show the integrability of
dy1A. We have from (E5T))

Dy A~ e~ TR (€4, £)0a K(€,€1). (6.55)
From the Hélder inequality and Fubini Theorem, we conclude

HaxMIEQOHL%(LE) < Cle_%t <”90”L§(L§) + HaflgOHLg(Lg)> . (6.56)

For k = 2, there are more changes of variables that have to be done in
the right order. We have

O2Mbgo(x, €)
/ / / / / / / B 5 617627637647t 31,32,83,84)
R3 JR3 JR3 JR3
-02g0(w, £4)d€sdEsd€rd€ dsadssdsads, (6.57)
where

3(57617627637647t731782783754)
= K(6751)K(£17£2)K(£27£3)K(£37£4)



180 TAI-PING LIU AND SHIH-HSIEN YU [June

o V(&) (t—s1)—v(&1)(s1—s2)—v(&2)(s2—53) —v(£3) (s3—s4)—v(€a)s4 (6.58)

w = x—ENt—s1)—&F(s1—50)—Ea(s0—53) —Ex(s3—54)—Ebss. (6.59)

Again, we change the variables and make the switching of the differentiations:

=&—&, Vo=& —&, Va=§ —&, Vi=§ &,

8V1190(w7£4) = slamg()(w7£4) _65%90(10754)7

Iy g90(w, &) = 530290(w, &) — D1 90(w, &),
1
a:%go = s {avlavlgo + 8\/185190 + 8V185190 +0 %go} . (6.60)
183
The key observation is that we switch the second derivative with respect
to = evenly to V' and Vi'. There are two reasons for doing this. The first
is that the resulting factor ﬁ is integrable. Another is that B keeps the

integrability after integration by parts. We set sg = ¢, s5 = 0 so that

B = ﬁ{e‘”(5_23_1 ‘/j)(si—si+1)}

1=0

! 2 (1€ -V ViP—1e =i Vi»? w2

'H{\/ﬁwe}q’ [_ SVl BE
i—1 2 - i‘ 12

—@exp< PP = Z‘g 21 V| )} (6.61)

With this and the boundedness of |V¢v (§)|, we have
5V11B
= O(V)e™ T |9 K (€, c61) | K (c&, o) K (e, &) K (e, c6a)

K (c6, 1)K (e, c6a) K (e, c6s) K (e, e6a) |-
aV;B

= 0(1)6_%V0t{[{(e£, 661)K (651, 652) [OQK (652, 653)} K (663, 664)

T (€, €€1)K (c61, ¢62) K (e€a, c€3) K (€, €€1) |,
avslavllB

— O(1)e it { [35% K(eE,eEl)}K(e&,eEg) {35§K(6£'2,653)]K(653,654)
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+ |0 B (66 €0) | K (e61, e60) K (e, €a) K (€€, e6)
K (c6, 1)K (€1, c€2) [0 K (c€a, cbs)| K (e, cba)
K (6, 1)K (€1, c62) K (o c6a) K (s, &) | (6.62)

for some 0 < € < 1. From these we obtain
/// Oy BdVadVsdVedVi = O(L)e™ 3",
/ / / Oya BdVidVzdVadVi = O(1)e™ 1", (6.63)
/ / / Oy Bys BAVidVydVadVy = O(1)e~ 1,
We have

82M290 33 E

I L s o

— (85%90) <8V113 + 8‘/31 B) + Baégo} dVydV3dVodVidsydssdsadsy .
(6.64)

Apply (E63) to the above, we conclude from the Hélder inequality and Fubini
Theorem that

9200l 1313y < Coe™ ¥ (Noolzz z) + 9ersoll a2y + | OBrso]

This completes the proof of the Mixture Lemma. O

Lemma 6.16. The wave g’ of [645) satisfy, for some positive constant Dy,

vyt

104 ™)l (z2) = OW)e Pk, k=0,1,2:+, 0<I <k (6.66)

Proof. This is direct consequence of the smoothness of Kih in microscopic
velocity, Lemma and the Mixture Lemma, (G.49). O
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6.5. Global wave structure of the Green’s function

We now put together the previous pieces of the waves in the Green’s
function to gain global understanding of the Green’s function. There is a
missing information on the pointwise description outside the finite Mach re-
gion. This missing information is obtained through the following process.
First, the regularity resulting from Picard iterations through the Mixture
Lemma allows use to apply the Sobolev calculus if we have pointwise infor-
mation on the Sobolev norms. The pointwise description of these Sobolev
norms is obtained by a weighted energy estimate in the proof of the follow-
ing main theorem for the 1-D Green’s function. In this theorem, we describe
only the Green’s function itself. We will be interested in the differential
of the Green’s function. For that we need to include other singular waves
besides the kinetic-like waves.

Lemma 6.17. The Green’s function minus the singular waves satisfies

2 2k
afc(G—Zhj—h—Zgj)
j=0 §=0

=0(1), k=0,1,2---, 0<I<k.

L3(L2)

(6.67)

Proof. The function G — Z?:o hj —h — Zfi &’ satisfies the linearized
Boltzmann equation with the source Kg2*, EZ4)). From Lemma BT6 we
know the smoothness and exponential decay in time of the source. Thus
the lemma follows from the boundedness of the solution operator for the
linearized Boltzmann equation, (BI4]), and the Duhamel’s principle:

2 2k
8§C<G_Zhj_ﬁ_zgj>

=0 =0 ey
t .
L8 0y * WKLz < [ 24462)]

— o) /Ot e ds = 0(1). (6.68)

t
_ / G KA (g% (s)ds
0

LA(L2)

ds
L2(Lg)

IN

Theorem 6.18. The Green’s function

G =Gr + Gg +Gg, (6.69)
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consists of the main fluid-like part:

(z—X; t)2

T, @ () (6.70)

3
.523,/ t+1)e

where (X\j,E;), j = 1,2,3, are Euler characteristics, [EIA), and A; is the
Navier-Stokes dissipation parameters, [I3)); the particle-like part:

Gg =h? +h! +h?, (6.71)

E20), ©20), @22), ©33), @34); and the remainder Ggr, which is a

bounded function satisfying, for any fized constants C; > Aj;, j = 1,2,3,
and some positive constant C,

1 _en? ||+t
Gal; =0 Y. iz = oM. (67
j=1

Moreover, the Green’s function as an operator has the following properties:

3 (z—;t)?

1 — |z ]
IGP |2, [IP1Gl 2 = O(1) e T 40T (6.73)
3 3 o t+1
3 (zijtﬂ el
IP1GP1l 2 = Z § T L 0(e o . (6.74)

N

J=1

Proof. The study of the structure of the Green’s function is done according

to the following two cases:

Case 1. Within finite Mach region, |z| < .#t, for some constant .#Z >
I\;l, 7 =1,2,3, and sufficiently large.

By (), IG — Gl 12 12) decays exponentially in time. As the essential
kinetic waves h/,j = 0,1,2, and h, (E20) Lemmas 66, Lemmas B8, Lemma
EI0 and g/, j =0,1,..., LemmaB.I2 also decay exponentially in time, we
have

= O(1)e (6.75)
L3(L2)

2 2
G-GL—Y hW-h-> g
j=0 j=0
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The fluid-like wave Gy, is smooth and bounded, Theorem This fact and

Lemma BET1, applied here with k = 1, yield

2 2
G-GL-Y hW-h-> g
j=0 j=0

= 0(1). (6.76)

H(LE)
By Sobolev inequality, we have from (G270) and (G270]) that for some constant

C >0,

= 0(1)e" . (6.77)

2 2
G-GL—Y hW—-h-> g
j=0 j=0

Thus in the finite Mach region, for some constant C7 > 0,

2 2
G-Gr—Y hW-h-> g
j=0 j=0

Lo (L2)

= 0(1)e” 1 . (6.78)
Lg

The theorem then follows from Theorem and Theorem 111
Case 2. Outside finite Mach region, |x| > Zt.

Outside of the finite Mach region, (EX0) still holds. Therefore, it re-
mains to obtain the pointwise estimate in the space variable x. The Green’s

function minus the essential kinetic waves satisfies, ([E44):

R; + ¢'R, =LR+S,

R($7 076) = 07

B _ 5 (6.79)
R=G-Gk—h-37 o8&,
S = Kg?.

We apply the weighted energy method to this equation with a weight w(x, t)R:

|z|—Mt

w(z,t)=e N (6.80)

for some large constants M, N to be chosen later. Multiply (ET9) with
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w(z,t) and integrate to obtain

d

dt/ LR, R)dm—i—/ 2} R, (M—glﬁ)R)—i—w(R, —LR)dm:/Rw(R,S)dx.

(6.81)
There are terms on the left hand side of (GXI]) that are of good sign:

/R (5 (R MR) + (R,—LR)]dx:/R Wz (R R)dz + (R, ~LR)]dz.
From (B23) and (B24),
x 1
I/ N UR € Rl <C’2/Rﬁw[(R, R) + (LR, R)]dz.

Thus we may choose

Moo,
2N N 7
and yield
4 SR R)dm+/w(R, R)dz g/w(R,S)d:r. (6.82)

We conclude from the Cauchy-Schwarz inequality and the estimate of the

source S by (E23) that

vi(zl+t)

d _r(zl+t)
E/Rw(R, R)da:—l—/Rw(R, R)dz=0(1) /Rw(S,S)dx:O(l)/Rwe 2 (6d;:3)

By further restriction of the choice of the weight function w(z,t), [E30),
121 2
—_ >,
Dy = N
we have
d zl—ne _v1(zl+t)
— / w(R, R)dx+/ w(R,R)dx = O(1) /e N e P2 de=0(1)e !,
dt Jr R R
(6.84)

and we obtain the desired energy estimate

/Rw(R, R)(a:,t)dx—k/ot/Rw(R, R)(z, s)dxds < /Rw(R, R)(z,0)dx+0O(1)
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=0(1). (6.85)

Similarly, since the function R is in H} (L%), (676]), we may apply the above
weighted energy method to the equation for d,R and obtain

/ w(B,R, 0,R) (. )dz = O(1). (6.86)
R

By the Sobolev inequality and with .# chosen sufficiently large, we have
from (G0 and (G.XE) that, for some positive constant C,

||R||L§ _ 0(1)6_‘x‘17\7b{t _ 0(1)6_0(|x|+t), for |l‘| > At. (6.87)
This completes the proof of the theorem. O

7. 3-D Green’s Function

In this section we consider the 3-D Green’s function for the initial-value

problem, ([C7):
{Gt +&-0,G = LG for & € R3, (1)

G(m7 0,¢; EO) = 5(m)5(£ - EO)

Here 6(€ —&y) was denoted by 63(€ — &) in the last two sections for 1-D case
to emphasize that it is a 3-dimensional delta function. Here both é(x) and
0(& — &p) are 3-dimensional delta functions. We will derive the explicit form
of the Green’s function and give pointwise estimate of the remaining terms.
As in the 1-D case, we construct the essential kinetic waves and fluid-like
waves separately. However, there are essential differences with the 1-D case.
For instance, there is Huygens’ principle for 3-D case. The complex analytic
method for inverting the Fourier transform is also more sophisticated than
the 1-D case.

7.1. Kinetic waves

As with the 1-dimensional case, we construct the kinetic waves using
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the Picard’s iteration,c.f. (63), [EH):

{w+sw%W+u@m°=a 72
hO(z,0) = 6(x)3(€ — &); '
{hg £ 9T 4+ v(€E)hI = Khi~L, 73)
hi(x,0) =0, 7 =1,2,....

The difference here is that the delta function §(x) = 6%(x) is now 3-
dimensional. Meanwhile, there is a stronger dispersion for the 3-D case. As
a consequence, the same number of iterations will result in a bounded source.
The first term is the same as before, (E20), an exponentially decaying delta

function along the characteristic direction:

h(z,t,€, &) = S'6(2)5(& — &) = e " O5(w — £1)6(€ — &).  (T4)

The second term is:

hl(m7 tu 57 50)
t
= / StKhO(x, s, €, &) ds

t
:n/ @S/nKég*m@—£< 5), 5, &, €o)d.ds
- / / Q=) VE1 K (£, £.)0( — £(t — 5) — £25)0(£. — &0)dEnds
_ /0 v()(t=5)—v(€)s i (¢, £0)5(x — E(t — ) — £o8)ds (7.5)

which is still a generalized function, though the generalized part is of lower

dimension. From direct calculations,
h2($, t7 57 EO)
t
= / StSKhl(x, s, &, &0)ds

_ / /R / O(t=5) V(€)M VET K (¢, £,)K (£x, &)

§(t =) = &uls — 1) — &o7)drdE.ds
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//exp[—us (1= ) - EEEI Oy ey

P
K&~ i:? 0T k(2 gi:? gml&ks_ﬂyh@wﬁ)
From the explicit expression in (),
KK&EQ==OOM£3EAemo<_f-%&P>
and hence
e 28096,
- ot M2t
PESTIERES L
- oW g g ()

For (z,t,&, &) € R? x Rt x R3 x R? satisfying

min | —&(t —s) — &os| > 0,

o2
we have
0<7<s<t.
We denote
S={@neg) 0B = BEl_ bl oy

§1 & g-e  g-6 -
Then for (x,t,€,&) € (R* x RT x R? x R3)\S, we have |h?(z,t,&,&)| <
00.

Moreover, we have

x — &t —s)—&oT

S—T

v(€)(t —s) + v(

)(s = 7) +v(&o)T
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£t —s)—&or

S§—T

> vo(1+ [€])(t — s) + vo(1 + | 2=

> v (t+ |x]) for (x,t,€,&) ¢ S.

N(s = 7) + (1 +[€l)7

Therefore, there exists a C' > 0 such that

In?( .-, €0)| 2 < O(1)e “&
This implies
K0 e < O
and so
Hh3(m7t7 350)”[/00 S 0(1)6_%
3

As with the 1-D case, we can stop at h? and construct h as well as g/, j =
0,1,.... The Mixture Lemma can also be generalized easily to the present

3-D case. We omit the details.

7.2. Euler waves

Before we study the fluid-like waves for the Boltzmann equation, we
consider the FEuler waves. We use the conservative form of the linearized
Euler equations (EH):

Pt+vm‘m:0,
my+ 3VaE =0,
Ei+ 5Vg-m =0.

This is the linearization with base state pg = 1,v9 = 0,6y = 1 and so the

sound speed c is given as
50
=2
3

From this we derive the wave equation for

5
“o—E —
(3-2), -0

X Wl o

t.



190 TAI-PING LIU AND SHIH-HSIEN YU [June

(p)et = =V - (;va> = V- <gvmp> = Az (py). (7.7)

The wave equation can be solved explicitly by the Kirchhoff’s formula and
exhibits the Huygens’ principle for the 3-D situation we consider here. With

pt thus determined, the other variables can also be explicitly constructed:

p(x,t) = p(x,0) 4—fét pi(x, s)ds,
E(x,t) = E(x,0) + 5 fo pe(x, s)ds, (7.8)
m(x,t) = m(x,0) + 3 fo VaE(z,s)ds.

Note that, although p; satisfies the Huygens’ principle, the formula for the
other variables involves time integration and so in general are not zero in-
side the acoustic cone and decay algebraically there. The viscous version is
studied in Lemma later.

To draw the comparison with the Boltzmann equation, we take Fourier

transform of the Euler equations

p 0n 0 p
m|+il0 0 Zn m | =0; (7.9)
E 0 3n' 0 E
pmt)\ (1 —ﬂﬁﬂf‘”nt i2<—1+cos<c|n|t>> (.0
~ . cos(c|n|t)— 2isin(c|n|t)
m(n,t) | =] 0 I+ G0 — e m(n, 0)
E(n,t) 0 —%‘Cﬁ'(mn cos(c|n|t) E(n,0)

(7.10)
We therefore will be interested in the well-known inversion of the Fourier

transform of the following types:

Theorem 7.1 (Kirchhoff). The inversion of the Fourier transform of gw
and gw, where
i t
W= Mj W = cos(e|n|t),
cln|

are

wx g(x) = % / /|y|:1 g(x + cty)dS(y), (7.11)
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wy * g(x // g(x+cty)dS(y // Veg(xz+cty) - ydS(y).
T dr ly|= 1 lyl=
(7.12)

The Kirchhoff’s formula for the Green’s function of the Euler equations
involves the function g as — functions. For study of the dissipative Navier-
Stokes and the Boltzmann equation, we consider g as the heat kernel. The

following lemma gives estimates of the viscous version of Huygens’ principle.

Lemma 7.2. For any positive integer [,

__l=l? _ (=|-ct)?
e C(t+1) e 2C(t+1)
wix — | =0(1)————, (7.13)
t+1)2 (t+1)2
_ 1= _(z|=ct)?
e C@+1) e 200+D)
wg x ———| = O(1) ———— (7.14)
(t+1)2 (t+1)=

Proof. By the Kirchhoff formula ([ZI1),

\-z-P _lz—cty|?
6 C(t+1) C(t+1)
Jl = W * //
(t+ ) t+1
lyl=
There are two cases.
Case 1. ||z] —ct| < O(1)v/1 +t.
J [ [ tldeS( ) = O(1)(t + 1)— LY
1 = )t + // Y) = t+ < >
IRANCURE (t+1)2 \VI+1
Y
= 0(1)71. (7.15)
(1+1)2

Case 2. ||| —ct| > O(1)v/1+t.

In this case,

‘m‘ln |z — cty| = ||x] — ct],
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and so

_lz—cty|? @ —cty|® (|| —ct)?
e Ot < ¢ 20(+1) 200+ (7.16)

and

_|z—cty|® 2 _|z—cty|® cty\2

2C(t+1) BC(E+1)
Ji = (t+1) // ; dS(y)
(t+1)3

lyl=
9 _ |z—cty|® \2 _(‘z‘*‘:t)z
_ (z|—ct)? 2C(t+1) e CE+D
< (t+1)e” @) // Sy) < ——. (7.17)
(t+1)2 (t+1)2
lyl=1
This proves ([ZI3)); ((CI4) is shown similarly. a

The following will be needed for the viscous version of the procedure

[CX) in yielding the algebraic decaying rate inside the acoustic cone.

Lemma 7.3. For |z| < ct

_ == CTy\
C
{ //1 1+1) 5/2 dS(y )}dT < (1—|—t)(|a:|—|—\/t—|——1)7 (7.18)
Yy
and for |x| > ct
== my\Q (2| —ct)?
Ce™ 20t
{ I/I/l 1+1t)5/2 dS(y )}d —W (7.19)
y
Proof. From ([LI4),
lz—cry|?
{ /]‘1+tw2 ()}”
lyl=1
—lz= ”y\ (‘m‘c‘f)
{ // (1+1)5/2 ds(y)}dT' (7.20)
ly|=1

There are three cases.



2011] SOLVING BOLTZMANN EQUATION, PART I: GREEN’S FUNCTION 193

Case 1. || < O(1)v1+t.

[ ) i asin o

lyl=1
vIF - ‘ “ﬂ;ﬁ Ny
<
B L) U [ s
T+t t - tem (|| CctT)Q 0()
</ 52d7’+0(1)/ = 5 dr = 5.
0 / VIt (t+1)2 T (1+1)2

Case 2. V1+t<|z|<ect++1+t.

="

lyl=1
2
/\/1_H+/t // B CW\ (\w\zcctf) 15t b
-
0 VIF (1+1)5/2 Y
JIFE - lzloen?® ¢ (z|—cr)?
S/ %dT—I—O(l)/ T ste 2Ct dr = o(1) .
o (Ao VIF (41 T 1+ )]
Case 3. || > ct+ 1+ t.
\m cTy\2
{ // 1+41) 5z )}d
lyl=1
t ¢ _ == my\Q (lz]—cr)?
< /2+/ // ¢ " 4S(y) Sar
B 0 £ (1 +1)5/2
%Te the (‘2‘2706;) t T te_%
S dT+O 1 / dT
/0 (1+1)5/2 . L1z T
(lz|—et)?®
~ O()e™ o
B (141¢)2

This completes the proof of the lemma. O
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7.3. Spectrum near origin

Like the one-dimensional case, we have

Lemma 7.4. Consider the spectrum Spec (n) of the operator —i€-n+L, n €
R3.

(I) For any 0 < § < 1, there corresponds T = 7(§) > 0 such that
() For fn| > 4,

Spec(n) C {z€C: Re(z) < —7}.

(ii) For |n| <6, the spectrum within the region {z € C : —7 < Re(2)}
consisting of exactly five eigenvalues o1(n), o2(n), o3(n), o4(n),
o5(n):

Spec(n) N{z € C: =7 < Re(2)} = {01(n), 02(n), 03(n),04(n),05(n)} .

(IT) For all 0 < 6 < 1, the semigroup e(ZI€MTLE can be decomposed as
(—igm+L)t 1 ot , -1
e =1IIs + X{ml<s} 5. d e (z —(—i&-n+ L)> dz, (7.21)

where ||H5HL§ = O(1)e~*Mt (1) > 0 depends on T (and therefore on
d), and T' can be any close curve that lies entirely on {Rez > —7} and

that encloses the five eigenvalues o1(n),02(n),03(n),04(n), 05(n).

We now compute the eigenvalues and eigenfunctions:
(—i& - n+L)ii(n) = Aj(m);(n), n € R”. (7.22)

To simplify [[22], we invoke a symmetric property of L. Consider the action

of a three dimensional orthonormal transformation Q € O(3) on Lg:

O(3) x L — L

(7.23)
(Q,f(§)) — f(Q8).

Lemma 7.5. The collision operator Q and the linearized collision operator

L are invariant under orthonormal transformation. More precisely, for any
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Q€ 0(3):
Q(9f, 2g) = 2Q(f,g), and LAf = Al

Proof.

(2Q(f.9)) (&) = Q(f.g)(22€)
= o L e e@) —ragie@ )] pag €. ..

We change variables Q@ = Q0 and £, = Q& and observe the following

relations

(Q€) = Q¢ — [(Q€ - &) - A0 = Q¢ — [(Q€ - Q&.) - QA0
=0€ —[(§ — &) - QJaQ = Q¢

& =& +[(Q€ - &) Q]2 = Q¢ +[(Q€ — Q¢.) - QA0
= Q& +[(€ - &) - QA0 = g,

Therefore,

(aace)e= [ [ [raeisae) -faosae)
x B(Q€ — Q€., 20)dQAE,
[ [ [feee@e) - fagens.)]
£eR3 JQes?
< B(E — £, Q). = QAF, Qp)(6).

The invariance of L under Q can be proven similarly. We omit the details. O

Let g € O(3) be an orthonormal transformation that sends |—:’” to (1,0,0).
Apply g~ ! to ([CZ), we have, by Lemma [H,

—i(g7'¢ - m) g "+ Ly = — ( (67'€) -gn+ )g Y
= —i(g-an+L)g7 ey = —i(¢'ml+ L) = Nl (7.24)

Therefore, the original equation ([Z22]) is reduced to

(= i€'nl+L)e;(Iml) = o5(Iml)e; (1m). (7.25)
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with )‘j =0y, wj = g¢;.

Apply Macro-Micro projection to the equation (—i¢t|n| + L)e; = oje;:

- i\n!Pofl((Poeg—) + (Plej)) = 0;(Poej), (7.26a)
— i|n|P1&" (Poe;) — i|n|P1&' (P1ej) + L(P1ej) = o (P1e)). (7.26b)

Set i|n| = € and o; = ev;. From ([L26L) we can solve Pie; in terms of Pge;:
Piej = e[l — eP1&! — ev;] 7 'P1E (Poey). (7.27)

Substituting this back to ([L2Gal), we obtain the following equation for Pge;:

<P0§1 + P! (L T eyj) _1P1§1> (Poej) = —v;(Poe;).  (7.28)

For notation simplicity, put

I e,7) = (Posl + Pog! (L — ePig! - 7) _1P1§1> :

When e = 0, ([L28)) has degeneracy: 72 = 74 = 75 = 0, so implicit function

theorem does not apply directly. However, as it turns out,

Lemma 7.6. (ﬂ(e,’y)E}, EL) =0, if j # k and j,k = 4 or 5, for any e,7.
Consequently, under the basis {E1, E3, E%,, E}t, E%}, the matrixz representation

of S (e,) becomes:

3x3 |0

Proof. Consider the reflection Jo € O(3) : (&4,€2,€3) — (€1, —€2,63).
Clearly, Py, Py, L, &L, 74, €, as linear operators, commute with J2. Therefore,
# commutes with Jo. Consequently, since E}l = ¢2v/M is an odd function

of €2, E} is also an odd function of ¢2. Now that El,E}, EX El are even
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function of &2,

(JE},E}) = /fEl (€)dE =0, for j =4, k=1,2,3,5.  (7.29)

The case j = 5 can be proven similarly. We omit the details. O

With the aid of Lemma [L6l we can compute the eigenvalues and eigen-
functions. By ([Z29)), Poe1, Poes, Poes € <E%, EJ, E§> and Pgey, Pges € <E}1, E%>
Therefore, the problem of solving for (v;,Poe;) for j = 1,2,3 is reduced to
the 1-dimensional case.

For j = 4,5, v4(€),v5(€) can be solved from

(](6774)E4117 Ezll) = Y4, ’Y4’E:0 = 07

(7.30)
(7 (e,75)E5, EL) =75, V5|eo = 0.

Consider & € O(3) : (£1,€2,63) — (&1, 63,€2).

(SE4,By) = (€SB, €Ey) = (S €CEy, €Ey) = (JE5, Es).

This, together with (Z30), imply 74 = 5. Since the eigenspace for v4 = 5
always degenerates with multiplicity 2, we gain extra freedom in specifying
e4,e5. However, the choice must obey [ej, ex] = ;5. As it turns out (see the
proof of the lemma below), we can choose

Poey4 € <E411>, Poes € <E51)> .

Lemma 7.7. View € as a real variable. For |e| < 1, vj(e), j =1,...,5, are
real and analytic functions with

vi(€) = =\j + Aje + O(e?), forj=1,2,3, (7.31a)
a(€) = y5(€) = Ase+ O(€%), (7.31b)
where A; is the Navier-Stokes dissipation coefficients. Note that Ay = As.
Moreover,
Poej(e) =0j1(€)Ei + Bja(e)E; + Bja(€)Es, for j =1,2,3,

Poes(e) =B (€)EL,
Poes (€) =s5(€)EL,
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where Bji,(€) is a real and analytic function with

Bjj =1+ 0O(e) forj=1,2,3,4,5,
ﬁjk = O(G), fOT’j 7& k.
Basa = Bss.

Proof. Since (SE;, Ey) is real (e is thought of as a real variable here), o;(¢),
Bk () are real. (L31M) follows at once after we differentiate [Z30).

It remains only to compute Pgey4, Pges. Consider the ansatz:
Poes = BuEy, Poes = B55ES, B, Bs5 € R. (7.32)

Recall that Pie; = €[L — eP1&r — ey;]71P1&Y(Poe;), (CZ7). Therefore ey, e5
are real and

e4, e5]) = (e4, e5) =€ Baa P55 <(|——6P1§1 —674) _1Ei= <L—6P1§1 —E’Ys) _1E%> .

This is zero, since (L—eP1&—eyy) 7L E] is odd in ¢2 while (L—eP1&t —ev5) 71E}
is even in ¢2. The validity of the ansatz ([T32) is justified. Subsequently,

Ba4, PBs5 can be solved from the normalization condition [e;, e;] = (ej,e;) = 1:

1 1
Baa= _1 2 —1 2
1+ e(L—eP1£1 —6’74) E} 1+ €<L—€P151—€75) E
L2 Lg
£ £
=5 = 1+ O(). -

We continue with more detailed analysis of (¢;,e;). Consider the reflec-
tion Jq : (€1,€2,€2) = (—¢€1, €2, €3). Note that

(—€'e+L)3iej(—€) = Ju(€le +L)ej(—€) = Ju(—€'(—e) + L)ej(—¢)
= 0j(=e)31ej (=€) = e( = 75(=))Jre;(—e).
Thus(e(—v;j(—e€)), Ji1ej(—€)) is an eigenvalue-eigenfunction pair. Note also
that, for j = 1,2,3, PoJie; = JiPoe; € <E1,E1,E§>, and this implies

—71(=€), =72(—€), =y3(—€) € {n(e),12(e),73(€)}. Since y1(€),72(€), y3(€)
are distinct (for small €), by the fact that 1(0) = —c = —73(0),72(0) = 0
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and by continuity, we conclude
Y1(€) = —v3(—€),72(—€) = —2(e),
Jiei(—e€) = ez(e), Jrea(—€) = ea(e),
for all € small.

For 74 = 735, a similar argument yields v4(—€) = —7y4(—¢). As for the
eigenvectors, PoJies(—e),PoJies(—e) € <E}1,E},>. Moreover, PoJies(—e) is
odd in £2. Therefore, PoJies(—¢) € (E}) and Jies(—€) = e4(e). Similarly,
Jies(—€) = es(e).

Summarizing, we have

o1(~6) = 03(6), (7.33)
0i(—€) = o;(c), for j = 2,4,5, (7.33b)
Jie1(—e€) = es(e), (7.33¢)
Jrej(—€) = e;(e), for j = 2,4,5. (7.33d)

Now we switch back to the variable i|n| = e. Although so far we have
been working with real €, since o, e; are analytic in €, [Z33) holds for all

complex e, as long as |e| < 1. For simplicity, set

L=1+ (L Pt — Aj(n)) (iP1€ 7). (7.34)
Lemma 7.8. For n € R3 with |n| < 1,
() == ilnl(e+ A(nP)) = A2+ O,

(m) =
2(n) = — Aan® + O(|n|*)

(m) =il (c+ Anl)) — Arln* + O(n|"), (7.35)
(m) =

(m) =

> >
&

Ai(n) = — Adn> + O(n|"),
As(m) = — Asln* + O(n|*),
Ay = — (PLE'ELLTIPElED),

for some analytic function A : R — R. Furthermore, there exists analytic
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functions ail :R — R such that

wi(m) = 2 [ (a8 1(nf?) + ilnlal (|l )XO
k

+(at 1P + imlat oIl )>X4 , (7.362)

3
nXx
+ (at,1(Inf*) + ilnlai(Inf*) Z

3
va(m) = Z[a3 1 (Inf*)x0 +iab () D n'x + ki (mxa], (7.36b)
J=1

va(m) = 2| (a81(nP) — imlalo(1n) ) xo

\_/

3 Fy
n
(ah nl?) —2‘77"312 nl?) Z‘—
=1
+(a Li(nl?) —inlai o(|nf? >><4], (7.36¢)
Ya(n) = 4 [a 11(ml? gm} (7.36d)
Us(m) = Zi|af(mP)avs) (7.36¢)
with
3 1 1 2
a1,1(0) = 10 ai1(0) =\ a11(0) = B’ az1(0) = — 5
3
33,1(0) =\/5 3421,1(0) =1
Proof. From ([L31al), we have
. . . - 1 d*y
rifnl) = il =+ A+ (-l s e ()

k=1
& 1 d2k+1,y
. 21k 1
Hlnl Y- Gy g ()
=1

=i|n| (—c + A1 (in|) — A(‘UP)

e 1 d2k+1"}/

. 21k 1
Hlnl Yo P gy g ©)
k=1

= —iln| (c+A(n?)) — Ai|n> + O(|n|*).
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By ([Z33),

o3(iln|) = o1(=ilnl)
o 2k+1
= il i)~ AlP) i ) ey e ©)

= iln| (c + A(Inl*)) — Alnl* + O(In[").

Similarly, for j = 2,4,5, by ([Z33),

’ ’ ’ ‘ 00 - 1 d2k+1,yj
oi(ill) =iln| { A;Glnl) +ilal 32 (- 1nP*) ey gt ©)
k=1 ’
= — Ajlnl> + O(In[").

This proves ([Z30). ([Z34) follows by similar computations. We omit the
details. Note that

1 1 -1 1
gPi&n|=Pi& - ng=g|1+ (L — P& n| — Aj(n)) (iP1&' )
—1
= <1 + (L —iP1&-n— Aj(ﬁ)) (iP1& - 77))97

3 ghyh
k=1

7.4. Fluid-like waves, 1

This and next subsections are for the study of the fluid-like waves. For
the 3-D case considered here, there is a geometrically richer class of fluid-like
waves as hinted by the study of the Euler waves. In this subsection, we will
explicitly constructed the leading fluid-like waves. The next subsection will
be concerned with the remaining fluid-like waves, which decay at faster rate

than the leading fluid-like waves considered here.

As the one dimensional case, we have

1 ! :
L Lo i r0) = e o
j=1

211
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This implies

///,M N @ fyldi.

5
1
G=—ZF1oll
V2T b zz:

with

[Ea H5HL§(L§) = 0(1)6_%6)'

We again define the fluid-like waves in the Green’s function as:
G (:B t)

@n® ///5 Ny () @ 1 ()

[June

= ///|7,<5 i [e 1(n tT/’l('ﬂ) ® [v1(n)] + e)\g(n)t¢3(n) 2 [7103(77)|] dn

i@ A2 ()t
' ///In<6e c P2(n) © [va(n)|dn

+///|,,]<6 @M ()t [7,04( ) ® [ 4(77)|+¢5(77)®[¢5(77)|]d?7. (7.37)

We arrange the pairing in (C37) to define the following pairings:

GL (777 t) = Gﬁ("% t) + GC(”? t) + @9‘{(777 t) + @‘39’11 (777 t) + G‘Efﬁg (777 t)7 (738)

where

Huygens Pairing

= Y Myim) @ [1h(n)]
=13
7=1,3

Contact Pairing,
Ge(n,t) = 2Miy(n) @ [Ya(n)],

Rotational Pairing,

Gw(n,t) = € ( > in ()]

j=4,5
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t t
N\/E\le Xt

Yo Y,

N

RS

(a) Huygens wave. (b) Solid Huygens wave.

Figure 7: Huygens wave and solid Huygens wave.

Y LR ) 0 LZPE U] ).
j=1,3
1st Riesz Pairing,
Gy, (n,1) = Y MDLPRY;(n) @ [L5PFb; ()]
j=1,3
—e= ) N 2Py (n) © [Z5PTY; ()],
j=1,3
2nd Riesz Pairing,
~ — 2 m m
Gy, (n,t) = (e M) — MMy N 2 Pi; () @ [ZPg 5 (m)),
j=1,3
(7.39)

We define the leading fluid-like waves to be those induced by the quadratic
terms, in the Fourier variable 1, in the eigenvalues and the constant term in
the eigenfunctions. This is made definite in the proof of the following theo-
rem, ([ZZ4)). There are richer wave patterns for the 3-D case. The Huygens
wave for the Euler equations is now a dissipative version G%, with essential
support of width v/t around the acoustic cone, Figure . As we have seen
for the Euler equations, there are time integrations of the waves around the
acoustic cone. These appear in G%ml + Gom%, Figure . The contact, ther-
mal waves G% as well as the rotational waves G& are supported as the heat
kernel, Figure B



204 TAI-PING LIU AND SHIH-HSIEN YU [June

-
-
.

Figure 8: Diffuse wave.

Theorem 7.9. The leading fluid-like waves are G° = G% + Gy + G} +
0 0
G, + Cpm,

GY(z,t) = %/ Hl(m+cty)d5(y)+$/ Hy(x + cty)dS(y)

lyl=1 lyl=1
_1_%/ VH2(:1:—|—cty) yds(y)7
fyl=1
1< -5 '
_ b -3/ 1AL
= g S0 R, (6 [l
+ePVM® [fj M )

_ Ll
i, = 115<4m1<1+t>> V2 g VM e (g

GYa.) = —(ands(1 +1) 2 (1612 = 5)VM & [(€f2 - 5)VM]|.

ly|=1

Gion, (1) = / / Hs(x + cry)dS(y)dr
3

Hs = Z (AmrA1(1+1)) —3/2¢7 4A1t) kf\/—®|:
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22 3. .
G, t) = (Ards(1+1) %% 0 Y VM [¢VM],
7=1

3
Gy, (@) = (A1 —Ag) >

J,k=1

|z|?

(/t eXP{_4(maX{A1,A4}t+\A1—A4\T)} ) S]\/_
0 (47T(II1&X{A1, A4}(1 + t) + ’Al — A4‘T))3/2 xixh

®[¢"VM ( (7.40)

and

(Jz]—ct)?
IGY (@, 1)z < C1+1) "2 e,

_3 _l=?
|Ge(, )z, |G (, )z |G, (, ez < CA+t)"2e7 e,

e )
HG%}ml(iB,t)HLg < C((l +t)—26(\ \Ct )2 e 26 ‘C‘t

_3 2,_3
a1+ 1731+ 2)72),

(7.41)

Proof. From (Z33) and (Z30), we can see that the leading term of G, (n,t)

is

e_ic|n‘t_A1‘n|2th% ® [QE%’ + e—A2|n‘2th% ® [gE%‘ + eic|n‘t—A1‘n|2thé ® [gEé’
+e~MPtgE] @ [gEf| + e gEL @ [gE}|
=G +G +G3+G4+Gs.

Direct computations yield
G = e~ Mg} @ [gE}| = e-AQ'”‘Qt GUEF —5)VM e [(l& —5)vM| =
For Gy + Gs, we use symmetry of (A,%1) and (A3, 43) to calculate

g1+ 33
= e—ic"’l|t—A1|"7\2th1 ® [gEl‘ + eiC|"7\t—A1\”7|2th1 [gE%’

3
eelmlt—Arlme( f\a §:j

77_
]
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> 77
[(— €[2VM —
e ;

77_
n

3

; 1

fetelnlt=Aulnl*t_—_ Z
vV 30 —

®[<¢%ra

— e~ MmPPt(g=iclmlt 4 ciclnity [%\£\2N ® [[€2VM]

3
VM + — Z’n—
=1

—Z" VR o [V

J

3
e~ ilnt (ielnlt _ gieimity L Zn_[éa\/—(g €2VM)

2 15]:1! \

Hg[2VM @ ¢ vVMI|
= eI coselnle) [ £ 162V @ [Jg VM ey Pef @ [¢"VM]]

7,k=1
3
e AT S 108 ) 5 ¥+ R eV
j=1

= (@515—#6_‘41‘”'%008(0]77\15) Z iy 53\/_®[§k\/_\
k=

42 Inf?

In order to estimate G4+Gs, we recall that gn/|n| = (1,0,0). Let {n/|n|, o, B}
be a basis for R? satisfying

n/|nl, (1,0,0),
a{ a, — < (0,1,0), (7.42)
ﬂ? (07 07 1)7

Using the above relation, the operator gE} ® [gE}| + gE ® [gE}| can be

rewritten as
|oE} © [oE}| + gE} © [oE |

— gV / o(EVMIR(E)dE, + a(EVM) / 0(€3 /ML A (€. ) de.
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= s-a\/ﬁ/s*-a\/M_*h(s*)ds*+£-ﬂN/£*-5\/M_*h<g*>d5*
:gm.[/[< @)+ (€&, - B)8)VMLA(E.)dE.
- e[ [le.- @ M€ e | (7.43)

Thus we have

3
g4+g5=e_A4|"‘2t[Z EVM @ [¢8VM] — 277 fj\/_®[fk\/_|]

= Gy S TR

7,k=1

The two terms not yet given names are

3
e~ Ailnl? tcos(c|n|t) Z ’_77 EVM ® [EFVM
Jok=

3

—144\”7|2 Z é“k\/_‘

J,k=

3
= Al (cos(e|n|t) — 1) Z 7‘7— EVM ® [€FVM]
Jok=

3

(e~ APt _ o= Aalml*t Z 259\/—@)[5%\/—‘ G%ml‘k@%n%-

Jk=

Thus we have the following named terms:

@515:e—AﬂantCos(c]n\t)15\£\2\/_®[‘5‘2\/_‘
+6_A1|m2t%z ey, [gJ\/—@)[|£|2\/—|+|€|2\/—®[€J\/_|]
GL= o—Azin[?t L . (J\EP 5)vVM @ [(|€]? — 5)vVM],
@%q:e—Aﬂ"l‘Qth:lfj\/_@[fj\/_|

Gy, = (e — e—alnPty 33 W ¢ M ® [€9VM,

| Gl = e M (cos(elmlt) — 1) T3y 2 FEIVM @ [€5V/M.

(7.44)
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To extract the leading waves ([Z40) it is necessary to compute the inverse
. o . . 0

Fourier transform of (ZZ4) explicitly. We carry the calculation for Gi.

1 o 2
T g O @

1 .
™) Ji-e 8y

[\)

(

N[>
Nl

é
1 s ) )

(% /2 el e_Az‘"]‘ztdnJ) E} ® [EY| + O(e~©).
o _

w

<
Il
(SIS

We now introduce contours F{ + I‘% + I‘%

5

ixd

F{ = {1/ : Re(r’) = —§,Im(77j) lies between 0 and %ﬂ},
. . ) . ) . i)
={y < -—=< Iy < = 1 J) = —— 7.45
2= { = =5 S Re(n) < 5, Im(n) = 71, (7.45)
j . . ) o i)
I's = {n’ : Re(’) = =, Im(n’) lies between 0 and ——1,
2 2A5t

to move the path [—3, ] to T +T)+T%, then use that Re{eie’ 7 g~ A2l Pt} <

—A96°t on both F{ and Fé
3
1R g

2w

t

s
2

= i/ ei””j'”je_A2|"j|2td7]j+O(1)e‘6
27T Fj

1 ‘szﬁ +0(1) 1 _% +0(1)e"
= —€ e e .
VAT Ay (14 1) 1+t
Thus we have
1 _l=? 1
—3/ Godn = (4mAp(1+1)"%e 17 — ([P =5)VM @ [(|€*—5)VM|
(27)3 Jimi<s 10
|92
o< Lo é
+ ( )m + (6 )

The Fourier inversion of (@515 and G‘lm‘il are done using the Kirchhoff formulas
in Theorem [l Unlike the heat kernel, our domain of integration is |n| < 9,
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which doesn’t yield the singularity at ¢ = 0. A slight generalization of these

formulas of the following form is used:

t)—1 b g
COS(C\nlz) :_Cz/ Sln(CIn\T)dT
] o cnl

9

and so the inverse Fourier of

cos(clnlt) — 1,
nl?

—c? /Ot % / /|y|:1 g(x + cry)dS(y).

Note also that the term 7’ corresponds to 8/0z;. We omit the details. This
establishes the explicit form of the leading fluid-like waves ([ZZ0).

is

It remains to study the estimates ([LZT]). The second one is easy to see.
We use Theorem [[1] and Lemma to obtain the first one. We consider
the last Riesz leading wave for small time and large time scale, i.e. t <1
and t > 1.

1
Case 1 t <1 We consider two subcase || < ct? and |z| > ct2

For |x| < ct%,note that |x|2/t is bounded above and so 1 < Ce~l®*/t,

and, for some positive constant C

\w+c-ry\2
(G @tz < € [ S [[ T astar

ly|=1

2
< C(L+ 0732 <1+ 1) 3% er .

For |x| > ct%, we have

\w+c-ry\2
(G @0lzy < € [ o [ [ S astar

\y\ 1

(z|—ct)? _Jeteryl?
Ce 1641t /0 I +t 3/2t // 16A7¢ (y)dT

ly|=1
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[—ct)? (2| —ct)?

(z|—ct)
< C(l + t)_3/2e_ A < C(l + t)_2e_ T6A1t

Case 2 ¢t > 1 We have three cases |x| < ctz, ct? < |z| < ¢t and |x| > ct.
The case |x| < ct? is dealt with the same way as above. For ct < x| < et,
in order to directly calculate the 27 and x* derivatives in G%ml (z,t) we first

observe that

1 T = 2 —e 1 s
0 47T(47TA1 1 +t 3/2 Y ly|<1 |y| Y

ly|=1

where C' is agenetic constant independent of (x,&,t). We now adopt the

spherical coordinate and let @ to be the polar axis.

1 \w+c7—y\2 1 2 ™ _\:v\2+2ct\:v\rcoaﬂ+czt2 2
/ —e Mt dy = C/ / / re 44qt sin 0dfdodr
ly|<1 |y|

_ (=|=ctr)” ctr)2 (\z\+ctr)2

— At _ o A \dr 4
\w[/ 1 e 1 )dr (7.46)

Here we change a variable again to obtain
1T (z|—ctr)? (|| tetr)?
<e 4Aqt —e 4Aqt >d7a
0
1 lef 2 cl+le| 2
= —( e *Mtds — e 4A1tds)
ClN || —et |

1 lz| 2 citlel 2
= —(2/ e 4A1tds—/ e 4A1fds>. (7.47)
ct 0 c

t— ||

We now are ready to take derivatives with respect to spatial variables
o2 1 || 52 ct+|z| 52
T (— <2/ e iids — / e 4A1td8>>
O Oz |m| 0 ct—|x|
J ook || 2 ct+|z| 52
_ ( 532 L3 : > (2/ o T gs / 6—4A1tds)
|| || 0 ct—|z|

| 2

, J ok |z (ct+|z|)?
+<&_3$gj ><2€_4A1t —e tﬁ)
|z [zt

k
1t

2A4t 2At

_(%_33}3@

> —(CZJTJ)Z _ alab ( || . =2 Ct+’w\ %)
> faf!

e
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wlah o] — et _let-lzD?
441t
\w]?’ 2A1t
= A1+ Ay + A3 + Ay + As.

it is easy to see that |A;|, |Az| and |A4| < CtY/?|z|~3 and for |z| > ct™3
1 2\3( 2 22y 2 lHety s >, _
W§(1+c)<ct+c|az|> < (PRl SR

W

For | A3| and |A5| we can estimate

(ct—|a])? 22 (et—|z|)?

(| 2+t 2|z| e T < Ctle e S x| < ct/2;
(ct—|z)? _ (et=laD)?
(Je| 72+t~ 2|a| Ve 00 < Ot~ 3¢ e | > ct/2.

We combine estimates of A; to conclude that

||? T \w\)
GG, llzz < C (31 + =0)73 4472 ),

For || > et,
\w+cw\2
oz < € [ ot [T astwar
\y\ 1
(=z|-ct)? \-z-+cry\2
< Ce 1641t /0 1—|—t3/2t // 1641t S (y)dr.

ly|=1

We break the time integral domain into two parts

G0z, (. )]l 2

_ (z|=ct)® ct)2 t1/2 \:v+c-ry\2
1641 / /t1/2 1_|-t 3/215 // 641t dS(y)dr
t1/2

< oo T / Ty /t Tt Sy
<o ([0 s [ o e ),
0 (1+ t)3/2t w2 (1+ t)3/2t7'|m|

where we use ([L46) and ([ZZ7) and simple calculation to yield

(z|—ect)?

|G3 (@)l < C(14t)"2e 1641
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-3 -1 _(‘m‘7Ct)2 t _(iﬂfc‘r)2
+C(1 + t) 2 |m| e 164yt e T6ALt r
t1/2

(z|—ct)? _ (zl—ct)?

G, 1z < CO+HT%e ™0 + C(L+ 1) a| e 07

From |x| > ¢t equivalently |x|~! < (ct)~! and so

(] —ct)?

HG%%HLE <C(1+t) 2% o4t | for |x|> ct.

This completes the study of leading waves. O

7.5. Fluid-like waves, 11

To study the remaining fluid-like waves, we first study the analyticity
of the pairings ([Z39).

Proposition 7.10. There exist operators ¢;, Ky, C;, Fjk, ,@;)k, Pkl
L@}k, P2 e which are bounded operators in L2 and analytic in m so that

Glm, 1) = =200 cos(enit){ cos(|n|A(n/*)t)

< (gslePViie |£|2\/_I+Z77’<%”>

sin(n|A(n[)t) (e § 2

L <\/ﬁ]: W (IEPVM @ [¢ VM
3

+EVM B [ERVMI) + S i) |
7,k=1

sin(c|nlt) -

F L os(imlA e (fg W (IEPVM & (¢ VM|
3

+EVM O [EPVM) + S it )

o~
Il

J,k=1

sin 2
, sin(in[A(ln| )t)c2]n\ (

cln|

€2VM @ [Ig[2VM +23:77j=%’3)H

Jj=1

C)TH

Gelm, 1) = =0 (L (62 — 5)VM © (12 — 5)VM + 0%
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3
+> %)
j=1

3 3
Gar(n, t) = e Aalnl® t[z XJHZ?? Rir) + ) njnkc%’?k}
j=1 k=1 Jk=1
Gopm, (m.1) = e~ (P t[cos cfnlt)(cos(|nlA(In[2)t) — 1)
l 2 gpl
x ;1| : (e [xk|+l§;n Pi+ P 2Y)
] =

+sin(0|nlt){ _sin(|n|A(n[*)t)
cln |

3 3
x Y eyt <Xj ® [l + 0" P + |"7|232}k>

Jk=1 =1
+ cos(|n|A(In|*)t Z Wt 2}
7,k=1
A(
+cos(c|"7|t) sin(|n]A(|n*)t Z n nk@2 ]
c|n| —
Js
Gmmg(nat) = (e —Ai(ml*)t _ —A4(\n|2)t)
3 3
DI [ ® buil + 3 Py + Il 2% (7.48)
J,k=1 =1

Proof. Huygens Pairing @ﬁ(n,t)

First, we consider the macro part of Huygens pairing using (Z35)), (34,

th(nat)
= =112 cos(|n| AT (1)) a1 (1nl*)* = [nl*a 2(In1*)*) x0 @ [xol

+@11(In*)? = Inl*alo(1m1*)*)xa @ [xal + @Y 1 (In*)al 1 (Inf?)

—al 5(Im*)at 2 (In%) (xo ® [xal + xa @ [xol) + (1.1 (Inl*)%a] 5(In[*)?
3

+ai 1 (In*)%al2(1n1)) D7 (xo ® x5l + x5 @ [xol)
7j=1
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3
+(az11,1(’77‘2)2a%,2(’77‘ ) +31 (In?) a12 (In*)? ZUJ (x4 ® [xjl+x; ® [X4D]
7=1

Ay 2 sin(|n| A} (In[*)t)
i
—2iln[*at ; (In*)al2(In*)xa ® [xal — In* @71 (In*)ad o (Inl*)

+a1 1 (In*)at 2 (Inl*)) (xo © [xal + xa @ [xol) + (af 1 (|nf*)a1,1 (In]*)

| = 2iln[*a8 1(InP)a 2(In1)x0 @ Dol

3
+ml*al o (Inf*)at o (1n*) D0’ (xo ® [l + x5 ® [xol)
7j=1

+(at 1 (Inl*)a1 1 (Inf?)

3
+nlat s (InM)at 2 (nP) D 0 (xa @ sl + x5 ® [xﬂ)}
7j=1

Evaluation of alij(]nﬁ) at n =0 in ([Z30) gives
) B 1
Gy (m) = =117 cos((n| Al (mP)e) (37 1€2VM @ [1€2VM]

+|n2 A0 + Z ﬁj%j>

J=1

oAyl Af(n[*)t) ( c 23: (e (VR
VIs =

cln|
+EVM® [[€2VM) + nf2 46 )

where J7%; are analytic in i for j = 0,1,2,3,4. We now consider one of the

remaining micro parts

Gy (m,1) =MD" (Poipi(n) @ [Prbi(m)| — Pgei(n) @ (L1 — 1P (n)])
+e ! (Pogps(n) @ [Pres(m)| — P§'4a(n) @ (L5 — DPF4s(n)])

and note that P17 and P13 are related by
Piv1(n) = (£ — 1)Po1(n)
= (L—iP1&-n+ Ai(Inl*) + ilnl AL (|n[*)) " (P13€ - m)Potr(n),

(
)
(7.49)
P1s(n) = (L5 — 1)Povs(
)

n)
= (L—iP1&-n+ Ai(Inl?) —iln|AT(In?)) " (P1i& - n)Pots(n).
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Here we expand the operator (L—iP1&-n+ A1 (|n|?)+i||A1(In*) "1, In| < 1,

as follows

1
L—iP1& -+ A(n?) = iln[A}(jnP?)
1
- . +i|n| Al 2
(L—iP1& n+ A(n)(1 + —pget L)

- 1 Filn|Ai(Inl*) J
B (L—iP1£'n+A1(|"7|2))jz::O(L—iF’lE'nJrAﬂl’nlz))

iln|Af(|nl?
¥ O L .
P& n+ A(n) P& n+ A(nP)?

ijmlAl ()
LF e a o

. 2A1 2)2
(L—iP1&-n+ Ar(In?)(1 + (L_i@g-nﬂhfm?))”

Thus (L — iP1& - n + A1(|n]?) £ i|ln|A}(Jn|?))~! can be expressed by the
summation of two operators, both analytic in 1 and Pgy; and Pgys are

related

L =1 = (m) + n|#a(n),
Ly —1 = (n) — |n|l#2(n),

Povi(n) = (a, 1(|’f7|2) +imlal o (|n1*)xo + (a1, (In?) + ilnlai »(Inf*))
77 x;g

(%) +ilmlat o (In*)xa

Hy
H1+|77|(H2+| |2)

Povs(n) = (a} (|77|2)_i|77|al z(lnIQ))Xo—(ah(l’nlz)—ilnla%,z(lnIQ))
77 x;g

1(ml?) = ilmla o (In*)xa

H,
|n|?

3
Pr1(n) = (a11(ml?) +ilnlalo(Inf?)) Z =H
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3
H.
Prs(n) = —(al (%) — ilnlalo(nl?) S T = 1y - 2

Thus we may rewrite
th (T”t)
— =002 cos(In| AL (Inf*)0) | (1 — Hs) @ [y
s\ Hy + Hy)| + Hy © (|02 (Mo Hy + A0 Hy) + A0 Hy|

+Hs ® [/fl(Hl — Hg) + ‘n’2%2H2’ + Hy ® [%1[7[2 — %Q(Hl — Hg)’

2i sin(|n| AL (|n|?)t
_e—AmPy Zsm(’""ml(‘"’ ) )[(Hl — Hs) ® [|n|*(.#toHy + 4 Hy)

+Hy| + |n°Hy ® [y Hy + Ao Hy + Hy)|

+n|*Hs ® [ M1 Hy— 40 (Hy — H3) |+ Hy ® [///1(H1—H3)+|’I7|2///2H2|]

3
= Ml cos(Im| AL (In[?)t) [!n%ﬁ% +> njc%”u}

Jj=1

. 3
_ 2y, sin(|n| AL (In|)t -
]7k:1

where %’6117 74 and J i, is analytic in n for [ = 1,2 j,k = 1,2,3. We now
sum them up to obtain

3
Gl 1) = e cos (| AL (i )0) (S 6P VMo 6PV i 75

i=1

i ([€* VM @ [€ VM

: 3
e—A1(|n2>tSIH(In|A%(Inl2)t)< c
cln| V15 &

J

+

3
+E VM [ERVMD) + 3 i ),

]7k:1

then trigonometric equality gives the result for the Huygens pairing.
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Contact pairing @Q(n,t)
We recall that from ([Z36DI)

Ya(n) = LPot2(n)
= (1 L= iP1& - m+ Ax(In)] 7 iP1E - m) (a5, (In2)xo
3
iaba(In®) D wix; + ady (Inf2)xa),
j=1

and that the micro part is zero when 7 = 0. Thus we can calculate contact
pairing as follows:

A~

Gg(w,t)
= e_AQ(M‘Q)t?Z)z(??) ® [Y2(n)]
_ e—Az(In\z)t(P0¢2(n) ® [Potpa(n)| + Pota(n) @ [(L2 — 1)Pota(n)|
(25— 1)Potia(m) @ [9s(n)])
3
= e (L (e —5) VR (6 — VAL + I+ 3 7%,
j=1

for some ¢ analytic in 7.

1nd Riesz Pairing Gmml(n,t)

From ([Z33)), ([£36al), (£36d) and (Z39) we have

G, (m, 1) = e~ A=l A0 4 prys, () @ (£ PR (n)]
—e~ M)t 2 Py () @ [P ()]
+e—A1(In\z)tHIn\A%(In\z)t$3p81¢3(n) ® [LPTs(n)]

—e M) 2P () @ [LPT s (n)]

= e M (cos(|m| AL (In[*)t) — 1) [flPWl(n) ® [Z1Pg'Y1(n)
P s () © [ZPY ()]
—e =M sin(|n| AL (n[2)1) | Z1PE V1 (m) © LAPG v ()
—L4PE s (n) @ [LPEs(n))
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e~ 1 cos(|m| A1 (1ml*)1) — 1)
<[ (1 + an)ilnlat () + Inlaaal s (Inf2)

3 j 3 k
> [Z7—|xj (1 + an)ilm|al (%) + [nldeal y (n1?) S |"—|xk\
j=1 k=1
+((L+ 2403k 1 (In?) + iln 2ol 5(In]?))
3 j 3 k
X D @ U )3l (n) + it et o) 3 1l
— |n| — |n|
e~ MU sin(In| AL (Jn|*)t)
x| (1 +at)ilnlat o(Inf?) + nl. 223} 1 (n[2)
3 77j 3 77k
X Z | |XJ ® [((1+ #)ay 1 (In?) + iln|*Aaa o(In]?)) Z HXH

+((1 + ///1)a1 1([n?) + iln|*aa] 5(Inl?))
xz, 2 © (1 A )iinfal o ()

& n
tinl-atal s (nP) Z;xki},

k=1

and that ail(O) = 4/1/2 and the microscopic parts containing one more 7.

Thus we obtain

Gopm, (m,t) = e~ 1179 (COS(InIAl(InI)) 1)

T]J
XZ e [Xg Xk|+z7732]kl+|"7|
j,k=

1
e Ar(inl?) yesin(n|Af (1n]*)t Z Wt 72,
c|n| e

1

for some Zjy, @;k and '@3219 analytic in 7. Here we have used the trigono-

metric equalities as in the Huygens pairing case.
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2nd Riesz Pairing Gm% (n,1t)

Gmmg(n) (e ArmPP)t _ g=Aa(inP)ty

(1 + r)ilnlal o(Inl*) + [n] 422, (Inl*))

|—|

w

<> ﬁ]—m O [(L+-a)ilnal (1) + [nl- 22 1 (n[)

]:

w

; %xu (L4 )al 4 () + il ot o ()
k

w

J

= (e~ (Pt _ o=As(Inl*)t)
3

n’'n
<y W[Xj ® Dl + >0 P + |"7|2=92}k}-

jk=1 =1

Rotational pairing @m(n, t)
We have

Gw(n.t) = e‘A“(""z)t(w(n)@[M(n)\ +5(n) @ [ihs(n)]

3
n n
X 30 @10+ el (i) + il el o(n) 3 ;xk@
Jj=1 k=1

219

+LAPF UL (m) © [LiPovs (m)] + ZPG s (m) © [ZPotia(n)]).

First, we recall that from the above cases

APy (n) @ [£1Poin
3

(n
al (Inf?)? 7|7 ]7 (14 .44)x; ® [(1+ 40 x|,
7,k=1

)|+ Z5Pg"bs(n) @ [Z5Pos(n)]

We now use (Z36d)) and (Z3Ge)
Poa(n) = a3 (|nl*)gxe,
Poys(n) = a3 (Inf*)gxs

to yield

Ya(n) @ [ha(n)] + ¥s(n) @ [P5(n)]
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= a3, (Inl*)? <$49X2 ® [Zagx2| + ZLigxz ® [349X3|))

Al Z$4xg [Zax;| — Z i ‘2.2”4)(] [Laxkl),
7,k=1

Here our calculations are similarly to ((LZ3]) and we have used g(n/|n|, a
B) = ((1,0,0),(0,1,0),(0,0,1)). We now observe that, for small 7,

L — L+ 4)
= [(L-Pigm+ Aun)

— 211 2\2 —
Pt nl) (1 e ) [P

= |n|>/ (iP1& - m),

for some .4 analytic in 1. Thus we have

Zﬁau %220 ® [ Laxal —ab s (1?2 (1+20)x; @ [(1+44) x|

7,k=1
Z W,
P

and conclude that

3 3 3
Ga(n, t) = e~ A [Z @ Dl + Y 0" i) + D njn’“%?k].
j=1 k=1 J k=1
This completes the proof of the proposition. O

With the analyticity property, we adopt complex analysis technique to
estimate the pairings of [Z39). We state first a general lemma.

Lemma 7.11. Suppose that f(n,t) = O(1)ePUM is analytic inn for |n| <
0 < 1. Then in the region of |x| < (A +1)ct, A any given positive constant,

there exists a constant C such that the following inequality holds:

[ e At ptan < o((14 e o),
In|<é
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Proof. We choose an orthogonal transformation O, which maps ‘—z‘ to
(1,0,0), i.e.,

i
Ow— = (1,0,0). 7.50
2] (1,0,0) (7.50)

We change variables & — ¢ = Oz&, then by virtue of the orthogonality of

the transformation,

T - €= Ogw - Oz = |2/(1,0,0) - ¢ = [a[¢", [£]=[¢], and & = (05'¢)"
(7.51)

Thus we may rewrite
. 1 2
/ e/l e~ A tna £ (n, t)dn
|nl<é

= [ e Ao ) (07 . )i
In|<d

We will prove this lemma only in the case of & = 0. The extra factor 7’
i =1,2,3 result in the extra time-decaying factor t_%; details are omitted.
We first divide the integral into two region {|n| < 0} = BU (B° N {|n| <
0}) = D1 U Dy where

B= [—57 5] x [—575] X [—57 5]
On Dy, |n| > g and so
/D ellzln’ o= APt f (01 t)dn < Ce /C. (7.52)
2

To estimate the integration on D; part, we use analyticity of f(Oz'n,t)

to equate the integral with respect to n' on [—%, %] with the integral on

d 6
F(_§7§7l]ﬂ)7
J 0 |z

I(—=, 2, 1) =1, UTLUT

(=2 g =T VT2 UL
g ||

1 1
= . = — — I _—
|z

) )
U {771 : ~3 < Re(nl) < 2’ Im(nl) =ar
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1) x
Ut Beln) = 2. 0 < Im(y') < 1213,
K
B2 = {(7727773) € IR2||"72|7 |773| < 5}7

here we take M large enough such that on the contour we have the growth

rate

1£(05 0, 1) < O(1)eeMIn*,

We now break the domain of integration into two parts
/e”"le‘A"'2tf(0;1'f7,t)dn
Dy
= / el=n’ = AP £ (g 1) diy di d®
B Tyurl's
+/ / el e= APt £(n, t)dn' dn?dny® = i + Jo.
B2 JT'y
Note that |n| > g on I'; and T's, and
Ji= / / ei‘“"”le_m"‘ztf(n,t)dn < Ce U/C, (7.53)
B2 JT1Urs
We now estimate the integral over I'y
To = / / cilzln' e—A\n|2t+o(1)\n|2tdn1dn2dn3
B2 JTy

4At/ / —At‘r] 2At| At‘r] ‘2 At|?7 I2+O(1)m|2tdnldn2dn
B2 Fz

~lel o~ Atlut 42— 2L 1= Atin? 2= Atln 240 (1) (Jut 4T 1P+ n2[2+1n?[2)t
B2 g

dudn?dn?

_ ‘fAt (1-(1-24)2)

T

/ — AuPt—2Aut (N2 U2y 4212 AP 2 ro(1) (Jut D2 12402 2+ 0P )t
6

dudn*dn?,
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and so
|a|? % A o, At|.22 At 312
|J2| < C’e‘ﬁ/ / e~ Fut=S I P =57 dudi?di®
B2 —%
1 _l=?
= ¢ 5¢ 7 (7.54)
(1+1)2
We combine (L52), [£53) and [Zh4) to complete the proof. O

Theorem 7.12. For any given Mach number # > 1, there exists C > 0
such that for |x| < (A4 + 1)ct,

_ (z|—et)?
e < [e ct —t/C]
1Go(@,t) = Gyl 1)z < C (L4657 t+e ,
_ (z|—et)? | |2

e Ct e Ct
(1+1)5/2 * (1+1)>/?

|G, (@, ) — G, (@, )12 < C[

_ xr 2 3 _
FXjzj<er (1 +8) 721+ %) 2te t/C},
IGe(a,t)~Ge(@, )|l 2, |Gy, (@, ) = Gipoy, (. )| 2, [ Gon(, 1) = Gl 1) | 2
‘2

|z
e ct —t/C’]
< —_— . .
_C(1+t)2+e (7.55)
Proof. 1t is enough to provide the proof for |Gy (x,t) — G}p(a}, t)HLg for any
pairing P since we have showed the remainder of G% decay faster when the
explicit leading fluid-like waves G%(m,t) has been taken away in Theorem

The Huygens wave are calculated using Theorem [ZZ1l and Lemma

16520~ Ch(@ Oz = [y [ = Goln.t) ~ G,

.
L

From Proposition [0,

Ga(n,t) — Gy, 1)
= MR 1)] cos(efnt){ cos(lm|A(nl*))

1 5.
< (5 1€PVM® [gPVM + ) 1: )
‘]:
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sin(|n|A(n2)1) [ € o~ o - VM [1E2VM
X i (|€PVM @ [EVM| + EVM & [|€2VM])
eln| (m; !

3 .
30 i te) } o+ ST Lol

jk=1 ul

3 3
(= ;mﬂ‘usw ® VM| + VM [PV + S it )

jk=1

sin(|n|A(|n|*)t) 1 3.
G I (Gl e [V )
+e—Aulnl?t [COS(C|’I7|t){(COS(|77|A(|77|2)75) _ 1)1—15|$|2\/M® €2VM]
+ cos(|m|A( ‘77’ anff

3

+sm(\n!A(‘n’ ( Zmﬂ (|€>VM @ [€2VM|

c|n| V15
3
+EVM @ [IE2VM]) + Z i) }
sin(c|nt) : 2
L cos(mlA ) Z (€PVM® [/ VM

3

+EVM @ [|€FVM]) + cos(InlA(nl*)e) Y n'n* A

k=1

sin|7|A(1n[*)?) j
—— inf? (7 6PVM © € VM +j§::ln )]

i t
= cos(eln[)O(n "yt M, 4 %O(lnl“)te‘f‘”"ztm

—A1|1]‘2tH3 + Sln(c’n‘t) e_Al‘n|2tH4.

+ cos(c|n|t)e
(clnlt) o

We have

H 1 eim-nSin(c|n|t) e~ .
(2m)3 cfn| 7 1
Inl<o ¢
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1 / izm , —Ar|n|?t
= ||W* —= e™e H'dn‘ ,
H (271')3 |n|<é J Lg

1 : 2
iz —A1|m|*tyy .
H o) /n|<6e cos(c|nlt)e H]dn‘
1

= |lwy x —— eim'"e_Al‘"FtH-dn‘
H t (27‘1’)3 /,,7|<5 J

2
Lt

L}

To apply Theorem [Tl and Lemma we only need to estimate
o A2

H Jim<s 2 €% e A1 tdenHLg. Note that

‘COS(’T[‘A(’T[P)Z?)’, ‘Sin(’n"A("nP)t) < C«eO(|7ﬂ3)t7
n =

and that H; and Hs have extra O(|n|*)t. These induce extra (1+¢)~! decay
by Lemma [ZTTk

| |2

e Ct
Lg_c((1+t)5/2+e )’

| 2

H / S0 () e~ 34, |
|n|<d/2

|

e Ct
Lg—c((1+t)3+e )

[ ernottc-timotn
Inl<d/2

Similarly, for Hs and H4 we use the following equality

"sin(|n|A(In|*)7)

cos([nlA(In?)) — 1 = \n!2A<\"’2>/0 w0
to obtain
-y
H/ ei“""O(]n\4)t€_A1|"‘2tH3d77H , < C<e 5 —|—e—t/C>a
Inl<é K :

2
||

e T e

H / 0|yt |
Inl<s LZ

We now consider 1st Riesz wave.

G‘Bml (777 t) - G%B‘ﬁl (777 t)
= =Mt OWNE 1] (cos(eln|t) cos(|n|A(In[*)t) — 1)
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3 ik 3
n’'n
X E e (Xj ® [xk| + E 1 P + \n!zg’;k)
k=1 =1
3

. 3
sin(c|n|t sin(|n|A(|n
+ ((:|7|7|| ){ { ||n|| i 2 cnjnk(xj®[xk\+§ ' Pk
jk=1 =1

3
+n*2 ) + cos(|n|A(|n[*)t Z 7 n’f@fk}
j,.k=

3

sin(|m|A(
+COS(C’T[‘Z€) |77|C|Tl||n| Z J k@2]
j,.k=

2 = i
te— A1l t{cos(c]n\t){(cos(\n[A(\n!z)t) -1) %::1 % (Xj ® [Xkl

3
sin(|n|A(|n
Y ) BN 3 )
=1 j,k=1

3 3
n
+<coscrn\t—1§j|—(§: P+ P 2))
k= =1

3

i t A(
, sin(efn| ){ _sin(ln|A(jn[*)t Z cn]nk< & [xx|
cln| ] Py

3
+ >0 Do+ P2 + cos(imlA(n )t ) W, }]
=1 j,k=1

O(|n|4)te—A1 LR < cos(e|n|t)Py + Mpz
c/n|
3

; 3
"
- Z W<Xj ® [xk| + an@jkl + ‘77’2@3119))

j,k=1 =1

i t
+e_A1‘"|2t<cos(c|n|t)P3 + Mﬂl + (cos(c|n|t) — 1)Ps

c|n|
3
-2 ”j”kg’)}k)
]7k:1

We now use Theorem [[-]] and Lemma and Lemma [CT1] to obtain
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2
|z

< C((el —l—e_t/c), for j=1,2,

1+1)5/2
e_%_‘tz
e’ <O(———— 4 , for j=3.,4,
H/'r]|<5 ((1—|—t)5/2 >

: Al o~
| [ comoqaptye i 7 T (@ bl
Iml<6 |

]7k:1
| |2

e 0((‘3; +e/C),

3
+ane@jkl+|"7|2«@}k>dﬂ‘ 1+ 097

=1

m\2

H /,,|<5 i — A0t Z . nk@l} < C((l _T5/2 e t/C)

J:k=1

To calculate cos(c|n|t) — 1)Ps5, we write

cos(c|nlt) — 1)Ps = (cos(c|n|t) — 1) Z 77‘77’277 Pl
7,k,l=1

. 3
_ /t sin(c|n|7) Z Erpnfl Padr,
0 c|n k=1

and so the inverse Fourier transform of cos(c|n|t) — 1)P5 satisfies

H/ \ e M cos(clnlt)
Inl<

3
Sln C\TNT 2 5 k.l
= cn’nn @kld'ndTH
H/ /'r]<(5 Z J L2

el i ,l .
t
= H/ W(:E,T)*/ el m Z cnnknle@ kldndTH
0 Inl<d 3. k,l=1

The above has one more 1 factor comparing to @;11;9%1 (n,t) which induces

extra (1 + t)~'/2 decay. We can apply similar argument to ||Ge(x,t) —
Gh(@. )z, Gl ) — Ch(@. 1)z and [Gow,(@.£) — Gy 1)1z to

complete the proof. O
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7.6. Global wave pattern for Green’s function

With the construction of essential kinetic waves and the fluid-like waves
in the finite Mach region, the global structure of the Green’s function can
now be studied following the basic procedure of the 1-D case in the last
two sections. The Mixture Lemma for the 3-D case is a straightforward
generalization of the 1-D case; and similarly for the weighted energy method.
We will not elaborate this and only state the result.

Theorem 7.13. The Green’s function, (1),
G =G+ Gk +Ggp, (7.56)

consists of the leading fluid-like waves G° of Theorem [79, the essential ki-
netic waves Gx = hY +h! +h? given by ([CA), ([CH)(ZH), and the remainder
Gpg satisfying

(2| —ct)? _ =

e ot 1 e Caro
Goll-»—O(1 , ~(zl+0)/C].
(7.57)

Moreover,

_ (=|-ct)?
t

e 1
GP1 2 + Pil|Gll,2 = O(1 +
| 1”L§ 1 ”Lg ( )|:(1 T t)5/2 (1+ t)2(1 n ‘32‘2)

| 2

3 X{|x|<ct}
2

|

e CO+o)

+m + e—(|m|+t)/C]; (7.58)
e—("”‘gf”z 1
IPAGP1]|,z = O(1)(t+1)"1/2 + X{|x|<c
_ =2
e C(1+t) —(lz
T e (=l+/C7, (7.59)

Remark 7.14. The Boltzmann equation and the Navier-Stokes equations
share some similarity, for instance, in the large-time behavior of fluid-like
waves. On the other hand, the Boltzmann equation is semi-linear hyper-
bolic; while the Navier-Stokes equations are hyperbolic-parabolic. Thus the
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small time behaviors are quite different. In particular, the Green’s function
for the linear Navier-Stokes equations contains the singularity of the heat
kernel type; while that for the Boltzmann equation does not. Thus in the
above theorem we have expression like (£ 4 1)™® instead of t~®. This is seen
analytically as follows: For the hyperbolic-parabolic systems, the inversion
of the Fourier transform is done for the Fourier variables in the whole space,
as the spectrum is known there. For the Boltzmann equation, the spectrum
is known explicitly only near origin. Meanwhile, it is possible to identify
the singular waves, the essential kinetic waves. The Green’s function minus
these singular waves can be as smooth as needed by the Mixture Lemma.

Thus the singularity near the initial time is not of the heat kernel type.

8. Initial-Boundary Value Problem

In this section we use the 1-dimensional Green’s function G(z,t), (B2),
Theorem BI8, for the initial value problem to study the pointwise structure

of the solution for the initial-boundary value problem:

g+ &g =Lg, >0
g(07t75)’§1>0 = b+(t7£)

The Boltzmann equation is semilinear hyperbolic with characteristic lines

Lalty=¢"

The characteristic lines pointing toward the interior region z > 0 from the
boundary = = 0 correspond to &' > 0. Thus the boundary data b is defined
only for positive ¢!, c.f. [11], [14], [33].

As the boundary x = 0 is stationary, we will see that it is important
to specify the sign of the Euler characteristics \j, j = 1,2,3, of the base
Maxwellian M = My, g] of the linearization. One of the main purposes is

to understand the boundary effect on the wave propagation. For this, we
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choose a localized initial value:

supp(lo) C [-1,1],

supg||lo(z, )| Lee

(8.2)
=, <1

and the imposed boundary data tends to a constant state exponentially in
time:

sup (1 + [€))4by| < e /P for some D > 3/ min \;. (8.3)
€150 Ai>0

Here, the Mach number of the Maxwellian state M(; ,, g is assumed to satisfy
lu|//50/3 # 0,1; and by is a given boundary data for &' > 0,¢ > 0 with
sufficient decay rate supgi~o(1 + [£])?[b4(¢,£)] < oo for all ¢ > 0. When
all the Euler characteristics are of the same sign, one can use the energy
method; otherwise, there is no straightforward energy method for the study
of the initial-boundary value problem (&II). The energy method yields the
existence of the solutions. Our aim is to study the pointwise behavior of
solutions without the same sign property of the Euler characteristics. We
will design a series of approximations through two approximate solution
operators.

8.1. Two approximate solution operators

If the full boundary values g(0,t) = b(t,£), & € R? is known, then there
is the solution formula

[e§) t
gz, t) = / Gz —y,t)lo(y)dy + / G(x,t — 0)&'b(-, 0)do. (8.4)
0 0
We introduce the first approximate solution operator using (84I):

H[lp, b](z,t) : a solution of linearized Boltzmann equation in z > 0,

00 t
Hllo.bl(.8) = [ Gla =y, law)dy + | Gt~ o)'b.,0)do.
0 0
(8.5)
Remark 8.1. As the boundary value should only be posted for ¢! > 0,

the function g(z,t) = H]lg,b](x,t) satisfies only the first two equations of
(1) and not the third equation for the boundary values. In other words,
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in general, g(0,t,€) # b(t,€), even for ¢! > 0. Nevertheless, with the ex-
plicit expression of the Green’s function, Theorem BI8 the formula (&)
offers pointwise expression and will be useful for our analysis of the initial-

boundary value problem (&II).

The second approximation solution operator is by the damped equation

with physical boundary data b

I"lg, by](z,t) : a solution of damped Boltzmann equation in = > 0,
h(z,t) = Dlo, by](z, 1),
hy + €'h, = Lh — 4B, h,
hlz=0.+>0 = by,
( (h(2,0) = lo().

(8.6)
Here, the Euler waves propagating toward the gas region x > 0 is damped

through the upwind Euler projection operator By, [ZI). We will also write
B [lo, b4]() = I"[lo, b4 ](0,1). (8.7)

Remark 8.2. The operator I7[lp,b;] does satisfy the physical boundary

value
BV['O? b+](t7 E)‘51>0 = b+(t7 E)

On the other hand, I7[ly, b4 ] is not an exact solution operator for the origi-
nal Boltzmann equation. Nevertheless, as an approximate operator with the
damped coefficient v taken to be small, the operator is accurate in restoring
the full boundary values as the waves being damped are leaving the bound-
ary. In fact, in the iterations below, this operator is used mainly for the
purpose of restoring the full boundary values. Moreover, as the Euler waves
with positive speed are damped, we can use the weighted energy method to

estimate the solutions of (BH]).

We now design an iterated scheme based on the above two operators

for the construction of the original initial-boundary value problem (&II).
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Consider the iterations:

qi(x,t) = Dlg, by](x, t),

bi(t) = a1(0,1),

g1(z,t) = Hllp, by](x,t),

di+ () = —(81(0,£) — by ())]e150;

and, for n > 2, (8.8)
An(z,t) =17[0,dp—1,4](x, 1),
bn(t) = an(0, ),
(1) = H[0, by (2, ).

( dn+(t) = —(n(0,) — dn—1,4)[e150-

As noted above, the functions g, (x,t) are solutions of the Boltzmann equa-
tion, but the boundary condition is not satisfied in general. However, the
discrepancy of the boundary values will shown to decrease and, if the se-
ries Y o0, gn(z,t) converges, then it is easy to see that it converges to the

solution of the initial-boundary value problem (&II).

8.2. Weighted energy method

The initial-boundary value problem for the damped Boltzmann equation

with 0 < v < 1,

a +£&'q, = Lg —9Bi&'g, = >0,
Alz=0.150 = 9+ ()le1>0 (8.9)
QIt:O = U,
is studied by the weighted energy method. Integrate the first equation in
([B3) taken inner product with 2q and multiplied with the weight w(x) = e7*:

d [ o
E/o ew(q,q)dwr/o 7€7%(q,2B &' — &'q)da — (q(0,1),£1q(0, 1))

— /OOO e'yx(2q7 Lq), (810)
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We now study the second integral. Decompose the solution into

3 3

qa=Poa+Pia=qo+a=> (a,E)E +a1 =) q,E +a.
=1 =1

The macro part of the integrant for the second integral above is

3
(90,2B1&Ma0 — &'an) = 2 ) Ailg0))* — D Ai(405)?
7=1

A >0
> Z|/\g| q07)* > A(do, qo); (8.11)
7j=1
where
A = min );.
A;>0

The estimate for the micro part is provided by the term (2q,Lq). Thus we
have control of the energy of both parts by using [B23)) and B2Z4]) and
conclude that, for sufficiently small v c.f. ([EXT),

d [ 2 o
— ew(q,q)dx—i——,yA/ ew(q,q)da:—2(q(0,t),§1q(0,t))_
dt J, 3 )

< 2(q+,§1q+)++2/ e’ (ug, ug)dz, (8.12)
0

Here,

OISy IR (GL G

This leads to the estimate

/0 ew(q,q)dw\r—/o e 2M=12(q(0, 1), £'q(0, ) _dt
< / e~ 3A=09(4(0, 1), £1(0, 1)) s di + e~ 372 / 7 (4o, up)dz.  (8.13)
0 0

By the above estimates, one has

1

% (8.14)

/Oo e2™2(by(0,1),£'by (0,8))_dt < O(1)
0
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e_PYT/D

/Ooewq,q)dwnsou) L (81)
0 v

where D is given in (B3]).

Remark 8.3. The operator I7[lp, b, ] is used in the iterations (&) to restore
the full boundary values b(t) from the given values b (¢). From &I3]) we
have

/ ¢~ 3AE=) (b(s), [¢1b(s))ds

0

t 0o
< 2/ e_%A(t_s)(bJr(s),\§I\b+(s))ds+46_%m/ e’ (lo, lo)dz, (8.16)
0 0

b(t) = I7[ly, b1 ](0, 7).

Thus the weighted energy method yields the estimate for the full boundary
values b(t) in terms of the boundary data by and the initial data ly. This
turns out to be sufficient for further analysis.

8.3. Pointwise estimates

For the operator 17[0,dy,—1 +](x,t) in (BS), we need an estimate for the
function of the form H[lg, b]|,—g for &' > 0. In carrying out the estimate for
H[0, b,|(x, ) in the iteration (), what we have from the previous iteration
is the boundary estimate of the form (BI6). We carry out these estimates
in this subsection. For this, we need to make essential use of the decompo-
sition of the Green’s function into fluid-like, essential kinetic parts, and the
remaining parts, G = G + Gg + Gg, ([C20), (1), Theorem BIT (BI4),
and (BT3).

The first term by (0,¢) = I"[lp,b4+](0,%) in the iteration is estimated by
the weighted energy method and shown to satisfies estimate of the form
(&T4)). We then study the next term in the iteration. The component h°
in BZ0), Gk = h” + h! + h?, contributes [, h%'bido to Hlly, bi] which
has pointwise estimates when b; has pointwise structure for &' > 0, with
the same sign as . This is due to the delta-function in h?. The compo-
nent fg (h! 4+ h?)¢lbydo gives pointwise structure for all z because of the
regularizing effect from K in constructing h! and h?. Thus we conclude that
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fg Gk (z,t—0)¢'bydo has pointwise estimate given that the boundary values

by are given with estimate of the form (BI4):

t
I [ Grlant = )bt = o)l
1
< O(1)——e #H+)/C0 f51 2 > 0 and some Cy > 0. 8.17
(1) 7 (8.17)
The detailed calculations are straightforward and omitted.

By the pointwise structure of the fluid-like wave component in (GZ0)
and the remainder component in ([72) together with (8I4l), one has that

t
/0 Grp(z,t — 0)é'by(0)do

2
Le

t
/ Gr(z,t —o)e A/ 1eAo/Aely (o) do
0

2
Lt

IN

1
t 2
o) ([ e (et = o)lize a0
0

“([ L2y o), € Iba(o))o :

_(zijt)Q
1 e Cot o lelt
<OoM)= | ———+0(1) " @ (8.18)
Y 30 v1+1t

for some Cy > 0. The estimates in [8I7) and BIF) give the pointwise

estimate of the operator H]ly, by].

For the convergence of the iterations, we will need more detailed struc-
ture of the Green’s function stated in Theorem ETIl We can also construct
the Green’s function, Gp with similar property for the damped equation

h; + €'h, — Lh = —yB,¢'h in a whole space problem.
The estimates of byjc150 — bot[e150-

We know the full values of the function by (t) = q(0,¢) of the solution of
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an initial-boundary problem of the damped Boltzmann equation:

q¢ + &'ae = La — By &lg, o >0,
Alz=0,6150 = by (1), (8.19)

qle=0 = lo.
By the Green’s identity we have in turn the following representation of the

boundary data b, [¢150:

bileiso = (/OOOG(—y,t)Io(y)der/()tG(07t—0)§1q(070)d0>

£1>0

t [e'e)
. . . 1 1
Y /0 /0 C(—y,t - 0)€'ByElqdydo (8.20)

£1>0

By the definitions of H]ly, b;] and that by (¢) = q(0,¢), one has that

d1,+ = b+’§1>0— |0,b1](0 t)‘51>0

= —y (// y,t—U)B+§1q(y,s)dyda>|§1>0. (8.21)

The combination of the energy estimate and separation scale of the Green’s

function is used in the next step:

t o]
0/0 G(—y,t — 9)B+&lq(y, s)dydo

2
Le

t [e¢)
/ G(—y,t —0)e /2B, £ q(y, s)e?* 2dydo
0 Jo

2
Lt

_ (my=A(t—o))?
Co(t—0o)

onn [ ([ Trsie

(—y=X;(t—0))2

_yAitme))” 1/2
Toli—o) |z —y|+t—oc
oo Y
+ Z t e 1 +e )e y)
A;>0

IN

1/2

X(/OOO ew(q,q)dy> do
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1/2
t —Ko(t—o)y (t—o) —vo/D
< oy, (f—ﬂ—w—me——%) i

t—o+1)3/2 VY
= O(1)y/4et/P, (8.22)

Here, we have used the fact that G(z,¢)B, gains an extra decaying factor
0f 1/4/t+ 1 in the fluid-like wave component located around to |z — A;t| <
O(1)v/t for A\; < 0. [BZ2) gives the estimate of doy in || - HLg’Jr. We need

to improve it into a pointwise estimate in &' > 0. For this, one uses the
Green’s function G}, (z,t) for the damped Boltzmann equation (9 + & 19, —
L++B&H)h = 0 for a whole space problem and the estimate (8Id]), and the

representation

ale.0) = [ Ghle— iy + [ St - o)bi(o)do

to yield a pointwise ||q(x,t)\|L§ estimate in (z,t). With this estimate, one

can interpret the function

t o]
D(z,1) E/O /0 G(z —y,t — 0)B,£'q(y, 0)dydo

as the solution of the following initial value problem with a given inhomo-

geneous term v Heaviside (z)B&!q with pointwise structure in (z,t,):

(0y + €10, — L)D = « Heaviside (z)B¢'q,
D(z,0) = 0.

where Heaviside () is the Heaviside function. With the estimate on || fg I
G(z —y,t—0)By&lq(y, J)dydaHLg, by a standard bootstrap procedure, one
obtains estimate of the form:
sup (1 + [€])*|d1, 4 (£,€) < O(1)y!/1e™7/P. (8.23)
£>0

The estimate ([823]) is compared to that for the given boundary data by in
(B3)). Then, one can repeat the procedure from ([83) by replacing by with
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di + and ly with 0. We therefor show that the iteration scheme satisfies

sup (1 + [¢]) dy, 4 (t) < C1y™/Pe™ P,
£1>0

G 502
8.24)
n—1 Cot x|+t (
lgn(z, )l 2 < Cry ™73 Z +0(1)e” "%
‘ A>0 YV 1+1

for some Cy > 0. This yields the convergence of the iteration scheme and
the series g(x,t) = Z;’;l g; solves the initial boundary value problem (&1I)

with

(@) 502
C| t x|+t
0 _,Y\ |

+oMe V% |, (8.25)
P

lg(, Dll2 < O(1)C1y ™

This structure of g(x,t) and that of the G(z,t) are used to generate the

solution of an given initial boundary value problem with any y > 0:

(O + €10, — L)h =0,
h(0,8)l¢150 = 0,

h(z,0) =0 for |[x —y| > 1,
IhC O)llzge e,y < 1.

(8.26)

The solution satisfies, for z,t > 0,

(x—y—X; t)2

e Co(1+t) _lz—yl+t
- _te Co
V14t

(2= (t—0))2 (a2
C()(t o+1) e Co(o+1)

41
/ Z Vit—o+1)(oc+1) do. (8:27)

For the case A\1 < Ay < 0 < A3, the solution has the essential support as

3
Iz, o) < 0) | >
7j=1

depicted in Figure[l The Green’s function Gy for the initial-boundary value
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problem

(at + glax - L)Gb = 07

Gb(ov t)|§1>0 =0, (828)

Gy(x,0) = &(z — x0)8° (€ — &o), o0 > 0,
can also be constructed. Because of the boundary, the Green’s function is
not translational invariant in x and is of the general form Gy(x, zg,t, &;&p).
The procedure in the preceding sections of constructing the essential kinetic
and fluid-like waves are needed. The construction of the fluid-like waves
have been outlined above. The construction of essential kinetic waves are

similar. We conclude with the form of the Green’s function, again for the
case of A\ < Ag < 0 < A3:

Gy = G} +Gf + G,

G;* =h%+h! +h?,

h' = e O15(zx — 2o — £11)5%(¢ — &),

0, for (z — xo — &§t) (€t — x + x0) < 0,

0, for (z — xg — &§t) (€M — x + x0) > 0,
—zo/&y + /€ <t, € >0, & <0,

e—nu(€)(t—t1)—nu(ép)ty K(€—¢&o) . 8.29
el , otherwise, (8.29)

tr=t— (z_zo — &t) /(' — &),
[h2] = O(1)ewolt+le—zol/3LHERL (1 4 |g)) =1,

hl

3 2
(=X ;t—=z(q)
IGE 2 = O _(1+ )2
j=1
2 (»"C*A:atfkszo/kj)2
A+ DA+ 2)] e o,
j=1
(z|+]zgl+t)
IGElzz = O(1)e= 6,

Moreover, the algebraic decay rates are higher when the Green’s function
acts on the micro part of the initial data.
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t

,odt

d d d
ek Eex %=X

L dt

dz
dt

dx
dt

Zo

Figure 9: Solution for the case A\; < A2 < 0 < As.
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