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Abstract

In this paper we consider a particular type of partition of Z,,, called H-partition and
obtain a necessary and sufficient condition for existence of a set of four symmetric circulant

matrices for a Hadamard matrix of order 4n in terms of such partitions when n odd.

1. Introduction

A (1,—1) matrix H of order n is called a Hadamard matrix if HH' = nl,
where H' is the transpose of H. If H is a Hadamard matrix of order n then
n =2 or n = 0(mod 4). The converse of this seems to be true and is known

as Hadamard conjecture.

Many exciting results have stemmed from the following basic idea put

forward by Williamson . Consider the array

w X Y Z
I _ -X W —ZY
-Y Z W -X
—-Z =Y X W

If W, X,Y, and Z are replaced by square matrices A, B,C, and D of order
n, respectively, then H becomes a square matrix of order 4n. Williamson

proved that a sufficient condition for H to be a Hadamard matrix is that
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A, B,C, and D are (1,—1) matrices of order n with
AA'+ BB '+ CC' + DD’ = 4nI (1)
and for every pair X,Y of matrices chosen from A, B,C, D
XY' =YX (2)

If A, B,C, and D are symmetric and circulant then condition (2) is satisfied
trivially and condition(]) becomes

A? + B2+ C? + D? = 4nl (3)

The basic difficulty lies in finding the matrices A, B, C, and D which satisfy
the condition (B]). In this article we give a necessary and sufficient condition
for the existence of such symmetric circulant matrices A, B,C, and D. Our
result also gives a method for finding a set of such matrices.

2. Definitions

Definition 2.1. For any odd integer n, let Z,, be the cyclic group of integers
modulo n under addition. Let A be a proper subset of Z, such that 0 € A
and A = —A. Then A,B = Z,, — A is clearly a partition of Z, such that
B = —B. We call such a partition of Z,, to be an H -partition of Z,.

For an H-partition (A, B) of Z,, let A+ B ={a+b(modn) |a € Abec
B}. Let C denote the set of distinct elements of A+ B. For any ¢ € C' we

denote n. the frequency of occurrence of ¢ in A+ B. Clearly 0 ¢ C for any
H-partition (A, B) of Z,,.

Definition 2.2. A set of 4 symmetric circulant matrices A, B,C, and D
satisfying the condition A%+ B2?+C?+D? = 4nl is called a set of Williamson
circulant matrices.

Definition 2.3. The shift matriz T of order n is a (0,1)-square matrix
defined as T' = [u;;], where

1, if j—i=1modn;
u,-j =
0, otherwise.
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Definition 2.4. For any matrix A, the Match matriz A'™ of A is defined
as A™) = [n;;], where n;; = number of places in which the i row and j"

row of A have same non-zero entry at corresponding places.

Definition 2.5. For any matrix A with nonzero entries, the Mis-match
matriz AT of A is defined to be A™™ = [n;;], where f;; = number
of places in which the i*" row and j* row of A have different entries at

corresponding places.

Definition 2.6. Let ag,a1,...,a,—1 be a sequence of n elements then a
matrix C' = [¢;;] is called a Circulant matriz with entries ag, a1, ..., ap—1 if
Cij = Gy modn’ for 1 <4,5 <n.
n—1
Clearly C'is a circulant matrix if and only if C' = Z a; T".
i=0

We now have the following result.

3. Result

Theorem 3.1. There exists a set of four Williamson symmetric circulant

matrices of order n if and only if there exists four H-partitions (A;, B;),

4
1=1,2,3,4, of Zy,, not necessarily distinct, such that U C; =Zn,—{0} and
i=1
4

Z n’. =n for each c € Z,, — {0} where n’. denotes the occurrence number of
i=1
cin A; + B;.

Proof. Let T be the shift matrix of order n. For any set of four H-partitions
(A;,B;), 1 =1,2,3,4 of Z, of the stated type, let P; = Z T% and

a;€A;
N; = Z T%. Then P, and N; are symmetric circulant (0,1) matrices and
b,€B;
PNy =Y niT*
ceC;

4

=Y PNi=n Y T°=n(J-1) (1)

i=1 c€Zn—{0}
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Now let X; = P,— N, for i = 1,2,3,4; then X/s are symmetric circulant ma-
trices with entries 1 and —1 and hence X;, X; commutes for 7, j € {1,2, 3,4}.
From Definition 24 it is clear that for a symmetric (0,1)-matrix A the
match matrix A(™ = A2, Since P;’s and N;’s are symmetric (0, 1)-matrices,
Pi(m) = PZ-2 and Ni(m) = Nz-z, and Xi(m) = Pi(m) + Ni(m) for i = 1,2, 3, 4; since
(A;, B;) is a partition of Z,. So

x™ = P24 N2ji=1,2,3,4; (2)

From Definition it is clear that, for a (1,—1)-matrix A of order n, the
mis-match matrix A™™) = [1i;;] = [n — ny;], where n;; is the (i, )" entry
of AM),

Therefore A™™ = nJ — A where J is the square matrix with entry

1. Since X; is a (1, —1)-matrix,

X = g - x™

7

= X" = nJ — (PP 4+ NP); i=1,2,3,4 (3)

Also, since X; is a symmetric (1, —1)-matrix X? =[zy], where xj; = inner

lth

product of the k' row and I'® row of X; = (number of places in which the

lth

k™ row and I*" row of X; have the same entries) - (number of places in which

the k'™ row and I*" row of X; have different entries).

Thus
X2 = X
= X2 = 2(P?4+ N?) —nJ;i=1,2,3,4
4 4 4
=Y X7 =20 PP+ ) NP —dnJ (4)
1=1 i=1 i=1
Again
4 4
S = S r -
i=1 i=1

4 4 4
SIS 3 B I
1=1 1=1 i=1
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4 4 4 4
>3 PP+ N2 = Y x2+2) PN (5)
i—1 i=1 i=1 =1

From equations () and (&)
4 4 4
Sox? =20 X7+2> PN)—4nJ
i=1 i=1 i=1

4
= E:XZ2
=1

So equations (Il) and (6] imply

4
AnJ —4) PN, (6)

i=1

4
Y X7 = 4nJ —4n(J - I)
i=1
= 4nl
Thus X;, i = 1,2,3,4 form a set of four Williamson circulant matrices for a

Hadamard matrix of order 4n.

Conversely, let X;, i = 1,2,3,4 be a set of four Williamson symmetric
circulant matrices of order n. Then

4
S X7 = anl (7)
=1

and
X X; = X;X;, (8)

for 4,5 = {1,2,3,4}.
Since X; is a (1, —1) circulant matrix, it can be written as

n—1
X =Y @ TF a;=+1:i=1,2,34 (9)
k=0

Let A; = {k,k € Z,, | ax = +1} and B; = {k,k € Z,, | ax = —1}, then
clearly (A4;,B;), i = 1,2,3,4 are four partitions of Z, and exactly one of
A; and B; contains 0. Since equation (7l) remains valid if X; is replaced by
—X;, replacing X; by —Xj, if necessary, we can assume that A; contains 0,
fori=1,2,3,4. As +X; is a symmetric circulant matrix k € A; = n—k € A;
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and so (4;,B;), i = 1,2,3,4 are four H-partitions of Z,. Let P, = Z TF
keA;
and N; = Z T*. Then X, =P, —N;; i =1,2,3,4 and P, and N; are
keB;
symmetric matrices with entries (0,1). Thus Pi(m) = P? and Nl.(m) = NZ,
and Xi(m) = Pi(m) + Ni(m) fori=1,2,3,4. So

x™ = P24+ N2 i=1,2,3,4. (10)
Since X; is a (1, —1)-matrix from Definition
xmm =g — x™. (11)

Using equations (), (I0) and (II)) we get

4
> PN;=n(J -1 (12)
i=1
4 .
Now, if possible, let us assume that for some element & € Z,, — {0}, Z ng =
i=1
ng #n. As P,N; = Z niTC; i =1,2,3 and 4, where C; is the set determined
ceC;
4 4 ' 4 4
DOPN; = > (> niT)=> (> ni)T¢, where C=|JC;
i=1 i=1 ceC; ceC i=1 i=1
= Y O nhre+d) npmh = Y O nhTe+nT"
ceC—{k} i=1 i=1 ceC—{k} =1
But this contradicts
4
ZPZ-NZ- =n(J—1), asng#n.
i=1

4 4
So C = U C; =7, — {0} and Zné = n for each ¢ € Z,, — {0}. Hence the
i=1 =1
theorem. O
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4. Examples

Example 4.1. For n = 5; let Ay = {0}, B1 = {1,2,3,4}; Ay = {0}, By =
{1,2,3,4}; A3 = {0,1,4}, B3 = {2,3}; Ay = {0,2,3}, By = {1,4}. Then
A1+B; ={1,2,3,4} Ay+By = {1,2,3,4} As+Bs ={1,2,2,3,3,4} and A4+
By =1{1,1,2,3,4,4}. These four H-partitions clearly satisfy the condition of
the theorem and yield a set of four Williamson symmetric circulant matrices
whose first rows are given by

+1 -1 -1 -1 -1
+1 -1 -1 -1 -1
+1 +1 -1 -1 +1
+1 -1 +1 +1 -1

Example 4.2. For n = 9; (i) Ay = {0,1,8},B; = {2,3,4,5,6,7}; Ay =
{0,2,7}, By = {1,3,4,5,6,8}; A3 = {0,3,6},Bs = {1,2,4,5,7,8}; Ay =
{0,4,5}, By = {1,2,3,6,7,8}. Then A1+By ={1,2,2,3,3,3,4,4,4,5,5,5,6,
6,6,7,7,8}

Ay + By =1{1,1,1,2,3,3,3,4,4,5,5,6,6,6,7,8,8,8}

As+ Bs={1,1,1,2,2,2,4,4,4,5,5,5,7,7,7,8,8,8}

and Ay + By = {1,1,2,2,2,3,3,3,4,5,6,6,6,7,7,7,8,8}. These four H-
partitions clearly satisfy the condition of the theorem and yield a set of
four Williamson symmetric circulant matrices whose first rows are given by

+1 +1 -1 -1 -1 -1 -1 -1 +1
+1 -1 +1 -1 -1 -1 -1 +1 -1
+1 -1 -1 41 -1 -1 41 -1 -1
+1 -1 -1 -1 +1 +1 -1 -1 -1

as listed in |2]. Some other sets of such matrices are obtained dy considering
the partitions,

(ii) A; = {0,1,8}, By = {2,3,4,5,6,7}; Ay ={0,1,3,6,8}, By = {2,4,5,7};
As ={0,2,3,6,7}, B3 = {1,4,5,8}; A4 ={0,1,3,4,5,6,8}, By = {2,7}.

(iii) A; ={0,2,7}, By ={1,3,4,5,6,8}; Ay ={0,2,3,6,7}, By = {1,4,5,8};
A3 =1{0,3,4,5,6}, B3 = {1,2,7,8}; A4 ={0,1,2,3,6,7,8}, By = {4,5}.

(iv) Ay ={0,4,5}, By ={1,2,3,6,7,8}; A3 ={0,3,4,5,6}, B, = {1,2,7,8};
A3 ={0,1,3,6,8}, B3 = {2,4,5,7}; A4 ={0,2,3,4,5,6,7}, By = {1,8}.
The first row of the respective sets of Williamson matrices are,

(i)
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+1 41 -1 -1 -1 -1 -1 -1 +1
+1 41 -1 41 -1 -1 41 -1 +1
+1 -1 41 41 -1 -1 41 41 -1
+1 +1 -1 +1 +1 +1 +1 -1 +1

(iii)

+1 -1 41 -1 -1 -1 -1 +1 -1
+1 -1 41 +1 -1 -1 41 +1 -1
+1 -1 -1 +1 +1 +1 +1 -1 -1
+1 41 41 41 -1 -1 41 41 +1

+ -1 -1 -1 +1 +1 -1 -1 -1
+1 -1 -1 +1 +1 +1 +1 -1 -1
+1 +1 -1 +1 -1 -1 41 -1 +1
+1 -1 +1 +1 +1 +1 +1 +1 -1

5. Possible size of partitions for Williamson matrices
Theorem 5.1. Let (A;, B;),i = 1,2,3,4 be a set of H-partitions of Z,,, which
4

gives rise to a set of Williamson matrices. Then Z ki(n —k;) =n(n—1),
i=1
where k; = |4;];1 = 1,2,3,4.

Proof. Let (A4;,B;); i = 1,2,3,4 be a set of H-partitions of Z,, which
4

constructs a Hadamard matrix. Then Z n' = n for all ¢ € Z,, — {0}. Let
i=1

k)l' = ’AZ’,Z = 1,2,3,4.

Without loss of generality we can assume that 0 € A;;7 = 1,2,3,4.
As A; = —A;;i = 1,2,3,4, k; is an odd positive integer and consequently
|B;] = n — k; is an even integer for all ¢ = 1,2,3,4. Since A; + B; is a
k; x (n — k;) sub-matrix of the matrix corresponding to the composition
table of Z,,, for i = 1,2, 3,4; we have.

Z nt = ki(n—Fk);i=1,234.

CEZTL
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4 4
=3 (> nl) = kin—k) (13)
i=1 c€Zn =1
Again
4 4
DO nl) =D D nl) as nj=0i=1,234
i=1 c€Zn i=1 c€Zn—{0}

4
= > QO_m)

c€Zn—{0} i=1

4
:>Z(Z nl) = Z n=n(n-—1) (14)

=1 CEZn CEZTL_{O}

From ([I3]) and (I4]) we have

So the possible size of A;; i = 1,2,3,4 are ky, ko, k3 and k4 respectively

which is a set of odd integer solution of the equation
wn—w)+z(n—z)+yn—y)+zn—=2) =nn-1)

Theorem 5.2. The equation
wn—w)+z(n—2z)+yn—y)+z2(n—2)=n(n-—1)

has an integer solution if and only if there exists an integer solution of the

equation
X1+ Xo+Xs+Xy=n-1
in {m(m —1)}>°_, .
Proof. Let {ki, ko, ks, ks} be an integer solution of the equation

wn—w)+zn—z)+yn—y)+z2(n—2) =n(n—1). (15)
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Thus
4

Zk(n—k)—n(n—l)

=1
Mh&:%%;Xﬁ}%—(n—k)'—l234
Since k; + (n — k;) = n;i = 1,2,3,4, so (252)(Z) > ki(n— k)36 = 1,2,3,4
BE2) — ki(n — ki) > 0;0=1,2,3,4 Then

S0

= Xi = (%54) (24
1 L on—1.n4+1
DX = A5 ()~ kln— ki)

= (n—1)(n+1) Z ki(n —
= (n-1)n+1)-— n(n —1) [from(d3)]
=n-1
Now we have to show that X; € {m(m —1)}>°_, for i =1,2,3,4.
For ¢ =1,2,3,4 we have

n—1 n+1

X = (CCHEE ~ kitn— k)
= OO k) k(D) kin— k)
= CEHEE k) -k k)
:(ngl mx”21—m>
= mi(m; — 1) [say nuzngl—kA

If 25 >k = my > 0= my(m; —1) > 0= X; > 0.
If 25l <k = m; <0=m(m; —1) > 0= X; > 0.
Thus for 1 =1,2,3,4; X; € {m(m —1)}°_,
Conversely, let m;(m; — 1);i = 1,2,3,4 be an integer solution of

X1+ Xo+Xs+Xy=n—-1 (16)

Theanz m; — 1) =n — 1. We claim that for i = 1,2,3,4; sz" If
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not, suppose for some ¢ = 1,2,3,4; m; > ”T_l = m;(m; — 1) > ”T_lnTHfor
n>3. Forn=1, X; = Xy = X3 = X4 =0 is a solution of (I6) and the

corresponding solution of (IB) isw =z =y =2 = 1.

Now consider k; = ”TH —m;:i=1,2,3,4.
Then
4 4
n+1 n+1
;k‘z‘(n—ki) —;( 5 —mi){n — ( 5 —m;)}
4
n+1 n—1
4
B n+1l n-—1 ‘n—l—l_n—l 9
n+1 n-—1 4
= () = Y mimi - 1)
i=1
= nmn+1)n—-1)—(n—-1)
= n(n—1).

So ki(n —k;);i =1,2,3,4 is a solution set of equation (IH]).
Example. For n = 31; the solutions of the equation

X1+X2+X3+X4:’I’L—1,

in {m(m +1)}>_, are given by

(i) (12,12,6,0), (i) (12,6,6,6), (i) (30,0,0,0) and (iv)(20,6,2,2). Using

theorem (5.2) the corresponding solutions of
wn—w)+z(n—2z)+yn—y)+z2(n—2)=n(n-—1)

are (a) (19,19,13,15), (b) (19,13,13,13), (c) (21,15,15,15) and (d) (11,13,
17,17) [taking all odd solutions] respectively. So possible size of part A; of
the H-partitions (4;, B;);i = 1,2,3,4 are given by one of the solutions (a),
(b), (c) and (d) only. Using these concepts the exhaustive search becomes

quite easy as other sizes of H-partitions are disposed off.
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Let us consider the solution (a) (19,19,13,15). By hit and trial we obtain

A; = {0,1,2,4,7,10,11,12,14, 15,16, 17, 19, 20, 21, 24, 27, 29, 30},
Ay = {0,4,5,8,9,10,11,12, 14, 15,16, 17, 19, 20, 21, 22, 23, 26, 27},
As = {0,2,6,9,12,14,15,16,17, 19,22, 25, 29}

and
Ay = {0,2,3,4,9,10,11,13, 18,20, 21, 22,27, 28, 29};

such that the frequencies né—;j =1,2,...,15;9=1,2,3,4 are as follows:

nj = {8,8,6,8,7,9,10,8,8,7,8,7,7,6,7},
n; = {6,9,8,5,5,7,8,8,8,8,8,7,10,9,8},
nd = {10,7,6,8,9,7,8,7,9,7,9,8,8,7,7},
nj = {7,7,11,10,10,8,5,8,6,9,6,9,6,9,9}.

4
Since Zn; =31 for j =1,2,...,15, the conditions of the theorem (3.1) are
i=1
satisfied by this set of four H-partitions and we have a set of four Williamson

matrices giving rise to a Hadamard matrix of order 4 x 31.

If we consider the solution (a) (19,13, 13,13). By hit and trial we obtain

A; = {0,4,5,6,8,10,11,12,13,15, 16, 18, 19, 20, 21, 23, 25, 26, 27},
Ay = {0,1,2,3,7,9,14,17,22, 24, 28,29, 30},
As = {0,2,3,9,11,12, 15,16, 19, 20, 22, 28, 29}

and
Ay = {0,2,3,9,11,12, 15,16, 19, 20, 22, 28, 29};

such that the frequencies n;'»;j =1,2,...,15;1=1,2,3,4 are as follows:

3

— {8,7,9,7,6,7,8,6,10,6,8,8,9,9,6},
= {7.6,8,8,7,8,7,7,9,7,9,9,10,8, 7},
= {8,9,7,8,9,8,8,9,6,9,7,7,6,7,9},
= {8,9,7,8,9,8,8,9,6,9,7,7,6,7,9}.

3

3
SR S SN S

3
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4
Since an = 31 for all j = 1,2,...,15, the conditions of the theorem
i=1

(3.1) are satisfied by this set of four H-partitions and we have a set of four
Williamson matrices giving rise to a Hadamard matrix of order 4 x 31.
Both of these are listed in [3].

Remark. It can be observed that the set of H-partitions which construct
Williamson matrices also yields Supplementary Difference Sets |7, [8].
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