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NON-OSCILLATION OF SOLUTIONS OF SECOND AND
THIRD ORDER DIFFERENCE EQUATIONS
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Abstract

In this paper, sufficient conditions are obtained for non-
oscillation of all solutions of a class of linear homogeneous second
order difference equations. These results are used to get sufficient
conditions for non-oscillation of all solutions of a class of linear ho-
mogeneous third order difference equations. An attempt is made
to obtain necessary conditions for non-oscillation of solutions of
second and third order difference equations. Many unsolved prob-

lems are stated.

1. Introduction

Linear difference equations of second order has been the subject of study
for last several years. A good deal of attention is paid to the oscillation /non-
oscillation of solutions of such equations. Although difference equations of

the form
Yn+2 T PnYn+1 + qn¥Yn =0 (1.1)
are viewed as the discrete analogue of differential equations
y' +pt)y +a(t)y =0, (1.2)

all the properties of solutions of ([L2) cannot be carried over to ([T). If p(¢)
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and ¢(t) are continuous, then ([LZ) can always be put in the self-adjoint form
(r)y) + a(t)y = 0.
However, ([LI) can be put in the self-adjoint form (see p.252, [5])
APr-18Yn-1) + ¢nyn = 0,

if ¢, > 0, where A denotes the forward difference operator defined by Ay,, =
Yn+1l — Yn. We may note that the Fibonacci equation

Yn+2 — Yn+1 — Yn =0 (1'3)

cannot be put in the self-adjoint form. Linear difference equations of third
order is being studied vigorously in recent years. In this paper, sufficient
conditions are obtained for non-oscillation of all solutions of a class of linear
second order difference equations and these results are used to obtain suffi-
cient conditions for non-oscillation of linear third order difference equations.

By a solution of (([T]), we mean a sequence {y,},n > 0, of real numbers
which satisfies the recurrence relation ([IIl). A solution {y,} of () is said
to be nontrivial if, for every integer N > 0, there exists an integer ng > N
such that y,, # 0. By a solution of ([LI) we always mean a nontrivial
solution. A solution {y,} of (1)) is said to be non-oscillatory if there exists
an integer Ny > 0 such that y, > 0 or < 0 for n > Ny; otherwise, {y,}
is called oscillatory. In that case, for every integer N > 0, we can find an
integer m > N such that y,,—1ym < 0. Equation (CII) is said to be non-
oscillatory if all its solutions are non-oscillatory. It is said to be weakly non-
oscillatory if it admits a non-oscillatory solution. It is said to be oscillatory if
all its solutions are oscillatory. Such a definition is needed in view of the fact
that the Fibonacci equation ([L3)) admits both oscillatory and non-oscillatory
solutions;{(”—z*/g)”} is the positive solution and {(1_—2\/5)”} is the oscillatory
solution of ([L3). Such a situation does not arise in case of linear second order
ordinary differential equations or self-adjoint linear second order difference
equations in view of Sturm’s separation theorem. These definitions hold
good for linear third order difference equations. However, self-adjoint linear
third order difference equations are equations with constant coefficients (see
[7]) and Sturm’s separation like theorem is not available for linear third order
difference equations. There are third order difference equations all of whose
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solutions are non-oscillatory or oscillatory or where both oscillatory and non-
oscillatory solutions coexist. Moreover, a solution {y,} of (1) is said to
have a simple zero at ng > 0 if y,, = 0. It is said to have a sign-changing
zero at ng > 1 if yp,—1Yn, < 0. The solution {y,} of [I)) is said to have a
generalized zero at ng if ng > 0 is a simple zero or ng > 1 is a sign-changing

Z€ero.

There are some results concerning necessary and sufficient conditions
for non-oscillation of (LZ) in [14]. It seems that there are not many results
available in the literature concerning necessary and sufficient conditions for
oscillation /non-oscillation of (II). Oscillation/nonoscillation of solutions of
self-adjoint linear second order homogeneous difference equations is briefly
discussed in [I, p.320]. The equations considered in this work are more
general than self-adjoint equations. Moreover, simple observation of the
equation can predict the nonoscillation of all solutions of the equation by
our results. But the result concerning nonoscillation of solutions in [1] re-
quires computation. In [2, 4], sufficient conditions for non-oscillation of a
class of self-adjoint second order linear difference equations are obtained.
However, neither the methods nor the results in these papers can be used to
obtain sufficient conditions for non-oscillation of third order linear difference
equations. In [4], some sufficient conditions for oscillation and necessary
conditions for nonoscillation of self-adjoint second order linear homogeneous
difference equations are given. However, our conditions are different from
those conditions. In [17], linear third order difference equations with con-

stant coefficients of the form

Yn+3 + TYnt2 + @Yng1 + pyYn = 0,0 >0, (1.4)

is studied in great detail and some of the results concerning oscillation of
(CA) are generalized to corresponding third order difference equations with
variable coefficients in [9, [L0]. However, no result in [15] concerning nonoscil-
lation of (L) could yet be generalized to variable coefficients. In the fol-
lowing we state some of these results which will be used in Section 3 to
verify that the examples cited satisfy them although the nonoscillation re-
sults obtained in this paper for equations with variable coefficients are not

the generalization of these results.
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Proposition 1.1. Suppose that p < 0, ¢ = %, r#0 and

qr 2r3

Then (LA)is nonoscillatory.

Proposition 1.2. Let p <0, ¢ < %, r <0 and

Then (L) is nonoscillatory.

Proposition 1.3. Ifp <0, 7 <0, 2 <¢ <% and
2 r? 32 4" 2r3
Ayt L )
333 YTz

then (L)) is nonoscillatory.

Proposition 1.4. If p < 0,0 < g < %, r < 0 and (CH) holds, then (L)
s nonoscillatory.

Due to non-availability of results providing sufficient conditions for nonoscil-
lation of all solutions of

Yn+3 T "nYnt+2 + @uYn+1 + Payn = 0,

several authors obtained sufficient conditions for the existence of a nonoscil-
latory solution of the equation. Usually it is done through fixed point the-
orems. Then the equation is called nonoscillatory. In this paper, sufficient
conditions are obtained for nonoscillation of all solutions of a class of linear
third order difference equations.

2. Nonoscillation of Second Order Difference Equations

In this section, we obtain sufficient conditions as well as necessary con-
ditions for nonoscillation of a class of difference equations of second order.
These results are used to obtain sufficient conditions for nonoscillation of



2010] NON-OSCILLATION OF SOLUTIONS 441

third order difference equations in Section 3. We begin with a result from
[L1]. For completeness, the proof of the theorem is given.

Theorem 2.1. Ifq, <0 and p, does not change sign for large n, then each
of the equations

Yn+2 +pnyn+l + qnyn = 07 n > 07 (21)
and
Tni2 — PnTptl + Guxn =0, n >0, (2'2)

admits both oscillatory and nonoscillatory solutions.
Proof. Setting y,, = (—1)"xp,n > 0, we obtain

Yn+2 + PnlYn+1 + nYn = (_1)n(xn+2 — PnZp+1 + annn)-

Hence {y,} is a solution of ) if and only if {z,} is a solution of (ZZ).
Moreover, if (Z1I) has a nonoscillatory solution, then (Z2)) has an oscillatory
solution and vice versa. Thus, to complete the proof of the theorem, it is
enough to show that each of (1) and ([Z2) admits a nonoscillatory solution.

We consider three cases, viz, p, > 0, or p, = 0 or p, < 0 for n > ng > 0.

Let p, >0 for n >ng. For each integer k>2, let {ygk)} be a solution of (ZTI)

with y,(f) >0 and ygfgl > 0. Then yﬁlk) >0 forn €{1,2,...,k — 1} because

—qnYn = Yn+2 + PnYns1. Let {{ZS)}, {zﬁf)}} be a basis of the solution space
of (). It is possible to obtain sequences {c1x} and {cax} such that

i = crezll + copa?)

with 2, +¢c3, = 1. As {¢;x}, i = 1,2, is a bounded sequence, there exists
a subsequence {c;x, } such that ¢;, — ¢; for j — oco. Setting y, = 0127(11) +
22, we obtain {yn} is a solution of ([ZI), yr(lkj) — ypas j — ooand y, >0

for n > 1. Thus ) has a positive solution. Writing ([Z2)) as

Tn+42 = Pnln+1 — nln,

we observe that it admits a positive solution {x,} with 1 = 0 and x5 > 0.
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If p,, < 0, then one may proceed as above by considering ([Z2) first and
then (Z10). If p,, = 0, then ([ZJI) and (Z2) reduce to an equation of the form

Up+2 + Gnn = 0

which admits a positive solution {u,} with u; > 0 and us > 0. Thus the
theorem is proved. O

Remark. Similar results are there in [8]. The Fibonacci Eq. (3 illustrates
Theorem 11

Theorem 2.2. If a, +1 > 0, then all solutions of
A2yn —apAy, =0,n >0,

that is,
Ynt2 — (an +2)Ynt1 + (an + Dy, =0 (2.3)

are non-oscillatory.

Proof. The Eq.([23]) can be put in the self-adjoint form. In view of Theorem
6.5 ([4], p.261), it is enough to show that (3)) admits a nonoscillatory
solution. Let {y,} be a solution of [3) with y,, = 0 and ynpe+1 > 0
for some integer ny > 0. Writing (23)) as

Yn+2 = Ynt1 = (an + 1) (Un+1 — Yn), (2.4)
we observe that
Ynot+2 — Yno+1 = (@ng + 1) (Uno+1 — Yne) = (ang + 1)¥no+1 > 0
implies that yp,+2 > yYng+1 > 0. Similarly,
Ynot+s — Yno+2 = (@ng+1 + 1) (Ung+2 — Yno+1) >0

implies that ypn,+3 > Yne+2 > 0. Proceeding as above we obtain y, > 0 for
n > ng + 1. Thus the proof of the theorem is complete. O

Remark. If a, +1 = 0 for n > 0, then (Z3) reduces to a first order
equation. If a, + 1 < 0, for large n, then (Z3]) admits both oscillatory and
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nonoscillatory solutions due to Theorem Il If a, + 1 > 0 but not = 0,
n > 0, then ([Z3) cannot be put in the self-adjoint form and hence Theorem

6.5 in [4] cannot be applied. We have the following theorem in this case:

Theorem 2.3. Ifa, +1 >0, then all solutions of ([Z3) are nonoscillatory

and these solutions are monotonic increasing or monotonic decreasing.

Proof. We may observe that, {—y,} is a solution of Z3) if {y,} is its
solution. If possible, let {y,} be an oscillatory solution of (3]). Hence, for
every integer N > 0, we can find an integer ng > N such that y,,—1Yn, < 0.
Let yn, = 0. Then y,,+1 # 0 since {y,} is a nontrivial solution. We may
take, without any loss of generality, that yn,+1 > 0. Writing &3) as (Z24)

we obtain
yn0+2 - yn0+1 - (ano + 1)yn0+1 2 0

which implies that y,,+2 > Yny+1 > 0. Similarly,

Yno+3 — Yno+2 = (@ng+1 + 1) (Yng+2 — Yno+1) > 0

implies that yny+3 > Yne+2 > 0. Proceeding as above we obtain y, > 0 for
n > ng + 1, a contradiction to the assumption that {y,} is oscillatory. Let
Yno # 0. Without any loss of generality, we may assume that y,, > 0. Then
Yno—1 < 0. From () we obtain

yno-i—l - yno = (ano—l + 1)(yno - yno—l) Z 0

which implies that y,,4+1 > yn, > 0. Similarly,

yn0+2 - yno-i-l = (an() + 1)(yn0+1 - yno) Z 0

in view of the above inequality. Hence yp,+2 > yno+1 > 0. Proceeding as
above we get y, > 0 for n > ng, a contradiction. Hence all solutions of
[23) are nonoscillatory. Let {y,} be a nonoscillatory solution of Z3). For
some m > 0, Ymt1 — Ym > 0 or < 0. From ([EZZ) it follows that {y,} is
monotonically increasing for n > m in the former case and is monotonically

decreasing in the latter case. Thus the theorem is proved. O
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Remark. If a, + 1 = 0, then (Z3) is reduced to the first order equation
Yn+2 — Yn+1 = 0. Thus y,, > 0 implies that y, > 0 for n > ng + 1 and
Yno < 0 implies that y,, < 0 for n > ng + 1.

Example 1. All solutions of A%y, — Ay, = 0 are nonoscillatory by Theorem
Indeed, {{1™},{2"}} is a basis of the solution space of the equation. On
expansion, the above equation takes the form y, 12 —3y,+1+2y, = 0. As per
the notations in [2, 3], ¢,+1 = 1, b1 = 3 and ¢, = 2. Hence the assumption
bnbni1 > 4c? is not satisfied. Further, the condition b, > maz{c,_1,4c,}
fails to hold. Thus Theorem 6 and its Corollary 1 in [2] cannot be applied to
this example. Similarly, the nonoscillation results in [3] cannot be applied
to this problem.

Example 2. All solutions of A%y, — (—1)"Ay, = 0 are nonoscillatory by
Theorem In particular, y, = 1 is a positive solution of the equation.
Theorem cannot be applied to this example. Results in [2, 3] cannot
be applied to this example also because the equation cannot be put in the
self-adjoint form.

Remark. Although Theorem is stronger than Theorem B2, both are
retained because the method of proof is different. Moreover, Theorem
demonstrates that the results in [2, ] cannot be applied to certain situations
to which it can be applied even if the equation can be put in the self-adjoint

form.

Corollary 2.4. Ifa, > 0,n > 0 and o > 0 is a ratio of odd integers, then
all solutions of

that is ,
Yn+2 = 2Ynt1 + Yn — @n(Ynt1 — yn)a =0

are monoscillatory.

One may complete the proof of the corollary by proceeding as in the
proof of Theorem after writing the given equation in the form

Yn+2 = Yn+1 = an(yn—l—l - yn)a + (yn+1 - yn)
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Theorem 2.5. If b, > 0 and a, — b, + 1 > 0, then all solutions of
A2yn - anAyn —bpyn =0,n >0,

that 1is,
Ynt+2 — (24 an)yYn+1 + (@ — by + Dy, =0 (2.5)

are nonoscillatory.
The proof is similar to that of Theorem EZ3 if 1)) is written as
Ynt2 = Yn1 = (an — by + 1) (Un+1 = Yn) + bnynt1
Example 3. All solutions of

1
_ynzo

1
A271 _An_
Yn 50 T3

are nonoscillatory. Indeed, {{(9+1\§ﬁ)"}, {(g_l\éﬁ)"}} is a basis of the solu-
tion space of the equation.

Theorem 2.6. If b, <0 and a, +b, —1 > 0,n > 0, then all solutions of
&3) are nonoscillatory.

Proof. We may note that b, < 0 and a,, + b, — 1 > 0 imply that a, > 1.
If possible, let {y,} be an oscillatory solution of ([ZI). Hence, for every
integer N > 0, there exists an integer ng > N such that y,,—1yn, < 0. Let
Yno = 0. Then yp,4+1 # 0. Without any loss of generality, we may assume
that yn,+1 > 0. Putting 3)) in the form

Yn+2 — 2Ynt1 = an(yn-i-l - yn) - (1 - bn)yn (26)

we get Yng+2 —2Yng+1 = GngYno+1 > 0 which implies that yp,4+2 > 2ype+1 > 0
and Yng+2 — Yno+1 > Yno+1. Similarly

yn0+3 - 2y’n0+2 — an0+1(yn0+2 - yn0+1) - (1 - bn0+1)yn0+1
> Ang+1Yno+1 — (1 = bng+1)Yno+1

= (ano+1 + bno+1 - 1)yno+1
>0
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implies that yny+3 > 2yne+2 > 0 and Ypg+3 — Yng+2 > Yng+2- Proceeding as
above we obtain y, > 0 for n > ng + 1, a contradiction.

Let yn, # 0. We may take, without any loss of generality, y,, > 0.
Hence yy,—1 < 0. From (Z0) we get

Yno+1 — 2Yng = ano—l(yno - yno—l) - (1 - bno—l)yno—l
>0

Hence yno+1 > 2Yny > 0 and Yng+1 — Yng > Yn,- Similarly,

Yno+2 = 2Yno+1 = Ang (Yno+1 — Yng) — (1 = bng)Yny
> ngYny — (1= bng)ng
= (an, +bny — 1)
>0

implies that yny+2 > 2yne+1 > 0 and ypg+2 — Yng+1 > Yng+1. Proceeding as
above we obtain y, > 0 for n > ng, a contradiction. Thus the proof of the

theorem is complete. O
Example 4. All solutions of
APy = 30yn + 2y, = 0,n > 0,

are nonoscillatory. The set {{3"},{2"}} is a basis of the solution space of

the equation.

Remark. It may be easily seen that all solutions of (X)) are oscillatory
if a, < —2 and a, — b, + 1 > 0. Taking into account the assumptions in
Theorems .11, and 20l we notice that there is no result in the following
cases: (i) —1 < a, <1, b, <0, (ii) =2 < a, < —1 and (iii) a, + b, < 1,
a, > 1.

In applications, we often come across equations of the form (ZII). In
the following, we state two results in terms of coefficient sequences {p,}
and {g,} which follow from Theorems and 2.6 respectively. Comparing
Egs.(&T) and (ZH), we obtain p,, = —(a, + 2) and ¢, = a,, — b, + 1. Hence
an=—(n+2),bnp=—(pp +qn+1) and a,, + b, — 1 = —(2p, + q, + 4).
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Theorem 2.7. If p, + g, +1 <0 and ¢, > 0, then all solutions of (Z.1I)
are nonoscillatory.

Theorem 2.8. Ifp, + g, +1 >0 and 2p, + q, + 4 <0, then all solutions
of &1 are nonoscillatory.

Remark. We may note that p, + ¢, +1 > 0 and 2p,, + g, + 4 < 0 imply
that p, + 3 < 0 and hence ¢, > 2.

Theorem 2.9. Let p, and g, do not change sign for large n. If all solutions
of 1) are nonoscillatory, then p, < 0 and g, > 0 for large n.

Proof. If all solutions of (Z1I) are nonoscillatory, then g, > 0 for large n in
view of Theorem Bl If ¢, = 0, then (ZTI) reduces to a first order equation
Yn+2+DPnYnt+1 = 0. Hence 0 < ZZ—i = —p, implies that p, < 0 for large n. If
{yn} is a nonoscillatory solution of ([II), then we may take, without any loss
of generality, that y,, > 0 for n > ng > 0. Hence 0 < ¥p+1 = —DnYn+1 — Gnln
for n > ng implies that 0 < ¢y, < —ppyn and ppYnt+1 < —@nyn < 0. From
either inequality, it follows that p, < O for large n. Thus the theorem is

proved. O

Remark. We observe that p, + ¢, +1 < 0 and ¢, > 0 imply that p, <
—(1+ gn) < 0. It indicates a gap —(1 + ¢) < pp, < 0 between Theorem
B0 concerning sufficient conditions and Theorem concerning necessary
conditions for nonoscillation of ([ZJI). It seems that all solutions of ([Z1I) are
oscillatory for ¢, > 0 and —(1 + ¢,,) < p, < 0. For example, all solutions of
Yn+2 — Yn+1 + yYn = 0 are oscillatory because the roots of its characteristic

equation A2 — XA+ 1 = 0 are given by \| = 7(”;\/5) and \y = (1—;\/5)_

Theorem 2.10. Let {a,+1} and {a,+2} do not change sign. All solutions
of @3) are nonoscillatory if and only if a, +1 > 0.

Proof. 1If a,,+1 > 0, then all solutions of (Z3]) are nonoscillatory by Theorem
On the other hand, if all solutions of (Z3]) are nonoscillatory , then
anp+1>0and —(a, +2) <0, that is, a, + 1 > 0 and a,, + 2 > 0. Hence
an + 1 > 0. This completes the proof of the theorem. O
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3. Nonoscillation of Third Order Difference Equations

Nonoscillation of solutions of difference equations of third order is dealt
with in this section. Although many results concerning oscillation are known
[9, 110, 12, [13], very few results on nonoscillation [12, [13] are available in the

literature.

Theorem 3.1. If b, > 0 and a, — b, + 1 > 0, then all solutions of
A?’yn — anﬁzyn — by, Ay, =0,
that 1is,
Yn+3 — (3+ an)yn+2 + 3+ 2an — bp)ypi1 — (L +an —bp)yn =0 (3.1)

are monoscillatory.

Proof. Let {y,} be a solution of BI). Setting z, = Ay, in BII), we get
A2z, — anNzy, — bpzy =0

Hence {z,} is a solution of (ZH). From Theorem 1 it follows that z, > 0
or < 0 for n > ng, that is, Ay, > 0 or < 0 for n > ny. Hence {y,} is
nonoscillatory. Since {y,} is an arbitrary solution of (Bl), then all solutions

of (BI) are nonoscillatory. Thus the theorem is proved. O

Theorem 3.2. If a, > 0, then all solutions of
A3y, — an(DNy)* =0 (3.2)

are nonoscillatory, where o > 0 is a ratio of odd integers.

The proof follows from Corollary 24 if we put z, = Ay, in [B2) and
proceed as in the proof of Theorem Bl

Theorem 3.3. Ifb, <0 and a, + b, — 1 > 0, then all solutions of (Bl

are monoscillatory.
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It follows from Theorem .6
Example 5. Consider
N3y, — 3A2y, —2A\y, =0,
that is,

Yn+3 — 6yn+2 + 7yn+l - 2yn =0 (33)

From Theorem Bl it follows that all solutions of ([B3)) are nonoscillatory.
The set {{1"}, {(5+§/ﬁ)”}, {(5_§/ﬁ)"}} of solutions of ([B3) is a basis of the
solution space of ([B3)). Moreover, from Proposition it follows that all

solutions of (B3 are nonoscillatory.

Example 6. All solutions of
Agyn - 3A2yn +2Ay, =0,

that is,
Yn+3 — O6Ynyo + 11y — 6y, =0

are nonoscillatory because {{1"},{2"},{3"}} is a basis of the solution space
of the equation. This fact also follows from Theorem and Proposition
4

Remark. We may note that the results in Section 2 cannot be applied to

the following third order difference equations:
A3yn — an AN%yn — b Ay — cpyn = 0,
that is,
Ynts — (34 an)ynt2 + (3 +2an — bp)yns1 — (1 +an + ¢y — bp)yn =0, (3.4)
where ¢, # 0.

Remark. The equation

Yn+3 T "nYn+2 + GuYn+1 + PnYn =0 (3-5)
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can be put in the form B4 if and only if a,, = —(347y), by, = —(3+2r,+¢n)
and ¢, = —(147r,+ ¢, +pn). Hence ¢, = 0 if and only if p, + ¢, +r,+1 = 0.

Corollary 3.4. If3+2r,+¢, <0, 1+ ¢, >0 and pp, +qn+ 71, +1=0,

then all solutions of [BA) are nonoscillatory.
This follows from Theorem Bl and the above remark.

Corollary 3.5. If3+2r,+q, >0, 7+3r,+q, <0 and pp,+qn+rn,+1 =0,
then all solutions of BA) are nonoscillatory.

This follows from Theorem and the above remark.

Example 7. Consider

13 3 1
Yn+3 — ﬁyn+2 + gyn-i-l - ﬁyn =0 (36)

This can be put in the form

23 29 1
N3 —y —A — Yy =
Yn+ 5B Un+ 5 B+ Y =0
As {{z5}, {5}, {{=}} forms a basis of the solution space of (), then all
solutions of (Bl are nonoscillatory. All the conditions of Proposition
are satisfied. Hence all solutions of (B are nonoscillatory. We may note
that Propositions [LT], and [[4] cannot be applied to this example.

Let {uy,} be a positive solution of [B4]). The assumption y, = u,z,
transforms (B4)) into an equation of the form

N3z, — A, N2z, — ByAx, =0, (3.7)
where
1
An = - (3Aun+2 - anun+2) = - (3un+3 - (an + 3)un+2)
Up+3 Un+3
and
1 2
B, = — (BA Uup+1 — 2anAup+1 — bptip41)

Un+3
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1
= — [Bunts — 2(an + 3)upto + (3 + 2a, — by)up41]
Un+3

Equation (B4]) may be written as

Yn+3 = Rnyn+2 + Qnyn-i-l + Ppyn, (38)

where R,, = 3+ a,, Qn = (by, —2a, —3) and P, = 1+ a, + ¢, — b,. Equation
(3.8) can be solved in the closed form (see [f]) in terms of the coefficients
P,,Q, and R, and hence in terms of the known sequences {a,},{b,} and
{cn}. Then the solution {u,}of B2 is known in terms of a,,b, and c,.

Thus we have the following theorems:

Theorem 3.6. If B, >0 and A, — B, +1 > 0, then all solutions of (Bl
are nonoscillatory.

Proof. From Theorem Bl it follows that all solutions of (3.7) are nonoscil-
latory. Since y, = u,x, and u, > 0, then all solutions of (B2l are nonoscil-
latory. Thus the theorem is proved. O

Theorem 3.7. If B, <0 and A, + B, — 1 > 0, then all solutions of (B2
are nonoscillatory.

The proof follows from Theorem if we proceed as in the proof of
Theorem

Remark. We may note that

1
Ay — By 4+ 1= ——[up+3 — (an + 3upto + (3 + 2a, — by)tny1]

Un+3
and
1
An + Bn —1= —u—3[7un+3 — 3(CLn + 3)Un+2 + (3 + 2an — bn)un+1]
n+
Remark.(i) In Example 7, a, = —%,bn = —% and ¢, = —%. For this

example, we take u,, = % > 0. Then

1 1 13 9

st o)

Bunt3 — 2(an + 3)uns2 + (3 + 2an — by)ups1 = W[?) Y
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1
= Taxg <0
implies that B,, > 0. Further,
1 .1 13 9
Unts — (an + 3)uni2 + (3 + 2ay, — by)upt1 = @[5 3% + ﬁ]
1
= Sxgr 0

implies that A,, — B,, +1 > 0. From Theorem it follows that all solutions
of (B8l are nonoscillatory which is already established in two different ways
in Example 7.

(ii) Considering Example 7 and u,, = 4% > 0, we obtain

1 3 13 9
3un+3 — 2(an + 3)U7H_2 + (3 + QCLn — bn)un+1 = W[l_fs - ﬂ + ﬂ

B 1
C4ntl x 48

]

>0

Hence B, < 0. Further, Tu,13 — 3(a, + 3)upt2 + (3 + 2a, — by)upt1 =
4,}“ [1—76 — % + %] = 0 implies that A, + B,, —1 = 0. Hence all solutions of
(BT) are nonoscillatory by Theorem B

Remark. The substitution vy, = u,x, transforms (B2 into an equation of
the form

N3z, — BpAxy, — Chan = 0, (3.9)
if {u,} is a positive solution of the equation

3N\ zpi9 — Gpzpio =0, (3.10)

1 1 3, _
Un+3 Un+3 (A%un

an N Uy — by Auy, — cpuy) In @X), Az, term is absent. Sometimes it is

where B,, = — (322U 1—205, Aty 1—bptiny 1) and Gy, = —

useful to study such equations. Since {u,} is a solution of (BIM), then

3up+3—(an+3)upto = 0. Hence u,, = %uno H?:_,f’o_2(ai+3),n >no+1,n0 >
0.

Theorem 3.8. If b, = 2(a,, + 2), then each of the equations B and

Tpy3 + (3 + an)rpy2 + (34 2an — bp)Tnir + (1 +an — bp)z, =0 (3.11)
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admits both oscillatory and nonoscillatory solutions.

Proof. The substitution y, = (—1)"x,, reduces B1]) to (BII). Hence {y,} is
a solution of ([B)) if and only if {z,} is a solution of BIT). Clearly, {y,} =
{1} is a solution of ([Bl).In view of the assumption b,, = 2(a,+2), {z,} = {1}
is a solution of (BITl). Hence both (BJl) and (BIIl) admit nonoscillatory

solution {1} and oscillatory solution {(—1)"}. Thus the theorem is proved.
(]

Corollary 3.9. If p, + 1, =0 and ¢, = —1, then BH) admits both oscilla-
tory and nonoscillatory solutions.

Proof. Equation ([BH) can be put in the form @Il for a, = —3 — rp,
bp=—0384+2r,+q,) and p, + ¢ +7r,+1=0. Asp,+7r, =0and ¢, = —1
imply that b, = 2(a, + 2), then the corollary follows from Theorem O

Example 8. The equation

Yn+3 +Ynt2 — Ynt1 — Yn =0

admits both oscillatory and nonoscillatory solutions by Corollary B Clearly,
{1} and {(—1)"} are solutions of the equation.

Corollary 3.10. If all solutions of BI) are nonoscillatory, then b, #
2(an +2).

This follows from Theorem

Corollary 3.11. If all solutions of [BX) are nonoscillatory, then pp+r, # 0
or qn # —1.

This follows from Corollary B

4. Summary

There are several problems which remain unresolved. The case that
{prn} in Theorem Tl is sign-changing could not be handled by the present
techniques. This would simplify the necessary and sufficient conditions for
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nonoscillation of linear second order difference equations. Sufficient condi-
tions for nonoscillation of all solutions of linear third order difference equa-
tions (B) which could be of the type given in Propositions [IHI A in case of
constant coefficients could not be formulated. Although necessary conditions
as well as sufficient conditions are obtained for nonoscillaton of solutions of
third order equations, neither conditions are both necessary and sufficient.
It is desirable to obtain easily verifiable sufficient conditions for nonoscilla-
tion of (B4). It seems that the techniques employed here are not adequate
to handle nonoscillation of forced second/third order difference equations.
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