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ACYCLIC LIST EDGE COLORING OF PLANAR GRAPHS

BY

HSIN-HAO LAT*! AND KO-WEI LIH?

Abstract

A proper edge coloring of a graph is said to be acyclic if any
cycle is colored with at least three colors. The acyclic chromatic
indez, denoted a’(G), is the least number of colors required for
an acyclic edge coloring of G. An edge-list L of a graph G is a
mapping that assigns a finite set of positive integers to each edge
of G. An acyclic edge coloring ¢ of G such that ¢(e) € L(e) for
any e € E(QG) is called an acyclic L-edge coloring of G. A graph G
is said to be acyclically k-edge choosable if it has an acyclic L-edge
coloring for any edge-list L that satisfies |L(e)| > k for each edge
e. The acyclic list chromatic index is the least integer k such that
G is acyclically k-edge choosable. In |2, 3, 4, [, 10, [11, [12], upper
bounds for the acyclic chromatic index of several classes of planar
graphs were obtained. In this paper, we generalize these results

to the acyclic list chromatic index of planar graphs.

1. Introduction

Graphs considered in this paper are finite, without loops or multiple
edges unless otherwise stated. Let G be a graph with vertex set V(G) and
edge set E(G). We use |G| and |G| to denote the cardinalities of V(G)
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and F(QG), respectively. An edge coloring of G is an assignment of colors
to the edges of G. In this paper, we always use some initial segment [k] =
{1,2,...,k} of positive integers to represent colors. An edge coloring is said
to be proper if adjacent edges receive distinct colors. The least number of
colors, denoted x/(G), needed for a proper edge coloring of G is called the
chromatic index of G. A proper edge coloring is said to be acyclic if any
cycle is colored with at least 3 colors. The acyclic chromatic index, denoted
a'(@), is the least number of colors required for an acyclic edge coloring of

G.

An edge-list L of G is a mapping that assigns a finite set of positive
integers to each edge of G. Assume that f is a mapping from E(G) to the
set of nonnegative integers. An edge-list L is an f-edge-list if |L(e)| > f(e)
for each e € E(G). When f is the constant mapping fi(e) = k for every
e € E(G), we also say that L is a k-edge-list. An acyclic edge coloring ¢
of G such that ¢(e) € L(e) for any e € E(G) is called an acyclic L-edge
coloring of G. A graph G is said to be acyclically f-edge choosable if it has
an acyclic L-edge coloring for any f-edge-list L. The acyclic list chromatic
indez, denoted aj;,(G), is the least integer k such that G is acyclically f-
edge choosable. We also say that G is acyclically k-edge choosable when it
is acyclically fi-edge choosable. Let A(G) denote the maximum degree of a
vertex in G. Obviously, A(G) < X' (G) < d/(G) < aj,(G).

We initiated the study of the list version of acyclic edge coloring in [&].
At the end of [§], the following conjecture was proposed.

Conjecture 1. For any graph G, a},(G) < A(G) + 2.

This is the list version of the following outstanding conjecture about
acyclic edge coloring independently given by Fiaméik [4] and Alon, Sudakov,
and Zaks [1].

Conjecture 2. For any graph G, d'(G) < A(G) + 2.

The organization of this paper is as follows. After this introduction sec-
tion, the next section supplies auxiliary results that are needed to establish
later results. Section 3 gives a general acyclic edge choosability result for a
planar graph. In Sections 4 to 9, sufficient conditions on planar graphs are
determined to achieve acyclic (A+13)-edge choosability, acyclic (A+5)-edge



2010] ACYCLIC LIST EDGE COLORING OF PLANAR GRAPHS 415

choosability, acyclic (A + 3)-edge choosability, acyclic (A + 2)-edge choos-
ability, acyclic (A 4 1)-edge choosability, and acyclic A-edge choosability.

2. Auxiliary Results

We have already established a sequence of useful lemmas for handling
acyclic list edge coloring in [§]. LemmasBlto[[0in this paper are paraphrased
from [§] without reproducing their proofs.

Let dg(v) denote the degree of a vertex v in the graph G. A vertex
of degree k is called a k-verter and a vertex of degree at most k is called
a k~-vertex. A leaf is synonymous with a l-vertex. For an edge e = ww
of the graph G, let Ny(e) and Nj(e) denote the sets {u,v} and {z | zu €
E(G) or zv € E(G)}, respectively. For i = 0 and 1, let A be the mapping
A% (e) = max{dg(z) | = € Ni(e)} for each e € E(G). We use A; to denote
A% when no confusion arises.

Lemma 3. If H is a subgraph of a graph G, then aj, (H) < aj,(G).

Lemma 4. Assume that G1,Go, ..., Gy are all the components of the graph
G and f is a mapping from E(G) to the nonnegative integers. Then G is
acyclically f-edge choosable if and only if G; is acyclically f-edge choosable
for each i. In particular, aj, (G) = max{a}, (G1), 0} (G2), - . ., a};, (Gk)}-

Lemma 5. Let u be a leaf of the graph G such that the neighbor of u is u'.
Suppose that L is an edge-list of G satisfying |L(uu')| = dg(u'). If ¢ is an
acyclic L-edge coloring of G—wu, then ¢ can be extended to an acyclic L-edge
coloring of G.

Proposition 6. If T is a tree, then T is acyclically Ag-edge choosable and
ay(T) = A(T).

Lemma 7. Let G be a graph and w be a 2-vertex with neighbors v and
x. Let L be an edge-list of G such that |L(e)| > Ag(e) + 1 for each edge
e containing w as an endpoint. Suppose that G — w has an acyclic L-edge
coloring ¢. Then ¢ can be extended to an acyclic L-edge coloring of G if all
of the following conditions hold.
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1. dg(v) + da(z) < |L(wx)| + 3.
2. If dg(v) + dg(x) = |L(wz)| + 3, then v and x are adjacent.

3. If dg(v) + dg(x) = |L(wz)| + 2, then dg(u) + dg(v) < |L(vw)| + 1 for
some neighbor u # w of v.

Lemma 8. Assume that u and v are two vertices of a graph H and G is
obtained from H by adding a new path of length at least 4 joining u and v
and A(G) = 3. If H is acyclically max{Ag,3}-edge choosable, then G is
acyclically max{Ay, 3}-edge choosable, where max{Ay,3} denotes the map-
ping that takes the value max{Ay(e),3} on any edge e of G.

Lemma 9. Let H be a graph and uvwzxzy be a path of H in which v and x
are non-adjacent 2-vertices and w is their unique common neighbor. Let G
be the graph obtained from H by adding a new edge joining v and x. Let L
be an edge-list of G such that |L(e)| = Ag(e) + 1 for e € {uv,vw,wz, zy}
and |L(vz)| = Ay(vz) + 1. Suppose that H has an acyclic L-edge coloring.
Then G has an acyclic L-edge coloring if max{dg(u),dc(w),da(y)} < 3 or
at most one of u and y is of degree Aq(vx) in G.

Lemma 10. Let H be a graph with two non-adjacent vertices v and x of
degree 2 such that each of them has a neighbor of degree at most 3. Let G
be the graph obtained from H by adding a new edge joining v and x. Let
L be an edge-list of G such that |L(e)| > max{Aj(e) + 1,5} for any edge e
incident with v or x. If H has an acyclic L-edge coloring, so does G.

Now we are going to establish further auxiliary lemmas for later use.
We use the notation Cy(v) to denote the set of colors assigned by a proper
edge coloring ¢ to all the edges incident with v.

Lemma 11. Let G be a graph and u be a d-vertex adjacent to one 2-vertex
uy and (d —k —1) (I 4+ 1)~ -vertices, for some 1 <k <d—1andl>1. Let
L be an edge-list of G such that |L(e)| > Ag(e) + max{k,l} for each edge e
containing u1 as an endpoint. If G — uy has an acyclic L-edge coloring ¢,
then ¢ can be extended to an acyclic L-edge coloring of G.

Proof. Assume that the neighbors of u are u,...,uq, where uo, ..., uqg_g
have degree at most [ + 1. Let w; # u be the second neighbor of uy.
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We may assume that ¢(uu;) =i for 2 < i < d. We color ujw; with some
J € Lluwqwy) — (Cy(wr) U{d —k+1,...,d}). If j ¢ {2,...,d — k}, then we
color uu; with some element in L(uui) — (Cy(u) U{j}). If j € {2,...,d—k},
then we color uu; with some element in L(uu;) — (Cp(u) U Cy(uy)). O

We have the following by letting £ be d — 1 in the above lemma.

Corollary 12. Let G be a graph and uy be a 2-vertex adjacent to a d-vertex
for some d > 1. Let L be an edge-list of G such that |L(e)| > A¢(e) +d —1
for each edge e containing uq as an endpoint. If G—wuq has an acyclic L-edge
coloring ¢, then ¢ can be extended to an acyclic L-edge coloring of G.

Lemma 13. Let G be a graph and v be a k-vertex with neighbors vy, vs, . . ., U
such that k > 3 and 2 < dg(v1) < -+ < dg(vg). Let L be an edge-list of G
such that |L(e)| = A1(e) + max{dg(vg_1) + - +dg(ve) — k+2,dg(vk—2) +
++dg(v1) —k+3} for each edge e containing v as an endpoint. If G—v has
an acyclic L-edge coloring ¢, then ¢ can be extended to an acyclic L-edge
coloring of G.

Proof. We color the edges adjacent to v according to the ordering vvy, vvg_1,
...,vvr. Since |Cy(vg) U--- U Cylvz) U Cyp(v2)| < da(vi) + da(vk—1) + -+ -+
dg(ve) —k+1 < Ay(vog) +dg(vk—1) + -+ -+ dg(ve) — k+ 1, we can color vuy
with some ¢, € L(vvg) — (Cy(vg) U+ - - U Cy(vg) UCy(v2)). Since |Cy(vg—1)U
.- 'UC¢(02)UC¢(U1)U{0k}‘ < Al(?ﬂ)k_l)—i-d(;(vk_g)—l-‘ : ’+d(;(?}1) —k+2, we
can color vug_; with some c;—1 € L(vvg_1)— (Cg(vg—1)U- - -UCy(v1)U{ck}).

For2 <i<k-2, |C¢(Ui)U' . 'UC¢(U1)U{C¢+1, ce ,Ck}| < dg(l)i)—l—' <o+
dg(vi) —i+k—i < Ay(vv) +da(vie1) +- - +da(v1) —i+dg(vigr) + -+ +
da(vg—2)— (k—i—2)+2 < Ay (vv;) +da(vk—2)+- - -+ dg(v1) —k+2. We color
vu; with ¢; € L(’U?)i)—(C¢(’U¢)UC¢(’U¢_1)U' . -UC‘d)(ul)U{cHl, R ,Ck}). If ¢, Qé
Cy(v1), we color vuy with some element in L(vvi) —(Cy(v1)U{ck,...,ca}). If
cr € Cy(v1), since |Cy(v1)UCy(vg)U{ck, - .., c2}| < da(vg)+da(vi)+k—4 <
Aq(vvr)+da(vy)+k—4 < Aj(vvy) +dg(vg—2)+ - +dg(v1) —k+2, we can
color vvy; with some element in L(vvy) — (Cy(v1) U Cy(vg) U{ck,...,c2}). O
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3. A general upper bound

In this and subsequent sections, we will employ results proved in [2, 3,
4,16, 1, 10, 111, 12] to establish our theorems about acyclic edge choosability.
Some statements of these lemmas have been adapted to suit our proofs.

Lemma 14. ([6]) Let G be a planar graph. Then there exists a vertex v
whose k neighbors vy, ve, ..., v satisfy dg(vi) < --- < dg(vg) and one of the
following statements holds.

(A1) k< 2;

(A2) k=3 with dg(vy) < 11;

(A3) k =4 with dg(v1) <7 and dg(ve) < 11;

(A4) k=5 with dg(v1) <6, dg(ve) < 7 and dg(vs) < 11.

k
k

Theorem 15. If G is a planar graph, then G is acyclically max{2A; —
2, Ay + 22}-edge choosable.

Proof. The proof is by induction on the number of vertices. The theorem is
trivially true for the induction basis of a single vertex graph.

By Lemma Bl we may assume that 6(G) > 2. Let L be a max{2A; —
2, A1 + 22}-edge-list of G. By Lemma [[d there exists a vertex v whose
k neighbors vy, ve, ..., v satisfy dg(vi) < -+ < dg(vk) and we have the
following cases to discuss.

For (A1), we may assume that k& = 2 in view of Lemma B Let G’ =
G — v if vjvs € E(G). By the induction hypothesis, G’ has an acyclic L-
edge coloring ¢. Since |Cy(v1) U Cp(v2)| < 2dg(v2) — 3 < 2A1(vvp) — 3
and L(vvg) = 2A1(vve) — 2, L(vva) — (Cy(v1) U Cp(v2)) is nonempty. We
color vvy with some s € L(vvy) — (Cy(v1) U Cy(v2)) and vv; with some
t € L(vvy) — (Cy(v1) U {s}).

If v; and vy are non-adjacent, let G’ = (G — v) + vive. Let i be the
index such that Aj(vv;) = max{Aj(vv1),A1(vve)}. Define a max{2A; —
2, A1 + 22}-edge-list L’ of G’ by letting L'(vivy) = L(vv;) and L'(e) = L(e)
for e # vyvy. By the induction hypothesis, G’ has an acyclic L'-edge coloring
Y. Let ¢ be the acyclic L-edge coloring of G — v such that ¢(e) = 1(e) for
each edge e. We color vv; with s = ¢(v1v2) and color the other edge vvs_;
with some t € L(’L)U3_Z‘) - (C¢(’U3_i) U {8})
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For (A2), let G’ = G — v if vyuz € E(G). By the induction hypothesis,
G’ has an acyclic L-edge coloring ¢. We color vvs with some s € L(vvs) —
(Cyp(v2) U Cy(v3)), vvg with some t € L(vva) — (Cy(v1) U Cy(v2) U {s}), and
vuy with some p € L(vvi) — (Cy(v1) U Cy(v3) U {s,t}).

If vy and v3 are non-adjacent, let G’ = (G —v)+wv9v3. Let i be the index
such that Aj(vv;) = max{Aj(vve),A;(vvs)}. Define a max{2A; — 2, A; +
22}-edge-list L' of G’ by letting L'(vov3) = L(vv;) and L'(e) = L(e) for
e # vovz. By the induction hypothesis, G’ has an acyclic L’-edge coloring
1. Let ¢ be the acyclic L-edge coloring of G — v such that ¢(e) = ¥ (e)
for each edge e. We color vv; with s = ¥(vyv3) and vvs_; with some ¢ €
L(vvs—;) — (Cg(v1) U Cy(vs—i) U {s}), and then color vv; with some p €
L(U’Ul) — (C¢(U1) U C¢(Ui) @] {8, t})

For (A3), let G’ = G — v if vzus € E(G). By the induction hypothesis,
G’ has an acyclic L-edge coloring ¢. We color vvy with some s € L(vvy) —
(C¢(U3) U C¢(’U4)). Since ’C(b(vl) U C¢(U2) U C¢(U3) U {S}’ < Al(?ﬂ)g) + 16,
we can color vvg with some t € L(vvg) — (Cy(v1) U Cy(v2) U Cyp(vs) U {s}).
Since |Cyp(v1) U Cg(v2) U Cp(va) U {s,t}| < dg(va) + 17 < Aq(vva) + 17, we
can color vvy with some p € L(vvy) — (Cy(v1) U Cy(v2) U Cy(va) U {s,t}).
Since |Cy(v1) U Cy(va) U {s,t,p}| < Ai(vvr)+ 8, we can color vv; with some
q € L(vvy) — (Cyp(v1) U Cy(va) U {s,t,p}).

If v3 and vy are non-adjacent, let G’ = (G — v) + v3vy. Let i be the
index such that Aj(vv;) = max{A;(vvs), A1(vvy)} for some i = 3,4. Define
a max{2A; — 2, Ay + 22}-edge-list L' of G’ such that L'(vsvy) = L(vv;)
and L'(e) = L(e) for e # vsvy. By the induction hypothesis, G’ has an
acyclic L'-edge coloring 1. Let ¢ be the acyclic L-edge coloring of G — v
such that ¢(e) = 1(e) for each edge e. We color vv; with s = ¥ (v3vy), vor_;
with some t € L(vvr_;) — (Cy(v1) U Cy(v2) U Cy(vr—;) U{s}), vva with some
p € L(vva) — (Cy(v1) U Cp(v2) U Cy(v;) U {s,t}), and then vv; with some
q € L(vvr) — (Cy(v1) U Cylvs) U {s,t,p}).

For (A4), let G’ = G — v if vqus € E(G). By the induction hypothesis,
G’ has an acyclic L-edge coloring ¢. We color vvs with some s € L(vvs) —
(C¢(U4)UC¢(’U5)). Since ’Cd)(’l)l)UC¢(U2)UC¢(’U3)UC¢(U4)U{SH < Al(’UU4)+
21, we can color vvy with some ¢t € L(vvs) — (Cy(v1) U Cyp(v2) U Cy(vs) U
Cy(ve) U {s}). If s ¢ Cy(v1), we color vv; with some element in L(vvi) —
(Cyp(v1) U Cy(v2) U Cy(v3) U {s,r}). Otherwise, we can color vv; with some
element in L(vvy) — (Cg(v1)UCy(v2) UCy(v3)UC(vs)U{s,t}) since |Cy(v1)U



420 HSIN-HAO LAI AND KO-WEI LIH [December

Cg(v2)UCy(v3)UCy(v5)U{s,t}| < dg(vs)+21 < Aq(vvr)+21. In both cases,
we denote the color of vv; by p. Since |Cy(v2) UCy(v3)UCy(vs)U{s,t, p}| <
A1 (vvg) + 18, we can color vvy with some ¢ € L(vva) — (Cy(v2) U Cy(vz) U
Cy(vs) U {s,t,p}). Since |Cy(v3) U Cy(vs) U {s,t,p,q}| < Ayi(vvs) + 13, we
can color vvs with some r € L(vvz) — (Cy(v3) U Cy(vs) U {s,t,p,q}).

If vy and vs are non-adjacent, let G’ = (G — v) + v4vs. Let i be the
index such that Aj(vv;) = max{Aj(vvy), Aq(vvs)} for some i = 4,5. Define
a max{2A; — 2, A1 + 22}-edge-list L' of G’ such that L'(v4v5) = L(vv;) and
L'(e) = L(e) for e # vyvs. By the induction hypothesis, G’ has an acyclic
L’-edge coloring 1. Let ¢ be the acyclic L-edge coloring of G — v such that
¢(e) = 1 (e) for each edge e. We color vv; with s = ¢ (vqvs) and vvg_; with
some t € L(vvg—;) —(Cy(v1)UCy(v2) UCy(v3)UCy(vg—i)U{s}). If s & Cy(v1),
we color vvy with some element in L(vvi) —(Cy(v1)UCy(v2) UCy(v3)U{s,t}).
Otherwise, we color vv; with some element in L(vvi) — (Cg(vi) U Cg(v2) U
Cg(v3) UCy(vs) U{s,t}). In both cases, we denote the color of vv; by p. We
color vvy with some ¢ € L(vvg) — (Cy(v2) U Cy(v3) U Cy(v;) U {s,t,p}) and
vvg with some 7 € L(vvg) — (Cy(vz) U Cy(v;) U{s,t,p,q}).

In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally max{2A; — 2, A1 + 22}-edge choosable. O

Corollary 16. If G is a planar graph, then aj,(G) < max{2A(G) —
2,A(G) + 22}.

4. A Sufficient Condition for Acyclic (A + 13)-edge Choosability

Lemma 17. ([2]) If G is a planar graph without cycles of length 4, and
0(G) = 2, then G contains at least one of the following configurations.

B1
B2
B3

B4) a d-vertex v adjacent to one 2-vertex uy and (d—6) 4~ -vertices, where
d > 10;

a 2-verter v adjacent to one 9 -vertex;
a 3-vertex v adjacent to two 9~ -vertices;

(B1)
(B2)
(B3) a 4-vertex v adjacent to three T~ -vertices;
(B4)

(B5) a triangle vivovs with dg(v1) = 3 and dg(ve) = 3.
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O

Remark. The original statements of Lemmas [[7 and B9 in [2] assumed
2-connectedness of the planar graph G. However, an examination of their
proofs in [2] shows the results still hold for planar graphs with §(G) > 2.

Theorem 18. If G is a planar graph without cycles of length 4, then G is
acyclically (Ay + 13)-edge choosable.

Proof. The proof is by induction on the number of vertices plus the number
of edges. The theorem is trivially true for the induction basis of a single
vertex graph. By Lemma B, we may assume that 6(G) > 2. Let L be a
(A1 4 13)-edge-list of G. By Lemma [[7 we have five cases to discuss.

By the induction hypothesis, each of the graphs G — v in cases (B1),
(B2), and (B3), the graph G — u; in case (B4), and the graph G — vjvy
in case (B5) has an acyclic L-edge coloring ¢. Using Corollary [[2 Lemma

twice, Lemma [[1l and Lemma [, respectively, G has an acyclic L-edge
coloring.

In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally (A; + 13)-edge choosable. O

Corollary 19. If G is a planar graph without cycles of length 4, then af. (G)
< A(G) + 13.
5. Sufficient Conditions for Acyclic (A + 5)-edge Choosability

Lemma 20. ([4]) Let G be a graph with 6(G) > 2. If G satisfies |G| < 2|G]|,
then G contains at least one of the following configurations.

(C1) a 2-vertex v adjacent to one 5~ -vertices;

(C2) a 3-vertex v adjacent to two 5~ -vertices;

(C3) a 6-vertex v adjacent to five 3~ -vertices;

(C4) a T-vertex v adjacent to seven 3~ -vertices;

(C5) a d-vertex v adjacent to one 2-vertex uy and (d—4) 3~ -vertices, where

d>=4.

The maximum average degree mad(G) of a graph G is defined to be
max{2||H||/|H| | H is a subgraph of G}.



422 HSIN-HAO LAI AND KO-WEI LIH [December

Theorem 21. If G is a graph with mad(G) < 4, then G is acyclically
(A1 + 5)-edge choosable.

Proof. The proof is by induction on the number of vertices plus the number
of edges. The theorem is trivially true for the induction basis of a single
vertex graph. By Lemma B we may assume that 6(G) > 2. Let L be a
(A1 + 5)-edge-list of G. By Lemma 20, we have five cases to discuss.

For (C1) and (C2), the graph G — v has an acyclic L-edge coloring ¢
by the induction hypothesis. Using Corollary [2 and Lemma [[3, G has an
acyclic L-edge coloring.

For (C3), assume that the neighbors of v are uy, ..., us where uy, ..., us
are 3~ -vertices.

The graph G — vu; has an acyclic L-edge coloring ¢ by the induction
hypothesis.

Subcase 3.1. Cy(u1) N Cy(v) = 0.
We color vu; with some element in L(vug) — (Cy(u1) U Cy(v)).
Subcase 3.2. |Cy(u1) N Cy(v)| =1 and ¢(vug) & Co(ur).

Let 2 < ¢ < 5 be the index such that ¢(vu;) € Cy(u1). We color vuy
with some element in L(vui) — (Cg(u1) U Cy(v) U Cy(uy)).

Subcase 3.3. |Cy(u1) N Cy(v)| =1 and ¢(vue) € Cyp(ur).

If L(vur) # Cy(v) U Cylur) U Cy(us), we color vu; with some element
in L(vui) — (Cy(v) U Cy(ur) U Cy(ug)). We may assume that L(vuy) =
Cy(v)UCy(u1)UCy(ug), Cp(v)NCy(ue) = {Pp(vue)}, and dg(ug) = Ar(vur).

If L(vug) # Cy(v) UCy(u1)UCy(ug), we re-color vug with some element
in L(vug) — (Cp(v)UCy(u1) UCy(ug)) and this subcase is reduced to Subcase
3.1. We may assume that L(vug) = Cp(v) U Cy(ug) U Cy(ur).

If ¢(vug) ¢ Cy(u,) for a certain 2 < r < 5, we re-color vug with ¢(vu,).
If Cy(u,)NCy(v) = {¢(vuy)}, we re-color vu, with some element in L(vu,)—
(Cy(ur) UCy(v)). If Cy(ur) N Cy(v) = {d(vuy,), p(vus)} for some 2 < s < 5,
we re-color vu, with some element in L(vu,) — (Cy(v) U Cy(ur) U Cy(us)). If
Cy(ur) N Cy(v) = {p(vu,), p(vus), d(vug)} for some 2 < s,t < 5, we re-color
vu, with some element in L(vu,) — (Cy(v) U Cy(ur) U Cy(us) UCy(u)). And
these three subcases are reduced to Subcases 3.1 or 3.2.
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We may assume that ¢(vug) € Cy(u;) for each 2 < j < 5. We re-color
vug with ¢(vug) and re-color vus with some element in L(vug) — (Cy(v) U
Cy(u2) UCy(uz)UCy(us)UCy(us)). And this subcase is reduced to Subcases
3.1 or 3.2.

Subcase 3.4. |Cy(u1) N Cy(v)| =2 and ¢(vue) ¢ Cy(ur).

We may assume that Cy(u1) = {$(vu;), d(vug)} for 2 < j,k < 5. We
color vu; with some element in L(vui) — (Cg(u1) UCy(v) U Cy(uj) UCy(ug)).

Subcase 3.5. |Cy(u1) N Cy(v)| =2 and ¢(vus) € Cy(ur).
We may assume that Cy(u1) = {¢(vus), p(vue)} for some 2 < s < 5.

Let ¢ be an element in L(vuy) — (Cyp(v) U Cy(ug)). If t ¢ Cylus), we
color vu; with t. We may assume that L(vu;) C Cy(v) U Cy(ug) U Cp(us)
and |Cy(us) N Cy(v)| < 2.

If Cy(us) N Cy(v) = {p(vus)}, we re-color vuy with some element in
L(vus) — (Cy(us) UCy(v)) and this subcase is reduced to Subcase 3.3.

If Cyp(us)NCy(v) = {d(vus), p(vu,)} for some 2 < r < 5, we re-color v,
with some element in L(vus) — (Cp(us) U Cp(u,) U Cy(v)) and this subcase
is reduced to Subcase 3.3.

We may assume that Cy(us) N Cy(v) = {p(vus), p(vug)}. If L(vu,) #
Cy(us) U Cy(v) U Cy(ug), we re-color vu, with some element in L(u,) —
(Cy(us) U Cy(v) U Cy(ug)) and this subcase is reduced to Subcase 3.3. We
may assume that L(vus) = Cy(us) U Cy(v) U Cylus), dalus) = Ai(vus),
and Cy(v) N Cy(us) = {P(vug)}. We re-color vug with some element in
L(vug) — (Cy(v) UCy(ue)) and this subcase is reduced to Subcase 3.2.

For (C4), assume that the neighbors of v are the 3~ -vertices uy, ..., us.

The graph G —wvuy has an acyclic L-edge coloring ¢ by the induction hy-
pothesis. Assume that ¢(vu;) = ¢, for each 1 < i < 6. If Cy(ur)N{1,...,6} =
(), we color vu; with some element in L(vuy) — (Cy(ur) U {1,...,6}). If
Cy(ur) N{1,...,6} = {k}, we color vuy with some element in L(vuy) —
(Cyp(ur) U Cy(ug) U{1,...,6}). If Cy(ur) N {1,...,6} = {k,I}, we color vur
with some element in L(vuy) — (Cg(ur) U Cy(ug) U Cyluy) U{L,...,6}).

For (C5), The graph G — u; has an acyclic L-edge coloring ¢ by the
induction hypothesis. By Lemma [[dl, G has an acyclic L-edge coloring.
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In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally (A1 + 5)-edge choosable. O

Corollary 22. If G is a graph with mad(G) < 4, then a},(G) < A(G) +5.

The following is a folklore result (cf. [d]). The girth g(G) of a graph G
is the length of a shortest cycle in G. If G is a planar graph with g(G) > ¢,

then mad(G) < ngz.

Corollary 23. IfG is a triangle-free planar graph, then aj, (G) < A(G)+5.

6. A Sufficient Condition for Acyclic (A + 3)-edge Choosability

Lemma 24. ([10]) Let G be a planar graph with 6(G) > 2 and g(G) > 3. If
any two cycles of length 4 are vertez-disjoint, then G contains at least one
of the following configurations.
(D1) a 2-vertex v adjacent to one 4~ -vertex;
D2) a 3-vertex v adjacent to two 3-vertices;
D3) a d-vertex v adjacent to (d — 3) 2-vertices, where d > 5;
D4)

)

D5

a 4-verter v adjacent to three 3-vertices u, x, and y;

(
(
(
( a face f = vivousvy with dg(vi) = 2 and dg(ve) = 5.

Theorem 25. If G is a planar graph with g(G) > 3 such that any two cycles
of length 4 are vertex-disjoint, then G is acyclically (A1 + 3)-edge choosable.

Proof. The proof is by induction on the number of vertices plus the number
of edges. The theorem is trivially true for the induction basis of a single
vertex graph. By Lemma [l we may assume that §(G) > 2. Let L be
a (A1 + 3)-edge-list of G. By Lemma 241 we have the following cases to
discuss.

For (D1) and (D2), the graph G — v has an acyclic L-edge coloring
¢ by the induction hypothesis. By Corollary [[Z and Lemma [[3, G has an
acyclic L-edge coloring.

For (D3), let the neighbors of v be uq,...,uq, where uy,...,uq_3 are
2-vertices and adjacent to w1, ...,wq_3, respectively. The graph G — u; has
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an acyclic L-edge coloring ¢ by the induction hypothesis. By Lemma [, G

has an acyclic L-edge coloring.

For (D4), let Ng(v) = {u,z,y,w}, Ng(u) = {v,u1,us}, Ng(z) =
{v, 21,22}, and Ng(y) = {v,y1,y2}. The graph G’ = G—wuv has an acyclic L-
edge coloring ¢ by the induction hypothesis. We may assume that ¢(vx) = 1,
o(vy) =2, and p(vw) = 3.

Subcase 4.1. Cy(u) N{1,2,3} = 0.
We color uv with some j € L(uv) — (Cy(u) U {1,2,3}).
Subcase 4.2. Cy(u) N {1,2,3} is {1} or {2}.

It is sufficient to assume that ¢(uu;) = 1 and ¢(uug) = 4. We color uv
with some j € L(uv) — (Cy(x) U{2,3,4}).

Subcase 4.3. Cy(u) N {1,2,3} = {3}.

We may assume that ¢(uui) = 3 and ¢(uug) = 4. If L(uv) # Cy(ur) U
{1,2,4}, then we color uv with some j € L(uv) — (Cy(u1)U{1,2,4}). Hence,
we may assume that 4 ¢ Cy(u;1) and L(uv) = Cyp(u1)U{1,2,4}. If L(uuy) #
Cy(u1) U{1,2,4}, then we re-color uu; with some j € L(uui) — (Cp(u1) U
{1,2,4}) and this subcase is reduced to Subcase 4.1. Otherwise, L(uu;) =
Cy(u1) U {1,2,4}. We re-color uu; with 1 and this subcase is reduced to
Subcase 4.2.

Subcase 4.4. Cy(u) = {1,2}.

If Cy(x) N{2,3} = 0, then we re-color vz with some j € L(vz) —
{1,2,3,¢(zx1), ¢(xx2)} and this subcase is reduced to Subcase 4.2. Other-
wise, |Cy(x) UCy(y)U{3}| < 6. We color uv with some k € L(uv)— (Cy(x)U
Co(y) U {3}).

Subcase 4.5. Cy(u) is {1,3} or {2,3}.

It is sufficient to assume that Cy(u) = {1,3}. If Cy(x) N {2,3} = 0,
then we re-color vx with some j € L(vz) — {1,2,3, ¢(xx1), ¢(xx2)} and this
subcase is reduced to Subcase 4.3. If Cy(w) N {1,2} = 0, then we re-color
vw with some k € L(vw) — (Cy(w) U {1,2}) and this subcase is reduced to
Subcase 4.2. We may assume that Cy(z)N{2,3} # 0 and Cy(w)N{1,2} # 0.
Hence, [Cy(z) U Cp(w) U {2}| < dg(w) +2 < Ay (uv) 4+ 2. We color uv with
some | € L(uv) — (Cyp(z) U Cy(w) U {2}).



426 HSIN-HAO LAI AND KO-WEI LIH [December

For (D5), let Ng(ve) = {v1,vs3,21,22,23}. The graph G' = G — 1y
has an acyclic L-edge coloring ¢ by the induction hypothesis. We may
assume that ¢(vexry) = 1, ¢(vexs) = 2, ¢d(vexs) = 3, and ¢(vevg) = 4.
If L(vivg) — (Cyp(va) U {1,2,3,4}) # 0, then we color vivs with some j €
L(v1v4)—(Cy(va)U{1,2,3,4}) and vivy with some k € L(viv2)—{1,2,3,4,j}.
We may assume that {1,4} N Cy(vs) = 0 and L(vivg) = Cy(va) U{1,2,3,4}.

Subcase 5.1. 1 € Cy(v3).

We color viv4 with 4 and vive with some j € L(viva) — (Cy(v3)U{2,3}).

Subcase 5.2. 1 ¢ Cy(v3).

We color vivy with 1 and vivy with some k& € L(viva) — ((Cyp(va) —
od(v3vg)) U{1,2,3,4}).

In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally (A1 + 3)-edge choosable. O

Corollary 26. If G is a planar graph with g(G) > 3 such that any two
cycles of length 4 are vertex-disjoint, then aj(G) < A(G) + 3.

7. Sufficient Conditions for Acyclic (A + 2)-edge Choosability

Lemma 27. ([1]) Let G be a planar graph with §(G) > 2. If g(G) = 5, then

G contains at least one of the following configurations.

(E1) a 2-vertex v adjacent to one 3~ -vertex;

(E2) a 3-vertex v adjacent to two 3-vertices u and w;

(E3) a d-vertex adjacent to one 2-vertex u and (d — 3) 3~ -vertices, where
d>4;

(E4) a face f = vivouzvgvs with dg(v1) = dg(ve) = 2, dg(v2) = dg(vs) = 4,
and dg(vs) = 5.

Lemma 28. ([10]) Let G be a planar graph with 6(G) > 2. If any two cycles
of length 4 are edge-disjoint and there are no cycles of length 3 or 5, then
G contains at least one of (E1), (E2), (E3) of LemmaZ0, or the following
configuration.

(E5) a face f = vivousvy with dg(vi) = 2 and dg(ve) = 4.
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Lemma 29. ([2]) Let G be a planar graph with §(G) > 2 containing no
cycles of length 4, 6, 8, and 9. Then G contains at least one of (E1), (E2),
(E3) of LemmaZ0, or one of the following configurations.

(E6) a triangle f = vivavs with dg(vy) =3 and dg(va) = 3;
(E7) a triangle f = vivovs with dg(v1) = 4, dg(va) < 4, and one of v1’s
neighbors not incident with f is of degree 2;

(E8) a triangle f = vivavg with dg(vi) = 2 and dg(ve) = 4.

Lemma 30. ([11]) Let G be a planar graph with 6(G) > 2 containing no
cycles of length 4 or 5. If any two cycles of length 8 are vertex-disjoint or
there are no cycles of length from 6 to 8, then G contains at least one of
(E1), (E3) of Lemma 20, or (E6) of Lemma B9, or (E8) of Lemma B9

Theorem 31. If G is a planar graph such that any of the following condi-
tions holds, then G is acyclically (A1 + 2)-edge choosable.

L g(G) =2 5;

2. any two cycles of length 4 are edge-disjoint and there are no cycles of
length 3 or 5;

3. there are no cycles of length 4, 6, 8, and 9;

4. there are no cycles of length from 4 to 8;

5. any two cycles of length 3 are vertezx-disjoint and there are no cycles of
length 4 or 5.

Proof. The proof is by induction on the number of vertices plus the number
of edges. The theorem is trivially true for the induction basis of a single
vertex graph. By Lemma B we may assume that §(G) > 2. Let L be a
(A1 +2)-edge-list of G. By Lemmas 27 to Bll, we have the following cases to
discuss.

For (E1), the graph G — v has an acyclic L-edge coloring ¢ by the
induction hypothesis. By Corollary [[2, G has an acyclic L-edge coloring.

For (E2), assume that Ng(v) — {u,w} = {z}, Ng(u) — {v} = {u1,us},
and Ng(w) — {v} = {wy,wa}. If Aj(uv) = 3, then all neighbors of u have
degree at most 3. The graph G — uv has an acyclic L-edge coloring by
the induction hypothesis. By Lemma [[0, G has an acyclic L-edge coloring.
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We may assume that Aj(uv) > 4. The graph G — v has an acyclic L-
edge coloring ¢ by the induction hypothesis. We color vx with some j €
L(vz) — (Cy(x) U Cy(u)). If j ¢ Cy(w), we color vw with some element in
L(vw) — (Cyp(w) U {j}). If j € Cy(w), we color vw with some element in
L(vw) — (Cy(w) U Cy(x)). Denote the color of vw by k. If k ¢ Cy(u), we
color uv with some element in L(uv) — (Cy(u) U {j,k}). If k € Cy(u), we
color uv with some element in L(uv) — (Cy(u) U Cy(w) U {j}).

For (E3), the graph G — u; has an acyclic L-edge coloring by the in-
duction hypothesis. By Lemma[[1l G has an acyclic L-edge coloring.

For (E4), assume that Ng(v2) = {v1,v3, 21,22} and Ng(vs) = {ve, vy,
y1,y2}. The graph G — v; has an acyclic L-edge coloring ¢ by the induction
hypothesis. We may assume that ¢(vovs) = 1, ¢(vox1) = 2, and ¢(vezo) = 3.
We color vivs with some j € L(vivs) — (Cy(vs) U{2,3}). If j # 1, then we
color vyvy with some k € L(vivg) — {1,2,3,5}. If j = 1, then we color v1ve
with some p € L(vivz) — {2,3, ¢(vsy1), d(vsy2)}-

For (E5), assume that Ng(vy) = {v1,v3, 21, 22}. The graph G — v; has
an acyclic L-edge coloring ¢ by the induction hypothesis. We may assume
that ¢(vez1) = 1, (vaw2) = 2, and @(vavs) = 3. If L(vivg) — (Cp(va) U
{1,2,3}) # 0, then we color viv4 with some j € L(vivs) — (Cy(va) U{1,2,3})
and color vivy with some k € L(vive) — {1,2,3,5}. We may assume that
{1,3} N C¢(’U4) ={ and L(’Ul’U4) = C¢(’U4) U {1, 2,3}.

Subcase 5.1. 1 € Cy(v3).

We color viv4 with 3 and vive with some j € L(viva) — (Cp(vs) U {2}).

Subcase 5.2. 1 ¢ Cy(v3).

We color vivy with 1 and vivy with some k € L(viva) — ((Cyp(va) —
¢(U3U4)) @] {1, 2, 3})

For (E6), the graph G — v1v9 has an acyclic L-edge coloring ¢ by the
induction hypothesis. By Lemma [, G has an acyclic L-edge coloring.

For (E7), assume that Ng(vi) = {u,vs,v3,v4} and Ng(u) = {vy,u'}.
The graph G—u has an acyclic L-edge coloring ¢ by the induction hypothesis.
We may assume that ¢p(vive) = 2, ¢(viv3) = 3, and P(vivg) = 4. If p(vive) &
Cy(v3), then we color uu’ with some j € L(uu') — (Cyp(u') U{3,4}). If j # 2,
then we color uv; with some k € L(uvi) — (Cg(vi) U {j}). If j = 2, then
we color uv; with some | € L(uvy) — ({3,4} U (Cy(v2) — {d(vovs3)})). If
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(v1v2) € Cy(v3), then we color uu’ with some p € L(uu') — (Cy(u')U{2,4}).
If p # 3, then we color uvy with some g € L(uvy) — (Cy(v1) U{j}). If p =3,
then we color uv; with some r € L(uvi) — ({4} U Cy(v3)).

For (E8), the graph G — v; has an acyclic L-edge coloring ¢ by the
induction hypothesis. By Lemma [, G has an acyclic L-edge coloring.

In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally (A; + 2)-edge choosable. O

Corollary 32. If G is a planar graph such that any of the five conditions

of Theorem Bl holds, then aj,(G) < A(G) + 2.

8. Sufficient Conditions for Acyclic (A + 1)-edge Choosability

A vertex of degree 3 is called weak if it has a neighbor of degree 2.

Lemma 33. (|2]) Let G be a graph such that mad(G) < 3 and §(G) > 2,
then G contains at least one of the following configurations.

(F1) a 2-vertex v adjacent to one 2-vertex;

(F2) a 3-vertex v adjacent to one 2-vertex u and one 3~ -verter w;

(F3) a d-vertex v adjacent to (d — 1) 2-vertices, where d > 4;

(F4) a 4-vertex v adjacent to one 2-vertex vy and three weak 3-vertices

V2,03, V4,
(F5) a 4-vertex v adjacent to two 2-vertices vi,ve2 and one weak 3-vertex
V3.

Theorem 34. If G is a graph with mad(G) < 3, then G is acyclically
(A1 + 1)-edge choosable.

Proof. The proof is by induction on the number of vertices. If |G| < 4, then
G is not Ky, hence is acyclically (A; 4 1)-edge choosable. By Lemma B, we
may assume that 6(G) > 2. Let L be a (A + 1)-edge-list of G. By Lemma
B3l we have the following cases to discuss.

For (F1), the graph G — u has an acyclic L-edge coloring ¢ by the
induction hypothesis. By Corollary [[2, G has an acyclic L-edge coloring.
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For (F2), if dg(w) = 3, assume that Ng(v) — {u,w} = {z}, Ng(u) —
{v} = {u'}, and Ng(w) — {v} = {wy,ws}. We may assume that dg(z) >
dg(w). The graph G’ = G — u has an acyclic L-edge coloring ¢ by the
induction hypothesis. We may assume that ¢(vw) = 1 and ¢(vzr) = 2. We
color wu' with some j € L(uu') — (Cy(u') U{2}). If j # 1, we color uv
with some element in L(uv) — {j,1,2}. We may assume that j = 1. By an
(a,b)-colored path we mean a path whose edges are colored only by the two
colors a and b. Let S be the set of positive integers s such that there exists a
(1, s)-colored path in ¢ between u' and w avoiding v. If L(uv)—(SU{1,2}) is
nonempty, we color uv with some element in L(uv)—(SU{1,2}). Otherwise,
dg(z) = dg(v') = 3 and we may assume that Cy(w) = Cy(u') = {1,3,4}
and L(uwv) = {1,2,3,4}. If L(uu') # {1,2,3,4}, we re-color uu' with some
j € L(uu')—{1,2,3,4} and color uv with some element in L(uv)—{j’,1,2}.
We may assume that L(uu') = {1,2,3,4}. Similarly, we may assume that
L(vw) = {1,2,3,4}. If i ¢ Cy(x) for some i € {3,4}, we re-color uu' with
2 and color uv with i. Otherwise, Cy(z) = {2,3,4}. If L(vx) # {1,2,3,4},
then we re-color vx with some p € L(vx) — {1,2,3,4} and color uv with
2. We may assume that L(vz) = {1,2,3,4}. Since there is a (1,3)-path
between w and v/, no (1,3)-path between z and v’ exists. We re-color vw
with 2, vax with 1, and color wv with 3.

The case dg(w) < 2 is similar.

For (F3), assume that vy is a 2-vertices adjacent to v. The graph G —v;
has an acyclic L-edge coloring ¢ by the induction hypothesis. By Lemma
(1 G has an acyclic L-edge coloring.

For (F4), assume that Ng(v1) = {v,w;} and w; is a neighbor of v; of
degree 2 for 1 = 2,3,4. The graph G’ = G —v; has an acyclic L-edge coloring
¢ by the induction hypothesis. We color vjw; with some j € L(viw;) —
Cg(wr). If j ¢ Cy(v), then we color vv; with some element in L(vvi) —
(Cp(v) U{j}). Otherwise, we may assume that j = ¢(vva) = 2, ¢p(vvz) = 3,
and ¢(vvg) = 4. Let w), be the neighbor of vy distinct from v and vs.

I L{vwr) — (Co(w) U Cylwn)) # 0 or Lvor) — (Cylv) U Cylva) #
0, then we color vv; with some element in L(vvy) — (Cg(v) U Cy(wy)) or
L(vvy) — (Cy(v) U Cy(v2)). Otherwise, |Cy(v) U Cyp(v2)| = Ar(vvr) +1 = 5.
In particular, dg(wy) < 4 and 3 or 4 cannot belong to ¢(w;). We may as-
sume that ¢(vows) = 1, ¢(vowh) = 5, and L(vvy) = {1,2,3,4,5}. We can
find some k € L(viw1) — (Cg(wr) U {2}). If & ¢ {3,4}, then we re-color
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viwy with k& and color vv; with some element in L(vvy) — {2,3,4,k}. Now
we assume that k& € {3,4}. If |Cy(v) U Cy(vg)| < 5, then we re-color viw
with k£ and color vv; with some element in L(vvy) — (Cy(v) U Cy(vr)). Oth-
erwise, |Cy(v) U Cy(vg)| = 5 and 2 ¢ Cy(vg). Let xo be the neighbor of
we different from vy. If ¢p(wexs) # 2, then we color vv; with 1. Otherwise,
d(wara) = 2. If L(vawa) — {1,2,3,4,5} # 0, then we re-color vowy with
some element in L(vowsy) — {1,2,3,4,5} and color vv; with 1. Otherwise,
L(vowsy) = {1,2,3,4,5}. We re-color vewy with k and color vv; with 1. Since
2 ¢ Cy(vg), the resulted edge coloring is acyclic.

For (F5), assume that Ng(v) = {v1,vs,v3,04}, Ng(vi) = {v,w1},
Ng(v2) = {v,ws}, and Ng(v3) = {v,ws, w5}, where ws is a 2-vertex. The
graph G’ = G—wvy has an acyclic L-edge coloring ¢ by the induction hypothe-
sis. If L(viwq) — (Cyp(w1)U{p(vv3), ¢(vvs)}) is not empty, then we color vwy
with some j € L(viwi) — (Cy(wr) U {p(vvz), p(vvs)}). If j # ¢(vvg), then
we color vu; with some element in L(vvy) — (Cy(v) U {j}). If j = ¢(vva),
then we color vv; with some element in L(vvy) — (Cy(v) U Cy(v2)). Oth-
erwise, we may assume that ¢(vvy) = 2, ¢(vvz) = 3, ¢(vvy) = 4, and
L(viwy) = Cy(wr) U {3,4}. We color vjw; with 3.

If L(vvr) — (Cy(v)UCy(wr)) # 0 or L(vvy) — (Cy(v) UCy(v3)) # 0, then
we color vvy with some element in L(vvy) — (Cg(v) U Cyg(wr)) or L(vvr) —
(Cp(v) U Cy(vsz)). Otherwise, |Cy(v) U Cy(vs)] = Ar(vvi) +1 = 5. In
particular, dg(w1) < 4 and dg(vs) < 4. If 3 ¢ Cy(ws), then we color vvy
with some element in L(vv1) — (Cy(v) U {p(v3ws)}). We may assume that
Cy(ws) = {1,3}, d(vswh) =5, L(vvy) = {1,2,3,4,5}, and {1,5} C Cy(w1).
If 1 ¢ Cy(vs), then we re-color viw; with 4 and color vu; with 1. If 5 ¢
Cy(v4), then we re-color viw; with 4 and color vv; with 5. We may assume
that {1,5} C Cy(va).

If L(vsws) # {1,2,3,4,5}, then we re-color vzws with some element in
L(vsws)—{1,2,3,4,5} and color vv; with 1. We may assume that L(vzws) =
{1,2,3,4,5).

If Cy(v2) # {2,3}, then we re-color v3ws with 2 and color vv; with 1.
We may assume that Cy(v2) = {2,3}.

If L(vvy) # {1,2,3,4,5}, then we re-color vsws with 2, vvge with some
element in L(vvy) —{1,2,3,4,5} and color vv; with 1. We may assume that
L(vve) ={1,2,3,4,5}.
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If 3 € Cy(va), let s be an element in L(vvy) — {1,3,4,5}. If s # 2, then
we re-color vvy with s, vywy with 4, and color vv; with 1. If s = 2, then we
re-color vvy with 2, viw; with 4, vve with 4, and color vvy with 1.

If 3 ¢ Cy(va), then we re-color vsws with 4 and color vv; with 1.

In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally (A; + 1)-edge choosable. O

Corollary 35. If G is a graph with mad(G) < 3, then aj, (G) < A(G) + 1.

Lemma 36. ([12]) Let G be a planar graph with 6(G) = 2. If g(G) > 5 and
A(G) 2 11, then G contains at least one of (F1), (F2), (F3) of Lemma B3,
or one of the following configurations.

(F6) a 3-vertex v adjacent to one 2-vertex vi and the other neighbors have
degree at least 4;

(F7) a 3-vertex v such that the sum of degrees of its neighbors is at most
A(G) + 3;

(F8) a d-vertexr v adjacent to one 2-vertex v1 and d — 1 (A(G) +2 —d)™ -
vertices, where d > 4.

Theorem 37. If G is a planar graph with g(G) > 5 and A(G) > 11, then
G is acyclically min{Ag + 2A1 — 2, A(G) + 1}-edge choosable.

Proof. The proof is by induction on the number of vertices plus the number
of edges. The theorem is trivially true for the induction basis of Ki 11. By
Lemma Bl we may assume that 6(G) > 2. Let L be a min{Ay + 2A; —
2, A(G) + 1}-edge-list of G. By Lemma BB, we have eight cases to discuss.
For each cases, a subgraph G’ is obtained by deleting a suitable vertex or a
suitable edge. If A(G') = A(G), then G’ has an acyclic L-edge coloring ¢ by
the induction hypothesis. If A(G') < A(G), then G’ has an acyclic L-edge
coloring ¢ by Theorem BIl

For (F1), (F2), and (F3), we can use the same arguments in the proof
of Theorem B2l

For (F6), assume that Ng(v) = {v1,v2,v3} and Ng(vy) = {v,w;}. Let
G’ be the subgraph G — v;. Assume that ¢(vve) = 2 and ¢(vv3) = 3.
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If L(viwy) # Cy(w1)U{2, 3}, then we color vjw; with some ¢t € L(viw;)—
(Cy(wr) U{2,3}) and vu; with some element in L(vvy) — {¢,2,3}. We may
assume that L(viw;) = Cy(w1) U {2, 3}.

Let S;, i € {2,3}, be the set of positive integers s such that there exists
an (i,s)-colored path in ¢ between wy and v avoiding vs—;. If L(vvy) #
S; U{2,3} for some i, then we color vyw; with ¢ and vv; with some element
in L(vvy) —(5;U{2,3}). We may assume that Sy = S3 = Cy(w1) = Cy(v2) —
(2} = Colus) — {31, 3 # Cylu), and 2 ¢ Cy(u).

If L(vvj) # Cy(wr) U {2,3} for some j € {2,3}, we re-color vv; with
some p € L(vv;) — (Cy(wr) U {2,3}), color vywy with j, and color vv; with
some element in L(vvy) —{2,3,p}. We may assume that L(vve) = L(vvs) =
Cy(w1)U{2,3}. Let r be an element in Cy(w;). Since there is a (2, 7)-path
between wy and vy and 2 ¢ Cy(v3), there is no (2,r)-path between w; and
v3. We re-color vvy with 3, vvg with 2, and color vywy with 2, vvy with r.

For (F7), assume that Ng(v) = {v1,v9,v3}. By (F2) and (F6), we
may assume that 3 < dg(v;) < A(G) — 3 for each i. Let G’ be the subgraph
G — vvy. Assume that ¢(vvy) = 2 and ¢(vvs) = 3.

Subcase 7.1. |Cy(v1) N {2,3}] = 0.

We color vvy with some element in L(vvi) — (Cy(v1) U {2,3}).

Subcase 7.2. |Cy(v1) N{2,3} =1.

Let s be the index such that Cy(vi) N {2,3} = {s}. We color vv; with
some element in L(vvy) — (Cy(v1) U Cy(vs) U {5 — s}).

Subcase 7.3. |Cy(v1) N {2,3} =2.
We color vu; with some element in L(vvy) — (Cy(v1) U Cy(v2) UCy(v3)).

For (F8), assume that Ng(vi) = {v,w;}. Let G’ be the subgraph
G — vy,

Subcase 8.1. ¢(viw1) ¢ Cy(v).
We color vv; with some element in L(vvi) — (Cy(v1) U Cy(v)).
Subcase 8.2. ¢(viw1) € Cy(v).

Let r be the index such that ¢(vv,) = ¢(viwy). We color vv; with some
element in L(vvy) — (Cy(v) U Cy(vy)).
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In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally min{Ag + 2A; — 2, A(G) + 1}-edge choosable. O

Corollary 38. A planar graph G satisfies aj,, (G) < A(G) + 1 if either
9(G) 26 or g(G) =5 and A(G) > 11.

9. Sufficient Conditions for Acyclic A-edge Choosability

Lemma 39. ([3]) Let G be a planar graph with 6(G) > 2. Suppose that any

of the following conditions holds.

1. A(G) 28 and g(G) > 7;
(G) = 6 and g(G) > 8;
(G) > 5 and ¢(C)
(G) > 4 and g(G)
(G) = 3 and g(G)

>
\Y

9;
10;
14.

AT O
>
VoWV WV

Then G contains at least one of the following configurations.

(G1) a 2-vertex u with neighbors v, w such that dg(v) +dg(w) < A(G)+1;
(G2) a d-vertex u adjacent to d 2-vertex, where d < A(G) — 1;

(G3) a path wiviuvewy with dg(wy) = dg(v1) = dg(ve) = 2, dg(u) =
A(G), and dg(w2) < A(G).

Theorem 40. If G is a planar graph such that any of the five conditions
in Lemma holds, then G is acyclically min{Ay + A1 — 1, A(G)}-edge
choosable.

Proof. The proof is by induction on the number of vertices. The theo-
rem is true for the induction basis, which consists of the following graphs,
respectively: K178, K176, K175, K174, and K173.

By Lemma B we may assume that 6(G) > 2. Let L be a min{Aq +
Ay — 1, A(G)}-edge-list of G. By Lemma BY, we have the following cases
to discuss. For each cases, a subgraph G’ is obtained by deleting a suitable
vertex. If A(G') = A(G), then G’ has an acyclic L-edge coloring ¢ by
the induction hypothesis. If A(G') < A(G), then G’ has an acyclic L-edge
coloring ¢ by Theorem B4l
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For (G1), let G’ be the subgraph G — u. Since |Cy(v) U Cy(w)| <
da(v) + dg(w) — 2 < min{Ag(w) + Aj(uv) — 2, A(G) — 1}, we color uv
with some k € L(uv) — (Cy(v) U Cy(w)). Since dg(v) = §(G) > 2, we have
|Cy(w) U{k}| < dg(w) < min{Ag(uw) + Aq(vw) — 2, A(G) — 1}. We color
ww with some element in L(uw) — (Cg(w) U {k}).

For (G2), let v be one neighbor of u and w be the other neighbor
of v. Let G’ be the subgraph G — v. We color vw with some element
J € L(vw) — Cy(w). If j ¢ Cy(u), then we color uv with some element in
L(uv) — (Cy(u) U{j}). If j = ¢(ux) € Cy(u) for some neighbor x of u, then
we color uv with some element in L(uv) — (Cg(u) U Cy(x)).

For (G3), assume that the neighbors of u are vy, va, ..., va(@). Let G
be the subgraph G — v;. We color wyv; with some element k € L(wqvy) —
(Co(w1)U{o(uvs), ..., d(uvac))}). Ik # ¢(uvz) and L(uvy) # Cy(u)U{k},
then we color uv, with some element in L(uv;)—(Cg(u)U{k}). If k # ¢(uvs)
and L(uvy) = Cy(u) U {k}, then we color uv; with k and re-color wiv; with
some element in L(wyv1) — (Cy(wi) U{k}). We may assume that k = ¢(uvy)
and L(wiv1) = Cy(w1) U Cy(u). Let j be some element in L(uv) — Cy(u).
If p(uva) ¢ Cy(wa), or j ¢ Cy(wi), or j ¢ Cy(ve), then we color uv; with
j. We may assume that L(uvi) = Cg(wi) U Cy(u) = Cy(u) U{p(vawsz)} and
d(uvg) € Cy(ws). If L(uvy) # Cy(u) U {¢p(vows)}, then we re-color uvy with
some element in L(uvs) — (Cy(u) U {¢(vaws)}) and color uvy with ¢(vows).
We may assume that L(uvs) = Cy(u) U {¢(vows)}. We re-color vows with
some a € L(vows) —Cy(w2) and uvy with ¢(vaws). We color uvy with ¢(uwvs)
and re-color vyw; with some element in L(viwy) — {¢p(vows), p(uve)}.

In every case, G has an acyclic L-edge coloring. Therefore, G is acycli-
cally min{Ag + A; — 1, A(G)}-edge choosable. O

Corollary 41. If G is a planar graph such that any of the five conditions
in Lemma B holds, then a}, (G) = A(G).

For planar graphs with girth at least 16, we have the following stronger
result.

Theorem 42. If G is a planar graph with g(G) > 16, then G is acyclically
max{Ag, 3}-edge choosable.
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Proof. The proof is by induction on the number of vertices. If |G| < 16,
then G is a forest or a cycle on sixteen vertices. Hence, G is acyclically
max{Ag, 3}-edge choosable. By Lemma B, we may assume that 6(G) > 2.
It is known ([7]) that, if a planar graph G satisfies 6(G) > 2 and ¢g(G) > 16,
then G has a 2-vertex adjacent to two 2-vertices. Hence, there exists a path
wvwzy such that dg(v) = dg(w) = dg(xz) = 2. Let L be a max{Ag,3}-
edge-list of G. By the induction hypothesis, G — {v,w,z} is acyclically
max{Ay, 3}-edge choosable and G — {v, w, z} has an acyclic L-edge coloring.
By Lemma B G is acyclically max{A, 3}-edge choosable. O
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