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Abstract

We prove the existence of a continuous BV minimizer with C°
boundary value for the p-area (pseudohermitian or horizontal
area) in a parabolically convex bounded domain. We extend the
domain of the area functional from BV functions to vector-valued
measures. Our main purpose is to study the first and second
variations of such a generalized area functional including the con-
tribution of the singular part. By giving examples in Riemannian
and pseudohermitian geometries, we illustrate several known re-
sults in a unified way. We show the contribution of the singular
curve in the first and second variations of the p-area for a surface

in an arbitrary pseudohermitian 3-manifold.

1. Introduction and Statement of the Results

In [10], Paul Yang and the authors proved the existence of a Lipschitz
continuous (p-)minimizer with C*® boundary value for the p-area (or hor-
izontal area) in the space W1 and the uniqueness of p-minimizers in the
space W12 among other things. In this paper, we will prove the existence

of a continuous BV minimizer with C° boundary value for the p-area in a
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parabolically convex bounded domain. Recall that the p-area is a special
case of a more general area functional:

Fulu) = /Q(|vu+ﬁ| + Hu)d™z. (L.1)

where Q € R™ is a bounded domain, u € W1(Q), F is an L' vector field
on Q, H € L*(Q), and d™x := dx1 Adxy A - -+ A dz,y, denotes the Euclidean
volume form or the Lebesgue measure. We often denote Fg by F for the
case of H =10:

Flu) = /Q Vu+ Fldma. (1.2)

F(-) is called the p-area (of the graph defined by u over Q) if F = —X* where
X* = (x1/, =21, o, —To, ..., Tpry —Tp), m = 2n (see [€]). In the case of a
graph 3 over the R?™-hyperplane in the Heisenberg group, the above defini-
tion of p-area coincides with those given in [€], [13], and [2€]. In particular
these notions, especially in the framework of geometric measure theory, have
been used to study existence or regularity properties of minimizers for the
relative perimeter or extremizers of isoperimetric inequalities (see, e.g., [13],
6], [20], [21], [23], [23], [21], [28], [29], [3]). The p-area can also be identi-
fied with the 2n + 1-dimensional spherical Hausdorff measure of 3 (see, e.g.,
[2], [15]). Some authors take the viewpoint of so called intrinsic graphs and
obtained interesting results (see, e.g., [15], [1], and 4] which relates distri-
butional solutions of Burgers’ equation to intrinsic regular graphs). Starting
from the work [§] (see also [1]), the subject was studied from the viewpoint of
partial differential equations and that of differential geometry (see [10], [11],
[9]; the term p-minimal is used since this is the notion of minimal surfaces in
pseudohermitian geometry; “p” stands for “pseudohermitian”). In [1(], one
studied the situation for u € W1, To extend the domain of F to the space
of BV functions, we define the total variation of a function u € L'(2) by

/ \Du+Fdme| : — sup{/(—udiv<z§’+ﬁ.$)dmx 13 eCl(Q), 18] <1} (1.3)
Q Q

Let BVz(Q) denote the space of u € L'(Q) such that the total variation
Jo |Du+Fd™z| < co. In this case, the notation Du (viewed as the gradient of
w in the distributional sense) is in fact a vector-valued Radon signed measure
(see Remark 1.5 on page 5 in [17]) and |Du + Fd™z| is the total variation
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measure of the measure Du+ Fd™z (see the first paragraph of Section 3 for
more details). When u € WH1(Q), we use Vu to denote the gradient of u.
Note that BV(€2) is reduced to the usual space of BV functions, denoted by
BV (Q), for F = 0. Moreover, if F' € L(), it is easy to see that u € BV(€2)
if and only if u € BV(Q2). For v € Wh! ([[J) is the same as the one in the

usual sense (in which we write Du = (Vu)d™z).

We need to require the following condition on F (say, € C!) :
OxFr=0fr, LK=1,...,m (1.4)

for C'-smooth functions fx’s. Denote the coordinates of R™ by x1, o, ...,
ZTm. We call a coordinate system orthonormal if it is obtained by a translation
and a rotation from z1, za, ..., y,. We recall ([10]) the definition of a certain

notion of convexity for {2 as follows.

Definition 1.1. We call 2 C R™ parabolically convex if for any p € 012,
there exists an orthonormal coordinate system (Zi, Zo,...,T,,) with the
origin at p and Q C {aZ? — T5 < 0} where a > 0 is independent of p.

Note that a C?-smooth bounded domain with the positively curved (pos-
itive principal curvatures) boundary is parabolically convex. On the other
hand, a parabolically convex domain can be nonsmooth as shown by the

following example: a planar domain defined by

—V3<z<V3,—VA-22+1<y<i4—a2-1.

For a vector field G = (91,92, .-.,g2n) on Q C R?" we define G* =
(927_917947_937---ag2n7_g2n—1)-

Theorem A. Let Q be a parabolically convex bounded domain in R*™ with
90 € C2(0 < a < 1). Suppose F € CH*(Q) satisfies the condition ()
for CY®-smooth and bounded fx’s in Q and divE* > 0. Let p € C°(09).
Then there exists u € C°(Q) N BV (Q) such that v = ¢ on O and

/|Du—|—ﬁdm$|§/ |Dv + Fd™ x| (1.5)
Q Q

for all v € C°(Q) N BV (Q) with v = ¢ on 9.
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We remark that F' = —X* satisfies the assumption in Theorem A. The
idea of the proof for Theorem A goes as follows. We approximate ¢ by
C?“-smooth functions and apply Theorem A in [1(] to get approximating
Lipschitz continuous minimizers. These minimizers will converge uniformly
to a continuous function u by the comparison principle (Theorem C in [10]
). Then we show that u is a BV function and a minimizer in C°(Q)N BV (Q)

by some extra work.

On the other hand, F. Serra Cassano and D. Vittone in a recent paper
([32]) study this problem for more general domains. Let Q C R?>" be a

bounded domain with Lipschitz regular boundary. They show the functional
u € BV(Q) — / |Du — X*d*"x| +/ | uloq — ¢ | do (1.6)
Q o0

attains its minimum, where, for u € BV (Q), the trace u|sq exists and lies in
LY(09) by Theorem 2.10 in [11], ¢ € L'(09) is given, and do denotes the

standard boundary measure. Moreover, there holds
inf{/ |Du — X*d*"z|:u € BV(Q),ulon = ¢}
Q
= min{/ |Du — X*d*"z| +/ | ulgg — ¢ | do:ue BV(Q)}
Q o0

(see Theorem 1.4 in [32]).

Although the BV minimizers @ for ([CH) exist, the trace @|gg may not
equal ¢. The BV minimizers for [, \Du—)? *d?"x| with given (even smooth)
boundary value ¢ may not exist in general either for nonconvex domains
as shown in Example 3.6 of [32]. In fact, consider Q := {1 < /a2 4+ y? <
2} C R?. Take the boundary value ¢ = 0 on \/3:274—112 = 2 while ¢ = C on
V224 y2 = 1. Then there admits no minimizer for Jo [ Du — X*d?'z| with
ulan = ¢ when C' is large enough (see [32] for more details). The original
idea comes from [14] in which R. Finn gave examples of nonexistence for the

Dirichlet problem of (Euclidean) minimal surface equation.

After we have BV minimizers, we consider the variations of 7 on BV
functions. Since F is only convex, but not strongly convex, this causes much

trouble. Besides the trouble that BV functions cause, we still have trouble
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even for C°°-smooth functions. For instance, let F = 0, then uw = 0 is the

minimizer for F(u) = [ |Vu|d™z. Compute the first variation at u = 0:

lim F0+e0) = F(0) = lim el IVeld™z. (1.7)
e—0 £ e—=0 ¢ Jo
from which we learn that only left limit or right limit exists. However, we can
still deal with the second variation of F (see Theorem C). Previously in [§]
the second variation of F was studied only for C2-smooth functions and away
from the singular set Sz(u) (:= {p € Q | Vu + F =0 at p}). But whether
Hp(Sp(u)) (m = dim ), the m-th dimensional Hausdorff measure of S (u),

vanishes is a problem. In the case of least gradient (F' = 0), Hy,, (S z(u)) may

not be zero.

In the case of p-area, F = —X* where X* = (17, —x1, o, —T2y ..., Ty,
—xy), m = 2n, for u € C*(Q), we have H,,(Sz(u)) = 0. But for u €
Wh(Q), Hy (Sz(u)) may be larger than zero (see [2]). For u € BV (), we

write

Du = (Vu)d™z + dv?"*, d"z L dv?"*

where Vu € L' with respect to d™z. Suppose d"x (dvgl’"w, resp.) is con-
centrated on € (g, resp.) where Q1 N Qy = &, 0y U Qy = Q. Note that
Hpn(Q2) = 0. Define Sp(u) := {p € Q1 | Vu + F =0 at p}. Now whether
Hpyy(Sgz(w)) =0 (m even) for a BV minimizer u for the p-area in general is
still an open problem. So we cannot neglect the role of Sz(u). One of the
purposes of this paper is to study the second variation of F not avoiding

Sp(u) even if H,,(Sz(u)) # 0.

The idea of computing the first and second variations is to extend the
domain of F(-) from BV functions to vector-valued measures. Then making
use of the Radon-Nikodym theorem, we can easily obtain the formulas of

first and second variations, which include the effect of the singular set.

Let E be a C*°-smooth Riemannian vector bundle over a C°°-smooth
manifold X. Let du,dv be two E-valued (Radon signed) measures on X.
Let du. = du + edv for € € R. Define F(du.) by

F(dpe) ::/X‘dﬂa"
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(see (BI) with € replaced by X) Denote F(du.) by F(e) for simplicity.
Throughout this paper we assume that both du and dv are bounded in the
sense that |du| and |dv| are integrable over X. By the (extended) Radon-
Nikodym theorem we can write

dpre = Neldpe|,
dv = Ag|ldpe| + dve,dvi L |dpe|

where N, A. € L'(|dp.|) with |[N:| =1 (cf. BZ)). Recall that F'(e,+) :=

F(eg)=F(e1)

lime, e, + 2 “1). 'We have the following first variation formula.

Theorem B. Suppose dp and dv are bounded. Then F(e) is Lipschitz
continuous in € and there holds

Flevk) = [ N Acildpa & [ javs'|. (15)

Let v € BV(S2) where Q C R™ is a bounded domain with Lipschitz
regular boundary. Define

Frr(u) ::/Q]Du—i-ﬁdmx]—k/QHudmx

where the first term on the right side of the equality makes sense by (3.
Recall that F is an L! vector field on Q and H € L*®(12). Recall that for
u € BV(Q), the trace u|pq exists and lies in L'(992) by Theorem 2.10 in
(1]

Definition 1.2. Suppose u € BV (Q) with u|pg = . If for all ¢ € BV ()
with ¢|gn = 0, there holds

Fr(u) < Fru+ )
Then we call u a minimizer for Fg with the boundary value (trace) .

Denote Fp(u+ep) by Frr(e). We can then have the following necessary
conditions for v € BV () to be a minimizer.

Corollary B'. Let Q C R™ be a bounded domain with Lipschitz reqular
boundary. Suppose u € BV (Q) is a minimizer for Fu with ulpng = Y €
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LY(0S2). Then there hold

Fi(04) :/No-Aold,u\—i-/ ]dz/g\—l—/HcpdmmZO (1.9)
Q Q Q
and

f}{(O—):/QNO-AO\du]—/Q\dz/glJr/Qngdmxgo. (1.10)

We remark that Corollary B’ generalizes Theorem 3.3 in [1(], where
N(u) = No, (Vo)d™z = Agldp| on Q\Sz(u), and [Ve|d"z = |dv?| on
Sp(u). Here Ag = %, dp| = |Vu+ F|d™z, and Sp(u) = {Vu+ F =0}
(cf. Example 3.2). Also note that (LI) corresponds to (3.12) in [10] with

o replaced by —p.

The singular term =+ [y [dv?| in (L) and (CI0) is not removable in
general. The simplest example is that at the minimizer v = 0 for the
least gradient energy functional [ |Vu|d™z, we have F'(0+) = & [ |dv?| =
+ [ |Veld™x over Sz(u) = Q as shown in (L7).

There are at most countably many &’s such that |dvs| # 0. We call ¢
regular if |[dvé| = 0. For regular ¢ we have F'(e + ) = F'(e — ) = F'(¢)
and F'(e) is an increasing function of ¢ (see Proposition 3.3). Write F/, (¢)
(FL(g), respectively) for F'(e + ) (F'(e — ), respectively). In Section 3 we
also study the left and right continuity of ¥’ and F’ (see Proposition 3.4).
We give area functionals in Riemannian and pseudohermitian geometries as
examples to illustrate ([CH). For a p-area stationary surface in an arbitrary
pseudohermitian 3-manifold, we obtain the “incident angle = reflected angle”
condition on the singular curve (see (B38])). The result extends previous ones
in the Heisenberg group ([10], [29]).

In Section 4 we discuss the second derivative of F(¢). We compute the

first derivatives of .7-";_ and F' in various situations.

Theorem C. Suppose du and dv are bounded, and |Ac,|* € LY(X, |due,]).
Then (1) For e regular, there holds

/ _
lim Flea) = F

£o—¢€1,€2 regular €92 — €1

ol J AP = e - M) e (2 0)
(1.11)
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(2) For €1 arbitrary, there holds

i Tre2) = File) o Fhile2) — Fl(e)

ga—€E1+ €9 — €1 £2—€1— 9 — &1

- /X (A2 — [(Aey - N PYdpe, | (2 0). (1.12)

Observe that F’ (1) may be strictly less than F7, (1) (roughly speaking,
F' is not continuous and may have a jump at 7). Still we have not only
the existence of the left derivative of F” and the right derivative of ¥, but
also the same value, i.e., (F_)_(e1) = (F)/ (e1) by (LIA). This is a very
special property. Note that a convex function does not have such a property
in general. For instance, f(x) =0 for x < 0, f(z) = 22 +2 for x > 0. We can
easily check that f’ has a jump at z = 0. On the other hand, we compute
f"(z) =0 for x < 0 while f”’(z) = 2 for z > 0.

A fundamental formula in deducing the second variation of F is (BIF])
(for |dpe, | < |due,| < |dpe,|) in Section 3:

1
(N€2 - NEl) : (dluaz - dﬂm) = §‘N62 - N51’2(’d1uf52‘ + ‘dﬂmy)’

This formula generalizes (5.1) in [§]:
(N(u)=N(v)-(Vu—Vv) = %|N(u)—N(v)|2(|vu—)?*|+|vu—)?*|) (1.13)

for u,v € C'. The extension ([BI8) includes the case of BV functions. Also
it holds for various geometries including those of Euclidean and pseudoher-
mitian minimal surfaces. See the examples in Section 3 and the Appendix.
Corresponding to (LI3)), for the Riemannian mean curvature equation divZu
— : mn . Nu . . _
= H in R", where Tu := WiER e we have the following structural inequal

ity:

1
(Tu —Tv) - (Vu—Vv) > §|Tu — Tol*(\/1+ |Vu2 + /1 +|Vo[2)
> |Tu— Tol*

The above inequality was discovered by Miklyukov [22], Hwang [19], and
Collin-Krust [12] independently. The proof in [19] was obtained through the
help of Shuh-Jye Chern who simplified the original proof of Hwang.
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In Section 4 we give a proof of Theorem C and examples to illustrate
(CII). In particular we show that a C? area-stationary graph in a flat
ambient space in either Riemannian or pseudohermitian geometry has the
local area-minimizing property. This fact was proved individually for differ-
ent situations. For the 3-dimensional Heisenberg group, it was shown by a
calibration argument in [8] for the nonsingular case. Later Ritoré and Ros-
ales (|29]) extended the result to the situation having singularities. On the
other hand, using (([LTT]) gives a unified proof (see Example 4.1 and Example
4.2). Note that in (J29]), we are in C2-smooth category. The singular set
has no contribution to the second variation since its Lebesgue measure (in
R?") vanishes according to a result of Balogh (]2]). Here Theorem C general-
izes to include the singular set contribution. On the other hand, we obtained
Balogh’s result (for a C2-smooth function) as Lemma 5.4 in [§] by a different
argument (we used only elementary linear algebra and the implicit function
theorem in the proof). Later we generalized this result to the situation of
general F' (see Theorem D in [10]).

When the ambient space is not flat, we know that the curvature appears
in the second variation formula and the second variation is no longer nonneg-
ative in general. This means that the way we vary by considering |du + edv|
is not generic for nonflat ambient spaces. For a variational vector field with
support containing a singular curve, we compute the second variation of the
p-area for a stationary surface in such a direction, and cook out the contri-
bution of the singular curve (see ([E33]); the computation was completed by
Hung-Lin Chiu). Note that in [§] we have done such a computation for a
variational vector field with support away from the singular set.

In the Appendix, we define the notions of gradient and hypersurface area
in a general formulation unifying Riemannian and pseudohermitian (horizon-
tal or Heisenberg) structures for further development. In fact, these different
geometric structures on a differentiable manifold M are better described in
a unified way by assigning a nonnegative inner product < -,- > on its cotan-
gent bundle T*M. The gradient V¢ of a smooth function ¢ on M with
respect to these different geometric structures can be expressed in a unified
way as Vi := G(dy) where G : T*M — TM is a natural bundle morphism
defined by < G(w),n >=< w,n > for w,n € T*M (cf. [A3)) and note that
the first < -,- > denotes the pairing between T'M and T*M). For instance,
this Vg is nothing but the subgradient Ve in the pseudohermitian case.
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The geometric information is hidden in G. If ¢ is a defining function of a
hypersurface ¥ C M, we can give a unified definition of area (or volume)
element dvy, of 3 as follows (cf. (AQ)):

dyp

d’UZ = deUM

where dvys is a volume form. This formula encodes the Euclidean area
element, the p- (or H-) area element for a graph or an intrinsic graph in the
Heisenberg group (see Example A.1, Example A.2, and Example A.3, resp.;
see also Examples A.4 and A.5 for a surface in a general pseudohermitian
3-manifold). In particular, we recover the definition of Ritoré and Rosales
for the p- (or H-) area element (|29]). See ([(AIT) in Example A.5 for more
details.

We also derive a general formula for the mean curvature and give a
number of examples to illustrate it. See (A2H) and Examples A.6 and A.7.
When this work was being done, we received an interesting preprint (see
[32]) from Francesco Serra Cassano. In [32], the authors also studied the
existence (and local boundedness) of BV minimizers for the p-area (of what
the authors call ¢-graphs and X;-graphs). The definition (1.3) that we use
here is S;(u) on page 16 of [32]. Also the boundary value in [32] is more
general (see previous comments after Theorem A for more details).

Added in proof: The authors were informed of papers [1&], [24] in which
the second variation of the p-area was also studied and discussed.
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2. Existence and Proof of Theorem A

Take ¢, @ € C*(Q) such that ®; (¢}, respectively) increasingly
(decreasingly, respectively) approaches ¢ in C%-norm on 9€2. By Theorem A
in [10], we can find Lipschitz continuous minimizers (for F(-)) uj_,u; such
that u; = ¢, and u;: = 4,0;: on 0. It follows from the maximum principle

(Theorem C in [10]; here the condition divF* > 0 is used) that

0 < uj, —uy, < loj, — ¢, llcoa)
0 < wy, —uf, <llgy, — @i, llcoa), and (2.1)

0 < uf —uj <8 —¢5llco@n)

in Q for j; > jo, k1 < k2 (note that if u is a solution or a minimizer, so is
u+a constant). Therefore in view of (!2.__’[]) u; increasingly and u; decreasingly
converge to the same limit u € C%(Q) such that u = ¢ on 9.

Lemma 2.1. Let w; € LY(Q) N BVz(Q), w € L*(Q). Suppose w; — w in
L'. Then

/ |Dw 4 Fd™z| <lim inf [ |Dw; + Fd™z|. (2.2)
Q J—=0J0

Moreover, if the right hand side of (Z2) exists (finite value), then w €
BV3z(Q).

Proof. For ¢ € CE(€), |¢| < 1, we have

/Q(—wdiv<5+ F.g)d™e = lim [ (—wdivg+ F - ¢)d"x

j—oo Jo
< lim inf | |Dw; + Fd™z|
i— Jo
Taking the supremum over all such ¢, we obtain ) by ([[3) (cf. Theorem
5.2.1 in [34]). If liminf; . [, [Dw; + Fd™z| < oo, then w € BV3(Q) by
definition. O

Next we claim that u € BV(f2). Since u; converges to u in C%norm

(hence L'-norm) on 2, we have

/ |Du+ Fd™z| < lim inf [Vu; + Fld™z. (2.3)
Q Q

J—00
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by [Z2) in Lemma 2.1. We will prove that the right hand side of (23)
exists (finite value). Let u;, denote the solution of the following elliptic
approximating equation:

Vo + F
\/ a2 + |Vu + F|?

div( ) =0 inQ (2.4)

v = ¢ on 0f)

(cf. (4.1) in [10]; note that u; , € C?% by Theorem 4.5 in [10]). From Lemma
2.1 and noting that u; = lim, . u;, in C%norm (hence L'-norm) on Q, we

have
/ [Vu; + Fld™z < lim inf / \Vu;, + F|d"z. (2.5)
Q a—0 Jq >

On the other hand, we observe that

Vu;, +F| < \/a2+|Vu;a+F|2

CL2

\/a2 + |V, + F|?

= Vu;, N +F-N; + (2.6)

where
Vu; +F
N, = .0 — . (2.7)
Vo2 + Vg, + FP2

Integrating (Z0) and making use of (24 (to get Vu; N, = div(u; ,N;,)—

]70/ ]70/
u; divN; = div(u; ,N;,)), we obtain

/ywjja+ﬁ\dmxg/ \gpﬂda—k/{\ﬁ]—k]a\}dmx (2.8)
Q o0 Q

by noting that |N. ]Ta| < 1, where do denotes the boundary measure. From

(X)) we have deduced the following estimate

fim int [ [V, + Fld"e < 67 =00 02 + [Pl (29)

a—0

where [09] and |€2| denote the 2n—1 and 2n dimensional Hausdorff measures
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of 00 and (2, respectively. It now follows from (Z23), 1), and Z3) that
[ 1Dut Fama] < el omy 091 + [Pl < 0. (210

ZI0) means u € BV(Q2). In the remaining section, we will show that w is
a minimizer for F(-) in C°(Q) N BV(Q) with the same boundary value ¢.
Take v € C°(Q) N BV () such that v = u on . Let v, be a mollifier of
v, where 7 > 0. Let G, = ((G1)r, (G2)7,...) be a mollifier of a vector field
G =(G1,Go,...).

Lemma 2.2. Let Q' CC Q (i.e., Q' has compact closure in Q). For T small
enough, there holds

Vv, + Fld™z g/ |Dv + Fd™z| + | F — Fy|| 10 (2.11)
94 Q

Proof. For ¢ € CL(Y) such that |¢| < 1 (which implies |¢,| < 1), we

compute

/ (—vrdivg + F - 3)dms = / (—odivgy + F - 6o+ F- (6 — 3.))d™a
’ Q

IN

/\Dv—i—ﬁdmxl—k/(ﬁ—ﬁ)-ggdmx
Q Q

IN

/ |Dv+ Fd"z| + |F — Fyl|piq).  (2.12)
Q

By taking the supremum of the left side of (EZTZ)) over ¢, we obtain (EZTT).0]

Lemma 2.3. Let v,w € C?(Q) satisfy divN,(v) = divNy(w) = 0 in Q,
where N(p) := ——LEL__ . For any Q' cC Q, there holds

Ve Ve

y/{\/a2+\w+ﬁ\2—\/a2+yw+ﬁ\2}dmx\g/ o — wldo. (2.13)
9 o

Proof. Consider the following expression

I(s) ::/ \/@2—1—\VU—l—ﬁ—i—sV(w—v)Pdmx—l—s/ v —wldo (2.14)
! an
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for s € [0,1]. Compute

I'(s) _// [Vo+ F + sV(w—v)] - V(w

- : _U)dma:+/ v —wldo (2.15)
\/a2+va+F+sV(w E o5y

(s
/ Vo )P .
o \/a2+|Vv+F+sV( — )2
{[Vo+ F + sV(w—)] - V(w—0)}2
(Va2 + Vo + F 4 sV (w —v)[2)?

"z

/{a2|V D2 + V(W = 02|V + F + sV (w — v)?

[T+ F+5V(w0)] - Viw-0) P} a2+ Vot Fs9(w—v)2) Sd™s

>0
by Cauchy’s inequality for s € [0,1]. It follows that

I'(s) > I'(0) (2.16)

On the other hand, from I we compute
o) = Ng(v) - V(w —v)d™x +/ v —w|do
o o
= / (w—v)Ny(v) - vdo + / v — w|do
oY

o'
>0 (2.17)

where we have used the equation diviV,(v) = 0 and |V,(v)| < 1. By (ZI6)
and (ZI1), we get I'(s) > 0, and hence I(1) > I(0). That is

/{\/a2+|VU+ﬁ|2—\/a2+|Vw+ﬁ|2}dmx§/ |v — wl|do.
194 o

Switching v and w in the above argument, we finally reach (ZI3]). O
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Proof of Theorem A continued. Now we consider only parabolically convex
domain Q' cC Q with 0 € C*. For a > 0 let uj ., Vra be the solutions to
divN, () = 0 in ', such that Ui, = Uj,Vrq = Ur ON Y, where Ny(p) :=

Vp+F

Va2 +|Vp+F|?

. We then compute

/Q, |Vu; + Fld™z < /Q/ Vu;, + Fld™a (u; is a minimizer for F(-))

/ \/a2+\Vu;a + F]2d™x

/ \/a2+\VUT7a+ﬁ\2dma:+/ lu; —vr|do (2.18)
’ o’

IN

IN

by EI3). Let Fu(w) = [ \/@2 + |Vw + F|2d™z. Since v, 4 is a minimizer
for Fu(-) (see [10]), we estimate

/ \/&2 + Vs, + Fl2d"z

= / Vaz + Vo, + Flams
< al9Y| +/ Vo + Fld™z + |F - Bl (2.19)
Q
by (1) (7 small enough). Combining ([ZI8)) and ZI9) gives
/ Vu; + Fld™a
Q/
j

< a|Q’|+/ |Vv—|—ﬁ|dmx+||F—ﬁ7\|L1(Q)+/ T — vsldo. (2.20)
Q oY

In view of (Z3)) and Z20), we conclude ([CH) by letting a go to zero and
approach Q (7 tends to zero accordingly). O

3. Extension to Measures and the First Variation

We will extend the domain of F(-) from BV functions to vector-valued
measures. Let & C R™ be a bounded domain. Let u € BVz(Q2) where
F := (F;) € L'(Q). Then there are Radon signed measures Ap, g, ..., Am
defined in Q such that for ¢ = 1,2,...,m, (Recall that d™x denotes the
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Lebesgue measure of R™)

/ua(pdmx:—/gpd)\i

for all ¢ € C3°(?) (see Remark 1.5 on page 5 in [14] or see (5.1.1) in [34],
and note that u € BVz(Q) if and only if u € BV(Q)). Write Du := (d\;).
So Du+ Fd™z defines a vector-valued Radon signed measure and we define

its total variation (measure)
|Du + Fd™z|(f) := sup{ / (—udivg + F - $)d"x | § € C3(Q),|g] < f}
Q

for f being a non-negative real-valued continuous function with compact
support in . By the Riesz Representation Theorem, |Du + F d™zx| is a non-
negative Radon measure on 2 (mimicking the argument in Remark 5.1.2. of
[34]). Similarly, for a general vector-valued measure du = (dy;) (instead of

= (u;)) on Q, we define its total variation measure |du| by

dul(f) = sup{ /Q G-du|dech@).|d < 1}

We extend the domain of F(-) to include vector-valued (Radon signed) mea-

sures du by defining

Fld) = | 1dul = 1dul (1), (3.1)

In this section we want to compute the first variation of F(-) in measures.

Let E be a C*°-smooth Riemannian vector bundle over a C°°-smooth
manifold X. Let du,dv be two E-valued measures on X. We assume that
both du and dv are bounded in the sense that |dyu| and |dv| are integrable
over X, i.e., F(du) and F(dv) are finite in view of [B) with Q replaced by
X ((5 is viewed as a C'-smooth section of E with compact support while
“” denotes the fibre inner product). Let du. := du + edv for € € R. Since
|die| is a positive bounded measure, we can find N., A. € L'(|du.|) with
|N:| = 1, such that

dpe = Na‘d/la‘y

(3.2)
dv = Acldpe| + dvs,dvi L |due|
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according to the Radon-Nikodym theorem (extending 6.9 and 6.12 in [31] to

the case of vector-valued measures; see also [3(]).

Proof of Theorem B. We have

|dpe,| = |dpe, + (€2 — 1)dv|
= [(e2 —e1)Ac; + Neyl[dpte, | + |e2 — e1|[dvg| (3.3)

by [B2). It follows from B3]) that for g9 # &1

d d d
lhtes | =] _ 1y - ey Ay + Nyl - 1} ey | [e2 51'\d S (34)
£y — 1 —61 €2 — €

Observe that

g9 —€1)As, + Noy| — 1 g9 —e1)As, + Ney| — | N,
e eiatfalzlyg,,, - mafat Blzlalyy,
< A, l|dpe, | < ldv| (3.5)

by noting that |N,, | = 1. It follows from (B) and ([BH) that F(e) is Lipschitz

continuous in ¢ since dv is bounded by assumption. Also observe that

’(52 - 51)A€1 + N€1‘2 -1
(e2 —€1)de, + NG| (62 — e1) Az, + Ney| + 1 (36)
2(52 - 51)A61 ’ Nt’:‘l + ‘(52 - 51)A€1‘2

‘(62 — El)AEl + Nal‘ +1

Since |Ag, ||dpe, | and |dvst| are integrable by assumption (dv is bounded),

we can invoke the Lebesgue dominated convergence theorem to obtain

e (R AR Wy 7T BT
62—>€1:|: 2 — El
by B2) and (BH). O

Proof of Corollary B'. Let dy = Du + Fd™z denote the vector-valued
measure associated to u € BV (Q). Let dv = Dy for ¢ € BV () with ¢|gq =
0. Recall that we denote Fp(u + £p) by Fr(e).Now it is straightforward to
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extend ([CF)) for X = Q to include H as below:

Fi(e1%) :/N81 -Aal\dual\i/ \dyil\—F/Hcpdma;. (3.8)
Q Q Q

Letting £; = 0 in (B8]) we have

/NO A0|du|i/ |du0|+/H<pdm
+)

= Fy(0

~ lim fH(u—l—ago)—fH( )
e—0+ g

>0 (<0, resp.)

for e — 0+ (¢ — 0—, resp.) since Fp(u + @) — Fg(u) > 0 for u being a
minimizer and € > 0 (¢ < 0, resp.). We have proved (L) and (I0). O

Lemma 3.1. Suppose du,dv are two bounded E-valued measures on X as
described between BI) and B2). Let du. := du —|— edv for € € R satisfy
B32). Then for €1 # e9 there holds dvs' L dvs?, i.e., | dvi' |L| dvs? | .
Moreover, there exist at most countably many €’s such that |[dve|(X) # 0.

Proof. Let j =1, 2. Since |dpu.,| 1 |dvs’ |, we can find a measurable set E,
such that |dpue,| is concentrated on E; and |dvg’| is concentrated on E¢,
the complement of E. . For any measurable set B C EZ N EECQ, |dv|(B) =
by observing that du., —dpe, = (61 —£2)dv. It follows that |dvs’|(B) = 0 for
j = 1,2 since dv = dv5' and dv = dvg? on ES N EZ,. So [dvg| = [dvg?| =0
on EZ NEZ,, and hence |dvg!| and |dvg?| are concentrated on E¢ \ (B NEE))
and E¢,\ (EZ NEE,) (the intersection of these two sets is empty), respectively.
Therefore |dvst| L |dvg?|.

Given a positive integer n, we can only have finitely many ¢;’s such that
|dv|(ES) = |dvs’|(ES,) > L since
J J n

Do lav|(ES) = Y ldvi|(EL)
- :

J
|dv|(VEE,)
|dv|(X) < oo (by assumption).

IN

It follows that there are at most countably many &’s such that |dv|(EY)
|dvg|(ES) # 0.

oo
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If € satisfies |dvs|(X) # 0, we call it singular, otherwise regular. Denote

F(du) by F(e) for simplicity.

Lemma 3.2. Suppose we are in the situation of Lemma 3.1. Then we have

(1) For e1,e9 arbitrary, there holds

|dpey | + |dvst| < dpe, | + |dvg®| < dpey | + |dvgt; (3.9)

(2) For e1,e9 reqular, there holds |due, | < |due,| < |die, |-
Proof. We may assume e1 # 5. From (B3] we have
|dpc,| < |dpie, | + |dv3| (3.10)
Switching 1 and &9 in [B3]) gives
|dpe, | = (1 — €2) Ac, + Neoldpie, | + |1 — 2] |drg?|. (3.11)
Therefore we obtain
le1 — e2f|dvs®| < dpe, | + |dvg?| (3.12)
by (BIIl) and BI0). Now it follows from (BI0) and (BI2) that
|dpse, | + [dve? | < |dpe, | + |dvgt].

By symmetry (B3) follows. For e;, €9 regular, |dvé'| = |dvé?| = 0 and hence
(2) follows from (B9I). O

Lemma 3.3. Suppose du and dy' are two bounded E-valued measures on
X (see the paragraph between BIl) and B2)). Assume |du| < |dp'| < |dp.
Write dp = Ny |dpl|, dy’ = Ny|dy'|. Then we have

(1) Ny #0 a.e. [|di/]] and Ny #0 a.e. [|dp|] and
(2) there holds

1
(Nu = Ny) - (dp = dpt') = SINy = Ny [*(|dpa| + |y, (3.13)
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Proof. Suppose there is a set S with |du/[(S) > 0 and N, = 0 on S. From
the definition of N, we have |du|(S) = 0. It follows that |dy/[(S) = 0 by
the assumption |dy/| < |du|. We have reached a contradiction. Therefore

N, # 0 a.e. [|[dy/|]. By symmetry, we also have N,/ # 0 a.e. [|du|]. We have
proved (1).

As for (2), noting that N, N, are defined a.e. [|du|] and [|dy|], we

compute

(N = Nyo) - (dp — dpl) =

—~

N, — Ny )(N,ldpa| = Ny ldp)
— Ny Na)(dp] + i)
N, — Ny Pl +1di). (3.14)

N~

O

We remark that for general du, du’ (which may not satisfy the condition
|dp| < |du'| < |dul), the formula [BI3) should be interpreted and modified
as below. Write du = Aldy/| + dv) with |du'| L dvl. Then there exists
E’ on which |dy/| (hence du') is concentrated while dv’ is concentrated on
(E"):= X\E'. Let B :== E'N{A =0} and F), := E' N {A # 0} (note that
A is defined modulo a |dy/|-measure zero set in E’). It follows that du is
concentrated on £ := Ej U (E')°. We extend the domain of N, (N, resp.)
and define N, (N, resp.) to be 0 on E¢ := X\E ((E') resp.). Let xg
(xEr, resp.) denote the characteristic function of E (E, resp.), i.e., xg = 1
on E and xg = 0 on E°. Following a similar computation in (BI4]), we then
have

(Ny = Ny) - (dp—dp') = (1= Ny - Ny)(|dp| + |dp'])
1
= —— IN, — N,/|*(ldu| + |du']). (3.15
XE+><E/’“ w7 (ldp| + |dp']). (3.15)

Note that since E U E' = X, we have xg + xg # 0 on X.

For € regular there holds

dF(d

F(e) = de“s) :/XNg-A€|du€|. (3.16)

Since for € regular we have dv = 0 and hence [BI8]) follows from ([B7). Now
let €1,e2 be regular and e > ;. Observe that dv = A.,|dpe,| = Ae |dpe, |
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and hence from (BI6) we have
Fe2) = F(e1) = / {Ney - Acyldpicy| = Ney - Ac|dpie, |}
X

_ / (N., — N.,) - dv. (3.17)
X

On the other hand, by Lemma 3.2 and Lemma 3.3 with du = du.,,dy’ =
dpte,, BI3) reads

1
(Ney — Ney) - (dptey, — dﬂm) = §]N52 - N51\2(\du52] + ’dﬂa1‘)~ (3.18)

In view of dv = (g3 — &1) ™! (dpe, — dpe, ), we have

1
]:/(52) - -7:/(51) = / |Ney — N51\2(]d,u52\ + |dpe, [) =20 (3.19)

x 2(e2 — 1)

by (BI7) and (B.I1).

We remark that (BI6) generalizes Lemma 3.1 in [10]. For an arbitrary
¢ (regular or singular), we write F/, (¢) for F'(e+) = limz_. %, the
right derivative of F at e. Similarly we write F’ (¢) for the left derivative
F'(e—). Both F! (¢) and F’ (¢) exist in view of [BX)). When ¢ is regular,
Fi(e) = FL(e) = F'(e) (see BIH)). We study the left and right continuity

of F! (e) and F (¢).
Theorem 3.4. For g5 > £1, we have
.7:_/,_(62) > fL(Eg) > f_/i_(&‘l) > f/_(&‘l). (3.20)

In particular, F' () is an increasing function of € for € regular. We also

have the following limits:

lim F! (e2) = F(e1), Eg_f;(ag):fl(sl),

ga—e1+ €2 (3 21)
lim f’_(&‘g) = f.lg-(fl)a lim f’_(&‘g) = f/_(é‘l).
g2—e1+ €2—€1—

Moreover, F is conver.

Proof. That F'(e) is an increasing function of € for e regular follows from
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BI9). From (B2) we have

dpe, = dpe, + (g2 — e1)dv
= ((e2 —e1)Ac, + Ney)ldpe, | + (e2 —e1) Nt dvgt|. (3.22)

Here we have written dvs! = NZ'|dvS'|. We need the following lemma to
describe N, .

Lemma 3.5. Let dA,dr, and dp be bounded vector-valued measures. Sup-
pose dX = Bldr|+ Cldp)|, |dr| L |dp|, and |d\| < |d7| +|dp| < |d\|. Then
B#0 ae. [|dr|],C #0 ae. [|dp|], and

‘Uﬁl
‘Ql

Ny = —= ae. [|dr]];= = ae. [|dp]] (3.23)

=
Q

where we write d\ = Ny|d\|.

Proof. Since |dr| < |dA| (|dp| < |dA|, respectively), we can find a vector-
valued function i, € L*(|d)|) (Ep € LY(|d)|), respectively) such that

dr = ho|d\| (dp = l_ip|d)\|, respectively).

It follows that |dr| = |h.||dA| = |k.|(|B]|dr| + |C]|dp|). So |h.||B] = 1 a.e.
[|dr|] and |h;||C| = 0 a.e. [|dp|]. Therefore B # 0 a.e. [|dr|]. Similarly we
have C # 0 a.e. [|dp|] and hence

1
—- a.e. [|d7]], and also

| B

- - 1
he =0 a.e. [[dr(],|h,| = @ a.e. [|dp]

—

h; =0 a.e. [|dpl], ’ET‘

(3.24)

by symmetry. Now we compute Ny|dA| = d\ = Bldr|+ C|dp| = B|h.||d\| +
Clh,||dA| = (B|hr| + C|h,|)|dA|. Tt then follows that

Ny = Bliiz| + C|h,| ae. [JdA]). (3.25)

Since |d7| L |dp|, we obtain ([B23]) from B2Z0) in view of [B24)). O
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Proof of Theorem 3.4 continued. From Lemma 3.5 we express N, as follows:

(2 _El)Asl +N51 a.e Hd
oA TNy A [|due ]
N, = { [EzmenAa 8] - (3.26)

|§§:2\ NEvoae. [|dvet].

Now for €5 regular (¢; may not be regular) we compute

Fley) = / N, - dv
X

- / Ney - (Aey |dpe, | + dvgt)  (by @2)
X

_ / (62 - 51)1451 +N€1 .
x [(e2 —e1)As; + Ney|

Aey |d#€1| +

;2_ NE - dvft (3.27)

€1

2 — €1
by BZH). Observe that N:' - dvs! = |dvs| and the integrand in B2ZD) is
bounded by |A., ||dpe, |+ |dvit| (which is independent of 2 and integrable by

assumption). We can therefore apply the Lebesgue dominated convergence
theorem to get

lim, /e2) = [ Noy - Ay £ 12

eg—e1t

= File) (3.28)

by B). Since F'(g) is increasing for € regular and the set of regular
values is dense, we can easily deduce BZ20) from [BZ2X). Thus we have
lime, e 4+ Fly (€2) = Fl(e1) and limg, .o,y F' (€2) = Fl(e1). Similarly we
also have lim., ..,— F/ (e2) = F._(e1) and lime,_,.,— F' (e2) = F(g1). We
have proved (BZI). That F is convex follows from BZ0) by elementary
calculus. O

We remark that Theorem 3.4 generalizes Lemma 3.2 in [10].

Example 3.1. Consider a C?-smooth graph ¥ = {(z1, 22, ..., T, u(xy, o2,
ooy Ty))} in R Let dp i= (ugy, Usy, - - - U, , —1) d™z where we recall
that d™x := dxz1 Adxy A---A dz,, be the R™!-valued measure defined
on a bounded domain X C R™, associated with the Euclidean normal to
3. Then |du| = /1 +u2, +---+u2 d"x is the area element of ¥ with
respect to the metric induced from the Euclidean metric on R™*!. Let dv =
(Va1 s Vpgs - -+ gy, 0) d™a where v € C§°(X). So from du. = N. |dp.|, dv =
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Ac |duel, and |due| = /1 + [Vu + Vo2 d™x (dve = 0 since |dp,| is strictly
positive; so each ¢ is regular), we obtain
~ (Vu+eVo, 1) B (Vv,0)

V14 [Vu+eVo?’ : V14 |[Vu+eVol2

(3.29)

€

where V denotes the gradient in R™. By Theorem B we have the first vari-
ation of the area F(0) = F(du) of ¥ :

F(0) = /X No - Aoldul
Vu - Vv m
X y/1+|Vul?

Vu
= — div(——)vd™z 3.30
/X (\/1 + ]VUP) ( )

by B29) and the divergence theorem. Notice that div(\/%) in (B30)
u

is the (Riemannian) mean curvature of ¥ in R™!. We have recovered the
classical first variation formula for the area of a graph in the Euclidean space.

Example 3.2. Consider a Cl-smooth graph ¥ = {(x1,71,...,Tn, Ty,
w(x1, 21/, ..., 20, T,y))} in the Heisenberg group viewed as R?"*! with the
standard flat pseudohermitian structure (see [§]). Recall that X* = (zy/,
—1, Tor, —T2, ..., Tp, —Ty). Let V denote the gradient opeator in R?". Let
dp = (Vu — X*) d®"z where d*"z := dzq A dxy A -+ A dzy A dzy,y and
dv = (V) d*"z be two R?"-valued measures defined on a bounded domain
Q C R¥ (¢ € CH(), say). So |du| = |Vu — X*|d?"z is the p-area element.
Denote the singular set {Vu — X* = 0} by S(u). Write du = Ny |dp| and
dv = Ay |dp| + dvs where

_ 3
)= Ve o 0\S(u)

= > 7A0 =
[Vu — X*| |[Vu — X*| (3.31)
dvs = (V)d* z on S(u).

Note that |du| is concentrated on Q\S(u) while dv; is concentrated on S(u).
By Theorem B and B31]) we have the first variation of the p-area F(0) =
F(dp) of X:

F(04) = /NO-AO\dmi\dus\
Q
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= / (Vu— X )_, V(pdznx + / |V|d*"
A\Sw)  |Vu— X*| S(u)

/ . Vou— X*
= div(p————
Q\S(w) |[Vu — X*|

_ X
—/ @div(L)dQ”x:t/ |V|d*z (3.32)
O\S(u) |IVu — X*| S(uw)

)d2n$

(cf. (3.3) in [10]). We remark that the Lebesgue measure of S(u) vanishes
for u € C? (in this case, compare [F32) with the first variation formula in
[29]) or C1! while there exists u € Np<a<1CH® such that S(u) has positive

Lebesgue measure according to Balogh ([2]).

Example 3.3. For basic material in this example, the readers are referred to
(I8]). Let (M, J,©) be a 3-dimensional oriented pseudohermitian manifold.
Consider a C? smooth orientable surface ¥ C M. Let ¢ = ker © denote the
contact bundle. Let e; € T> N £ denote a characteristic vector of unit length
with respect to the Levi metric G = 1dO(-, J-) (at a nonsingular point). Let
e2 = Jey and T denote the Reeb vector field associated to ©. Let {e!, e? 0}
denote the coframe field dual to the frame field {e;,e2,T}. The adapted (or
left invariant) metric on M is defined by h = 02 + G = 0% + (e!)? + (e2)?
(if restricted on the nonsingular domain). It follows that

- - aey + T ey — aT

€1 =e1,6y = —7\/1_1_—()[2,]\[ = 7\/14_70[2 (3.33)
form an orthonormal basis with respect to h (recall that « is defined so
that aes + T € TX). Denote the projection of the unit normal N onto £ by
N¢. Denote the Riemannian area element of X induced from h by dX. Let

el =el e = —%, and &3 = T;JT%GZ be the coframe field dual to é1, 9, N
in (B33)). We have
Ne= —2_ d5 =& N2 (3.34)

V1+a?
(assuming that ¥ is oriented so that the second equality in (B34]) holds).
Let | - |, denote the length with respect to the metric h. From (B34]) we can

now compute

1 1 .~
’NE’hdZ = ﬁel/\ez
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-1 oA e’ + 0
V14 a? V1+a?
= OAe! (3.35)

(on the nonsingular domain; = 0 on the singular set) by noting that e! Ae? =
ae! A © on X. For M being the Heisenberg group, (B35) was pointed out
n [29]. So we learn from (B30) that the general p-area element can also be
viewed as the total variation measure of a TM or {-valued measure NedX

on X.

By the way we will compute the first variation formula for variations
having support containing the singular set (in [§] we computed it for varia-
tions having support away from the singular set). For simplicity we assume
that ¥ is Cl-smooth, oriented, and X\Sx, is C2, where Sy denotes the sin-
gular set consisting of a C'-smooth curve. Suppose Sy, divides ¥ into two
pieces with boundaries S; , Sy, reversely oriented on Sy. Let v be a C°
smooth vector field of M with support away from 0¥ when restricted to
Y. We write v = vie; + veeg + fT (in nonsingular region). Compute the

variation of the general p-area in the direction v :

5v/@/\el = / L,(© Aeh)
by Y\ Sx

:/ doiv((a/\el)+ivod(@/\el)
3\ Sx
= (/S;‘i‘/z)(fel_vl@)—i—/z\sz(fa_vz)];[@/\el (3.36)

by (2.8’) in [&], where H denotes the p-mean curvature of X. We say that X
is stationary if 8, [y, © A e' = 0 for all v. Then by (B30) and © = 0 on Sy,
we learn that if 3 is stationary, then H = 0 by taking v with support away
from Sy, and hence there holds

fet+ | fet=o. (3.37)

S5 S5

Let 7 denote the positive unit vector tangent to S; . Assume that we can
extend ey continuously to Sy from both sides. Denote the extensions of e;

and e' on S; (S5, respectively) by ef and e}|r (e; and el respectively).
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Then from B37) we have
O=el(r)+el(—m)=¢ - T—e -7 (3.38)

where ”-” denote the inner product with respect to the adapted metric h
or the Levi metric G (note that ef,e;, and 7 are all in ). (B3F) is the
“incident angle = reflected angle” condition on the singular curves for a
p-area stationary surface. When ¥ is C? (including the singular set Sy),
both “angles” must be 90 degrees, i.e., ef -7 =e] -7 = 0 since ef = —e]
according to (generalized) Proposition 3.5 in [§] (see a remark in Section 7
for generalizing the results in Section 3). We studied condition (B3J) for a
(generalized) stationary graph in the Heisenberg group (see Theorem 6.3 in
[10]). Ritoré and Rosales ([29]) obtained the same result for a C2?-smooth,
oriented (immersed) surface in the Heisenberg group.

4. Second Variation and Proof of Theorem C

Recall that for € regular we have (cf. [BI0))
F(e) = M:/ N, - dv. (4.1)
de X

First from (), we want to compute

/ J—
lm T2 =) / NEz Ney ) - dv (4.2)
£2—¢€1 €9 — &1 £2—¢€1 €9 — &1
for 9, £1 regular. From (B22)) we have
dpte, = ((e2 — €1)Ae; + Ney)|dpe, | (4.3)

for e; regular. Taking the absolute value (total variation) of both sides in
E3) gives
|dpiey | = |(e2 — €1) Ae; + Ney[|dpc, | (4.4)

or
1

|(e2 —€1)Ae; + Ney|

ldpe | = |dpte, |- (4.5)

Note that (e2 —e1)As, + Ney, # 0 ace. [|dpe, |] and [|dpue,|] as shown below.
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Lemma 4.1. Let e3 and £ be reqular. Then we have (9 —¢e1)Ae; +Ney # 0
a.e. [|dpe,|] (and hence also a.e. [|dpe,|] by Lemma 3.2(2)).

Proof. Suppose there is a |df., |-measurable set S such that |du.,|(S) > 0
while (g9 —€1)A;, + No, = 0. By Q) we have |du.,|(S) = 0, contradicting
|dpe, | < |dpe,| as asserted in Lemma 3.2 (2). O

Substituting the first equality of [B2) with ¢ = e and [3H) into [E3)),
we get
(62 — El)AEl + Ngl

Ne, = : 4.6
=7 (e — e A, N, (4.6)
From (6 we can write
Ney = Noy = (1) + (1) (47)
where
(62 - El)Ael + NEI
I = i _ A + N ,
( ) ‘(52 - 51)A51 + Na1’ [(62 El) = El]
(II) = [(e2 —e1)As, + Ney] — N, .
So we can estimate
|(IT)| = |e2 —e1]|As | and
(62 - 61)1451 + Nsl
Dl = 1—|(ea — 1) A, + N
Ol = e, —eya,, ., !~ ez me)da + Nar )
< fe2 - 1l A ws)

by noting that 1 = | N, | and making use of the triangle inequality (a.e. for
|dpe, | and also for |due,| by Lemma 4.1 (1)). From ) and X)) we have

N, — N,

— | <2|A,, ]| 4.9

Fe=fa o, (1.9)
Since |A¢, ||dv| = |Ae, |*|dpe, | is integrable by assumption, we can therefore

apply the Lebesgue dominated convergence theorem to get

N., — N, N, — N,
lim (u)dz/:/(lim 2 Ty dy (4.10)
€2—¢€1 Jx €9 — &1 X €2—7€1 €2 — &1
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by ). Let
flry = et
[tAe, + N, |
Recall that tA;, + N;, # 0 a.e. (for |due,|) for t = g9 —e; and 0. A
straightforward computation shows that

f,(t) = A51 — (A€1 'N€1)N€1 + t[(AEI 'N€1)A61 — ‘A61’2NE1]
tAe, + Ne, |3

. (411)

It follows that

f/(t) AL = ’AEIP - ’(Am ’NE1)‘2
e =

>0 4.12
A, T NP (4.12)

by Cauchy’s inequality (noting that |N,,| = 1), and

lim Flea) = 7le1) = / ( lim f(ea —e1) — f(0)
X

€2—¢€1 €9 — &1 €2—€1 €9 — &1

) - dv

_ / £(0) - Ac, ldpe,|
X
- /X (140, — [(Aey - Noy)PHdpe, | > 0 (4.13)

by (E2), EID), B2) (with dvi' = 0), and EID) for €9, £1 regular. We have
proved Theorem C (1) (ICTTI).

Next we are going to prove Theorem C (2). Take arbitrary ei,e9,¢;
# e9. First we want to express F/, (g2) in terms of |due,| and |dvi|. Since
|dus,| L |dvst|, there exists E., such that |du.,| is concentrated on Eg,
while |dv5!| is concentrated on EZ := X\E,,. Moreover, |dv| < |dp,,| on
E.,. Recall that from (B22) we have

due; = ((g5 — €1)Aey + Ney)ldpe, | + (g5 — e1)dvg? (4.14)

for j = 2,3, where e3 # 9. By ([EI4)) we compute

|d/‘€3|_|d:u€2| _ |(€3_51)A€1 +N€1|_|(€2_51)A€1 +N€1|]d,u ’
3 — &2 E3 — &9 e
Lleszal=lemal, 0 (4.15)

€3 — &9
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Note that on E,, N, # 0 a.e. [|dpe, |] and hence both (e3—¢1) Az, + Ne, and
(2 —e1)As, + N, cannot be zero simultaneously a.e. [|du., || since €3 # 3.

Therefore we can write

‘(53 — El)AEI + NEI’ — ‘(52 — El)AEI + NEI’
€3 — €2
(3 —e1)* — (22— e)?)|A, I* + 2(e3 — e2) Ac, - N,
(3 —e2)(|(e3 —e1)Asy + Noy| +[(e2 — 1) Agy + N, )
. ((63 + €9 — 261)1451 + 2N€1) . Ael
ez —e1)Ac, + Noy| + [(e2 — e1)Acy + N, |

(4.16)

Suppose (2 —e1)A;, + N, # 0 on E,, (recall that |du.,| is concentrated on
E.,). Then it follows from (EI6) that

lim (3 —€1)Ae; + Ney| — [(e2 —e1)Ae; + N |
£3—€2 €3 — €2
(52 - 81)1461 + N€1
= A 417
(e e Ao, T N 4 1)

On E.,, if (e —e1)A;, + N, = 0, then we have

|d:u€3| — |dlu’€2| _ |€3
3 — &2 €3

— €9
AL ldpe| (4.18)
— €9

by observing that (e3 —e1)As, + Ney, = (63 —€2)As, + (62 —€1)Aey + Ny =
(e3 —e2)A;, in (EID). Also from ([ETH) we have

|dpies | — |dpes | _ les — 1] — le2 — 1 |dvet]. (4.19)
E3 — &9 E3 — &9
on E¢ . Observe that
’(53 - El)Am + N€1‘ — ’(52 — El)Aal + Nal‘
€3 — &9
‘((53 - El)AEI + NEl) - ((52 - El)AEI + NEI)‘

- le3 — &2
_ ‘(53 - E2)A51‘ _ |A51| (4‘20)

les — 2|

by the triangle inequality. Since dy and dv are bounded by assumption, we
obtain that |du., | = |du+ e1dv| is bounded. Note that |A.,| € LY(X, |due, |)
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since |dv| = | A, ||dpe, | + |dvet| from (B2) and hence

/ Acy lldpey | < / jdv| < oo
X X

(note that dv is bounded by assumption). Now from (EI3), [EI17), EIS),
(ETY9)), and (EZ0), we can apply the Lebesgue dominated convergence theo-

rem to conclude that

d —|d
Flies) o= _tim | [ el 2l
53—>€2:|: X 63 - 62
€2 — &1 A + N
_ / ( )A€1 N€1 <A |dpe, |
EeyN{(e2—¢1)Aey +Ney #0} |(€2 — 61) €1 + €1|
v [ Az, ldpe, |
Eslﬂ{(€2—€1)A€1+N51:0}
lea — &1
lez —etl ) er) 4.21
+/sl 62—61|V5| 2

Comparing [@2]]) with (C8) we obtain

Flile2) = Fli(er)
/ (52 - El)Aal + Nal _
Ecy N{(e2—€1)Acy +Ney #0} |(€2 - 61)A€1 + N€1|

(i‘Aq’ - N, - Aa1)’dﬂa1‘} (4.22)

NEl) : A€1 |dlu’€1|

)
EcyN{(e2—€1)Acy +Ney =0}
for e3 > &1 (from which terms involving |dv:!| cancel). On E. N {(e2 —

€1)As, + N, # 0} there holds

1 (62 —61)1451 +N€1

= Noy) - Ay < 2040 4.23
g9 —e1 |(e2 —e1)As, + Ny o) - Aey| < 2|1AL | ( )

by the same estimate as in deducing ([3)) (noting that £; and ey are not
necessarily regular in the estimate). On E., N {(e2 —e1)A;, + Ne, = 0} we
have | ——| = | A,, | since [N, | = 1. It follows that

€2—€1

i|A€1| - N€1 'A€1
€9 — &1
= (£|Ae,| = Ne, - Az ) (sgn(e2 —e1)|Ag, )
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= Esgn(e2 — 61)‘1451’2 + ]A51]2
2|A., > if e2 > (<, resp.)ey for the case of + ( —, resp.) sign

( = 0ifey > (<, resp.)ey for the case of — (+, resp.) sign).  (4.24)

Here we have used the fact that N, - A., = —(e2—e1) 7 = sgn(e1 —e2)|Aq, |
on E., N{(e2 —€1)As; + N, = 0} (in which ’52 =| = |4 ). From [E22)
and ([L24]), we can write

Files) = Filer) _ /
€2 — €1 EeyN{(e2—€1)Ae; +Ne, #0}

g(al,az)’d:ual‘

+f henldpe, | (4.25)
By N{(e2—€1)Az; +Ney =0}

where
1 (62 —61)1451 +N€1
€9 — &1 |(€2 —61)1451 +N€1|

Y(e1,e2) = = Ngy) - Aey, (4.26)

and

b)) = 2|A.,|? if e5 > (<, resp.)e; in the case of + (—, resp.) sign
(= 0if g2 > (<, resp.)e; in the case of — (+, resp.) sign). (4.27)

From ([23) and (Z17), we have

|g(€1,€2)| < 2|A€1|2 on E61 N {(52 - 61)A€1 + N€1 7é 0}’

e Y i (4.28)
’h(a)’ < 2‘ 61‘ on E., N {(52 51) e1 T N€1 - O}’

Now given a point p € E,, (modulo a |du., |-measure zero set), there is at
most one g2 # €1 such that (eg —e1)Ae, (p) + Ne, (p) = 0. The reason is that
if there are two distinct such €9, then A, (p) = 0 and hence N¢, (p) = 0. So
all such points form a |dpu., |-measure zero set since N, # 0 a.e. [|dpe,|]-
We denote such €3 by e2(p). Then for any e,61 < € < e3(p), there holds
(e —e1)A: (p) + Ny (p) # 0. So we have

lim 9(51 a)(p) = lim Y(e1,e) (p)

e—e1+ e—e1+

= f'(04) - Az, (p)
= |4, (D) = |(Ae, - Ney) ()P (4.29)
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by (T, where g, . is defined on E, as follows:

g(al,a) = Y(e1,6) ON Ee, N {(5 - 61)1461 + Ne, # 0} and
= h(el) on E, N {(e — 61)1451 + N, = 0}.

In view of (@Z¥)), @EZJ), and the assumption |A., |? € LY(X, |due, |), we can
now apply the Lebesgue dominated convergence theorem to compute

Fi(e) = Fi(e)

55?3+ £—e1 B Ell’glJf Ee, Ier ol
= [t e o)l
e1

- /X (412 — |(Aey - No) ) dpie, | > 0.(4.30)

In the last equality of ([E30), we have used the fact that |due, |[(X\E:, ) =0
since |dy,, | is concentrated on E.,. Similarly we also have

. Fli(e)—F. (e
i =T P NP 2 0

E—E1— E—&1

Note that %\dl/ﬁll in (@ZI)) cancels in both cases. We have proved

Theorem C (2) (CI2).

We remark that for ey # €1, |dv5?| is concentrated on E.,N{(e2—e1) A, +
N, = 0}. Since |dv5?| L |dvs'| by Lemma 3.1 and |du., | L |dvE!|, we obtain
that |dve?| is concentrated on E., by Lemma 3.2 (1) or (B). Moreover,
observing that |dvS?| L |due,|, we conclude that |dvi?| is concentrated on
E., N{(e2 —e1)As, + Ny, =0} in view of BZ).

Example 4.1. Continue the discussion in Example 3.1. Since every ¢ is
regular in this case, by Theorem C (1) and [B2Z9) we have

F(0) = /X {140f = (Ao - No)P}d

_ / Vol + (IVol[Vul® - [(Vo - Vu)?)
X

1+ Va2 w20

by Cauchy’s inequality. This implies that a Riemannian minimal graph in
R™1 over X C R™ has the local area-minimizing property.
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Example 4.2. Continue the discussion in Example 3.2. Suppose that u and
¢ are in CY! or C2. Then the singular set of the graph defined by u 4 ¢ has
vanishing Lebesgue measure in R?" according to [2]. It follows that dvs = 0,
and hence each ¢ is regular in this situation. By Theorem C (1) and (B31])

we have

2 2 _ R 2
Py - [ XVl (T ) Vel
Q\S(u) |[Vu — X3

by Cauchy’s inequality again. So a C1! or C? p-area stationary graph in the

Heisenberg group over Q C R?" has the local p- area-minimizing property.
This fact was shown by a calibration argument in [§] for the nonsingular
case with n = 1. Later Ritoré and Rosales ([29]) extended the result to the

situation having singularities.

Example 4.3. Continue the discussion in Example 3.3. In [§] we computed
the second variation of the p-area in the direction of a vector field with sup-
port away from the singular set. Here we consider the situation of variations
with support containing a singular curve as in Example 3.3. The following
computation is based on a private talk given by Hung-Lin Chiu. Recall that
v = vgeg + fT (take vy = 0 for simplicity). Then we follow the argument in
[€] to get

53/@Ael
b

/ IHCIYS!
S\Sx

:/ Lo{(fo—vo)H + d(fe)}O A el

S\Sx

:/ —(fa—v2)*(e2H)O Ne' +do Ly(fe') (4.31)
S\Sx

for a p-area stationary surface ¥ (hence H = 0 on X). We can express
the first term of the last integrand in (3I) in terms of pseudohermitian
geometric quantities (see Section 6 in [§]). The second term of the same
integrand reflects the contribution of the singular curve Sy; as shown below.

By a direct computation we obtain

Ly(fe') = (vf + f’ReAb)e! + (w(T) +ImA}) f2e? — (w(T) + ImA}) fv20
(4.32)
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where A% and w denote the pseudohermitian torsion and connection form,
respectively. Since O(1) =0, el (1) + el (—=7) = 0, and €2 (1) = —e% (1) by

B3Y), from E32) we have

/ doLy(fe) = / (@(T) + ImAL) f26% + / (@(T) + ImAL) 262
2\ S, Ry

S5

= 2/S+(w(T) + ImA}) f2e2 (7)ds (4.33)

b

where s is the unit-speed parameter for S; .

Appendix: Generalized Heisenberg Geometry

We will discuss the notions of gradient and hypersurface area in a gen-
eral formulation unifying Riemannian and pseudohermitian (horizontal or
Heisenberg) structures (see, e.g., [33]).

Let M be an m—dimensional differentiable manifold with a nonnegative
inner product < -,- > on its cotangent bundle T*M. Namely, < -,- > is a
symmetric bilinear form such that < w,w > > 0 for any w € T*M. Some
authors call such a manifold M subriemannian. Clearly if < -,- > is positive
definite, (M, < -, >) is a Riemannian manifold. For M being the Heisenberg
group H, of dimension m = 2n + 1, let

. 0 o . 0 0

ej = 6—33] +yj&,€j/ = a—yj —:Ej&,
1 < j < n be the left-invariant vector fields on H,, in which x1,y1, z2,ya,
.++yTp,Yn, z denote the coordinates of H,. The (contact) 1-form © = dz +

/.
% o]
dxa, dyz, . .., dry, dy,,© are dual to é1,éy, 2,80, ... ,En, ey, 5;. Define a

Zyzl(xjdyj — yjdz;) annihilates é’s and é;,s. We observe that dxq,dy;,

nonnegative inner product by

< dzj,dxy >=dji, < dy;,dyr >= i, < dxj,dy, >= 0, (A1)
< 0,dr; >=< 0,dy;, >=< 0,0 >=0. ’

We can extend the definition of the above nonnegative inner product
to the situation of a general pseudohermitian manifold. Take e;,e; = Jej,
j=1,2,...,n to be an orthonormal basis in the kernel of the contact form
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© with respect to the Levi metric %d@(', J-). Let T be the Reeb vector field
of © (such that ©(T) = 1 and dO(T,-) = 0). Denote the dual coframe of
ej ej, T by 67, 67" (and ©). Now we can replace dzj, dy; by 67, 67" in @A) to

define a nonnegative inner product on a general pseudohermitian manifold:

<07,0F >= 5, < 07 0% >=06,,< 07,08 >=0, A2)

< 0,00 >=< 0,08 >=< 0,0 >=0. '

We use the same notation < -, > to denote the pairing between T'M
and T*M. Define the bundle morphism G : T*M — TM by

<Gw),n>=<w,n > (A.3)

for w,m € T*M. In the Riemannian case, G is in fact an isometry. In the
pseudohermitian case, G(T™ M) is the contact subbundle £ of T'M, the kernel
of ©. By letting n = © in ([A3]), we get G(T*M) C &. On the other hand,
it is easy to see that G(67) = e;, G(67") = e; (and G(O) = 0). Since ¢}, ej,
j=1,2,...,n span £, we have £ C G(T*M). For a smooth function ¢ on
M, we define the gradient Vi := G(dp). In the pseudohermitian case, this
Vi is nothing but the subgradient Vo := 3 7_,{e;(¢)e; + ejr(p)ej }.

Let M be a general subriemannian manifold of dimension n + 1, i.e., an
(n+1)-dimensional differentiable manifold with a nonnegative inner product
< -,- > on its cotangent bundle T*M. Let ¢ be a defining function of a
hypersurface ¥ C M. That is, ¥ = {¢ = 0}. Given a volume form duvys
(independent of < -,- >), we can define an area (or volume) element dvs; of
> up to sign by
dp

= deUM (A.4)

dus,

restricted to ¥. Here for w,n € T*M, |w| =< w,w >Y? and w | duvy is
defined so that

nA (wldvy) =< n,w > doyy. (A.5)

If we write dupsy = wh Aw? A--- A W™t for independent 1-forms w?’s and

w = A\jw/ (summation convention), then it is straightforward to verify that

wldoy = Aj < Wl WP > ()P A AR A AT (A.6)
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satisfies w! A (w]dvys) =< w!,w > dvyy for all [ and hence ([AH) holds for all

7. On the other hand, there is a unique n-form ® satisfying
NAD®=<nw>duy (A.7)

for all 1-forms 7. Suppose there are two n-forms @, @5 satisfying ([A7). Then
it follows that n A (®1 — ®2) = 0 for all 1-forms 7 and hence &1 — P9 = 0. We
have justified the formula ([AZf). There is an intrinsic expression for w|dvas

as follows:
(deUM)(Xl, ‘o ,Xn) = dUM(G(w),Xl, ‘o ,Xn).

Note that dvy, defined by (A4 is independent of the choice of ¢ by a positive
scalar multiple function, but changes sign if ¢ is replaced by —p. Now we

write dvyr = w! Aw? A--- A Wt for independent 1-forms w/’s and compute

doldvy = dplwt AW Ao AWt
— () < whwd > (—1) Tt AT AW (A)

by ([(A-6), where v;’s are tangent vectors dual to w’’s and &/ means w’ deleted.

On X, dp = v;(p)w’ = 0. Assuming v, +1(p) # 0, say, we have

n

Wt = ot vi(p)w?. .
’Un+1((70) JZ:; ](QO) ’ (A 9)

Substituting (A3) into (AF) and noting that |dp|> = v;(¢) < Wi, W > v;(p),
we obtain

="
Unt1(¢p)

dvy, = ldp|lw! Aw? A~ AW™. (A.10)

Example A.1. Suppose ¥ is a hypersurface of M = R"*!. Take < -,- > and
dvps to be the Euclidean metric and the associated volume form, respectively.
Write the defining function ¢ = z — u(z1, 22, ..., zy,) and dvyr = dxy A dxy
A--+ Adxy, A dz where 21,29, ...,%,, 2 are coordinates of R"*1. It follows
that |dp| = (1 + u?, + -4 u2)Y? and dp | dzy Adxg A - Adzp Adz =
(=D)"(14u2, +- - -+uln)dzy Adza A- - - A dx,, when restricted to ¥. So taking
wl =dzj, j=1,...,n,w"" = dz and noting that v, = %, Unt1(p) =1



406 JIH-HSIN CHENG AND JENN-FANG HWANG [December

in (A1), we have
dvs = (=1)™"(1 + w2 + -+ w2 )2 day Ndxg A A dy,.

This is the standard area element (up to a sign) for a graph in Euclidean
space.

Example A.2. For M being the Heisenberg group of dimension 2n + 1, we
take the volume form dvy, = dzy Adyy A -+ Adxy A dy, A © (the volume
form with respect to the left invariant metric). Let w? ! = da:j,w2j = dy;,
1< j<n,w"™ =0 while vg;_1 = &j,v9; = éjr,and vop41 = %. For ¢ = z—
w(T1, Y1, ..., Tn,Yn), We compute va,1(p) = 1 and |dp|? = Z;L:l{éj(go)2 +
éji(p)?} = > itz — yi)® + (uy, + x;)*} by ([(AJ). Substituting these
formulas into ([(AI0) gives

dvy, = [Z{(u% — )2+ (uy, +25)? Y)Y ey Adyy A - A day A dyy,
j=1

(note that (—1)?® = 1). This is the standard (p- or H-) area element for a
graph in the Heisenberg group.

We can also recover the area element of an intrinsic graph (e.g., [1], [3]) in
the Heisenberg group from ([AZI0). Let us explain this for the 3-dimensional
case (n = 2).

Example A.3. Take w' = dy,w? = O = dz + xdy — ydz, and w? = dx
(x =1, y =y1) (s0 v = éyr,v9 = %, and vz = é1). We compute |dy|?> =

é1(¢)? + é1(p)? by (A and reduce [AI0) to

dvg = |1+ (‘Z((:;’)) )2dy A ©. (A.11)

An intrinsic graph is parametrized by 7, 7 as follows: (we have adjusted the
normalization constant)

T = <Z5(7777')=y =1,2=T+ 77<Z5(7777') (A12)

It follows that © = d1 4 2¢dn,dy = dn, and hence dy A © = dn A d7 by
[(AT2). In coordinates (p,n,T) related to (x,y,z) by © = p,y = n,2 = 7
+ np, we can write the defining function ¢ = p — ¢(n, 7). By the chain
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: g _ 0 0 o _ 0 0 o _ 0
rule we obtain 7= = Mo oy = a5 — Por> and 5> = 5. It follows

that &, = (%,éll = 8% — 2p8%, and hence é1(p) = 1, é1/(¢) = —dy + 2po-.
Substituting these formulas into ((AZI1)(and noting that p = ¢(n,7) when

restricted to X), we obtain

dvg, = \/1+ (6 — 266,)2dn A dr (A.13)

(e-g., [, []).

Next we consider w’’s to be a moving coframe such that vj(¢) = 0 for
1 <j <n,and v,1(p) # 0in (AIO). It follows that |de| = |vne1(p)] |w™ !
and ([(AI0) is reduced to

dvg = £|w" Tl AW A AW (A.14)

For an (oriented) Riemannian manifold M, we take dvys to be the associated
volume form. Then we can take w’’s to be an orthonormal basis in (A TI4).
Hence |w™*!| = 1 and dvs, (up to sign) is nothing but the area form with

respect to the induced metric.

Example A.4. For M being a pseudohermitian 3-manifold, let e; € TYXNE
denote the characteristic field on the nonsingular domain in [§]. Let es =
Jei and o denote a function such that 7'+ aey € TY. Let e!,e? (and ©)
be the coframe dual to ej,es (and T'). We can take vy = ej, v = (T +
aez)/V1+ a2, and vy = (aT — e3)/V1+a? while w' = e!,w? = (0 +
ae?)/V1+ a2 and w? = (a© — €2)/V1 + 2. Note that w! A w? A w? =
el A e? A O is the standard volume form with respect to the adapted metric
h=0R0+ %d@(', J-). Observe that e!,e? are orthonormal with respect
to the semipositive inner product ([AZ) since they are different from 61, oY
by an orthogonal transformation. Thus by ([A2)) we have

3‘2 _ < _62,—62 > o 1

1+a2  1+4a? (A.15)

|w

and

W AW =e' AO+ae?)/V1+a2=11+a2' 7O (A.16)
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on X by noting that e! Ae? = ae! A© on ¥. Substituting (AIH), (AIH) into
(A1) with n = 2, we conclude

dvs = £|w|w! Aw? = £e! A O. (A.17)
The above expression first appeared in [§].

Example A.5. Let 77? : TM — £ denote the projection onto £ according to
the adapted metric h. Then we have (| - |5, denotes the length with respect
to h)
h —€9 1
|7T§ (v3)[n = |\/ﬁ|h = \/ﬁ
In view of (AR, (AIM) and vs being a unit normal with respect to h, we
obtain

= w3, (A.18)

dvs, = £|7}(N)|,dSy, (A.19)

where N denotes the unit normal (unique up to sign) with respect to h and
d¥y, denotes the area element with respect to the metric induced from h. The

expression ([AT3) appeared in [29] for M being the 3-dimensional Heisenberg
group.

Next we are going to deduce a formula for the mean curvature H viewed
as the first variation of the area. Recall that in (AJ0) and (AD) ¢ is a
defining function of a hypersurface ¥ in a manifold M of dimension n + 1
and w/’s are independent 1-forms. We assume further w”*! =0 on ¥ and

n+1
do’ =) WP Awlj=1,...n+1 (A.20)
k=1

for some 1-forms w?. Starting from (AI0), we compute

—1)"
O fopin / dvy, = / Lfvnﬂ{u|al<p|u)1 AW’ A AW} (A.21)
b by Un+1(9)
where f is a C*°-smooth function and Ly,, ., denotes the Lie derivative in
the direction fuv,41. Let ixn denote the interior product of the vector field X
and the differential form 7. Observe that if,, ., (W' Aw? A+ Aw™) = 0 since

w (vp41) = 0 for 1 < j < n. It follows from Ly, ., =ify,,, 0d+doif,,
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that
D"y
Ly, A———=ldplw" Aw* A--- Aw"
/ Jr1{7)n-‘r1(()0)| | }
: (=D" a2
= iy, O ———|dp|lw" Aw " A--- A"} A.22
fontt {vn+1(so)| | } (A.22)
Compute

n
dW' AW A Aw™) =D (1T A AT A AT
i=1

n
HEDMY W A AW g A AW AW (AL23)
j=1

where we have used ([(A20). We can now obtain from (AZ21]), (A22), and
([A223) that

_ _ldel
5fvn+1/2d'02 _/z)f{vn+1(vn+1(90))

del <~ j 1 2
+(—1)nm ;(wiﬂ(vj)—w;(vnﬂ))}w AW A= Aw™ (A.24)
Here we have used w™*! = 0 on 3. Comparing (A24)) with (AI0) we obtain
the mean curvature

vn‘fﬂpﬂ + 3 @hy (1)) — Wivns1))} . (A25)

J=1

H = HF{(—l)nvn\tl;f!@) Unt1(

Example A.6. In the Riemannian case, we can take w’ ,wi in (A20) to
be an orthonormal coframe and the associated connection forms, resp. such
that w™™ = 0 on ¥. So from < w',w’ >= §;; and v;(¢) =0 for 1 <i <n
we have

n+1 n+1

dol” = Y vilp) <w'w? > vi(p) =D (0i(0))” = (Lar1 ()%

i,j=1 i=1
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It follows that
d
_ldel 4y (A.26)
Unt1()
On the other hand, the Riemannian connection forms wi’s satisfy the skew-

symmetric condition: wi + wf = 0. So we have

W) =0 (A.27)

Write w?“ = hijwj where h;j = hj; (due to dw"t =0 on ¥) are known to

be coefficients of the second fundamental form. We then have

Z wnH vj) Z Wit (v;) Z h;j (A.28)
Substituting (A226]), (A27), and (A28 into (A=ZH), we obtain
H=x%+)Y hyj.
j=1

This verifies the formula [A20) for the Riemannian situation.

Example A.7. Consider a surface ¥ in a pseudohermitian 3-manifold. We

will continue to use the notations in Example 3.3. Take w! = ©,w? = ¢!,

w3 =e? — aO. That w3 = 0 on ¥ follows from e; € TY and T + aey € TX.

and

The corresponding dual vectors are v1 = T+ aes, v = €1, and v = es. Since
<w'w! >=§; by (B&2) and v;(p) = 0 for i = 1,2, we still have [(A286) with
n+ 1 = 3. Here ¢ is a defining function of 3. From the structure equations
(A.1r), (A.3r) in [&], we can take

1 1 2 1
wy = 0,wy = 2e”,w3 =0
A29
wgzO,wgz—w ( )

in (A20), where iw is the pseudohermitian connection form. Now by (A2H]),

(A26) and ([(A29), we have

2
H =50+ (iv)) — o (v3) = Fwi(er) = £w(er).
j=1
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This is an expression of the p-mean curvature in [§].
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