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Abstract

A Lorentz surface in an indefinite space form is called par-
allel if its second fundamental form is parallel. Such surfaces are
locally invariant under the reflection with respect to the normal
space at each point. Parallel surfaces are important in geometry
as well as in general relativity since extrinsic invariants of such
surfaces do not change from point to point. Parallel Lorentz sur-
faces in 4D Lorentzian space forms are classified in [16] by Chen
and Van der Veken. Moreover, explicit classification of parallel
Lorentz surfaces in 4D indefinite space forms with index 2 are ob-
tained recently in a series of papers by Chen, Dillen and Van der
Veken [12; 13, 14]. In this paper, we obtain the complete classi-
fication of parallel Lorentz surfaces in 4D indefinite space forms
with index 3. Consequently, the complete classification of parallel

Lorentz surfaces in 4D indefinite space forms are achieved.

1. Introduction

Let Ef* denote the pseudo-Euclidean m-space with the canonical pseudo-
Euclidean metric of index ¢ given by

t m
go = — Zdw? + Z dx?, (1.1)
i=1

j=t+1
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where (z1,...,zy,) is a rectangular coordinate system of Ej*. We put
S¥(e) = {z e EFY (2, 2) = ¢! > 0}, (1.2)
HY(—¢)={z € Elgill (z,z) = —c1 <0}, (1.3)

where (, ) is the indefinite inner product on EFf!.

S¥(c) and H¥(—c) are complete pseudo-Riemannian manifolds with in-
dex s and of constant curvature ¢ and —c, which are called pseudo k-sphere
and pseudo-hyperbolic k-space. These E¥, S¥ and H” are known as indefi-
nite space forms, and will be denoted by RF. In particular, E’f , Sf and H f
are called Minkowski, de Sitter and anti-de Sitter spacetimes respectively in
relativity theory.

Parallel surfaces are those which have parallel second fundamental form.
Such surfaces are locally invariant under the reflection with respect to the
normal space at each point (cf. [, 2, 17, 23]). Moreover, extrinsic invariants
of a parallel surface do no change from point to point. Hence, parallel
surfaces form a natural and important family of surfaces in geometry as well
as in general relativity.

For the classification of parallel surfaces in Riemannian space forms, we
refer to [0, 17, 24]. Some special families of parallel surfaces in indefinite
space forms were studied in [18, [19, 21]. The full classification of parallel
Lorentz surfaces in 4D Lorentz space forms was achieved by B.Y. Chen and
J. Van der Veken [16]. Moreover, explicit classification of parallel Lorentz
surfaces in 4D indefinite space forms with index 2 are obtained recently in a
series of papers by B.Y. Chen, F. Dillen and J. Van der Veken [12, [13, [14].

In this paper, we obtain the complete classification of parallel Lorentz
surfaces in 4D indefinite space forms with index 3. Consequently, the com-
plete classification of parallel Lorentz surfaces in 4D indefinite space forms
are achieved.

Comparing results from [16] and the results obtained in this paper shows
that Lorentz surfaces in indefinite space form R3(c) with index 3 are quite
different from Lorentz surfaces in Lorentzian space forms R{(c) (see Remark
4.1 in particular).
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2. Preliminaries

2.1. Basic notations, formulae and definitions

Let RY'(c) denote an m-dimensional indefinite space form of constant
sectional curvature ¢ and with index s. The curvature tensor R of R”(c) is

given by

RIX,Y)Z =c{(Y,Z)X — (X, Z)Y}, (2.1)

where ( , ) is the inner product associated to the metric.

Let ¢ : M? — R™(c) be an isometric immersion of a Lorentz surface
M? into R™(c). Denote by V and V the Levi-Civita connections on M? and
R (c), respectively.

Let X and Y be vector fields tangent to M? and ¢ a normal vector field of
M% in R™(c). The formulae of Gauss and Weingarten give a decomposition
of the vector fields VxY and Vx¢ into a tangent and a normal component
(cf. 3,4, 22]):

VxY = VxY +h(X,Y), (2.2)
@Xf = —AgX + Dx&. (2.3)

These formulae define h, A and D, which are called the second fundamental
form, the shape operator and the normal connection, respectively.

For each normal vector & € T;-Ml2 at x € M12, the shape operator A¢ is
a symmetric endomorphism of the tangent plane T,,MZ. The shape operator

and the second fundamental form are related by
(h(X,Y),8) = (A X,Y). (2.4)
The mean curvature vector H of M? in R™(c) is defined by

1
H = §trace h. (2.5)

The equations of Gauss, Codazzi and Ricci are given respectively by

RX,Y)Z =c{(Y,Z) X — (X, 2)Y} + Apy, )X — Apx,2)Y, (2.6)
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(Vxh)(Y.2) = (Vyh)(X, Z), (2.7)
(RP(X,Y)€,m) = ([Ag, Ag) X, Y)

for vector fields X,Y, Z tangent and &, 7 normal to M7, where Vh is defined
by

(Vxh)(Y,Z) = Dxh(Y,Z) — (VxY,Z) - h(Y,VxZ), (2.9)
and RP is the curvature tensor associated to the normal connection D, i.e.,

RP(X,Y)¢ = DxDy€ — Dy Dx€ — Dix yi€. (2.10)

A normal vector field £ is called parallel if D¢ = 0 holds identically.
A surface of a pseudo-Riemannian manifold is called totally geodesic if the

second fundamental form vanishes identically. It is called totally umbilical if
its second fundamental form satisfies h(X,Y) = (X,Y) H.

By a CMC surface of a pseudo-Riemannian 3-manifold, we mean a sur-
face whose mean curvature vector H satisfies (H, H) = constant # 0.
2.2. A special coordinate system

Let M2 be a Lorentz surface. We may choose a local coordinate system
{x,y} on M} such that the metric tensor is (cf. [15, 20])

g=—E*(z,y)(dr ® dy + dy @ dx) (2.11)

for some positive function F. The Levi-Civita connection of g satisfies

and the Gaussian curvature K is given by
K 2EExy;42ExEy. (2.13)
If we put
elzig, 62:13, (2.14)
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then {e1, ea} forms a pseudo-orthonormal frame satisfying
<€1,€1> = <€2,€2> = O, <61,62> =—1. (215)

We define the connection 1-form w by the equations:

Vxer =w(X)er, Vxes=—-w(X)es. (2.16)

From ([ZTI2) and ([ZI4) we find

E E
6161 = E_;ela V62€1 = _E_gela
5. P (2.17)
€2 = T 5f2 Ve,€2 = F262
By comparing (ZT86]) and I1), we get
E E
w(ey) = E—g, w(eg) = —E—g. (2.18)

It follows from () and ([ZTH) that the mean curvature vector of M?
is given by

H = —h(el,eg). (219)

2.3. Reduction theorem of Erbacher-Magid

Reduction Theorem. ([21]) Let ¢ : M — EI* be an isometric immersion
of a pseudo-Riemannian n-manifold M) with index i into E]*. If the first
normal spaces are parallel, then there exists a complete (n + k)-dimensional
totally geodesic submanifold E* such that ¥(M) C E*, where k is the di-
mension of the first normal spaces.

The following is an easy consequence of the reduction theorem (see [9]).

Lemma 2.1. Let ¢ : M? — E™ be an isometric immersion of a Lorentz
surface M3 into E™. If M? is a parallel surface, then there exists a complete
(24 k)-dimensional totally geodesic submanifold E* C ET* such that (M) C
E*, where k is the dimension of the first normal spaces.
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3. Parallel Lorentz Surfaces in Eé

The following theorem provides the complete classification of parallel
Lorentz surfaces in Eé.

Theorem 3.1. There are seven families of parallel Lorentz surfaces in the
pseudo-FEuclidean 4-space Eg with index 3:

(1) a totally geodesic Lorentz plane E2;
2) a flat minimal surface lying in a totally geodesic B3 C EX defined by
2 3

a2x2 T a4x2 X a4x2
07 5 + Y, 5 + 6

_y)7a>07

\V)

(3) an anti-de Sitter space H?(—b?) lying in a totally geodesic E3 C E} as a
totally umbilical surface via ([3);

(4) a non-minimal flat surface lying in a totally geodesic B3 C E4 defined by

1 2 1 2 2, _
<O, % cos (g(a2x+by)> 5% sin (@(a%—l—by)) , aax\/z_bby) a,b>0;

(5) @ non-minimal flat surface lying in a totally geodesic E3 C E3 defined by

2 1 V2b 1 V2b
<0, a x\/z_:y, % cosh (T(a?x—by)) '8 sinh <T(a2x—by)>), a,b>0;
a

(6) a non-minimal flat surface defined by

L(COS<\/5(a3w+by)> y <ﬁ<a3x+by>>
V/2b a5/2 S /2 ’

Vb(adx — b . Vb(adx — b
cosh <%> ,sinh <%> )

with a,b > 0;
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(7) a non-minimal flat surface defined by
<\4/ 82 + @2 cos (M(bz++/82+¢%y) /62 + @2 sin (M(ba+ /02 +¢%y)
V200 /\/ 6% 4+ 2 + 6 V20\/1/6% 4+ @2 + 6
V62 + 2 cosh (u(bx— /82 +¢2y) /02 + @2 sin (u(br— 62—|—302y)>
V2b\/\/02 + 2 — 6 V2 [\/02 + 2 — §

with §, 0 # 0,b > 0 and

. VoI H 2 + b6 VoI + 7 — b6
R Y

Conversely, every parallel Lorentz surface M? in Eg s congruent to an

open portion of one of the seven families of surfaces described above.

Proof. 1t follows from direct long computation that each surface described
in the theorem is a parallel Lorentz surface in Eé.

Conversely, assume that L : M? — Eg is a parallel immersion of a
Lorentz surface M? into E3. Then M? has constant Gauss curvature K. We
choose a local coordinate system {x,y} on M? satisfying [ZIIl). Then we

have ZT2)-ET9).
If M? is totally geodesic in E4, we get case (1). So, let us assume that
M? is non-totally geodesic in Eé.
Case (i): M? is minimal in E} . In this case, we get h(e1, e2) = 0 according
to (ZI9). So, we have
h(ei,e1) =&, h(er,e2) =0, h(ez,e2) =1 (3.1)

for some normal vector fields &, 1, not both zero. Since M? is non-totally
geodesic, without loss of generality we may assume that £ £ 0. Let us choose
an orthonormal frame {es,e4} such that es is in the direction of £. Hence,
we obtain

h(e1,e1) = aes, h(ei,ez) =0, h(ez,ea) = es + pey (3.2)

for some functions o, A, u with o > 0. Let us put o = a? with a > 0.
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Since M? is a parallel surface in E}, we find from ), ZI0) and (B2)
that

Deg = De4 = 0, (3.3)
da = aw, d\ = -2 \w, dp = —2uw. (3.4)

Since a > 0, the first equation in (4] shows that w is exact. Hence, M? is
flat. Thus, we may choose E = 1, which gives w = 0. Consequently, a, A, u
are constants.

Since M? is flat, the equation of Gauss and ([F2)) yield A = 0. Also, by
applying (24 and [B2), we find

(00 (o u
A63_<a2 0>7A€4_<0 0) (35)

By using equation ([Z3) of Ricci and [BH), we find p = 0. Therefore, we

obtain
Lyy = a’e3, Ly =0, Ly, =0. (3.6)

Also, it follows from Des = 0 and [B3) that

es = —a’Ly, Voes=0. (3.7)

e e
oz 9y

After solving system (B0)-B), we get

v

atx?
L:co+clx+62x2+63 (T —y).

Therefore, by choosing suitable initial conditions, we obtain case (2).

Case (ii): M3 is non-minimal in Ej. In this case, we have h(ey,ez) # 0.
Thus, we may choose an orthonormal frame {es,e4} such that es is in the

direction of h(ey,ez). So, we have
h(el, 61) = [es + veq, h(el, 62) = beg, h(eg, 62) = feg + wey (3.8)

for some functions b, 3,7, 6, with b > 0. Because Vh = 0, we derive from



2010] EXPLICIT CLASSIFICATION OF PARALLEL LORENTZ SURFACES 319

E&T4) and B3F) that Des = Dey = 0 and

db =0, df = 2Bw, dy = 2yw, dj = —20w, dp = —2pw. (3.9)

From (Z4) and (B8) we derive that

(b (0
Aey = <ﬂ b) ; Aey = <,y 0) (3.10)

Since Deg = 0, the equation of Ricci and (BI0) give

oy = Be. (3.11)

The equation of Gauss and (BX) show that the Gauss curvature K is given
by

K = (6 +vyp — b?. (3.12)

Case (ii.1): B =~ =09 = ¢ = 0. Equations (B) and [BI0) reduce to

h(el, 61) = 0, h(el, 62) = beg, h(eg, 62) = 0, (3.13)

b 0 00
A = A = . .14
€3 (0 b) 9 €4 (0 0) (3 )

Since De3 = 0, we see from (BI3)) that the first normal bundle is a rank
3 parallel normal subbundle of the normal bundle. Therefore, Reduction
Theorem shows that M? lies in a totally geodesic E3 C Ej.

From Des = 0 and BI4) we get

6163 = _bLCEa 6163 = _bLy) (315)
oz oy

which implies that @X(L + b~ leg) = 0. Hence, we have L + b les = cq
for some vector cg, which yields (L — ¢y, L — co) = —b~2. Therefore, after

applying a suitable translation, we obtain case (3).

Case (ii.2) At least one of 3,7, 9, ¢ is nonzero. In this case, ([B3) implies

that the connection form w is an exact 1-form. Hence, M? is flat. Thus, we
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may choose coordinates {z,y} with E' = 1, so that we have & = e, £ = ea.

Hence, the metric tensor is given by
g=—(dz®dy+dy ® dx). (3.16)

Therefore, we see from (B3) that 3,7, 9, ¢ are constant.
Case (ii.2.1): 3 = 0. It follows from (1) and ([BIZ) that ¢ = b?/y
and 6 = 0. Thus, (B8) and @I) reduce to

b2
h(e1,e1) = veq, h(e1,e2) = bes, h(ea,e2) = ;64, (3.17)

b 0 0
A = A, = 7. 1
() an (1) a

Replacing e4 by —ey if necessary, we have v > 0. So, we may put v = a?

with @ > 0. Thus, we have

2

Lyy = a2647 La:y = bes, Lyy = 964- (319)
Moreover, since Des = 0, we obtain from BIJ]) that
Vaoes=—bL,, Voes=—bL,,
oz 9y
3 3 b2 (3.20)
Voes= —aQLy, Vaoeys=——5L,.
ox dy a

After solving system (BI9)-(B20) we have that

Vb(adx + b (Vb(aBz +b
L(z,y) = co + 1 cos <% + co sin %

+ c3 COSh <M> + C4 sinh (M) X

ad/2 ad/2

This gives case (6) after choosing suitable initial conditions.

Case (ii.2.2): f # 0. If § = 0, it follows from [BII) and BIZ) that K =
b?> = 0, which is impossible. Thus, we must have & # 0.

Case (ii.2.2.1): v = 0. It follows from ([BII) that ¢ = 0. Thus, we find from
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K =0 and ([II2) that 36 = b?. Therefore, ([BX) and EI0) reduce to

b2
h(el,el) = ﬂeg, h(el,eg) = b63, h(@g,@g) = 563, (321)

b2
Ae, = (b F) , Ag, = (0 0) . (3.22)
B b 00

Thus, we have

2

L, = Bes, Lzy = bes, Lyy = 563- (3'23)
Moreover, since Des = 0, we obtain from (B2Z2) that
- - b2
Voes=—bLy,—BL,, Vaoes=——Ly—bL,. (3.24)
oz Oy /8

If 3 > 0, we put 3 = a?, a > 0. Then, after solving system (B23)-(E24),
we get

L = c1(a?z—by) + ¢ cos (
a a
which gives case (4) after choosing suitable initial conditions.
Similarly, if # < 0, then after putting 3 = —a® and solving system

B23)-([B24)), we obtain case (5).

Case (ii.2.2.2): v # 0. Since 3 # 0, we find from BII) that ¢ # 0. Thus, it
follows from K = 0 and (BIZ) that

b2 by

= pu— — . 3.25
Consequently, (B8) and E = 1 imply that
b2 (8
Loy = 08 0C) e Ly = des + gen. (3.26)

62+s02
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Moreover, it follows from Des = 0, (BI0), and ([BZ5) that

~ b6

Vag = —bL, — o Ly, v a 63 = —0L; —bL,,

) e (3.27)
Va%e4: e Ly, Vae4— —pL,.

After solving system (B26])-([B21), we obtain

L(z,y) =co + 1 cos (A(bz+/02+92y) + co sin (A(ba+/62+ %)
+ 3 cosh (u(bx— /82 +2y) + casinh (u(bz— /62 +p2y)

with d, 0 # 0,0 > 0 and

\ \/b«/52+<p2+b5 \/b«/52+<p2—b5
Y/ - RN/ A

This gives case (7) after choosing suitable initial conditions. O

4. Parallel Lorentz Surfaces in S3(1)

Let ¢ : M? — S™(1) (resp. % : M} — HI(—1)) be an isometric
immersion of a Lorentz surface M? into S™(1) (resp. H™(—1)). Denote by
L =107 :M;— E™! (vresp. M? — IEZ}:EI) the composition of v and
v S™(1) C EMH via (L2 (vesp. ¢ : HM(—1) C EI'Y! via ([3)).

Denote by h and D the second fundamental form and the normal connec-
tion of M2 in S™(1) or in H™(—1). Let h and D be the second fundamental

form and the normal connections of M? in ET*1 or of M? in E;Til

It is easy to verify that v is a parallel immersion if and only if L = 1o
is a parallel immersion. Moreover, it follows from Lemma 1 of [5] that the
mean curvature vector Hy, of L and the mean curvature vector Hy, are related
by

Hy, = Hy — €L, (4.1)

with € = 1 or € = —1 depending on v : M? — S™(1) or ¢ : M} — H™(—1),

respectively.
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The following result was obtained in [1€].

Theorem 4.1. Let M? is a Lorentz parallel surface in S{(1) C E}. Then

M% is congruent to an open part of one of the following two types of surfaces:

(1) a totally umbilical de Sitter space S7 given by

(a sinh u, a cosh u cos v, a cosh u sin v, b, O), a2 +b%=1;
2) a flat surface S1 x S given b
( 1 g Y

(asinhu,acoshu,bcosv,bsinv,c), a4+ +2=1.

Conversely, each surface defined above is a Lorentzian parallel surface
in St(1).

Now, we give the complete classification of parallel Lorentz surfaces in
the pseudo 3-sphere S5(1) with index 3.

Theorem 4.2. There are twenty-one families of parallel Lorentz surfaces
in S3(1) C B3 :

(1) a totally geodesic de Sitter space S3(1) C S5(1);

(2) a flat minimal surface of a totally geodesic S3(1) given by
2. 2 2. 2
O,COS(a v y) sinh(ax—'—y),sin(a 3: y> sinh<ax+y>7
V2a V2a V2a V2a
a2:c—y a2:c+y a2:c—y a2x+y
cos cosh ,sin cosh , a>0;
(ﬁa> (ﬁa> (ﬁa> (\/ia>

(3) a totally umbilical flat surface of a totally geodesic S3(1) given by

(0a$+$yay_$ya$_?/+$ya1+$?J)§

(4) a totally umbilical de Sitter space Si(c?) lying in a totally geodesic Si(1)
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given by

—1 2v1—-¢2 1 2
07 7y ) b} ¢ y7 xy+ 71_ 2 Y ) cE (071)7
clx+y) Alx+y) clz+y) Az +vy)

(5) a totally umbilical anti-de Sitter space Hi(—c?) lying in a totally geodesic
S3(1) given by

<0, %tanh(cgC i cy>’ % cosh(cgC — Cy)sech (c:c i cy>’

V2 V2 V2
1 . cr —cy Cr +cy\ 1+ c2 ]
Esmh( 7 )sech( 7 ), » ), c >0

(6) @ CMC flat surface lying in a totally geodesic S3(1) given by

) cos(ax),

<0, (% + %) cos(ax), (% + %) sin(ax), sin(az) — (% + %

cos(ax) + (% + %) Sin(aw)), a > 0;

(7) a CMC flat surface lying in a totally geodesic S3(1) given by

ax ax

<0, (7 - %) sinh(ax),sinh(az) — (7 - %) cosh(azx), (% - %) cosh(az),
cosh(az) — (% — Q) sinh(am)), a>0;

a

(8) a CMC flat surface lying in a totally geodesic S3(1) given by

sinuwsinhv coswsinh v ho+ bsinusinh v
, , ,cosucoshv + ————
Vv1—c? V1—¢c? V1-—¢?
. L bcoswusinhv
sinucoshv — ———
Vv1—¢?
with
V1 2r—(1— V1—c(a? 1
" + cla*z—(1—-c)y) Y cla”r + ( +C)y),a>0,0<|o|<1;

V2a ’ V2a
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(9) a non-minimal flat surface given by

Ayt 6z +3y—c*y? cy? 6x—3y—cy> Ayt
TU— el AR
YR 6 2 6 24

,1—|—:cy——>, 0#ceR;
(10) a non-minimal flat surface given by

1
2c2\/cA 1 p2

2p\/c+p2,2(c* + p?) sin(cy) — c(2cx + c'y + p*y) cos(ey),

(2% + cty + p?y) cos(ey), e(2¢%e + ey + pPy) sin(ey),

2(ct + p?) cos(ey) + c(2%x + cty + pPy) sin(cy)), c>0,peR;

(11) a non-minimal flat surface given by

1
22\ /A p2

c(2¢?x — ¢ty — p?y) sinh(cy), ¢(2¢2x — 'y — pPy) cosh(ey),

<2p Ap2,2(ct 4 p?)sinh(cy) + (22 + ¢ty — pPy) cosh(ey),

2(c* + p*) cosh(cy) + c(2c%x — cty — py) sinh(cy)), c>0, peR;

(12) a non-minimal flat surface given by

ra? 7“2x3—6y €T r2x4—24xy r2x3—6y €T r2x4—24xy
A PSS ) + PR aame—— A S Ra
2 4 3 24 4 3 24

(13) a non-minimal flat surface given by

2 3 2 3

1 a‘cr —c’y\ . a“cr + c’y
L (V= cos (T ) g (LW,
02< ¢ \/§a \/5@

. (a2cx—c3y> . h(a20x+03y> . <a2cx—c3y) h(a2cx+c3y>

sm{ ———)smmh { ——— ), sin{ ————— ) cosh | ——— |,

\/§a \/§a \/5@ \/§a
2 _ 3 2 3
\/ia \/ia
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(14) a non-minimal flat surface given by

3 3 3 3
—\/% > <cos <acx+ﬂ) ,sin (ac:c—kﬂ) ,cosh (ac:c—£> ,sinh (acx—ﬂ>
C a a a

a
2(1—|—c4)>, a,c > 0;

(15) a CMC flat surface lying in a totally geodesic S3(1) given by

<0 b—\/b2—1cos(\/b+v62—1(ax+@y))
’ /42 — 1) ’
b— Vb2 —1sin (Vb+ Vb2 — 1(az + @y))
/42 — 1) ’

b+ Vb2 —1cos (Vb — \/I)Qj(ax — @y))

/402 — 1) ’

b+ VB2 —1sin (Vb —vb% —1(az — @m)
/42 — 1)

with a > 0,b > 1;

(16) a non-minimal flat surface given by

)

p a*+ p?+2a(2a?x+ (a*+p?)y) tan(ay)
<¥7 2a2/2(a* + p?) sec(ay)

(a*+p?) tan(ay) —2a(2a°x +(a* +p?)y)
2a2\/2(a*+p?) sec(ay)

3(a* +p?) tan(ay) —2a(20*z+(a* +p*)y)

2t AT P seclay)

3a*+3p? + 2a(2a’z+ (a*+p?)y) tan(ay))

)

2a2\/2(a* + p?) sec(ay)

with a,p > 0;

(17) a non-minimal flat surface given by

( p a*+ p?+2a(2a?x— (a*+p?)y) tanh(ay)

a?’ 2a21/2(a* + p?)sech (ay) ’
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3(a'+p?) tanh(ay) +2a(20%z — (a* +p?)y)

2 At e (ay)

(a*+p?) tanh(ay) +2a(2a%x — (a* +p?)y)
202 \/2(a + p)sech (ay) |
3a*+3p% + 2a(2a2z— (a*+p?)y) tanh(ay))

2a2+/2(a* + p?)sech (ay)

with a,p > 0;

(18) a non-minimal flat surface given by

( By cosusinhv sinwusinhv
V22— 320 27 V182 12
V1—024/86%4¢? Cosucmhv—l—ﬂébmumnhv)
V1= 021/02 + 2 — 322
V1 —02,/82 + @2 smucoshv—ﬂécosusinhv))
V1— b2\/52 + 2 — (22
with B, #0, b € (0,1) and

VIR [Bor— /42— B2+ (3 +¢7)y]
- V262 + 2@2\/\/52 + 2 — B2p% — 36

_ V10 [Boat /02492 — P2+ (5 +¢%) }
VITF 22\ T 7 — B + 5

)

(19) a non-minimal flat surface given by

<\/\/b2— (62 +42) 55\/52+¢ V(8 4¢2) 55\/52+¢
u

0s ) )
\/b2 1\/2 52 2) \/b2 1\/2 ﬂQ 2) sinu
\/\/52— 10 e2) 0/ \/\/b2— 14 Va2
Cos sinh v,
1\/2 52 2_52_ ) 1\/2 ﬁQ 2_52_ )

B
52@2 _52 _@2
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with B, # 0, b6 < /(b2 —1)(62 + ¢2), b> 1 and

Vb2 —11/62 + 0% + b6
u= v f;ﬁ = (VB2 — 1o+ /62 + 2y),

\/\/b2—1\/52 T -~
— 1l — 52+ 2 :
N T A )

(20) a non-minimal flat surface given by

By \/62—|—g0 \/bé V(02 =1)(2+¢?)
/(52_,_()02_52 \/62 _ 1\/2 52 +<P _ 5290 )

VAW DT TR e DT )

sin u, CoS v,

\/62—1\/252+g0 —ﬁQ ) \4/52—1\/2524—@2—@902)

NCRERE RV 52+¢ )
\/bQ — 1\/2 ﬂQ 7 — @2) Sin v

COSs U,

with B, # 0, b6 > /(b2 — 1)(62 + ¢2), b> 1 and

bo + Vb2 — 11/02 + 2
:V y+f (V? = 1z + /0% + %),
Vo<t

b6 — Vb2 — 11/02 + 2
\/ 7 (Vb =1z — /0% + p2y);

(21) a non-minimal flat surface given by
1 cos V2((b2 =1z —br?y) 1 sin V2((b2 =1z —br?y)
2v/b% -1 Vor "2V -1 Vor ’

(B —1)z—briy)?  (B*—1)z—briy b(4b?>—3)r2—((b*—1)z—br?y)?
20V02—1v4b2—3r2" V2bVB2—1r 2bv/b2 —1v/4b2 — 3r2 ’

b>1,r>0.

Conversely, every parallel Lorentz surface M3 in S§(1) is congruent to
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an open portion of one of the 21 families of surfaces described above.

Proof. It follows from direct long computation that each surface described

in the theorem is a parallel Lorentz surface in S5(1).

Conversely, assume that 1 : M7 — S3(1) is an isometric immersion of a
Lorentz surface M? into S3(1). If M is totally geodesic in S5(1), we obtain

case (1). So, let us assume that M? is non-totally geodesic in S3(1).
Let us choose a local coordinate system {z,y} on M? which satisfies

(&TI). Then we have [ZT2)-ET9).

Case (i): M? is minimal in S3(1). In this case, we get h(e1,ea) = 0. So, we

have
h(ei,e1) =&, h(er,e2) =0, h(ez,e2) =1 (4.2)

for some normal vector fields &, 7, not both zero. Without loss of generality,
we may assume that £ # 0. Let us choose an orthonormal frame {e3,es}

such that es is in the direction of £. Hence, we obtain
h(e1,e1) = aes, h(ei,ez) =0, h(ez,ea) = Nes + pey (4.3)

for some functions o, A, pr with o > 0. Let us put a = a? with a > 0.

Since M? is a parallel surface in S5(1), we find from @3), If) and
(E3) that Des = Dey = 0 and

da = aw, d\ = -2\, dy = —2uw. (4.4)

Since a > 0, the first equation in (@A) shows that w is exact. Hence, M? is
flat due to the structure equation. Therefore, we may choose E = 1, which

gives w = 0. Consequently, we see from (E4]) that a, A, u are constants.

It follows from (ZI4), ([E3), and the formula of Gauss that the immersion
L=10%: M — Si(1) C Ej satisfies

L. = a’es, Lyy =L, Ly, = \e3 + pey. (4.5)
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Since M? is flat, we find from the equation of Gauss and (@3 that a?)\ = —1.
Also, by applying (Z4]) and E3), we find

0 —% 0
Ay = <a2 5?) A, = <0 ’5) . (4.6)

By using equation (Z8)) of Ricci and (B4), we obtain p = 0. Therefore,
(E3) becomes

(&
Lo = a?e3, Lyy =1L, Ly, = —a—g. (4.7)

Also, it follows from Des = 0 and (Ef), we have that

L,
a?’

Voes = —a2Ly, Voes = (4.8)

9 9
ox Ay

After solving system (E7)-(ES), we get
a’r+y a’r —y a’r —y
L(x,y) =cosh{ ———= | | c1cos [ ——=— ] + c2sin
(:0) (ﬁa>(1<ﬂa)2<ﬂa>>

a2x+y a2:c—y a2:c—y
+ sinh €3 COS + ¢4 8in .
() (oo (F27) 7o (F227))

Hence, after choosing suitable initial conditions, we obtain case (2).

Case (ii): M? is non-minimal in S3(1). In this case, we have h(e1,eq) # 0.
Thus, we may choose an orthonormal frame {es,e4} such that es is in the
direction of h(ey,ez). So, we have

h(el, 61) = PBeg + yeq, h(el, 62) = beg, h(eg, 62) = ez + peq (4.9)

for some functions b, 3,7,d,¢ with b > 0. Since Vh = 0, we obtain from
E&TI8) and E3) that Des = Dey = 0, and

db =0, df = 20w, dy = 2yw, dé = —20w, dp = —2pw. (4.10)

From (Z3)) and ([E3) we have

(b [0
()2
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Since Deg = 0, the equation of Ricci and [T give

5y = Be. (4.12)

So, (EJ) and the equation of Gauss imply that the Gauss curvature K is
given by

K=1-b>4(36+p. (4.13)

Case (ii.1): 8=~ =9 = ¢ = 0. Equations () and I reduce to

h(@l, 61) — Oa h(ela 62) = b@g, h(€2, 62) = 0’ (414')

b 0 00
A, = , A, = ) 4.15
3 (0 b) * (0 0) (4.15)

Case (ii.1.1): b = 1. In this case, M is flat. So, we may choose co-
ordinates {z,y} such that 0/0x = e;,0/0y = ez. Thus, we have g =
—(dz ® dy + dy ® dx). Therefore, the immersion L : M? — S3(1) C EJ

satisfies

Luw =0, Lyy=es+L, Ly, =0. (4.16)
Moreover, since Deg = 0, we obtain from (EI0) that

Voey=—Ly Vaoes=—L,. (4.17)

el 9
oz oy

Hence, after solving system (EZI6)-(EI1), we obtain
L(z,y) = c1 + cox + c3y + cany,

which yields case (3).

Case (ii.1.2): b € (0,1). Since K =1 —b? > 0, we put K = ¢® with
c € (0,1). Let us choose coordinates {x,y} such that
o _ V21 o _ Ve

oz cw+y) o  czty) (4.18)
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So, the metric tensor is given by

=" 4.1
g 62(x+y)2(dx®dy+dy®dx), (4.19)

and hence the Levi-Civita connection satisfies

d -2 9 d d -2 9
v%ax x+yax’ %811 0, va%,ay T+ yoy ( 0)
Thus, @), @I) and E20) imply that
2L, 2v/1 — c?e3 + 2L 2L,
Lyp = ——2, L, = —— Ly, = ——%. (4.21)
T+y Az +y) T+y

Moreover, since Deg = 0, we obtain from (EII]) that
Voes=—V1—c2L,, Vaoey=—1— 2L, (4.22)
ox dy

After solving system (E21)-(E222)) we obtain

c1 + coy + c3xy
r+y ’

L(:Ca y) =co +
Therefore, after choosing suitable initial conditions, we obtain case (4).

Case (ii.1.3): b > 1. Since K =1 —b%, we put K = —c? with ¢ > 0. We

choose coordinates {z,y} such that

9 _ cm—l—cy) o0 _ (cm+cy>
P sech ( & ) 5y sech &) (4.23)
So, the metric tensor is given by

g = —sech? (ij;y) (dx ® dy + dy ® dx) (4.24)

and the Levi-Civita connection satisfies

9 chrcy)i
V%am = \/§ctanh< 7% o

9 _
Vg =0, (4.25)

9 _ cx+cy>£
Va%ay— \/§ctanh( 75 )y
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Thus, we obtain from X)), EZ) and [EZH) that

Lyw = —V2ctanh (cm+ cy)Lm,

V2

Ly, = sech? (“j;y) (V1+ 2es + L), (4.26)
_|_

Ly, = —v2ctanh (Cmﬁcy)Ly.

Moreover, since Deg = 0, we have

Vaes=—V1+cLy, Vaes=—V1+clLy. (4.27)
T Y
After solving system (E26])-([Z1) we obtain

L = co+ cpsinh(vV2cy) — ez cosh(v2 cy)
+ (03 — ¢1 cosh(V2 ey) + ¢osinh(v/2 cy)) tanh (

cx—i—cy)

V2

Thus, after choosing suitable initial conditions, we obtain case (5).

Case (ii.2) At least one of 3,7, 0, ¢ is nonzero. In this case, ([LI0) implies
that w is an exact 1-form. Hence, M7 is flat. So, we may choose coordinates

x,y} such that F = 1, so that we have 2 = e, -2 = ey9. Hence, the metric
y oz oy )

tensor is given by
g=—(dzx ®dy + dy ® dx). (4.28)

Therefore, ([ZI0) implies that (3,7, d, ¢ are constant.

Case (ii.2.1): 8 = 0. It follows from ([IZ) that v6 = 0. Thus, we have
either v =0 or § = 0.

Case (ii.2.1.1): v = 0. In this case, it follows from EI3) that b = 1.
Thus, @) and EI) reduce to

h(e1,e1) =0, h(ei,ez) = es, h(ea,ez) = des + pey, (4.29)

(19 [0
) i
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Thus, we have
L., =0, ny =e3+ L, Lyy = feg + pey. (4.31)

Moreover, since Deg = 0, we obtain from [30) that

<

o e3=—Lyg, @ieiS = —0L, — Lya
o o (4.32)
0, V

<

€4 €4 = —(pLJ;.

9 9
ox Oy

Case (ii.2.1.1.1): § = 0. After solving system (EE3I)-(E32) we have

1 1
L(z,y) = co + crxy + cox + c3y + C4y2 - 602<P2y3 - ﬂ01<ﬁ2y47

which yields case (9) after choosing suitable initial conditions.

Case (ii.2.1.1.2): 6 = ¢%,¢ > 0. After solving system (@31)-(E3D), we
obtain
L(z,y) = o + ((2¢°z+cly+@*y)er+ey) cos(cy)
+ (2 z+c'y+9*y)ca+cs) sin(cy)

which yields case (10).

Case (ii.2.1.1.3): § = —c%,¢ > 0. After solving system (E3N)-E3D) we
obtain
L(z,y) = co + (c1+(2c%x—c'y—¢®y)ca) cosh(cy)
+ (e3+ (22 —cty—®y)cy) sinh(ey).

This gives case (11).
Case (1i.2.1.2): v # 0 and § = 0. From @I3) we get ¢ = (b*> —1)/7. Hence,

ET), @TT) and @T2) give

2 _
ot (4.33)
5

b 0 0 21
A, = s A, = v . 4.34

h(e1,e1) = ves, h(e1,e2) = bes, h(ez,e2) =
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Thus, we have

b —1
Ly = ey, ny = bez + L, Lyy = 764' (435)

Moreover, since Deg = 0, we obtain from [34]) that

Vaoes=—bL,, Voes=—bL,,

8_81 oy
~ ~ 1 — b2 (436)
Vi€4:—’yLy, vi€4: Lx.

oz Ay ’Y

Case (i1.2.1.2.1): b = 1. In this case, after solving system (E35)-(E3H), we

obtain
L(z,y) = co + c12 + 22 + e3(y223 — 6y) + cax (v — 24y).

So, after choosing suitable initial conditions, we get case (12).

Case (ii.2.1.2.2): b € (0,1). If we put b = /1 — c* and a* = +2, then after
solving system (EL30)-(E36), we obtain

a’cr — c3y a’cx + 03y a’cxr + c3y
Lloy) = o+ cos (S CUY Ly cosh (LYY 4 g (L EE0))
(z,4) 0 \/5@ ! \/§a 2 \/5@
a’cx — A3y a’exr + A3y a’exr + 3y
+ sinh <7) {c cosh (7> + ¢4 sinh <7) },
V2a ’ V2a ! V2a

which gives case (13).

Case (ii.2.1.2.3): b > 1. If we put b = 1+ c* and a? = 4?2, then after
solving system (EL30)-(E36), we obtain

3 3
L(z,y) = co + ¢1 cosh (acx—ﬂ) + ¢ sinh(acx—%)
a a
Ay : Ay
+ c3 cos (acx—i——) + Cc481n (acx—i——) .
a a

Consequently, after choosing suitable initial conditions, we get case (14).
Case (ii.2.2): § # 0. We divide this into several cases.

Case (ii.2.2.1): 6 = 0. It follows from ([TIZ) that ¢ = 0. Thus, we find from
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K =0 and ([EI3) that b = 1. Therefore, [E3) reduces to
h(e1,e1) = Bes + ves, h(ei,ea) = es, h(ez,e2) = 0. (4.37)

Consequently, after interchanging = and y, this case falls into Case (ii.2.1.1).

Case (i1.2.2.2): § # 0 and v = 0. It follows from (EIZ) that ¢ = 0. Thus,
we find from K = 0 and @I3) that 36 = b> — 1. Therefore, ([EJ) and @11

reduce to

v -1
h(el, 61) = ﬂeg, h(el, 62) = b63, h(ez, 62) = ﬁ €3, (438)

sa= (57 ) 4= (00): (139

Thus, we have

b2 —1

Ly = Bes, Lzy = bes + L, Lyy = 3

€3. (440)

Moreover, since Deg = 0, we obtain from [39) that

~ ~ b2 -1
Voey=—bLy — Ly, Vaes=——7—L;—bLy. (4.41)
oz Ay /8

Case (ii.2.2.2.1): b= 1. If 8 > 0, we put 8 = a?,a > 0. Then after solving
system (E20)- [EAT) we get

L(z,y) = <01 +co (x + Z—Z)) cos(azx) + <03 +cy (x + i—'g)) sin(ax),

which gives case (6).

If 3 < 0, we put 8 = —a?,a > 0. Then after solving system (EZ0)-(EZ1)

we obtain

L(z,y) = <01 + ¢ <x — i—g» cosh(ax) + (Cg +cy (x - i—Z)) sinh(ax),

which gives case (7).

Case (ii.2.2.2.2): b € (0,1). If we put |3] = a?,a > 0, then after solving
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system (E40)-(EZT), we get

L(z,y) = cos(

V2a V2a

V1+ b(a%—y+by)> cosp (VI bla?z+y+by)

+ co cos(

V2a V2a

+ c3 sin

V14 b(azx—y—i-by)) i <\/1 — b(a’x+y+by)

V2a V2a

+ 4 sin

(\/1—+b(a2w—y+by)> cosh <\/1——17(a2x+y+by)

V2a V2a

which gives case (8) after choosing suitable initial conditions.

(\/mw%—wby)) G (ﬂ(a2x+y+by)

337

)

Case (ii.2.2.2.3): b > 1. After solving system (EZ0)-(EZI), we obtain case

(15).

Case (ii.2.2.3): 6,7y # 0. Since 3 # 0, we find from [EIZ) that ¢ # 0. Thus,

it follows from K = 0 and ([EI3) that

6=(b2_1)5 7:(b2—1)g0
62+§027 52+802'

Consequently, (£) and E = 1 imply that

b2 —1

Ly = ———(0es + peq), Lyy =bes + L, Ly, = des + pey.

62—}_902

Moreover, it follows from Des = 0, ([E1T)), and (EZ2) that

- (1 —b2)5 -

= —bL L = —-0L, —bL
V%eg b T 52+302 Yo V%eg (5 T b Yo
- -
Va%e42 T o2 Ly, Vaye4:—g0Lz

Case (ii.2.2.3.1): b= 1. We divide this into two cases.

(4.42)

(4.43)

(4.44)

If § > 0, we put § = a® with a > 0. Then after solving system (EZ3)-
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EZ2) we obtain

L(z,y) =co + ¢1 cos(ay) + ez sin(ay) + c3{2a(2a%z + (a* + ©*)y) cos(ay)
—3(a* + ¢?) sin(ay)}
+ e3{3(a" + %) cos(ay) + 2a(2a%z + (a* + ©*)y) sin(ay)}.
This gives Case (16) after choosing suitable initial conditions.

Similarly, if 6 < 0, then after solving system (EZ3))-([E2d]) and choosing
suitable initial conditions, we obtain case (17).

Case (ii.2.2.3.2): b € (0,1). After solving system (EZ3)-(EAd]), we obtain
L(z,y) = co + cosu(cy coshv + ¢o sinh v) + sin u(es cosh v + ¢4 sinhv)

with

V102 [B0x—+/02+ 02— B2p%a+ (82 +¢?)y]
VIR TR\ = PR — 6

VIZE [0+ T+ 6+ )]
VIR TN A~ P+

)

This gives case (18) after choosing suitable initial conditions.

Case (ii.2.2.3.3): b > 1. We divide this into three cases.

Case (i.2.2.3.3.1): b3 < /(b2 — 1)(62 + ¢?). In this case, after solving sys-
tem (EZ43)-([EZ4), we obtain

L(x,y) = co + c1 cosu + casinu + cg cosh v + ¢4 sinh v

with 3,0, #0,b > 1 and

\/wa —1/82 + 2 + b0
N

VP —TVP+ ¢ b
IV

Hence, after choosing suitable initial conditions, we have case (19).

(V2 =12+ /6% + p2y),

(V2 — 1z — /62 + ©%y).
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Case (ii.2.2.3.3.2): b5 > /(b2 — 1)(02 + ¢?). In this case, after solving sys-
tem (EZ3)-(EZ), we obtain

L(z,y) = co+ ¢y cosu~+ casinu + ¢3 cosv + ¢4 sinv

with 3,9, #0,b > 1 and

\/b5+\/b2 —11/6% + 2
Y T

\/bé— VB2 —1,1/62 4 2
/e

Hence, after choosing suitable initial conditions, we have case (20).

(VB2 — 1o + /8% + %),

(\/b2 — 1z — /82 + ©2y).

Case (1i.2.2.3.3.3): b5 = /(b2 — 1)(02 + ?). In this case, we have § > 0.
Let us put § = 72 with 7 > 0. Then, after solving system (EZ3)-(EZd), we

obtain

L(z,y) = co + c1((b* = Dz — br’y)? + ¢ (ac + bgriyl)
V2((02 — 1)z — br2y) - V2((0° = Da — brPy)
T ) + ¢4 81n ( Jor )

Hence, we have case (21) after choosing suitable initial conditions. O

+ c3 cos (

Remark 4.1. After comparing Theorems BTl and EE2], we see that there
are essential difference between Lorentz surfaces in Lorentzian space forms

R}(c) and in indefinite space forms R3(c) with index 3.

5. Parallel Lorentz Surfaces in Hj(—1)

Now, we provide the classification of all parallel Lorentz surfaces in the

pseudo-hyperbolic 4-space Hj(—1) with index 3.

Theorem 5.1. There are sixz families of parallel Lorentz surfaces in Hgl(—l)
C E5:

(1) a totally geodesic anti-de Sitter space HZ(—1) C Hi(—1);
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(2) a flat minimal surface in a totally geodesic H3(—1) C H3(—1) defined by

1
— | sin (aw + y),cos (aw + g>,cosh (ax—g>,sinh (am — g>,0 , a>0;
\/§ a a a a

(3) a totally umbilical anti-de Sitter space H?(—c?) in a totally geodesic

H3(—1) C H§(—1) given by

1 cr +cy\ . cr +cy
~(0,v¢c?—1,tanh (7) ,sinh V/2¢y) tanh ( > — cosh(v2¢ ,
- < % 7 (V2cy) 7 (V2cy)

sinh(v/2cy) — cosh(v/2¢y) tanh (c:c\—/l—;y)) , c>1;

(4) a CMC flat surface in a totally geodesic H3(—1) given by

( VITP b NI +b(a? x+\/1+62y)
V2V b2

1+b62—b . ( V1402 +b(a? :c—l—\/1+b2y)

V21402
VV14+b2+b ~h< \/1+b2—b(a x—V1+b%y)
NN coS )
140240 . ( \/1+b2—b(a x—\/1+b2y>
\/541 = sin

with a,b,c > 0;

(5) a non-minimal flat surface given by

ﬁ <\/_b cos (kx + k2 y> sin (kx + ki y>
3

cosh(kx—%y),sinh(kx—k— >> k—\/l—f—T b,y > 0;
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(6) a non-minimal flat surface given by

(7t
02+ (1402)p?
WIFFR(E+¢?) _wm
V21402824 (1+b2)p
WIFF(+¢2) Wm
V2VIH02 /824 (1+b2)p
WIFFP (@ +¢?) +b5\/m
V2VIH02\/2 1 (1+02)p
WIFP (842 +b5\/m
V2V /824 (1+0%)p

with 6, # 0,b > 0 and

cos()\(\/1+62x+\/52+<p2y),

in(A(V1402z+/62+p2y),

cosh (p (V1+b2z \/62—|—g02y),

sinh (p (\/1—1—6236— \/(52+<p2y)>

\/\/1+62\/(52+<p +b<5 \/\/1+62\/52+<p — b6
VT +¢? Vo2 + 2

Conversely, every parallel Lorentz surface M? in Hgl(—l) is congruent

to an open portion of one of the siz families of surfaces described above.

Proof. It follows from direct long computation that each surface described
in the theorem is a parallel Lorentz surface in Hj(—1).

Conversely, assume that ¢ : M — Hj(—1) is an isometric immersion
of a Lorentz surface M? into Hj(—1). If M is totally geodesic in Hj(—1),
we obtain case (1). So, let us assume that M? is non-totally geodesic in

HE(-1).
Let us choose a local coordinate system {z,y} on M? which satisfies

(&TI). Then we have [ZT2)-ET9).

Case (1): M} is minimal in Hj(—1) . In this case, we get h(e1,e2) = 0. So,

we have

h(ei,e1) =&, h(er,e2) =0, h(ez,e2) =1 (5.1)
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for some normal vector fields &, 7, not both zero. Without loss of generality,
we may assume that £ # 0. Let us choose orthonormal frame {e3,es} such
that eg is in the direction of £. Hence, we obtain

h(e1,e1) = aes, h(e1,ez) =0, h(ez,e2) = Aes + pey (5.2)

for some functions «, A, u with « > 0. Let us put o = a? with a > 0.

Since M? is a parallel surface in H3(—1), we find from (Z3), (ZI6) and
B2) that

Deg = De4 = 0, (5.3)
da = aw, d\ = -2\, dp= —2uw. (5.4)
Since a > 0, the first equation in (&4 shows that w is exact. Hence, M? is

flat. Thus, we may choose E = 1, which gives w = 0. Consequently, a, A, u

are constants.

Since M? is flat, the equation of Gauss and (52) yield a?\ = 1. Also,
by applying [Z4]) and ([&2), we find

(0 % (0
Aes_<a2 O>’Ae4_<0 O)' (5'5)

By using Egs. ([Z3) of Ricci and (1), we obtain p = 0. Therefore, we
obtain

€3

Lyy = a®e3, Lyy=—L, Ly, = - (5.6)

Also, it follows from Des = 0 and (&3), we have
Voes = —a’L,, Voes——L2 5.7
ges=—a’Ly, Voey=——7. (5.7)

After solving system (B.0)-(B1), we get

L(z,y) = ¢y sin (ax + Q) ~+ ¢o cos (ax + y) + c3 cosh (ax — y)
a a a

+ ¢4 sinh (am — y) .
a

Hence, after choosing suitable initial conditions, we obtain case (2).
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Case (ii): M? is non-minimal in H3(—1). In this case, we have h(eq,e2) # 0.
Thus, we may choose an orthonormal frame {es,e4} such that es is in the

direction of h(ey,ez). So, we have
h(el, 61) = fes + ey, h(el, 62) = beg, h(eg, 62) = Jeg + wey (5.8)

for some functions b, 3,7, d,¢ with b > 0. Since Vh = 0, we obtain from
Z18) and &R) that Deg = Dey = 0, and

db =0, df = 2Bw, dy = 2yw, dj = —20w, dp = —2pw. (5.9)

From (Z4) and (8) we have

(b R
e (89) a= (2) -

Since Deg = 0, the equation of Ricci and (BI0) give

oy = Be. (5.11)

So, (B8) and the equation of Gauss imply that the Gauss curvature K is
given by

K =364~y —b* — 1. (5.12)

Case (ii.1): B=v=0 = ¢ =0. Egs. (&8) and (&I0) reduce to
h(el, 61) = 0, h(el, 62) = beg, h(eg, 62) = 0, (5.13)

b 0 00
A = A = . .14
€3 (0 b> 9 €4 (0 0> (5 )

We find from (EI2) that K = —(b> +1). Let us put K = —c? with ¢ =
Vb% 4+ 1. We choose coordinates {z,y} such that

% = sech (Cm\j—;y)el, % = sech (Cx\;—;y)eg. (5.15)
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So, the metric tensor is given by

g = —sech? (w\}gcy) (dx ® dy + dy ® dx) (5.16)

and the Levi-Civita connection satisfies

V s o _ —v/2¢ tanh (Cm—i_cy)ﬁ

7z Ox V2 /o’
9 _

1o} cx+cy\ 0

D _ et h( )—.

Va%ay V2ctan 7% )ay

Thus, we obtain from (BF), (BI0) and (24 that

Ly = —V2ctanh (Cm—i_cy)Lx,

V2

Ly = sech2<%> (V2 —1les— L), (5.18)
_|_

Ly, = —+v/2¢tanh (cm\/;y>Ly.

Moreover, since Deg = 0, we have
Voes=—-c2—1L,, Vaoes=— 2 —1L,. (5.19)
Ox oy
After solving system (B.I8)-(BI9) we obtain

L = ¢+ c1cosh(v/2ey) + ¢osinh(vV2 ey)
+ <63 — ¢3 cosh(V2 ey) — ¢1 sinh(v/2 cy)) tanh (

cx —i—cy)
Nl

Thus, after choosing suitable initial conditions, we obtain case (3).
Case (ii.2) At least one of 3,7, 9, ¢ is nonzero. In this case, () implies

that w is an exact 1-form. Hence, M? is flat. So, we may choose coordinates

{z,y} such that £ = 1, so that we have Z = e1, £ = es. Hence, the metric

tensor is given by
g=—(dz®dy+dy ® dx), (5.20)

Therefore, (B9)) implies that 3,~,d, ¢ are constant.
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Case (ii.2.1): 3 = 0. It follows from (L)) and (1) that ¢ = (1+b%)/y
and § = 0. Thus, (&) and &I) reduce to

14 b°
o

1+b2
A= (%), 4, = (Y ). (5.22)
0b v 0

Thus, we have

h(e1,e1) = veq, h(e1,ez) = bes, h(ea,ez) = ey, (5.21)

1+ b2
Ly = ey, L:cy = besz — L, Lyy = 764- (5'23)

Moreover, since Deg = 0, we obtain from (B22) that

6163 = —bLz, @ieg = —bLy,
” " (5.24)
_ _ 1 b2 .
Voes=—vLy, Voey=— + L.
oz oy ’)/
After solving system (B23))-(E24) we have
k3 k3
L(x,y) = co + ¢1 cos (k:c + —2y> + 9 sin (kx + —2y)
Y Y
3 3

+ c3 cosh (kx — %y) + ¢4 sinh (kﬁﬂ? - %y)

with k = v/(1 + b2)72. This yields case (5).

Case (ii.2.2): 3 # 0. If § = 0, it follows from ([EII) and (EI2) that K =
b? 4+ 1 = 0, which is impossible. Thus, we must have § # 0.

Case (ii.2.2.1): v = 0. It follows from (B.I1) that ¢ = 0. Thus, we find from
K =0 and (512) that 36 = 1 + b%. Therefore, (B¥) and (EI0) reduce to

142
h(el, 61) = ﬁeg, h(el, 62) = beg, h(eg, 62) = €3, (5.25)

b 1+b2
Aoy = g, A, = 00 (5.26)
B b 00
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Thus, we have

14 b?
B

wa = 563, La:y = b63 — L, Lyy = €3.

Moreover, since Deg = 0, we obtain from (20 that

14 b°

Voes=—bL,— (L, Voeyg=———~L,—bL,.
oy 5

2
ox
Thus, after solving system (B27))-([28]), we get

WITR+b(az+v1+ b2y)>

a

L(z,y) = cos(
, <\/\/1+b2+b(a2x+\/1 + b2y)>
“+c2 s1n

a

+c3 cosh (

mm—mw)

a

\/m(a% — \/1+—62y)>

a

~+c4 sinh <

which gives case (4) after choosing suitable initial conditions.

[September

(5.27)

(5.28)

Case (ii.2.2.2): v # 0. Since 3 # 0, we find from (&Il that ¢ # 0. Thus, it

follows from K = 0 and (BIZ) that

SO (e
52+¢2’ 52+(p2'

Consequently, (B8) and E = 1 imply that

14 b°

Lyy = ——=(de3 + peq), Ly =bes — L, Ly, = des + peq.

6% + ¢?

Moreover, it follows from Des = 0, (BI0), and (BZ9) that

- 1+ -
V%Gg == —bLz - mLy, V%Gg == —5_[/1 - bLy,
- (140 -
SRS § = —¢L,.
Ve g2 v Vi = ¢l

(5.29)

(5.30)

(5.31)
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After solving system (B30)-(BE3T), we obtain

L(z,y) = co+cos ()\(\/l+62x+ \/52+g02y) +epsin (A(V 1+b2z++/824¢%y)
ez cosh (pu(v/ 14022 — /82 +92%y) +cqsinh (u(vV/1+b22— /52 +¢2y)

with 4,0 # 0,b > 0 and

. JVIFR/E+ G +b JVIFR/@+ 2 b
= s 'u,: .

This gives case (6) after choosing suitable initial conditions.

Remark 5.1. Parallel submanifolds in indefinite space forms have parallel
mean curvature vector. The complete classification of parallel space-like and
parallel Lorentz surfaces in indefinite space forms with arbitrary codimension
and arbitrary index are achieved in [, I8, [L1]. For the most updated survey

on submanifolds with parallel mean curvature vector, see [10].
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