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Consider the systems of hyperbolic and viscous conservation laws

VISCOUS CONSERVATION LAWS,
PART I: SCALAR LAWS

BY

TAI-PING LIU, SHIH-HSIEN YU AND YANNI ZENG

Abstract

Viscous conservation laws are the basic models for the dis-
sipative phenomena. We aim at a systematic presentation of the
basic ideas for the quantitative study of the nonlinear waves for
viscous conservation laws. The present paper concentrates on the
scalar laws; an upcoming Part II will deal with the systems. The
basic ideas for scalar viscous conservation laws originated from
two sources: the theory for the hyperbolic conservation laws and
the Burgers equation. We have initiated the Green’s function ap-
proach. These ideas are streamlined, simplified and synthesized
here. We then apply them to some new problems and raise open
problems.

Quantitative understanding is necessary for further studies of the
richer wave phenomena of the coupling of distinct wave types and
the coupling of the boundary with the nonlinear waves. Viscous
conservation laws may be viewed as the basic models for general

dissipative systems.

1. Introduction

u + f(u)a: = 0,
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ur + f(u), = (B(uw)uyg),, u € R™ (1.2)

Important examples include the Euler equations and Navier-Stokes equations

in gas dynamics:

Pt + (P'U)g; =0,

(pv)t + (pv* +p)e = 0, (1.3)
(pE)¢ + (pEv + pv), = 0;

pt + (pv)e =0,

(pv)i + (pv* + p)a = (Vg ), (1.4)
(pE)t + (pEv + pv)y = (KO, + vovg),.

We are interested in the nonlinear behavior of solutions for the system,
particularly the construction and stability of nonlinear waves such as the
shock, rarefaction waves and diffusion waves. There is the Green’s function
approach for studies of nonlinear waves for dissipative systems, [30], [16],
[23], [21], [22]. The approach is effective for the quantitative study of the
wave behavior. The present paper concentrates on the scalar conservation

laws

ug + f(u)y = 0, (1.5)
ut + f(u)y = Kugs, ueR. (1.6)

The inviscid Burgers (Hopf) equation and the Burgers equation are impor-

tant examples:

ug + uu, = 0, (1.7)

Up + Uy = KlUgg, U € R, (1.8)

There have been very substantial progresses toward the understanding of
nonlinear waves for viscous conservation laws, due to the efforts of many
people in the recent decades. The purpose of the present Part I and the
upcoming Part II is to present the approaches for the quantitative under-
standing of the nonlinear waves. These ideas are streamlined, simplified,

and synthesized here. We start with the scalar hyperbolic conservation laws

ur + f(u)y =0, ueR.
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The basic notions of compressibility, expansion, and entropy condition, and
construction of elementary waves and their stability are presented using the
method of generalized characteristics. This is a rich area and forms a nec-
essary background for the study of viscous equations. We next consider
the Burgers equation and present the detailed analysis of the construction
of nonlinear waves and their Green’s function using the Hopf-Cole transfor-
mation, 8], [2]. We then consider the general convex viscous conservation

law
ur + f(u)y = Kugs, , f(u) #0, ueR.

For these conservation laws, there is the energy method for the study of the
stability of nonlinear waves. The present authors have initiated the Green’s
function approach, which is effective for the quantitative study of nonlinear
waves. We will present the technique combining the characteristic method,
Hopf-Cole procedure, the weighted energy method, and the Green’s function
approach. We also consider the initial-boundary value problem, the study

of the boundary effect on the propagation of the nonlinear waves.

The study for scalar laws serves as the foundation for the study of the
systems in Part II. The theory for systems of conservation laws plays a
central role in nonlinear analysis as many physical systems are nonlinear and
dissipative. An important dissipative equation is the Boltzmann equation in
the kinetic theory, [20], and [29].

Besides a new presentation of the basic ideas, the paper also contains

new results and open problems are raised throughout the presentation.

2. Hyperbolic Conservation Laws
Consider scalar convex conservation laws:
ug + f(u)e =0, f"(u) > 0; (2.1)

The inviscid linear model is the transport equation and is solved by the

characteristic method

ut + Augy = 0, u(z,t) = u(x — At,0). (2.2)
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The simplest convex conservation law (1]) is the inviscid Burgers equation,

f(u) = u?/2, the Hopf equation,

he + (%Q)x —0. (2.3)

This can be solved by the characteristic method:

{%h(m(t),t) =0, 2.0

La(t) = h(z(t),t).

The characteristic method yields the global continuous solution for all time
t > 0 if the initial value h(z,0) is a non-decreasing function. A par-
ticular solution of this kind is the centered rarefaction wave hr(x,t) =

hr(z,t;h_,hy), h— < hy, a self-similar solution:

h_, for x < h_t,

hr(x,t) = %, for hot <z < hyt, (2.5)

h+, for x > h+t
For general initial value h(z,0) the characteristic lines compress and even-
tually intersect if h(x1,0) > h(x2,0) for some x1 < x3. The solution then
becomes discontinuous, containing shock waves. For the general conservation

law ([CH) the characteristic equation is

drulz(t),t) =0,

%x(t) = f(u(x(t),t)). (2.6)

Thus the shock waves occur if the characteristic value f’(u(z,0)) is not an
increasing function in x. The conservation law is then interpreted in the

weak sense:

Definition 2.1. A bounded measurable function u(x,t) is a weak solution

of the initial value problem for the hyperbolic conservation law

u + f(u)y =0, u(x,0) = up(zx)
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if
/0°° /OO [pru + Op f (u)](x, t)dzdt + /Oo b(z,0)uo(z)dz = 0, (2.7)

for all smooth function ¢ = ¢(x,t) of compact support in {(z,t) : —oo <
x < oo, t>0.}

An equivalent, more physical definition is

Definition 2.2. A bounded measurable function u(z,t) is a weak solution
for the hyperbolic conservation law u; + f(u), = 0 if

d [*

p s u(z,t)de = f(u(z1,t)) — flu(ze,t)), (2.8)

for all 1 and 5.

The second definition has clear physical interpretation in that w is the
conserved quantity and f(u) its fluz. It is easy to see that, as a consequence
of either definition, a jump discontinuity along x = z(t), with end states
(u—,uy) and speed s:

u- = u(z(t) = 0), ;uy = u(x(t) +0,t), s=2/(t),
in a weak solution u(z,t) satisfies the Rankine-Hugoniot condition:

s(us —us) = flus) — fluo). (2.9)

For the Hopf equation (Z3)) the shock speed is the arithmetic mean of its

end states:

(h)2/2 = (h-)*/2 _ hy+he
hy —h_ 2

S =

(2.10)

As we have seen, shock waves are consequence of the compression of char-
acteristics, that is, f’(u(z,t)) decreases in x . This leads to the following

notion of the admissibility of weak solutions.

Definition 2.3. A jump discontinuity (u_,uy) with speed s for the convex
conservation law (1] is admissible if it satisfies the following Laz entropy
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condition, [12],
fus) > s> fl(uy). (2.11)

Thus centered inviscid Burgers shock wave from the origin for the invis-

cid Burgers equation (3] takes the form

h_, for x < st,

hs(z,t) = < hy, for x > st, (2.12)

hy+h_
s:%, h_ > hy;

and the general centered shock wave for the general convex conservation law

&) is, Figure [k

u_, for xz < st,

US(HUJ) = q uy, for x > st, (2,13)
_ flup)—flu)
§= T Tu o U- > Uy
t
A shock
u— U+
(C:iharacteristics A C}}Earacteristics
z / dr _ oo
E 7f (U,) ) // \\\ dt ( JF)
L - \ > T

Figure 1. Centered shock wave.

Remark 2.4. The inviscid Burgers equation, the Hopf equation ([Z3)) has

direct relation to the more general scalar conservation law, (L)
ug + f(uw)e =0, f"(u) > 0.
This is done by the relation

M, t) = f(u(z,t)). (2.14)
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Multiplying the conservation law (CH) by f”(u), it follows easily that the
function A(z,t) satisfies the inviscid Burgers equation

A+ (%2)$ —0. (2.15)

We have applied the chain rule. It is important to note that the notion of
weak solutions does not carry over when chain rule is applied. One can easily
see this by inspecting the Rankine-Hugoniot condition. Thus the equivalence
of convex conservation law to the Hopf equation holds only when the solution
u(x,t) is smooth. In particular, it holds in the case of rarefaction waves and
we have the centered rarefaction wave for the general conservation law (21I),
Figure

flus), for x < f'(u_)t,
Flu@ ) =3 2, for fllus)t <z < f'(up)t, (2.16)
f(ug), for z > f'(uy)t.

>
Figure 2. Centered rarefaction wave.

For a shock (u_,uy), the speed according to (Z9) is
_ fuy) = flu)

Uy —u_

while for (23 it is

he +he _ ['(ug) + f'(u")

T Ty T T



240 TAI-PING LIU, SHIH-HSIEN YU AND YANNI ZENG [September

Direct calculations show that

s—5— f(u;r-z : ;];:(_u) B f’(u+) ;- f’(uf) _ O(l)]u+ _ u_‘Q. (2_17)

Thus for weak shocks, the approximation of a general convex conservation
law by the inviscid Burgers equation is accurate. In fact, for general systems,
it is shown that the speed of a weak shock is well approximated by the
arithmetic mean of the compressing characteristic speeds of its end states,
[12]. This fact was first raised and used crucially for the study of N-waves
for general system of hyperbolic conservation laws in [14] and [15] using the
Glimm scheme [3], and is important for the theory of viscous conservation
laws, as we shall see later in this Part I and also in the forthcoming Part 11
for systems.

We have thus constructed the solution for the Riemann problem, the
initial value problem for ([Z1I) with Riemann data

u + f(u)e =0, f(u) >0,

(2.0) uy, for z <0, (2.18)
u(z,0) =
u,, for x > 0.

The solution is a centered shock wave if u; > u, and a centered rarefaction

wave if u; < u,.

Besides the above elementary waves of shock and rarefaction waves,
there is also the important N-waves. These are waves with compact sup-
port in x and dissipative due to the nonlinearity of the flux function f(u).
Consider the initial value problem for the inviscid Burgers equation

ht + hhy = 0,
0 for |z| >1,

h(z,0) =< —p for —1 <z <0, (2.19)
q forO<z<l,

h(z,t) = N(z,t;p,q).

The construction of the N-wave N (z,t;p,q), p > 0,q > 0, is done easily
by characteristic method. There is a centered rarefaction wave hg(z,t; —p, q)
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(—1,0) (1,0)

Figure 3. N-wave.

which interacts with the two shock waves (0,—p) and (g,0) at later time.
The solution consists of the centered rarefaction wave between two shock
waves (0, h1(t)), hi1(t) = h(z1(t)+0,t) and (ha(t),0), hao(t) = h(za(t) —0,1),
Figure B The locations * = x1(t) and = = x2(t) of the two shock are
calculated using the Rankine-Hugoniot condition I0):

d M) d_ o ()

Sar(t) = D, () = 2

The starting time t1 for the left shock is the meeting time of the shock at
x = —1+ (—p/2)t with the left edge + = —pt of the centered rarefaction
wave:

2

—-1- Btl = —pty, t1 = —.
2 p

And the meeting location is z1(t;) = —2. Similarly we have to = % and

x9(te) = 2 for the right shock. After the meeting times, the values hq(t) and

ho(t) are part of the rarefaction waves,

t t
ma(e) = 242, hage) = 22,
and so the differential equations become
d x1(t) d 210)
— = f ;= = f .
dtxl(t) 5 for t > ty; dtxg(t) 5 for t>to
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Solving the above differential equation for x;(t) and za(t) with the initial
values z1(t1) = —2 and z2(t2) = 2, respectively, we obtain the location of

the shock waves
z1(t) = —+/2pt, za(t) = /24,

and the solution is, Figure B,

(0, for r < — —%tand()<t<%; orx<—\/2ptandt>%,
0, forx>1+%tand0<t<§; orm>\/2qtandt>§,
N(x,t;p,q) = { —p, for —1—%<x<—ptand0<t<%,

q, forqt<x<1+%tand0<t<%,

" .
| §, otherwise.

(2.20)

There is of course the conservation law
d [oe)
—/ u(z,t)de =0, for t >0,
dt J_oo

for any solution of the conservation law, viscous or inviscid. It turns out
that there are two time-invariants p and ¢, which sum up to the conserved

quantity above:
xT [e.e]
min/ N(y,t)dy = —p, maX/ N(y,t)dy = q,
T J_ x "
o0
/ N(y,t)dy = q—p, fort>0. (2.21)
—0o0

Another remarkable thing is that the N-wave dissipates like heat kernel; its
support = € (—+/2pt,/2qt) is of the order v/t and its magnitude

It o)
o,

u(z,t) € ( ;

is of the order 1/v/t. As we will soon see, such degree of spreading and
decaying holds for general initial data with compact support. This is referred

to as the inviscid, hyperbolic dissipation.

Consider the initial-boundary value problem for (Il for the quarter
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plane region z,t > 0:

u + f(u)y =0, z,t >0,
u(z,0) = ug(z), (2.22)
u(0,t) = ui(t).

For basic understanding of the general initial-boundary problem , we con-
sider the elementary waves for the Riemann problem

u + f(u)y =0, z,t >0,
u(z,0) = up, x>0, (2.23)
uw(0,t) =y, t > 0.

This problem can be over-determined, as the hyperbolic problem needs
boundary data u; at = 0 only if the characteristic speed is positive and here
the characteristic speed f’(u) varies with the solution u and is not known a
priori. Nevertheless, there is a unique algorithm to proceed if the boundary
layer is allowed. We first solve the corresponding Riemann problem (ZIS).
If it is a shock wave with positive speed, then we set the solution to be the
shock wave, Figurell If the shock speed is negative, then we set the solution
to be the state u, that occupies the region x > 0 under consideration. In
the latter case there is the boundary layer (u;, u,) that separate the bound-
ary value u; with the interior solution u, at x = 04. This boundary layer
correspond to a wave (uj,u,) with negative speed, Figure Bl In the other
case where the solution is a rarefaction wave, we do the same in that we
set the solution to be the rarefaction wave that propagates into the region
x > 0. The part of the rarefaction wave with negative speed, if exits, then
forms the boundary layer, Figure [l and Figure [ We note that the initial-
boundary value problem for the viscous conservation law is well-posed and
the algorithm just mentioned, as we will see later, is consistent with the zero

dissipation limit of the viscous conservation law
u + f(u)y = Kigy, as k — 0+ .

The initial value problem for the scalar hyperbolic conservation laws is well-
posed in the Li(x) norm. The above resolution of waves around the bound-
ary is equivalent to that of [1] and also yields the L;(x) well-posedness.
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t 4

A A

ug Uy uy Uy

> T —> X

Figure 4. Shock wave with no boundary layer.

t t

A A

up Uy

uy Uy

> T Lt T

Figure 5. Shock boundary layer.

Figure 7. Rarefaction wave with boundary layer.

3. Stability of Hyperbolic Waves

We study the stability of shock, rarefaction and N waves for the hyper-
bolic conservation law (1) that have been constructed in the last section.

The main tool is the notion of generalized characteristics of James Glimm,
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[5], [13]. The entropy condition (ZI1l) says that the characteristic lines can
impinge on the shocks only in the forward time direction. Thus a charac-
teristic remains as a straight line in the backward time direction, Figure B
A generalized characteristic is defined as a characteristic line and then the

shock wave when the characteristic line impinges on the shock, Figure B

t
A

shock

generalized characteristics , backward characteristics

[ S

Figure 8. Generalized characteristics.

We now start the stability analysis, first with the simplest case of shock
waves. Consider the centered shock wave ug(z,t), ZI3), connecting the
states u_ and uy, u— > uy. Let u(x,t) be the solution of the initial value
problem for the convex conservation law (]]) with initial data a perturbation
of the shock:

ut + f(u)e =0, f"(u) >0,
u_, forx < —M,
u(z,0) =< wg(x), for |z| < M,
Uy, for x > M,

(3.1)

for some M > 0 and a bounded function ug(z), |ug(x)| < M.

Theorem 3.1. The solution of the initial value problem BIl), u_ > uy,

approaches the shifted centered shock (u—_,uy.) in finite time:

(2.1) u_, forxz < xg+ st,
u(x,t) =
Uy, forx >xo+st, t>T,

and the shock formation time T and the shock shift xq satisfy, for some
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B >0,

T — 0(1)%, 2 = — [/O (uo(x)—u)dm+/ooo(uo(x)—u+)dx}

U——Ut —00

Proof. Draw the generalized characteristics C : = = x1(¢) through (-, 0)
and Cy : x = x9(t) through (M,0) and set

D(t) = za(t) — z1(t)

the distance between them. The generalized characteristic z = x1(t) may be
a characteristic line with u = u_ along it; or it may be a shock (u_,u;(%)).
In the former case we set also u;(t) = u_. Similarly we set ua(t) to be the left
state of the solution along x = x5(t). To the left of x = z;(¢) the solution
takes value of u_ and to the right of x = zo(t) it takes the value of wu,.
Through the generalized characteristics (x1(t),t) and (x2(t),t) at time t we
draw the backward characteristics, Figure [,

Bi = {(y,8): y=a1(t) = flia())(t = 5), 0 <s <t}

By = {(y,8): y=xa(t) — f'(uz(t))(t —s), 0 < s <t}
The characteristics By, Bs meet the initial time ¢ = 0 in the interval
(=M, M).
t
AN
t=T
v =a1(t) D(t) = 22(t)
U_ ///Ul(t) us(t) \v‘ U
;B Ba,
/ 1 ; x
(=M, 0) (M,0)

Figure 9. Stability of shock wave.

Along the characteristic line By, u = uy(t); and along Bs, u = usa(t).
Thus
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where O(M) is a function bounded by 2M. On the other hand, from the
Rankine-Hugoniot condition (ZH),

Dty = F0m) = F(®) _ flu) = Fan (@)

ug — usg(t) u_ —u(t)

We have from the entropy condition that wu;(t) < u_, ug(t) > uy. There is
the hypothesis u_ > uy. Note that the solution u(x,t) is bounded, |u(z,t)| <
M, and so, by the convexity f”(u) > 0, there exists 3 independent of ¢ such
that 0 < 8 < 1 and

D(t) < (1= B)[f"(us) = f'(u)] + BLf (ua(t) = f'(ur(1))].

We have thus obtain a differential inequality

+ (1= B (ug) = f'(u))- (3.2)

This is solved from t = 1 to yield
D(t) < [D(0) + O(M))t° + (1 = B)[f'(us) = f'(u)]t, ¢ > 1.

As B <1 and f'(uy) — f'(u—) < 0, we have D(t) = 0 in finite time ¢t = T

and the solution consists of a single shock after that

(2.1) u_, for x < xy + st,
u(x,t) =
uy, for x > xg+st, t > T,

for some phase shift xyg. The phase shift can be determined through the

conservation law

%[/st (u,t) — u ) + /Oo(u(x,t) — u+)d$] =0,

—00 st

when either the Rankine-Hugoniot condition () or the conservation law
(2] is used. Evaluating the conserved quantity at initial time ¢ = 0 and

after the time t = T, we have

0 00
/ (up(z) —u_)dx +/O (up(z) — ug)dx = zo(u— — ug),

—0o0
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which yields the above formula for the phase shift. This completes the proof
of the theorem. O

We next study the stability of centered rarefaction wave ug, (ZIG),

connecting states u_ and w4, u_ < uy, and consider the initial value

Ut + f(u)m = 07 f//(u) > 07

U_, for x < —M, (33)
u(z,0) = ¢ wo(z), for |z] < M,
Uy, for x > M,

for some M > 0 and a bounded function ug(z), |ug(z)| < M.

Theorem 3.2. The solution of the initial value problem B3), u— < uy,
approaches the centered rarefaction wave ugr, ZI6l), at linear rate in the

interior region
1 !/ !
lu(z,t) —ur(z,t)] = O(l)t—i——l’ Jor fllu_)t <o < fi(ug)t,

and there is a region of width O(1)(t+1)"/? around the boundary x = f'(u_)t

and x = f'(uy)t where the convergence rate is sublinear
julie,t) = un(z,0)] = O)(t +1)"2.

Outside these finite regions in x, the two solutions are the same, equal to u_

to the left and uy to the right. Consequently,

_P
2

;1
w(z,t) — up(z,t)||L,@ =O0)(t+1) 2, p>1.

Proof. Again we consider the generalized characteristics C, Cy and use the
same notations, uj(t), us(t) as the states next to the generalized character-
istics at © = x1(t), * = x2(t), respectively. Choose any location (z,t) be-
tween C and Cy and draw backward characteristic line with speed f/(u(z,t))

through (z,t), meeting (Z,0) at initial time, Figure

z=z+ f'(u(z,t))t.
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A
x = xo(t)

(M, 0)

(7,0)

(_Mv O)
Figure 10. Stability of rarefaction wave.

1

As |z| < M, we deduce that
f! ) +O0(M)——
(ur)(z,t) + O( )t 1

~+1 8
| 8

fl(u(z, ) =
for (z,t) in the fan region of ur and between C; and Cy. This proves the
theorem for this region by the convexity f”(u) # 0. It remains to estimate

the distance between the edges C1, Cs of the solution u(x,t) and the edges
x_(t) = f(u_)t, x1(t) = f'(us)t of the centered rarefaction wave ug(z,t).

Set

D(t) = 22(t) — 21(t), E(t) = D(t) — [f'(us) — f'(u-)]t
By the backward characteristic analysis, as in the stability analysis for the

shock waves above,
D(t) = [f'(ua(t)) — f'(ur ()]t + O(M),
with O(M) < 2M. From the Rankine-Hugoniot condition,
) = flus®)  f) = fu)
ur(t) —u_

D'(t) =
©) uy — us(t)
From the entropy condition and our hypothesis of expansion, u;(t) < u_ <
uy < wug(t). From the above and the convexity of the flux f”(u) > 0, we
E(t)+ O(M)
t

)

have
E'(t) < aff'(u2) — f'(uy) + f/(u) = fl(w)] = a
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for some constant o, 0 < « < 1. This can be solved to yield the sub-
linear growth of E(t) and the decay of the strength of the shocks (u_,u1(t)),
(u2(t),us) on the generalized characteristics C, Cy. Next we use the Taylor

expansion instead to yield

E'(t) = w [1 +0(1)

E(t) + O(1)M
e !

2t

After large time, the value of « in the above analysis can be chosen to be
close to 2, the decay rate of the shocks (u_,ui(t)), (u2(t),uy) is close to
t~1/2_ and the growth rate of E(t) is close to t'/2. And so we have

E'(t) = E®) +0)M +2?(1)M [1 + 0t

for some ( close to % The equation can be solved to yield
E(t) = O(1)(t + 1)2.
And the shock decays as
s = wr (O] + Juz(t) = ug] = O(1)(E +1)77.

This proves the pointwise estimates. The L,(x) decay follows immediately.
Notice that the decay is slower around the edge of the rarefaction wave. In
the interior, the decay rate in Ly(z) is (t + 1)~ =D/p, O

We finally study the stability of N waves.

Theorem 3.3. Suppose that the initial data u(z,0) of the inviscid Burgers
equation ug+ f(u), = 0 has compact support. The flux function is normalized
by £(0) = f'(0) =0, f"(0) =1. Then the solution u(x,t) satisfies

—pzmin/ u(y, t)dy, q = max/ u(y, t)dy (3.4)

z —00 x

are time-invariant, and the solution approaches the N -wave in the following
sense: There are two relative strong shock of strength +/2p/t and \/2q/t
located at x = x1(t) = —/2pt + O(1) and x = z5(t) = /2qt + O(1), respec-
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tively. The solution satisfies

w(z,t) = % L O+ 1)L, for i (t) <@ < xa(t), t> 1.
In particular,

lu(z,t) — N (@, t:p,q)l| 1, @) = Ot +1)77, p> 1.

Proof. To prove the time invariants p, ¢, we first note that the minimum
and maximum defining them, [B4]), take place at the continuity points of the
solution, and the solution must be zero there. This is because the solution
jumps down across the shocks by the entropy condition. For instance, at
the infimum point * = z defining p, the solution must be non-negative at
x = ¥ 4+ 0 and non-positive at x = & — 0. Otherwise the integral from —oco
to x = &(t) + ¢, or from —oo to x = #(t) — e, € > 0 and small, would
reduce the integral. Thus u(z —0) < u(Z + 0), which precludes the shock at
x = Z. Also the solution is zero there. Then at a continuity point, one can
draw the characteristic line C' both forward and backward in time. From the
conservation law (), the integral from —oo to C' is constant in time. As
p is defined to be the infimum, we have p(s) < p(t) for |s — ¢| small. Thus
p'(t) = 0. Similarly ¢'(t) = 0.

To obtain the pointwise estimate of the solution we again draw the left
and right generalized characteristics C; and C3. As in the case with the
above study of the stability of the rarefaction waves, the distance D(t) be-
tween the generalized characteristics expands at the rate of t1/2 and the shock
waves on them decay. Thus, for simplicity, we will make our proof easier by
concentrating on the inviscid Burgers equation f’(u) = u. The remaining job
is to estimate the location z = x;(t), i = 1,2, of the generalized character-
istics. As before, from the analysis using the backward characteristic lines,
we have

1
u(z,t) = % + O(l)t—i——l’ for x1(t) <z < zo(t).

Thus the infimum defining the time-invariant p occurs around z = 0 and

0 rx 1 1
_p= d 1)~ 1)~
b /m(t){tJrO( e R Ot

or z1(t) = —/2pt + O(1). This completes the proof of the theorem. O
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Remark 3.4. The stability of the above three types of waves is indicative of
the different sense of stability that we will also see in the following sections
on viscous conservation laws. For the shock waves, the stability is in a
strong sense. In fact, for a compact supported perturbation, the stability
rate is infinite as the time asymptotic state is reached in finite time. Also
it can be shown that the convergence to the shock is in L;(z) sense even
for more general perturbation, so long as the conserved quantity is finite for
the perturbation. The stability is orbital in that the shock location needs to
be precisely located through conservation law. The approach given above is
through shock capturing. In the study of viscous shock waves we will either
determine the time-asymptotic location of the shock first or by wave tracing.

The stability of rarefaction wave cannot be in the L;(x) sense. This is
seen by comparing the translation, say of the amount a of the portion (uy, uz)
and of the amount b of the portion of (ug, us3) of the centered rarefaction wave
(u1,ug), Figure [l The magnitude of the difference of the translated and
original rarefaction waves is of the order of (z 4+ a)/t — x/t = a/t and b/t
and the region of their difference is u1t 4+ a < x < usot and uot < x < ugt+ b,
Figure [0 Thus the L,(z) norm of the difference is

p—1

[GP(UQ—Ul)‘i‘bp(UE}_U,Q)]%t_ P

In particular, the Li(x) is non-decaying in time. As a perturbation of a
rarefaction wave can represent any shift of any portion of the wave, there
is no simple translation of the unperturbed wave to match the perturbed
solution in order to achieve the Li(x) convergence for large time.

t t
U2

U

! (a,0)  (5,0)
Figure 11. Translation of rarefaction wave.
The N waves are non-obvious consequence of the nonlinearity of the

flux. Although the N waves and rarefactions are both dissipative, it is
possible to study the more detailed dissipation of the N waves and its L;(x)
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behavior. For the viscous conservation laws, the viscosity will have strong
time-asymptotic effect and, instead of two time invariants p, ¢ in the inviscid
case, there is only the usual one conserved quantity that survives after large
time. Nevertheless, the nonlinearity of the flux dictates that, in the L (z)
and pointwise sense, the large time behavior is nonlinear, Burgers equation
type, rather than heat equation type.

4. Heat Equation

Before we turn to the study of the combined effect of the nonlinearity for
hyperbolic conservation laws and the viscosity, we first consider the viscous
effect. For general systems ([LZ), there are rich nonlinear interactions for
waves pertaining to distinct characteristic fields. The study of these inter-
actions requires the consideration of multiple scalings. We consider in this
section the linear viscous model, the heat equation

Ut + ANy = KlUgy.

Our purpose here is to introduce the pointwise analysis for this simplest
situation. The initial value problem is solved using the heat kernel H =
H(z,t) = H(z,t;K):

Ut + )\um = RUgz, (4 1)
u(z,t) = [7o0 H(z —y — A, t)uly,0)dy; '
Hy = kH,y, H(z,0) =0(x), (4.2)
H(z,t) = H(z,t;k) = (47r/§t)*1/26*x2/(4“t). .

The heat kernel decays exponentially except for its essential domain of
width v/¢. Tt is important to visualize the essential domain of the heat kernel,
Figure As aforementioned, we need to consider multiple scalings for the
general study of systems. In preparation of this, we suppose that the initial
data decay algebraically at x = £o0:

{ut = Rlgg, (4.3)
u(z,0) = up(z) = O1)[|x| + 1]~
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>» Y

Figure 12. Heat kernal H(x —y — A(t — 7), 7).

Theorem 4.1. Consider the solution u(z,t) of ). For o > 1, the total
heat
o0
c E/ uo(z)dz, (4.4)
—00
is finite and the solution approaches a multiple of the heat kernel H(x,t, k)

time asymptotically:

lu(z,t) — cH(z,t + 1;8)| = O(1)(|z| + vVt + 1)
1, for a > 2;
+O(1)(t + 1)*%H(x, t+1;D)-< log(t+1), fora=2, (4.5)
(t+1)_a7_2, forl<a<2,

for any constant D greater than k. As a consequence,

[u(z,t) — cH (2, t + 15 8)||L, (2)
1, for a > 2;
— Ot + 1) % { log(t+1), fora=2 (4.6)
(t—l—l)_aT_Q, forl<a<?2.

Proof. As the heat kernel is of exponential type and the initial distribution
is of algebraic type, we are dealing with two distinct scalings. Thus the
arguments below necessarily involve consideration of cases with regard to
the four regions for the target (z,t) and the source u(y,0) through the heat
kernel H(x — y,t). In this simplest setting, we will go into some details

of these cases, and it will serve as an introduction to the general pointwise
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estimates that will be our main emphasis.

Set
o(2,8) = u(z, £) — cH(z,t + 1), w(z,t) = / oy, t)dy.

We note that
v(z,0) = O(1)[|z| +1]7%, w(z,0) = O(1)[|z| + 1]+ (4.7)

By Duhamel’s principle

(. t) / H(z — y, t)u(y,0 / Hy(x -y, t)w(y,0)dy. (4.8)

We will either use the first expression in [ES):
© 1 _e=w? o
v(a,t) =0@1) [ t7zem T [jy| + 17y = O (z, ;a5 k), (4.9)
—00
or the second expression in ([ES):

o2
v(z,t) :/ O(1 tége =y [yl + 1=+ 1dy

xT

— o() / e Sy 4+ 1y

= ot [~ ke SRy ayetiay

—00

o)t 2I(z,t;a — 1;0), (4.10)

for any constant C' > k. Here we have used (). We need to consider
separately various regions for the variables (z,y,t) and use either (€J) or
(ET10). For initial time layer, 0 < ¢ < 1, we use ([EH); we omit the estimate
in this case as it is simpler than the following ones. After the initial layer,
t > 1, we note that

tt=o0)(t+1)!
We consider the following two cases:

Case 1. |x| < M1/t
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We use [EI0) and divide the integral I(x,t; — 1,C) into two parts:

w2
I(z,t;a = 1;C) = [/ +/ }t_%e_( o (11 |y)) oy
ly—z|< M2/t ly—x|>Mav/t

= I + Lo

We take 1 <« My < Ms. Then

h=0) [ rhu gty
ly|<O()vt
1, for a > 2;
=O0(1)(t+ 1)7% - log(t+1), for a=2;
(t+ 1)70772, for a < 2.

Similarly,
1 _(=—w)? a1
Lz =0(1) t7ze” o (L4 y|)" " dy.
|y‘>M2\/i/2
If a> 2,
— -1 —a+1
By = oe+1)73 | (1 -+ lyl) ey
ly|>Mav/t/2
= O()(t+ 1) 2(1+ V) 2 =0)(t+1)" "7 ;
and if o < 2,

_(e—y)?

11220(1)/ 3 o dy=0(1)t T = 0()(t+1)""F .
ly|>Mav/t/2

We summarize the above to conclude

1, for a > 2,
lu(z,t)—cH(z,t+1)| = O(1)(t+1) 2 H(z,t+1)-{ log(t +1), for a =2,
(t+ 1)*0%2, for a < 2,
(4.11)
for |z| = O(1)v/t + 1. Note that if ) is used for the estimate instead, we
would yield the weaker estimate of |u(z,t) —cH(z,t+1)| = O(1)H(x,t +1)
for |z| = O(1)Vt + 1.

Case 2. |x| > M1/t
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In this case we use (). We also divide the integral into two parts:

v(z,t) = — [/ +/ }Hy(l“ -y, t)w(y, 0)dy = Iz + Iz,
lyl<|z|/M ly|>|z|/M

where M > 0 is some constant. As in ([EI0),

)2

(o=
I = 0(1)/ e D (14 [y]) " dy,
|yl <|a|/M

where we take D’ such that D > D” > D’ > k. For the range of integration
for I51, we also have

(z—)* 2
e 4Dt =— 0(1)6741957”1&

by choosing M large. Therefore,

1;2
By =0 e [ @yl
lyl<lal/M
1, for a > 2,
= O)(t+1)"2H(z,t +1;D") - log |z, for o = 2,

(|Jz] + 1)=*2, for a < 2
1 for a > 2,
=O)(t+1)"2H(z,t +1;D) - { log(t+1), for a =2,
(t+ 1)70%2, for a < 2.

By integration by parts and similar to (), we have

1 (z—y)?

22
Iy = 0(1)/ e w (ly| + 1) dy + O(1)t 2e D1 (o] + 1) 7!
y>|z|/M

=0(1)(Jz| +1)™ = 0(1)(Jz| + Vi + 1)~
This concludes the proof of the theorem. O

The following proposition is proved similarly as above; it is listed here to
contrast with the corresponding one, Proposition [ for Burgers equation

later.

Proposition 4.2. For the initial value problem [E3)) with o = 1, the solu-
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tion satisfies, for any constant D > k,

u(z,t) = O(1)[H (z,t; D)log(t + 1) + (|z| + vVt + 1)71]. (4.12)

5. Burgers Waves

We now consider the strongly nonlinear case and start with the sim-

ple model of inviscid Burgers equation, the Hopf equation, and the Burgers

equation,
h2
ht+(?)z = 0, (5.1)
by + bb, = Kbyy. (5.2)

The Burgers equation (22 can be solved explicitly by the Hopf-Cole trans-
formation through the following procedure: First integrate the Burgers equa-

tion to a Hamilton-Jacobi equation:

{Bt + B — kB, Bu(x,t) = b(x,1), 653
B(x,0) = [ b(y,0)dy.
Then introduce the Hopf-Cole relation
B(z,t) = —2klog[¢(z, )] (5.4)
Direct calculations shows that ¢(x,t) satisfies the heat equation
(G 2

which is solved by convolving with the heat kernel:

00 w2

gb(g% t) — / 1 e_( 4.‘»@?{5) _% ny— b(z’o)dzdy
—oo VATKt

In fact, the Hamilton-Jacobi equation holds for B(z,t) so long as B, (z,t) =

b(z,t). Thus we may replace B with B(x,t) = B(x,t) + «(t) with the free

function (t). The choice of B is under the constraint B(0,t) = 0 at t = 0.
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However, if one chooses an appropriate «(t) so as to make

B(z,t) + aft) = /Om b(y,t)dy,

then

> 1
a(t) = 2k 1og[$(0, )] = 2k log [ / et 2w J3- 0z gy |

— oo VATKL

which is in general nonzero. In other words, the choice in (B3) for B(z,t) is
particular and for simplicity in latter presentation. We summarize the above

solution formula:

o0 . 2
¢(x,t) = / L o0z g,

—oo VATKL
Be(z,t) = b(z,t), B(z,0)= [ b(y,0)dy,
B(z,t) = —2klog[p(z,t)]
& 1 (zfy)2 1 ry (56)
= —2klo e dnt _ﬂfofb(zvo)dzd
o [/_oo ATkt y]
(z—y) 1 [y
% oy~ 2w Jo- bE0)dz g
b(x,t) = Jos ™ i

)2
foo 67( 45) - [ b(z,O)dzdy

—00

This procedure is used to find various interesting particular solutions
of the Burgers equation. The Burgers kernel, the nonlinear diffusion wave

bD(x,t) = bD(x,t; A) is

_ A 00 11 iy —y?
op(x,t) =€ 2 +f\/% ﬁ(l e 2 )e Y dy, (5.7)
ﬁ(e%—l)e 41{22&
bp(,t) o

pu— A .
Va+[Ze_(eZr —1)e v dy
Vakt

Unlike the heat kernel, which is symmetric in z, the nonlinearity makes the
Burgers kernel to lean toward the right when the mass A is positive, and to

the left when A is negative, Figure The Burgers kernel can also be found
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by the self-similarity argument

A>0
A<O

T

Figure 13. Burgers kernal bp(z, 1; A).

The Burgers rarefaction wave br(x,t)=br(x,t; A\g), Ao >0 is the solution

with the Riemann data, here taken to be symmetric in z, for simplicity,
(bR)t + bR(bR)z = K(bR):m:’
—MXog, for x <0,
b 0) =
r(@,0) { Yo, for >0,
Erfe(= “”“Ot) Erfc(””“ot) (5.8)
Erfe(- “”“Ot)JreJ—Erfc(”“Ot)
Bpg(z,t) = —2mlog[¢R(x,t)]

bR(x, t) = )\

gz ()\0) t

Or(x,t)=e" 2 T

Exrfe( \z/Jr_)\ot)\/__i_eéo:_y(Ao) tErfc( 4);16)

-

~+

Here Erfc is the error function:

Erfc(z)z/ eV dy.

The Burgers shock wave bs(§) = bs(&; N\o) = bg(x — st; Ao; k), £ = x — st, is
a traveling wave solution with speed s, taken to be zero, for simplicity, and

strength 2\¢:
(bs)t + bs(bs)e = K(bs)zz,
' (5.9)
bs(—oo) = g, bs(oo) = —Xp, Ag > 0.

The shock bg(x,Ag) can be obtained as the time-asymptotic state of the
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solution of the Riemann problem:

(us)t + us(us)z = £(us)zz,
Ao, forx <0,

0) = 5.10
us(®0) =3 T\ fore >0, (5.10)
bs(x) = limy_, 00 ug(z, ).
From (&.6l),
gz
Erfe(=2=20t) _ ¢~ Erfe(220l)
us(z,t) = —Xo Vit — Vit~ (5.11)
Erfc( _317’\;”) + eTErfC(m\Z%t)

There is also the corresponding function ¢ as in the case of the rerafefaction

case, and the time-asymptotic state bg(x) = limy—, ug(x,t) satisfies

(bS)t + bS(bS)z = K/(bS){l‘{L‘a
Az Aoz

bs(z) = —Agtanh(3L) = —\g =2

€2 te 2 (5.12)

Xz ()%t

Bs(x) = —2klog [(e%z +e 2n e 2 ],

Aoz Aoz (M)t

ps(r) = [GW +€77]e 2

Remark 5.1. There is the initial layer of the formation of the Burgers
shock profile bg(x) from the Riemann data ug(z,0) in (BI0), Figure 4
The shock formation time is the time it takes for the solution ug(z,t) to
become close to the shock profile bg(x). From (BIl) it is the values

’:l:.%'—)\()t’

VAakt

that need to be greater than certain fixed large number. As the shock is
stationary, we can consider any given location x and the shock formation

time T is therefore determined by

)\QT . or _ K
m_0(1), T 0(1)@0)2.

Thus the shock formation time is proportional to the strength s of viscosity

(5.13)

and inverse proportional to the square of the shock strength A\g. The reason
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SRR
SRS i e
‘\‘;‘%}\“\‘“\\ Sl

Figure 14. Burgers shock formation.

for the dependence on the viscosity is clear; the formation time is longer for
weaker shock as the resulting weak compressibility delays the shock forma-
tion. As the Burgers equation is a good approximation to nonlinear waves
in dissipation systems, the above shock layer consideration is useful for the

study of similar problems for the general system, e.g. ﬂ]

For the rarefaction wave br(x,t), the formation time is the time it takes
for br(x,t) to be close to the self-similar solution ([ZI):

Ibr(z, t) —%| <1, for =g < A= % < Xo.

This can be quantified from the expression for br(z,t) in (B8). For this, we
use the easily verified estimate:

2 1 1 3

1
— =+ == H—=], f .14
2z 4z3+8z5+0( )27 , for 2> 0, (5.14)

Erfe(z) = / e Vdy=e?

to obtain from ([E.H):

1, 1
Xoz—t] " |Xox + t]

Ibr(z, t)—%\ — 0(1) [ ] , for —AothVE<z < Aot—VZ. (5.15)
From (BI0), the convergence to the self-similar inviscid solution is of the
order of (¢ + 1)~! uniformly in the viscosity » for the region strictly inside
the rarefaction wave. Inside the rarefaction wave, the rate of (t + 1)~! is
the same as the perturbation within the inviscid model, Figure Around
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Figure 15. Burgers rarefaction wave.

the edges of the rarefaction waves x = +Agt, the convergence is less obvious
and the inviscid and viscous models differ. We will elaborate on these later
when we study the stability of rarefaction waves.

6. Burgers Green’s Functions

Suppose that @ is a given solution of the Burgers equation with corre-
sponding function ¢ in the Hopf-Cole relation (&4)):

U(x, t) = fox_ u(y, t)dy,

- (6.1)
U(z,t) = —2klog ¢(x,t).

Consider the Burgers equation linearized around the particular solution:

v+ (W) = Kugy

_ (6.2)

We can use the Hopf-Cole procedure to find the solution formula for this
equation. This is done by linearizing the Hopf-Cole relation (B4
V +U = —2klogl¢ + (]

around ¢:

V= -2k (6.3)
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From the Hopf-Cole relation (G1I) and the linearized Hopf-Cole relation (63]),
the linearized Burgers equation (G.2) yields the heat equation

Ct = Ksz-

This gives us the explicit solution formula for the initial value problem

of ([B2):
/OO [\/4;—”6 S Gl 0)V (yvo)}dy
Vix,t) = PYE) , (6.4)
o)== [ [ F 6.0 (5.0)]

We can apply this procedure to find the Green’s function G(z,t; zg, o)

for the Burgers equation linearized around a given solution u(x,t):

Gt + Gy = K(G) gz,

_ 6.5
G(x,to;xo,to) 2(5(1‘—1‘0), ( )
to obtain from (&4]) the explicit representation
: 1L bleoto)
G(II), ta Zo, tO) = —F———=€¢€  Asli—tg) — (66)
Amk(t — to) o(z, )

The shock wave bg(z) is a function of the space function only, and so

the Green’s function Gg(x,t;xg,t0) = Gs(z,t —to; x0,0) = Gg(z,t —to; x0):

(GS)t + bS(GS)x = K/(GS)JEJE)

Gs(z,0;20) = 6(z — x0). (6.7)

Apply (E8) to obtain

0o _(@-y)?
% [ 5 6(9,0)Gs (y, 0:0) | dy

ps(x,1)
ag)?
_ 1 67( 4n?) gbs(:l?o,())

VKt bs(x,t)’

Gs(x,t;x0) =
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and so, from the last identity in (BI2),

5 20%o __2o%o 5
1 _(@-z)? e 2k + e 2 (A7t
1 e drt “or gz € ik, (6.8)
Vamkt e2r +e 2x

This can be rewritten in terms of the heart kernel H(x,t), {2):

GS(CC,t; ‘TO) =

( H(x + \t, 1), for >0, xg>0;
z Aglz|
1+6*w e_OTH(x—)\Ot,t), for x>0, x9<0;
1te ~rn H(x — Aot, t), for x <0, x¢<0;
Ao lz|
L e % H(x + Aot,t), for x <0, z¢>0.
T
A
(2,1) (x,1)
A I\
il | \ N
s / \ N
// // \\ \\
/ N\
Jay_ Ny N\
/odr T 0// \dr 0N
/ \ \\
/// // \\\ \\\
/ / \ \

Figure 16. Green’s function for Burgers shock wave Gg(y,t — 7; x).

Notice that, within the accuracy of exponential decaying term e~*olol,
the Green’s function equals the heat kernel propagating with speed £\,
Figure M8 This basic fact has been used by many authors, including the
present ones, see, for instance, [21].

The Green’s function Gg(x,t; zo,t0); t > to satisfies

(GR)t + bR(GR)ac = ’%(GR)J?JH

(6.10)
GR(.%',to;xo,t()) = (5(1‘—1‘0).

As the equation coefficient br(z,t), (B8), depends on both variables (z,t),
the Green’s function is of the form Gg(z,t;xo, ), t > tg. We have
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Gr(z,t;x0,t0)

e [ e P iy, )Gt 0, 0
= e ) or(Y,to)GRY, To; To, To)ay.
Sr(2,t) J oo \/Amk(t — to)

And so

1 _(e—20)? (692 (t-tg)
GR(x,t;xo,to) = ————— ¢ 4li~toe ir
Ark(t — to)

_ 0% _ A0ZQ
e~ 2r Erfc(20lo=fo) 4 o or Erfe(2eloteo)

Akt VArt
s /\oIZ—Oz 2oz Aot+:§ — (61
e 2k ErfC( \/m ) + e 2x ErfC( \/m )

The above Green’s functions Gg(z, t; xo,to), Gr(x,t;xo,to) are for the anti-
derivative variables. From these we can easily construct the Green’s function
gs(x,t;xo, to), gr(x,t;xo,to) for the original variables by g, = —G:

(95)t + (bsgs)e = K(98)zzs 9s(x,t0;x0,t0) = d(x — x0),

o (6.12)
gs(z,t; o, to) =/ (Gs)z(z,t;y, to)dy;

0
(gr)t + (br9R)z = K(9R)wzs 9r(z,t0;20,t0) = 0(x — z0),

o0 (6.13)
gr(, 1520, t0) = / (GR)e(, 5y, to)dy.
o
The Green’s function Gr(x,t;y,s) exhibits both the hyperbolic expansion
and parabolic diffusion. We have from the estimate on the error function,
(T4, that the Green’s function, , (BI1l), has the following estimates after
the initial time, ¢,s > Ao~ 2, see [10] and [22], with the viscosity coefficient
k =1 here:
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Gr(z,t;y, s)

(_ (@—ytrg(t—s))2
e 4(t—s)

s foracg—)\ot—i—\/z,yg—)\os—i-\/g,
w—sz/t)? (4 2

(i 4 Ve e o R

y+Aos Aos—y \/(t,S)

for x < _)\Ot + \/Z_L"y € (_S)‘O + \/57 )‘03 - \/5)7

_s@=xt)2 _ (y=2g9)2 (z=2gt)(y—Xgs)

. 2

e*(ﬁﬂ\joie 4t(t—s) e 4(t—s) e 2(t—s)
\/(tfs)

for £ < —Xot + V1, y > Aos — /5,

(A0t (W+Ags)  (y+Ans)? —s(@+rgt)?

1 e 2(t—s) e 4(t—s) ¢ 4At(t—s)
Vit Vit Vi—
x+)\0t+kot—x t=s

for € (=Xot + Vt, Aot — V1), y < —Xos + /5,

NG V5 _ty—sz/t)?

y+XAgs ' Ngs—vy e 4s(t—s)

= O(l) ioﬂr Vi \/(tfs)

T+ Agt—=x
for € (=Xt +vt, Aot —/1),y € (—Ags5++/5, \os—/5),
—s(z=Agt)? _ (y=2g9)? (2=Agt)(y—Ags)
1 e 4tlt—s) ¢ 4(t—s) ¢ 2(t—s)
x-&t/)\zot—i_)\o\t/z—ac t=s

for € (=Xot + v, Aot — V1), y > Aos — /5,
(z+X2ot) (y+Ags) _ 52 —s(@+Argh)? )2
ﬁ)#_e—zi_o_ﬁﬁi ) eﬁ))_e——zro_( At L
Vit—s

for x > Aot — ﬁ,y < —Xos + \/g,

\/_ \/_ _tiy(_tSQC/)t)Q

S S e s({t—s e

(y+>\08 + >\08—y) t—s
for x> Aot + v/, y € (=Aos + /5, Aos — V/5),

_(z—y—Ag(t=s))?
4

e W) for > At — Vt, y > Aos — /5.

\ t—s

e

(@=Xqt)?
- at

(6.14)

The rich structure in the above expressions is due to the coupling of
different scaling as we mentioned before. Take, for instance, when both the
source (y,s) and the target (z,t) are in the wave region —\ot + v/t < 2 <
Aot — VT, —Ags + /5 <y < Aos — /5. In this region, the hyperbolic scaling
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> Y

Figure 17. Green’s function for Burgers rarefaction wave Gg(y, 7; z, t).

is strong and we have, from above,

NG V5 _ty=sz/)?
=+ — e 4s(t—s)
Gr(w,tiys) = O() £ 2=t
pra v Al ey (t—s)

For small time, t close to s, the Green’s function is close to the heat kernel,
because the hyperbolic effect of expansion has not yet asserted itself. On the
other hand, for larger time its essential support moves around the hyperbolic

characteristics y/s = x/t, Figure [l Similar estimates holds for the Green’s

function

y
gr(z,t;y,s) = —/ GRr(z,t;z,s)dz.

Note that the nonlinearity in the Burgers equation is a critical one. For
instance, the difference of the Burgers kernel and the heat kernel decays no
faster than the heat kernel. This can be seen by simple scaling analysis
on the level of the heat and Burgers kernels: (bp); = O(1)t=3/2, (bp)ew =
O(1)t~3/2 and that the nonlinear term is also of the same order bp(bp), =
O(1)t=12.0(1)t~! = O(1)t=%/2. We have seen in Remark EZ4 the relevance
of the inviscid Burgers equation for general convex hyperbolic conservation

laws. For the viscous conservation law (CH) we have, for A(u) = f/(u),

SN il CORFRRY"
A M = e = f,,(u))Q()\z) . (6.15)
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Thus there is the truncation error of

— f”/(u) ()\m)Q

(f"(u))?

Whether or not this is a small truncation error depends on the situation.
For the rarefaction waves and diffusion waves the truncation error is small
for large time, as A\, — 0 as t — oo for these waves. For instance, for
the diffusion waves, (A;)? tends to zero at the rate of t=2, faster than the
rate of t73/2 for Ay + A\, and for \gp.Thus the Green’s function Gpr we
have studied is useful for the time-asymptotic analysis of the propagation of
diffusion waves and the viscous rarefaction waves, as we will see in Section
7 and Section 9.

7. Stability of Diffusion Waves

We now study the nonlinear stability of the viscous waves that have
been constructed. We aim at the pointwise description of the perturbation
of the waves. To illustrate the basic idea, we start with the diffusion waves

for the Burgers equation.

Theorem 7.1. Consider the solution u(x,t) of the initial value problem for

the Burgers equation

{ Ut + Uy = KUgg, (7 1)

u(z,0) = up(z) = O(1)[|z| + 17, a > 1.

Then for
o0
c E/ uo(z)dz,
— o0
the solution approaches the Burgers kernel bp(z,t;c), &), time asymptot-
1cally:

|u(z,t)—bp(xz,t+ 1;¢)| = O(l)(|:c|+\/¥+1)_O‘+O(1)(t+1)*%H(:c,t+1; D)
1, for a > 2;

log(t+1), fora=2, (7.2)
(t+ 1)7%2, forl<a <2,
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for any constant D greater than k. As a consequence,

1, for a > 2;

[u(z,t)=bp (@, t+1;0)| 1, (z) = O()(t+1) "2 { log(t +1),  fora=2;
(t+ 1)_QT_2, for 1<a<2.
(7.3)

The theorem can be proved directly using the Hopf-Cole transformation.
Instead of doing this, we present the weakly nonlinear analysis here. The
reason for doing this is that the weakly nonlinear analysis for stability can
be applied in the general situation of systems. However, for this we need to
assume that the initial value is the small perturbation of the Burgers kernel:

u(z,0) =bp(z,t+ 1)+ O(1)e(1 + |x])~ ¢, (7.4)

for sufficiently small €. In fact, we will carry out the analysis for the pertur-
bation of the constant state w solution for the general convex conservation

laws. Consider convex conservation law

{ut + f(u)x = RlUgg,

(7.5)
u(z,0) = up(z) = u+ OQ)ef|z| + 1] a > 1.

For the diffusion waves considered here, the characteristic value f’(u) is well-
approximated by the Burgers solution time-asymptotically, (@I5). We thus
expect f'(u)(x,t) — f'(a)(x,t) to tend to the solution of

A + (@) + My = KAz

The diffusion wave is therefore bp(x — f'(@)t,t;cof” (@) with the constant

co the total mass of the perturbation:
[e.e]
co = / [u(z,0) — u]dx.
—o0

In the following theorem we express the convergence of basic variable u(z, t)—
u(z,t).

Theorem 7.2. Consider the solution u(z,t) of [LH). Suppose that in ([LI)
e 1is sufficiently small and 1 < o < 2. Then the solution approaches the
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constant state plus the Burgers kernel, (B), time asymptotically:

u(o,t) — @ - ﬁbm @)+ 1)+ Leof"())
— O(e(a — (@)t + 1) + VE+ 1), (7.6)

As a consequence,

u(z,t) — bp(z — f'(u)(t+1),t+ Leof"(u)

Lyp(z)

f”(u)
St (7.7)

= O()e(t+1)”

Proof. To simplify our notation, let

1
f"(a)

From (&) we have

b(a,t) = —bp(z — A+ 1)t + Laof (@), A= f(a).

by + )\b + f”( )(%)z = Kkbye,

b(x,0) = Fraybp(z — A, Leo f" () (7.8)

32
Jr(ecod" @/@r) _1)e~ 5

f”(u VA v (0T @/ T)evPdy”

Let
v(z,t) = u(x,t) —u — b(x,t).

From () and (L) v satisfies

{Ut + My = Kvge — gu(m, 1), (7.9)

o(x,0) = u(z,0) — @ — b(z,0),
where
g(o,t) = [ ) — (@) = /@) — 1) — 5 7" (2,1)
(L7 @0 40+ 00)b+ ) — & (@] ()
= [/ @b+ S @ + OPE + O] 1), (710)
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Recalling the definition of ¢y, and using the fact that bp is conserved, by

E) we have
/00 v(z,0)dr = /00 [u(z,0) — u]dr — /_OO f”;(u_)bp(x — )\ Lo f"(w))dx

—00 —oo . ) -
=cCo— f”—(u_) /_OO bp(z — A, 050 f"(u))dz
1 Me=\ _
= Cy — f”—(’a)COf (U) =0.

Therefore,

/OO v(z, t)dr = /OO v(z,0)dz = 0.

—00 —0o0

As in the proof of Theorem BTl we introduce the antiderivative

w(z, 1) :/x v(y,t)dy:—/;ov(y,t)dy.

—00

From (Z3) it is clear that

co = /OO fu(z, 0) — @de = 0(1)5/0o (j2] 4 1) dz = O(1e.

—00 —00
Therefore, with (L),

(x=%)2

v(x,0) = u(z,0) —a —b(z,0) = O(D)e(|z] +1)"“ 4+ O(1)cpe™ ™ 3=
=O0D)e(|z] +1)7¢, (7.11)

w(z,0) = O(1)e(|x| + 1)~

We now perform a priori estimate on v. Let

M) = sup (ol (e = A7+ 1)+ V7 + 1)1 o

Then

lo(z,t)| < M#)(|z = At +1D)|+VE+1)"?, —co<z<oo, t>0.(7.12)
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Applying Duhamel’s principle to [Z9)), we have
o0 —
vat) = [ H -y = 3000y
—00
t o] B
—/ / Hx—y—At—71),t—7)gy(y, 7)dydr
0 J—o0

Because of ([CIT]), the estimate of I is the same as the proof of Theorem
ETl and the result is stated in ([@H). That is,

I =0)e(|lz = M|+ Vi+1)"* = 0)e(|lz — At +1)| +Vi+1)"%. (7.14)

To estimate I, from (B7) we note that

_ (@=A@+1)2

b(x,t) = O(1)e(t +1)"2¢  anED (7.15)

Applying [ZI2)) and ([ZIH) to ([ZIM), we obtain

(z—X(t+1))2

glz,t) = O)[eM(t) +3)(t +1) 2 e D)
+O()M (1) (Ja = At +1)| + VE+ 1)
Therefore,

t roo
L= / / & Ha—y=Mt—7), t~7)g(y. 7)dydr
0J—oclY

(@ A))? e _(AEH)?

t poo
:O(l)[&?M(t)+g3]// (t—7)le wen (r41) 2 e D dydr
0J—o0

_(ey-A(t))?

t o)
+0(1)M(t)2/ / (t—7) e e (ly—=AT+1)|+v7+1) 2 dydr
0 J—oo
=In +1Is. (7.16)
Here I5; is the leading term. To estimate Is; we complete the square:

(@—y—At—=7)* (y—Ar+1)?

4k(t — 1) k(T + 1)
B t+1 [ (T+1)1‘:|2 (x — At +1))?
Py i o e Y P )
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Thus

(2—X(t+1))?

t
[ = O()[eM(t) + 53]/ (t—7) 3 (r+ 1) 5(t+1)" 2 w0 dr
0
3 _1 _@Aet)?
= 0(1)[€M(t) +€ ](t + 1) 2e 2r(t+1)
g [/ (E+1)72(r 1)‘5d7+/ (t—7)"2(t+1)"zdr
"
(z—X(t+1))2

= O()[eM(t) + 3)(t +1)"2e MG (¢ + 1)~ T

= O()[eM(t) + %] — A(t + 1)| + VE+1]7° (7.17)

To estimate Is2 we divide the space integral into two parts:

™ [// _ // Je-n
y )\(T+1 ‘< 7+1 y >\ +1)|>\/¢

xe*W(w M7+ 1)+ V7 + 1) dydr

=loz1 + Loz (7.18)

Here the estimate of Is9; is completely parallel to Io;:

Iy = / / (t—7)!
ly—X(r+D)|< VL
_(emy=A@=n)? _72
xXe =) (r+1)7¢ ) dydr

(z=A(t+1))2

= O()M(t)e #E (1 +1)"2 /t(t — )i (r 4 )2 %y
0

. t+1)71, for oo > 3;
g —le=Awri)? . 2
=O0()M(t)*e  4nt+D) (t+1) 1 log(t + 1), for a = 3;
(t+1)z77, for v < 3.
Noting 1 < a < 2, we have
(z=A(t+1))?

Lo = O()M)?(t+1)"2e @D

= O()M (| = At + )|+ Vi+1)"° (7.19)
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For Iz we change the variable from y — A(7 + 1) to y and set
T=x-At+1)

to simplify our notations. Then

t _@-p)?
Iy20 = O(l)M(t)2/ / (t — 7-)_16 A (t—7) |y|_2o‘dyd7'.
0 Jly|>vT+1
We also consider ¢ > 1 since the case t < 1 is trivial.

Case 1. |z| < Vvt + 1.
t

Inyy = O(1) M (t)? [/2(t+ 1)1/ y 2 dydr
0 NS

t _G-y)?
+ / (t— 7')7% (r+1)~« / (t— 7')7%6 107 dydT]
L ly|>v7T+1

2
t

= O(1)M(t)? [/:(t +1)" N r+ 12 %dr +

mw\
A

(t+1)"4 for a > 3
=0(1)M@)*S (t+ 1);1 log(t +1), for a =3
(t+1)z77, for v < 3

—O(M@®)*(t+1)"2 = O0()M®)*(|Z| + Vi + 1)
=O(MM®)?(|Jz =Mt +1)| +Vi+ 1)

Case 2. |z| > Vvt + 1.

2

275

(t—7)"2(t+ 1)—%17}

(7.20)

t _@y?
o =0(0M (2 [ [ (t— 7)o ¢ |y 2 dydr
0 JVT+I<|yI<|Z|/2

comm? [ (t — 7)~le™ 5T |72 dydr
0 Jlyl>lal/2 o

For the first integral we repeat the estimate of ([ZZ0). Thus

B (t+ 1)1, for a > %
Lyoy =O(1)M(t)%e” 350 ¢ (t+ 1)11 log(t + 1), for a =3
(t+1)277, fora < 3
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+0(1)M(t)2/0 (t — 737 2dr

2

=O()M(t)* [ D (¢4 1)75 + (¢ 4+ 1)3|7]2] = O()M (1)

—O(1)M (H)?(|1Z| + VE+ 1)~

=0()M )% (|z — At + 1) +VE+1)"“ (7.21)

Combining ([(ZI3), (LI4) and ([ZI4) to (ZZI), we have
v(z,t) = O()[e + M(#)?](Jo — At + 1) + VE+ 1)~
That is,
[o(z, )|z = At + D) + VE+ 1) o @) < Cle + M (1))
for some constant C' > 0. This implies
M(t) < Cle + M(t)?].
Therefore, if M(t) is small, we have
M(t) < 2Ce. (7.22)

By a continuity argument, ([[LZ2) is true provided ¢ is sufficiently small.
Substituting this into ([ZI2) we have

v(z,t) = O(De(je=At+1D)|+Vi+1)"% = O(De(jz— f' (@) (t+1)|+VE+1) 2.
U

Remark 7.3. Theorem [[2is for 1 < a < 2. If & > 2, we replace the initial
condition in ([ZX) by

u(z,0) =+ O(W)e(jz| + 1) =a + O()e(|z| +1)7°

with any 8 < 2 < «, and apply Theorem Therefor, the Lo, rate is

arbitrarily close to but slower than (t + 1)1

This is a contrast to the
Burgers equation, where in (Z2)) the optimal rate is (¢ +1)~! for a > 2, and
(t+1)"tlog(t+1) for @ = 2 (with 4 = 0). These optimal rates are obtained

by way of Hopf-Cole transformation. For a general scalar conservation law
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we use Duhamel’s principle to perform a priori estimates. It is clear that
the leading term is Io; in ([ZI)), which comes from the term f”(@)bv in the
source ¢ in ([ZI0). Suppose a > 2 in ([CH). If we imitate the result for the
Burgers equation and replace (ZIZ) by

o(2, )] < M(8)[(Jz=A(t+1D)|+VEi+1) "+ (t+1)"2 H(z—A(t+1),t+1; D)],

we will have

(z—y=A(t—7)? (y=A(r11))?

Iy =0(1)[eM (t)+¢> // (t—7)" e A7) (T+1)*%ef an(r)  dydr

(z—X(t+1))?

=O0(M)[eM(t) + ]/0 (t—7)2(r+ 1)Lt +1)" 2 =@ dr

t
— O()[eM(t) + ¥ H(z — At + 1), ¢ + 1)/ (t—r) 3 (r+1)\dr
0
= O(1)[eM(t) + e¥H (x — Mt + 1), + 1)(t + 1)~ 2 log(t + 1).
Because of the extra log(t + 1), the a priori estimate cannot be closed. The
same situation happens to the case o = 2 as well: After the iteration,

the term (¢ + 1)_%H(az — Mt +1),t +1;D)log(t + 1) will induce the term
(t+1)"2H(z — XNt +1),t + 1; D) log?(t + 1).

The following proposition is compared with the one for heat equation,
Proposition L2

Proposition 7.4. The solution of

Ut + Uy = RKUgg,

z —1 forzx .
w(z,0) = ug(z) = Cllz| +1]7, for z >0, (7.23)

0, for x <0.,

satisfies
1

u(z,t) = O(1)C(x? + 1) 2.
Proof. From the solution formula (B.0),

_(z=y)?

f _y ant 7% I uo(z)dzdy
00

u(x7t) = (x 1/)2

f T Jo- UO(Z)dy
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O e dy+f°” U1+ Jy)) e T dy
- — (7.24)

SO e a4 [+ ) F e Sy

The remaining of the proof is to estimate these integrals for the cases x > 0
and x < 0 and use the error function estimate (BI4), e.g. [22]. We omit the
details. 0]

8. Stability of Shock Waves

Consider the viscous convex conservation law corresponding to the hy-
perbolic scalar law (ZTI):

ur + f(u)e = kg, f"(u) > 0. (8.1)

A wviscous shock wave is a traveling wave, ¢((x — st)/k) = ¢(§/k), with speed

s and end states u:

—s¢' + f(¢) = ¢", (F00) = uz.

Integrating this from x = —oo to get

¢ = f(¢) = flu-) = s(¢ —u-), ¢(c0) =uy. (8.2)

For the wave to exist, we need to require that the R.H.S. of the equation is
zero at ¢ = uy:
flug) = flus) = s(ug —u-),

which is the same as the Rankine-Hugoniot condition () for hyperbolic

conservation law. We also need the R.H.S. to be of the same sign as u; —u_:

[f(u) — f(u-) — s(u—u)](uy —u_) > 0.

For convex conservation law, f”(u) > 0, considered here, the above is satis-

fied if and only if u_ > u, and in fact we have

if’(gb(,s)) <0, for — oo < € < oo. (8.3)

Flus)> s> ). 4
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The first is the entropy condition (ZIT]), and the second the compressibility
of the shock waves.

It also results in
$(§) € (ug,u-). (8.4)

We will study the nonlinear stability of the shock wave. First we note that

the translation of the shock induces the flux:

[ 6+ mu) ) — ol ke = aofur — -, (8.5)

—00

which can be seen easily by considering the differentiation with respect to
xo of the identity. For simplicity the speed of the shock is taken to be zero

s =0, ¢(§) = é(x),
f(@(z/K))e = ¢(x/K)za (8.6)

Theorem 8.1. Consider the perturbation of the shock wave ¢p(x/K):

u(z,0) = ¢(x/k) + v(z,0), (8.7)
0(z,0) = O(1)e(|z] + 1)~ (8.8)
Set
= - v(x T, ro= 070.
Co—/_oo (z,0)dz, o P

Then, for e sufficiently small and the constant o > %, the solution of the ini-

tial value problem for &Il tends to the traveling wave time-asymptotically:

lim [u(e,t) — 6((x + o) /x)| = 0.

t—o0

Proof. From (X

/OO [6((z + 20)/K) — u(z,0)]dr =0, 2o = __ %

— 0 Uy — U—

The perturbation induces a phase shift x( of the shock if the total mass ¢y of
the perturbation is nonzero. By replacing ¢(x) in (89 with ¢((z + z¢)/k)
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the perturbation has zero total mass.

;

up + f(u)y = Kuge, f"(u) >0,

u(z,t) = ¢((z + zo)/K) + v(x, 1),

f(@)e = Pz, P(F00) = us, (8.9)
v(z,0) = O(Le(|z] +1)77,

2 v(z,0)dz =0,

v
00

here, for simplicity, we still write the translated shock as ¢(x/k). By the
zero total mass property, we may consider the anti-derivative of v:
xr
w(z,t) E/ v(y,t)dy, w(+oo,t) = 0.
—0o

The equations for the perturbation are:

{Ut + [ (d(z/R)v + OW)0*]s = Kvza, (8.10)

wi + f(d(x/K))wy + O(1)(wy)? = KW, we = v.

The simplest method for stability is the energy method, e.g. [6], [24], here
integrating the second equation in (BI0) times w:
o 1 ) t [ee] , w2 9 5

W (x,t)dx + {— (f (¢(x/n)))m7 + k(wg)* + O(N)w(wg)* | dzdt
o0 0 J—o0

1
= /Oo in(x,O)dx. (8.11)

The crucial compressibility property, [B3),

f(d(x)): <0

makes the first two terms in the double integral in (BITl) positive definite.
The third term O(1)w(w;)? can be dominated by the second term r(w;)?
provided that w is small. This is so, by Sobolev calculus, if we can estimate
the Lo(x) norm of w and w,. The above is for the Ly(x) estimate for w. And
similarly, starting with integrating the first equation in (&I0) times v = wy,

and using the above energy estimate, one obtains the Ls(x) estimate for
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v = w,. Thus, in conclusion, we obtain the desired energy estimates

o0 t o0 o0
/ %wQ(:c,t)dx +/ / k(wy )2 dedt = O(l)/ %U)Q(CC, 0)dx,
—00 0 J—oo —00

and similar one for v. This proves the stability of the shock profile ¢ provided
that the strength of the perturbation ¢ is small. U

In order for the above straightforward energy method to work, the decay
rate (|z|4+1)~® of the initial perturbation need to be sufficiently large o > %
This is not necessary if one adopts a combination of pointwise and energy
method. It is necessary for the initial data to be in L;(z) if the time-

asymptotic shift xg can be calculated a priori.

Remark 8.2. The linearized equation

vy + (f,(ﬁb(x/“))v)x = RUzg

has a trivial solution v(z,t) = ¢/'(x/k)/k induced by the translation of the
shock ¢(x/k) — ¢((x+x0)/k). In other words, the linearized operator has a
kernel ¢'(z). After the phase shift of the shock is determined by conservation
law, (&), this kernel is screened out. One way is to consider the anti-

derivative and obtain the linearized equation

wy + f(gb(x/’{))wx = RWgyg-

This linear equation does not have non-dissipative solution, and the stability

analysis is done easily by energy method as in the above.

One can take advantage of one aspect of the scalar equation, namely
the maximum principle, for the stability analysis to obtain results for large,

even non-integrable initial perturbation, [9], [4].

The stability of the shock profiles can be studied more quantitatively
be either the Green’s function approach or by the weighted energy method.
We will illustrate the Green’s function approach when we study the stability
of the rarefaction waves. For shock waves, the weighted energy method is

illustrative in exhibiting the relation of the entropy condition and the decay
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of the perturbation. Consider the convex conservation law
ur + f(u)e = Kugse, f"(u) > 0.
A shock, its speed taken to be zero, ¢(x) is compressive in that
¢'(x) <0, ¢p(£00) = ux, f(u") >0> f'(uy).
In fact, it is easy to see from the Rankine-Hugoniot condition that
flu) > 2Cuy —u_, fl(us) < =2C1|ug —u_|,

for some positive constant C7 depending on the strength « of convexity
1" (u) > «. This form of compressibility says that at far field x close to +o00
a perturbation propagates toward the center of the shock with speed |f/(u4)|
comparable to the strength |uy — u_| of the shock. Due to dissipation term
Kugz, the perturbation cancelled out and resulting in a phase shift xg of the
shock. To see this, we use the weighted energy method, integrating the
second equation in (BIM) times wA(z):

d oo 1 oo 1 !/ A/ A//
i) §w2Adac + /OO w?A <—§f’(¢(az//€))z - MZ - gZ) dx
+ /Oo A1+ O(1)w)|wy |*dz = 0. (8.12)
Let
be (1/4,1),

A(z) = exp <—% /O ) f/(éb(T/li))dT) . (8.13)

With [BI2) and &I3]), one has

— —w? Adz+
K

e I (—%(1—3>f"<¢<§>>¢'<%>+%|f’<¢<%>>|2) ”
dt J_o 2 —o0

+ /OO AL+ O(W)w)|wy[Pde = 0. (8.14)

—00
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By the property that f” > 0, there exists a > 0 such that
" (u) >« for u € (uy,u_). (8.15)

This, 8Z), and (B2 yield that there exists v > 0 such that

5 (=02 (G)F () = —ra(f (@) ~ [ ) >0, (8.16)

Then, by the convexity of f to yield

= min  (—a(f(u) = flu)) +|f (w)]) > 0. (8.17)

u€(ut,u-)

The estimates (810 and (BI7) together with the identity (BI4l) give that

d (o @] 1 o0 (o @]
= | JuAda+ / w2AL dz + / A(1 + O(1)w)|w, [2dz = 0. (8.18)
—00 —o0 K —00

This yields the following estimate, c.f. (811,

0o t o0
ot/ / A(z)w(z, t)?de + / / /" A(z)(1 + O(V)w)|w, (x, ) Pdwds
— 00 0 J—-oo

= /OO A(x)w(x,0)?dz. (8.19)

Note that in order for the last integral to be bounded, the initial per-
turbation needs to decay exponentially because of the exponential growth
of the weighted function w(x). With such an initial data, (&I9) yields the
exponential decay, in both x and ¢, of the perturbation. Algebraic decay
rates of the perturbation can be obtained similarly when its initial values
decays algebraically. For this, different weighted functions of algebraic rates
should be chosen; details are omitted.

For the stability of viscous shock waves corresponding to non-convex flux
f(u), see [25]. For non-convex flux, there are wave pattern with complex
combination of shock and rarefaction waves. The stability of such wave
patterns is not explored nearly sufficiently, see [2]].

Both of the weighted energy estimate and the elementary energy esti-
mate (BT yield the nonlinear stability of shock waves. The weighted energy
method yields the pointwise decay rates and more geometric understanding
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of the wave propagation. It is also clear from the Burgers Green’s function
Gs(x,t;zp) around the shock profile, (), that a perturbation around the
shock profile propagates toward the shock, except for an exponential decay-
ing factor. The above estimate ([8I9) says that this is so for general convex
conservation law. Thus we can also use the Green’s function approach for
the pointwise estimates. We will carry out the Green’s function approach in

Section 10 when we study the stability of rarefaction waves.

The Green’s functions for Burgers waves have been constructed. In
the next section we show that the energy method allows us to estimate the
Green’s function for weak shock waves for more general convex conservation

laws.

9. Estimates of the Green’s Function

In this section, we normalized x = 1 and consider the initial value prob-
lem:

8rg + f'(6(2))029 — uug = 0, (z,t) € R x RY, o
9.1
g(x,0)] < oge70l#l/2,

where

oo = min(1, [A_|,|AL]),
A = f(ug).

One introduces an initial approximation solution go(x,t) to the problem (&)

as follows:
go(z,t) = x—(7)g—(z,t) + x4 (2)g+ (2, 1), (9.2)

where x4 (x) is a partition of unit satisfying

X-(2) + x+(z) =1,
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and the functions g4 (z,t) are given by

(ac—y—)\it)Q
( t) = 76 i g( O)d
x, s .
g+ /—t Y Yy

The function go(x,t) satisfies

ot _ogl=z|

|90z, t)] < O(1)age™ 4>

(9.3)
The truncation error of gy,

ge = — (8 + [(9)0: — 93) go(w, 1),

satisfies

19e(z, )| < Ix= (@) (f(6) = [ (u=))0pg— (2, 1) +x+ (2)(f (&) = [ (us))Ozg+ (2, 1))
+2xL(@)] (10:(9-(2,1) — g+ (2,1)] + 9 (2, 1) — g+ (z,1)])
+2IX"(2)llg-(2,) — g+ (=, 1)]. (9-4)

This yields the following estimate with the weighted function A(z) given in

B13) withk =1and b=1/4

2

- ot
/ ge(z,t)? Az)dx < O(l)aé% for t > 0. (9.5)

Denote
U}(IE, t) = g(x, t) - gO(‘Tz t)

and the function w(z,t) will satisfy

(9.6)

Ow + f'(9)0pw — 02w = ge(x,1),
w(z,0) = 0.

By applying the energy estimates ([BI2)-&Id) with (@H), there exist Ky
and K7 > 0 such that

o0 t o0
e”ot/ A(x)w(x,t)*de + %/ / €108 A(x)|wy (2, 5)|*dzds
—00 0 J—oo
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/ / x)e% g (z, 8)?drds < Kiog. (9.7)

Remark 9.1. Here, the constants /vo and og are of the same order as
min(1, [u— —uyl).

Thus,

/ A(x)w(z, t)>de+= // e 009 A(2) |wy (2, s)[Pdedsds < Kyoge 0.

(9.8)
One uses the following bootstrap procedure to obtain the pointwise estimate
of w(z,t) for x < 0:

(z—y—X_(t—s))?

iz, )] < / / ﬁ (9e (s ) (F (&)~ M-, (y, 5)) dyds

2

zy)\(ts))

/ / T 4(t—s) d d
(5 b)) S
VA (t — s) g y y

IN

(—y—A_(t—s))?

/ / \/47:;7—3 FI() = Aywy(y, s)dyds|.  (9.9)

By Hélder inequality and (E.F]), one has

(z—y—A_(t— s))2

T 4(t—s)
F(®) — X)) wy(y, s)dyds
// NEEDR oy, 8)dy

@myr_(=s))? 1/2

e (f'(¢) = A_)2enlt=9)
/ / (t—s) A(y) dyds

t oo 1/2
X </ / e_wo(t_S)A(y)|wy|2dyds)
0 J—oo

1/2
t [ 52p—200lx|—203(t—s) 1/2
o1 0 Y0 (t=s) 4 —0t)1/
(1) </0 ( Vt—s ¢ i (er )

IN

IN
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< O(1)ggeo0lzl=0t, (9.10)
This and (@) result in, for z < 0,
lw(z, )] < O(1)age 0kt (9.11)
With a symmetric argument, one has
lw(z, t)] < O(1)age =0t for 2 > 0. (9.12)

By (@3) and (@IZ) together with Remark B it follows that, for some
Dy > 0,

0(2)1&

Do | (9.13)

P zl-

|g(:c, t)| S 0(1)0'06_

This estimate ([@I3]) establishes a semi-group property for the initial value

problem ([@1):

There exist Ag and Ey > 0 such that for ¢t > 0

GLlg(-,0))(x) = g(a,1),

l9(a,0)[ < oge=0l], (9.14)

2

1G4 lg(-, 0)](z)] < Agope "1 B!
A = Aooo .

By the semi-group property, the Green’s function G(z,t;xo,tg) of (0 +
f(9)0: — 02)f = 0 is G(z,t — to;w0,0). The function G(z,t;,0) is the

solution of an initial value problem

{<at + £(6)0: — 0)G(w, t:0,0) = 0 for # € R, > 0, (9.15)

G(z,0;x0,0) = d(x — xp).

Similar to the introduction of the initial approximate solution go(z,t), we
denote the initial approximate Green’s function Gy(x,t; o, 0) and its trun-
cation error G.(x,t;x¢,0) as follows:

7(x—aco—kft)2 7(x—aco—k+t)2
Golw, t;70,0) = x_ (1) ()
0o\L, by L0, = X- /—47'('1} + /_47Tt ) (916)

Ge(,t520,0) = =(0 + f'(9)02 = 07)Go(w,1; 20, 0),
W(:Cat) = G(:Cata ‘TO’O) - GO(:Cat; ‘TO’O)'
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There exists E7 > 0 such that for any 7 > 0 the function G(z,7;x0,0)

_ (lmgl=1r_|m)?

G, . 0 e Eyr % + 22 ) for zg < 0,
M <0(1) ) ) \/7_'> (9.17)
JOe—ao|a:| _ (=zol=1A417) 1 o
e BT (; + \%) for xg > 0.

The equation for W (x,t) is

Oy + f1(9)0r — OHW = G, for t >0,

(O + () ) or (9.18)

W(z,0) = 0.

With the property (@I7), one can apply operator G’;:T to the element
Ge(-,7) and the Duhamel’s principle to [IIR) to yield that

W ()] = /0 G [Gely 7)) (@)dr

t g, Uwl-An? /1 &
/ e Eo (t=7) By <— + —O) dr for zg < 0,
—aolz| J Jo TOVT

t of . Usol-rgn? /1
/ e Fo (t=7) BT <— + ﬂ) dr for xg > 0.
0 T \/7_'

< 0(1)006

(9.19)

Then, by (ITI6) and the estimate (II9J) one obtains the global estimate of
the Green’s function G(x,t;xg,0). There exists E > 0 such that

(ac—xo—)\,t)Q (ac—xO—A+t)2
G, t520,0) — [ x- (@) e + x4 ()
x,t;x0,0) — () —————— T)———————
0 X VAt X+ VAt
_ (=gl—-1A_1)? ¢ <0
_ e 4Bt or X ,
< O(1)ag|log ogle 01! ol ns (9.20)
e iEt for z¢ > 0.

Thus the Green’s function for general convex conservation laws is similar to

the one for the Burgers equation, (63).

10. Stability of Rarefaction Waves

Rarefaction waves are expansive. Consequently, for an inviscid rarefac-
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tion wave u(x,t), when parts of the wave is translated to become v(z,t),
then they are different in a region with width O(1)¢ and the magnitude of
their difference is O(1)t~!. Thus we have

[u,8) = v, )|, @) = [OMHOWE W) =07, p= 1. (10)
In particular, it decays in Ly(z) for p > 1 and does not decay for L;(x).
Note that there are continuum parameters of translations. Thus, unlike
shock waves, for a given perturbation of a rarefaction wave, it is not pos-
sible to have a simple translation of the rarefaction wave in order for the
perturbation to decay in Lj(x) norm. This arguments were made for the
hyperbolic conservation laws in Section 3. Nevertheless, it holds also for
the viscous conservation laws. For viscous rarefaction waves, the dissipation
term works as usual outside the rarefaction fan. Inside the rarefaction fan
there are interesting combined effects of the hyperbolic expansion and the
dissipation, see Figure [[1] in Section 6. As we will see in Part II for systems,
there is an additional strong coupling effect with other characteristic fami-
lies. There is no exact rarefaction waves for the system. In fact, even for
scalar conservation laws we need to use the explicit Burgers rarefaction wave
br(z,t), (BF), as an approximation, and study the stability of rarefaction

wave accordingly:

ur + f(u)y = Kuge, f"(u) >0, XMu) = f'(u),

)‘(u(x’ t)) = bR(x’t + TO) + U(:C, t),
(10.2)

[o(@,0)] + [vz(2,0)| = O(M)e(lz] + 1), a > 3,

"

v+ by + 50 = Kome — nfrrh{vn + (br)al

The last identity comes directly from (B]), (EI50). Here we have chosen the
starting time T for the rarefaction wave to be large so that the wave has
already expanded sufficiently. This choice is made for convenience, as we are
focusing on the time-asymptotic behavior. Set ui to be the limiting state

of the rarefaction wave. In (8], we have ux = £\.
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We now study the stability of rarefaction wave, first using the energy
method. The key property is the expansion of the wave, c.f. (B3]):

0

Theorem 10.1. There exists a global solution to (L2), and, for sufficiently
small |uy —u_|(Tp)? + €2,

sup | f'(u(z,t)) — br(x,t)] — 0, ast — oo. (10.3)

Proof. The equation (L) is of the form

L @20 + O [(0)? + (br)a)?)

vy + (va)z = RUgg — B

Multiply this by v and integrate to obtain

[ Lot [ B st
= /_OO [O(1)v(v,)? + O(1)v((br).)? (2, t)da.

The last term can be dominated by

| owuerrds < 5 [ 1), +0(Gr)) iz

o0
_ i /_OO V2 (bp)udz + O(V)|uy — u_|(Ty) >,
where we have used the expansion of the Burgers rarefaction wave (bg),,
(X)), which says basically that it decays with rate (t 4+ Tp)~! with essential
width (A(ug) — AMu-))(t + Tp). With the above, we close the first energy
estimate under the assumption that v(x,t) is sufficiently small:

/ 2w, da + /0 t /_ Zu(bR)gg\v? + w(02)2 (2, 5)dzds

—00
[e.o]

= O(1)[(Ty) 2 +/ (2, 0)dz = O(D)[lus — u_|(To)? + £2].
—0o0

The smallness of v(x,t) is assured by the next level of energy estimate for

vz (z,t) and the smallness of |uy —u_|(Tp) 2 +¢&2. Note that the smallness of
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|uy —u_|(Ty)~2 is ensured either for weak rarefaction wave, |u; —u_| < 1,
or for the wave sufficiently expanded, Ty > 1. This finishes the energy
estimate and the time-asymptotic stability of the rarefaction wave. O

We next study the quantitative behavior of the perturbation of the rar-
efaction wave using the Green’s function approach. Consider the initial
perturbation of algebraic type:

(ut + f(u)y = Kugy, f"(u) >0, AMu) = f'(u),

Mu(z,t)) = br(x,t +Tp) + v(z,t),
(10.4)
v(z,0) =¢(jz| +1)7% 1<a<2,

v+ [brv + 307 = Kugy — n]{C,TT(Z;%[vm + (br)2)?.

Note that, except for the case of Burgers equation f(u) = u?/2, br(z,t) is
not an exact solution of the convex conservation law and so the perturbation
will be non-zero for ¢t > 0. In the following theorem, it is interesting to see the

difference and similarity between the viscous and the inviscid cases, Theorem
. 2

Theorem 10.2. There exists a global solution to (L), and for sufficiently
small |uy —u_|(Tp)? + €2,

|f/(U(IE,t)) —bR(CC,t)|
( (e+rgt)?

e ez + Aot + 1)+ VE+ 1),
for x < —Aot + V1,

1 1
_l’_
— o) ! lz+ Xt +Tol [z — Nt +Tp 10.5
( ) for €T € (_)\Ot + \/¥7 )‘Ot - \/2)7 ( )
(z—xgt)>
e~ 5t —
ﬁ—i—a(\x—)\o(t—i—l)!—i-\/%—l-l) «

for x> Xt — /1.

In particular

_p=1

I1f"(u(, 1)) = br(2, )], = OW)(E+1)" %, p>1.
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Proof. We have, by integrating the equation ([[ILZ) times gr, the Duhamel’s
principle, (E11]), The result,

+/O _OO [(gR) 102 K f///(u) [vy + (bR)y]QgR (y, $)dyds. (10.6)

There are two known terms in the above expression. The first known term
is the convolution in y of the Green’s function with the initial perturbation
v(y,0). The first yields the ansatz as stated in the theorem. The far field is
the same as for the diffusion waves in Theorem 7.2, because the influence of
the rarefaction wave is weak there. Around the rarefaction wave region, it is
similar to the difference of the viscous rarefaction wave and the inviscid diffu-
sion wave in (BI0)), as both are under both the dissipation and the nonlinear
hyperbolictiy. The second known term is the convolution, both in space and
time (y,s), with the known source O(1)[(bg)y]> = O(1)[(br)y(y,s + To)]>.
The computations and estimates of these convolutions are done using the es-
timates of the Green’s function in Section 6. This yields the same ansatz as
the first known term but without the terms involving . After these computa-
tions, we plug the ansatz into the double integral in the above expression and
show that the ansatz can be closed, a standard procedure, as in the study
of the stability of nonlinear diffusion waves. For the details, see Section 4 of
[22]. O

11. Initial-Boundary Value Problem

In this section we study the boundary effect on the propagation of the
nonlinear waves. We first study the stability of shock wave propagating
away from the boundary using the Green’s function approach. We do this
for the Burgers equation, as the Green’s function is explicitly known, (G3).
The analysis applies to general convex conservation law using the explicit
construction of accurate approximate Green’s function, (L20). There are
two cases for the shock waves. The situation is simpler when the viscous
shock is propagating toward the boundary and becomes the boundary layer,
c.f. Figure Bl in Section 2. We consider the case when the viscous shock is
propagating away from the boundary, c.f. Figure Hl in Section 2. Instead
of taking the shock with positive speed, we take the boundary to move
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toward the left and the shock to be stationary. Thus we consider the initial-
boundary value problem:
Ut + Uy = Upy, —L —t < x < 00,

u(z,0) = ¢(x) + up(z), = >0, (11.1)

u(=L —t,t) =u_, u(+oo,t) = up = —u_,

where L >0 is a large constant, ¢(x)=—u_ tanh @ is a stationary Burgers

shock wave, and the initial perturbation @y(x) satisfies the assumptions:

do(—L) = u_ — ¢(~L),
uo(r) =O0V)e t(1+a+ L) a>1, (11.2)
oz (z) = O(1)e P (1 + 2 + L)L

The solution u(z,t) for () is expected to tend to the Burgers shock wave

o¢(x — xo) with a shift 2y to be determined. Unlike the initial value problem,

(B3), there is no a priori explicit expression of the shift in terms of the initial

data @p(z) and the boundary data u_:

lime oo [, (u(z,t) — ¢(x)) d

rog = u —uy
/OO uo(z)dx + tlim t(u, —¢(—L—0)—uy(—L—0,0))do
= 2L —=Jo . (11.3)

U— — Uy
So the shift depends also on the boundary flux uy(—L —¢,t) as well as the

initial perturbation.

To obtain the boundary estimates, we first consider the linearization of

u(z,t) around ¢(x). Without loss of generality, we assume u_ = 1, and set

v(x,t) = u(z,t) —¢(x) — V(x,t), V(z,t) = (1—d(—L—t))(z+L+t+1)"
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Then the small perturbation v(x,t) satisfies
(% + (¢U)x — Vg = — (% + \I]'U) - \I/t - ((b\p + %2) + \Ijxwa
€T €T
—L—-t<x<oo, t>0,
v(—L —t,t) =0, v(o0,t) =0, (11.4)

v(x,0) = O(1)e X (1 + 2+ L)~ v(—L,0) =0,

vz (2,0) = O(D)e L (1 + o+ L)~ 1,

In the following, we are interested in the time-asymptotic propagation of the
shock wave and so we take the initial shock location L to be large.

Theorem 11.1. (Boundary Estimates) Suppose that L is sufficiently large.
Then the solution v(z,t) for (IAl) satisfies

e 2|z + L+t for xe[-L—t,—L—t+1],
L x
v(z,t) = 0(1)e = { 5 forz € [-L—10),  (11.5)
e_%—l—(l—i—m—i—L—i-t)*a for x >0,

and

L —=L-—t

V(=L —t,t) =01)e 2re" 2 , r=1.

From Theorem [T, we can obtain the boundary estimate for u

Up(—L —t,t) = v(—L —t,t) + ¢ (=L —t) + B (—L — t,t) (11.6)

= O(l)e 2re™ 2

Then the time-asymptotical shift zy of the Burgers shock can be determined
by ([L3)

xg = O(l)e%L.

With the correction of the Burgers shock location, the convergent rates of
u(z,t) to ¢(x — xg) can be obtained. Let

o(z,t) = u(z,t) — p(x — x9),
w(z,t) = —/ o(y, t)dy, (wgy =10).
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Theorem 11.2. Suppose that L is sufficiently large. Then w(x,t) satisfies

“lol =t =L  =la| g1 =L
et esed +ez (x+t+L+1) e, —L—-t<x<0,
lw(z,t)] < Co » (11.7)
(x4+t+L+1)"es, x>0,
“lo| —t -L  —lal bl =L
et esed +ez (x+t+L+1) e, —L—-t<x<0,

|wa (2, 2)] < Co (11.8)

(@t L4 1) T fe s (et rLr1) e, 230,

where Cy > 0 is a constant.

There are two mechanisms which govern the solution behavior for this
initial- boundary problem: the compressibility of the shock and the presence
of the boundary. To prove Theorem [[T1], we will introduce an iteration
scheme which can separate these two effects. We divide the x — ¢ domain
into two regions:

I:<ﬁ%w:—L—t<x<

I1 = {(:c,t) :

,t>0}

<z <oo, t> 0}.
In region I, we use the Green’s function K Z(z,t;y,s) for

{wt+wx = Wxg, (11 9)

w(—L —t,t) =0, w(oo,t) =0,

and focus on the boundary effect, ignoring the nonlinearity of the shock.
The Green’s function K P (z,t;y, s) satisfies the forward equation

KPP -KP+ K[ =0,
KB(z,t;—L —s,5) =0, KB(x,t;00,5) =0, (11.10)
KB (z,t;y,t) = 6(z — y).

By odd reflection, K? can be expressed in terms of heat kernel H(z,t;x =

1), &2,

KB(x,t;y,s) = H(@—y—(t—s), t—s; 1)—H (x+y—t+3s+2L, t—s; 1)e 20 FL+s),
(11.11)
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Multiply KB with the equation of v in (ITZ) and integrate to yield the

solution representation in region [
oo

ot) = [ K ti3,0)0(0,0)dy
—L

+ /Ot /_OLO_J KP(z,t;y,0) [(qb(y) —1+U(y,0))v(y,0) + ”(?4270)2] dydo

t [e%s) 9
+/0 /LU KB(2,t;y,0) {—\Ifg—(¢x1/+%>y+@yy} (y,0)dydo. (11.12)

In region 11, we will focus on the nonlinearity of the Burgers shock. Let

gs(z,t;y, s) be the Green’s function for
2+ (0(2)2)y — 252 =0, —00 <z < 00, (11.13)

and let Gg(z,t;y,s) be the Green’s function for the anti-derivative variable

z
Z+ ¢(0)Zy — Zza =0, —00 <@ < 00 (11.14)
From section 6, we have

cosh(
cosh(

gH(x—y,t—s; 1)e_t_Ts (11.15)

ke

GS(xu t; Y, S) -

NI

and

g5l tiy,s) = / (Gs)ala, 1:€, 5)de
Y

©sinh(S8H(z — &, — s;1 eftzsdf
Jy 2 g
5 cos? 2 {11.16)

2

= GS(CC,t, Y, 8) -

Multiply gg with the equation of v in ([Tl and integrate to yield the solu-

tion representation in region I7

o t
v(x,t) = /Lgs(x,t;y,())v(y,())dy—/o gs(z,t;—L—o,0)vy(—L—0,0)do

+/Ot /O;J(gs)y(x,t; Y,0) (\If(y,a)v(y,g) + ”(?/’270)2) dydo
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t [e%) \Ij2
+/0 /LJgs(x,t;?/,a){—‘I’J—(¢\I/+7)y+\lfyy}(y,a)dyda. (11.17)

By ([[TIZ) and ([IID), we introduce the following iteration scheme to

construct a sequence of function {v"}9°, to get the boundary estimate:

forx € [-L —t,—(L+1)/2),
0 _ > B .
v (.’L',t) - / K (xvtvyvo)v(yvo)dy
—L
t o] @2
—|—/0 /L KB(z,t;y,0) —\I/U—(¢\I/+7> + Wy, o (y,0)dydo, (11.18)
o y
forz > —(L+1t)/2,
Cat) = [ gstetin 0uln.0)dy
L
t
—/ gs(z,t;—L — o, 0)02(—L —o,0)do
0
t o] @2
+/ /L gs(x, t;y,0) ¢ —Vy — (¢\I/+7> + W, ¢ (y,0)dydo; (11.19)
0 J—L—0o Yy
forx e [-L—t,—(L+1t)/2),n>1,
v et) = [ Kt 00003, 0)dy
L

nfl(

2
%] dydo

t oo \112
+/O /L KB(x,t;y,U){_\IJU—<¢\II+7) —f—\IJyy} (y,0)dydo; (11.20)
Lo y

forz > —(L+1t)/2,n>1,

+/0t /_oz_UKf(w,t;y,a) |:(¢(y)—1+\11(y,0'))v”_1(y’U)_|_

[e8) t
Un(xvt) - /LgS(xvt; y70)v(y70)dy_/0 gS(xvta _L_O—7U)UZ(_L_O—7O—)dO_

V" (y,0)?

+/Ot /ja(gs)y(w,t;y,a) (‘I’(y,a)vnl(yaa) + f) dydo

t (%) \Ij2
+/0 /LJ gs(z, t;y,0) {—\Ifa - <¢\If + 7>y + \Ifyy} (y, 0)dydo.(11.21)
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Lemma 11.3 There exist constants Cy > 0 and r > 1 such that

\ &~
l\.’)

e 2re

~

|:c+L+t| forze|[-L—t,—L—1t+1],
W(z,t) < Co eﬁef% forz € [~L —t,0), (11.22)

=]

e e 2z +e 2(l4+x+L+t)"* forx>0,

~
~

[V

t

V(=L —t,t) < Coe_%e_LT.

T

Proof. Let X =x+ L+tand Y = y+ L + 0. From (), K” can be

rewritten as

KBz, tiy,0) = (HY =X, t—0o;1) — H(Y + X,t — ;1)) eXY)=(t=0)

- _X /11 NHY —0X,t—o0;1)do eXY)=0=9)  (11.23)
Then for z € [-L —t,—L —t + 1],
‘/OO KP(x,t; y,O)v(y,O)dy‘
_ / / X)oy H(Y — 0X,t; 1)dgeX =) ty(Y, O)dY‘

= |(-X // Oy H(Y —0X,t;1)eXY)~t (YO)deH'

_ (X-¥)—t(_, .
_ X// HY — 0X,41)eX V) (_y(¥,0) + y(Y,O))deH'

< CX (11.24)

and by | — ¥, — (qﬂf + \1’72) + Wyyl = 0(1)e L7 (Y +1)77, we can obtain
y

/t/oo KB(z,t;y,0) —q/(,—(¢x11+\p—2> + Wy, ¢ (y,0)dydo
0 J—L-0o 2 y

t e’} 1
= ‘/0/0 (—X)/18yH(Y—9X,t—J;1)d0

2
Xe(X*Y)f(t*O‘) [\IIO‘ _ (¢\I} + %)Y + \Ilyy]deO'

t 1 00 1 1 Y —0X
= 0(1 X/ / / / H .t — o 1)dheXY)—(t=0)
o 0o J-1Jo JaavVt—o ( D )
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xe L79(Y 4+ 1)"*dY dfdo

= O()XesEHD g >1, (11.25)

From ([T24]) and ([T2H), we have
{vo(—L —t,t) =0,

(11.26)
V(=L —t,t) = O(1)e s+,
For —L
W0z, 4)] < O(1 [/ H(zr—y—t,6:1)e“(1+y+ L) dy
/ /L (z—y—t—o,t —o;1)e L7 (14y+L+0) *dydo
<O(1l)ez S
For z > =%t and ([IZ6)), we have

t
/0 gs(z,t;—L — o, O')US(—L —o,0)do

Lto —(t—0o

t
ol (t=o) ~(+o)
< 0(1) |:€2 e2 Hx+L+ot—o;l)e &+ +e ]-e do
0

= 0(1)6 2 e 2r (1127)
t [e%¢) \I/2
/ / gs(z, t;y,0)q Vo — <¢‘1’ + ?> + Wy o (y,0)dydo
0 J—L—0o y
t [e%e)
< 0(1) / / Gs-e 7914+ y+ L+ o) %dydo
L—o

/ / el 4+y+L+ U)_O‘dydo}
L—o
= Ei(x,t) + Ea(z,t). (11.28)

It is easy to get

|Ey(z,t)] = O(1)e 1#le=E, (11.29)
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By (@), we have for =2~ <z <0,

‘El(.%' t
/ / Hxz—y—(t—o0),t—o;1)e "7 +y+L+0) dydo
L—o
/ / “H@—y+(t—0),t—0;1)e” (1+y+L+a)*adyda)
1)(e SledeT + e l7le 1y, (11.30)

and for x > 0,

|E1(SC t

// e P H@—y—(t—0),t —o;1)e "7 (1+y+L+0) *dydo
L—o

+// H(x—y—i—(t—a),t—a;1)67H(1+y+L+a)7°‘dyda>
0 Jo

:0(1){e—lwle—L+/0t(/0x+tT_a +/::—_U)H(x —y+(t—0o),t—0;1)

xe L7 (14y+L+o)” O‘dyda}

—o

1 7(z+t70')2 o
=0(1 // 16(t=) e 7 (14+y+L+o0) Ydydo
47r(t o)

// (z—y+ (t—0),t—0;1)e 7 (1+——= v +L+U) O‘dyda)
Z‘H—o 2

—O0(1) (e eTe L 4 (14att+L) L), s> 1. (11.31)

(CZ7), ((T29), ((L30) and ([[T31) imply that v°(z, t) satisfies the estimate
22 for x > =L=L. O

Proof for Theorem T

The function v™ can be written as

v =0 (ot =)+ (2 =)+ (0P =) o (0" =0T (11.32)
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Let

{50(:c,t) = 0(z, 1), (11.33)

8 (z,t) = v (x,t) — v (a,t), n>1.

We claim by induction that for n > 1

_ _L
18" 11 < Clll6"~Hlle2r,

||

167 (2, t)| < Clz+L+t|||07 || 2re~ 2, for x € [~L—t,—L—t+1),

03 (=L —t,t)] < CH’(Snflme_%e_%j
(11.34)
under the weighted super norm
h(z,t hig.t
141 = %“u B A, t)] (11.35)
—L—tt2<0x<0 ez ;%% e 2 + (1 +rx+ L+ t)*a

Similar to ([TZ3), we can rewrite K. as
KP=K{ =-KP+(Hy(Y-X,t—0;1)—Hy (Y + X,t—0;1))eX¥)~t=7)
1
=-X / (=0yH + dyy H)(Y — 0X,t —o;1)df e XY)=(=9) - (11.36)
—1

where X = x4+ L+tandY =y+L+o. Forn=1andx € [-L—t,—L—t+1),

t proo 0)2
ety = [ [T Kbt - 1e o+ O oo
0 J—L-0o
t—1 t oo
([
0 t—1 —L—o0o
By ([[134d]), Lemma [[T3 and

‘I’(x)ﬁ(l—gb(x))g{em’ —L—t<z<0,

2, x>0,

we can get
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[J1(z, 1))

—(y+L+o—0(z+L+t))>

i—1 Id(t—0)
<O / / yx+L+t\/ e’ Ydf
L—o
XH(gb—l—i—\I!)v +(2)}y, (dyda
t—1
:O(l)|x+L+t|/ /(/ +/ ).+ dydo
L—o
1 7y+L+0' 9(z)+L+t))2
= owprrapend [ [ e
L—0o -0
X(ef‘y|e# +e v |657L)dyd9d0
—(y+Lto— 9(x+L+t>)2
-1 4d(t—o) _‘
/ / / N e’ V(e +(1+y+L+U) Ydydbdo
—0
< Oz + L+ t]|||o°]]e = e 5. (11.38)

Ta(z,t) = /t 1/L K@ ty,0 )[(¢—1+\If)v°+(vz)2

L—o+4 00
:/ (/ +/ +/ )+ dydo
t—1 J—L—0o —L—o+4 0

= Jo1 + Jog + Jos.

} (y,0)dydo

Jo1(z,t) :/H/KY[ — 1+’ +( )}(Y L —o0,0)dYdo

_ /H(/OQXJF/QX)... dvds (0<X <1)

= Joiu1 + Joro.
By lemma [T3 ([I36) and
lp(z) — 14+ U(x,t)| = O()|z + L+tle ! for —L—t<z<0, (11.39)

we have

t 2X H(Y=X 4 _
o1 (2, 1) < 0(1)/ / (H(Y_X’t_o-)_f_M)eXY(tU)
t—1J0
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x||o0)| (Y ez L) 4 YeY—L—Ue%mma

< O()|a + L +t]|[o°[||e7le= (11.40)
For 0 <2X <Y <4and 0 <6 <1, we have (Y —6X) > ¥. Then

| Ja12 (2, )|
— ‘/ / / 8}/]3""637}/['[)(Yr—0)(’1‘,_0—7 1)d0€(X7Y)7(t*U)
t—1
(v°)?
[(¢ L+ 0y’ + }(y L— o,0)dYdo

t 4 1 1 1
SO 1 X/ / / 74_— H Y_HX,t_O_,l e(X—Y)—(t—o')de
M) t—1 Jox —1(\/75—0 t—J) ( )
JOf[(Yer 1) 4 yeY TL0e 5 )dY do

0 ! Lty Y —t (F:-1)L
<o)Xl H(—,t—0;1)dYdfdoe "e' 2r
t— 2
t—1J-1J2x o

—lzl|
0|z + L +t|||[o0)[e ™ ez, s> 1. (11.41)

~

For 0 < X <1andY >4, we have from ([I30)

Y —-0X
|KP| < OMXH(—5—.t—0; 1)eX=Y)=(t=o) (11.42)
Then it is easy to get
—|a|
[Joa (0, 1)], | Jas (] < O(V)] + L+ #]|||0°[]e =" e 2. (11.43)

Thus, from ([TZ0), (ITZI) and ([[TZ3]), we have

s (z, )] < O)|z + L+ t|[[[°]l]e = e~ 5. (11.44)

Combining ([[I38) and ([[TZ4), we have

161 (2, )| <Oz Lt|[[[0]||e =" e~ %, ~L—t<w<—L—t+1,
161(2, )| O[]0 |e = e 3.
(11.45)

With ([[T38) and the fact (gs), = —(Gs)z, we can obtain, by straightforward
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computation,
- ~L—t
6@, )l SO Ne™ e F, —L-t<z< ==,
_l=l
64z, 1) < O |1l % 4 for z € [—(L +1)/2,0),

]

e 2 +(1+z+L+t)"* forxz>0.

Thus ([[I34) is true for n = 1. It can be proved that ([[I.34]) also holds for
n =k + 1 by similar analysis with n = 1,and the details is omitted.

With the claim ([T34)), we have that {|||6"]||} and {|6?T1 (=L — ¢,t)[}
are geometric sequences when L is sufficiently large. Then

v(z,t) = lim v"(x,t), (11.46)

n—o0

and by Lemma and ([I34)

oz, )] = Y 8" (.t)]
n=0

_L
< 0z, )] + Cem 2 (18] + 1101+ 18] +---)
ef%|x+L+t| forv € [-L—t,—L—t+1),
x{ '3 forz € [-L —t,0),

x|

e 2 +(1+x+L+t)" forx >0,

N

€T

e_%\x—i—l)—i—t\ fore e [-L—t,—L—t+1),
< Ce ez forx e |[-L—t,0),
e*%‘+(1+x+L+t)—a, forxz > 0.

O

The proof of Theorem is analogous to Theorem [[T1], the details
are omitted, [L1].

The stability of the shock propagating away form the boundary can also
be done using the energy method, [1&], [2€], without the rate of convergence.
There is the interesting case of the propagating of shock waves with the same
speed as the boundary. In this case, the shock still propagates away from
the boundary due to the boundary effect. However, the speed is then of the
order of 1/t and the distance from the boundary is of the order of log¢. The
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situation is more subtle and has been studied by the pointwise method for

the Burgers equation, [19].

For the stability of rarefaction waves, straightforward energy method
applies. We consider the interesting case of portion of the rarefaction wave
become a boundary layer and another portion propagating away from the
boundary, c.f. Figure[din Section 2. Assume that the flux function is convex
f'(w) >0and f(0) = f(0)=0. Foru_ <0 <uy (f(u) <0< f(uy)),

we consider the following initial boundary value problem

ug + f(u)y = Ugy, x>0, t>0,
u(0,t) = u_,

U_ at x =0,
U(IE,O) = uO(:C) = {

— u4 at x — oo.

(11.47)

Thus we expect to have the time-asymptotic configuration of the rarefaction
boundary layer ¢(z) connectingu_ and wug plus the rarefaction wave (0, )
propagating into the region = > 0. We construct the approximate rarefaction

wave (0, u4) with smooth initial values for the inviscid Burgers equation, see

Remark 24 213),

he+hhy =0, z€R, t>0,
{ et v (11.48)

h(z,0) = ho(z) = f (us) kg [y (1+y?) 9y, q> 3,

where g [;°(1 +y?) %y = 1. Then (z,1t) := (f)~ (h(z,t)) is a smooth

function and satisfies

wt + f(w)m =0,
w(ovt) =0,

(11.49)
(2, 0) = ¢o(x) = (f) " (ho(x)) {

0 at z =0,

— uy at z — oo.

Let ¢(x) be a stationary solution which satisfies the ordinary differential

equation

{f’w) = bra; (11.50)
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For the initial boundary value problem ([I.Z7), we have the following sta-
bility result, [17].

Theorem 11.4. Suppose that ug — ¢(-) — 1 (-,0) € H'. Then there exists a
unique global solution u(x,t) of ([([IZN) such that

u—¢—ug € C([0,00), H')

(u—¢ —uR)z, (U — @)aw € L*(Ry x Ry)
and

sup |u(z,t) — ¢(z,t) —ugr(z,t)] = 0 ast — oo,
Ry

where ug is the centered rarefaction wave (0,uy), &IG), and ¢(x) is the
boundary rarefaction wave, (LLOM).

Set
v(x,t) = u(z,t) — ®(z,t) = u(z,t) — ¢p(x) — P(z,t).

Then v(z,t) satisfies the reformulated problem

v+ (f(@+v) = f(®)z — Vaz = F,
v(0,t) =0, (11.51)

where

F=—(f(¢p+9) = f (@) — (f (@ +¥) = f ()s +%ze  (11.52)

Theorem 11.5. If vg € H', then there exists a unique solution v(x,t) of

([TXI) which satisfies
v € C([0,00), HY), v, € L*([0,00), H'),

and

sup |[v(z,t)] = 0 ast— oo.
Ry
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Lemma 11.6 The solution v(x,t) for (ILZY) satisfies
(i) 0 <(z,t) < ug, Yu(x,t) >0, (z,t) € Ry x (0,00).
(ii) For any 1 < p < oo there exists a constant Cy, 4 such that

1
e ()l < Cpgmin(uy,ul/"t™ ),
_(p—1) (p—1)
wa:a: t)||Lr S C. . min(u U 2pq t_l_gT ‘
b,q =+ +

(iil) limy— oo |¥(2,t) — ug(z,t)] = 0.

Theorem [TH and Lemma [T imply Theorem [[TA Theorem M[TH is
proved by the local existence of the solution in the solution space

X(0,7)={vec(o,T);H", v, € L*(0,T; H")

and
O v(x,t)|g=0 < 400 for t € (0,T] and m € Z; }.

and the following priori estimates

Proposition 11.7. Suppose that v € X(0,T) is a solution of ([LRI). Then
there exists a positive constant C, independent of T', satisfying

lo()13 +/ (I @z (r)o(n)|* + vz (r)T)dr < C(llwollf +1).  (11.53)

Proof. Multiplying (ITHI), by v and integrating the equation over R, we
have by v(0,t) =0

MH ()HQ+/Ooo(f(¢>+v)—f(<I>)—f/(¢>)v)<1>xdx+va(t)H2 :/OOOdex.
(

11.54)
Since ®, = ¢, + 1, > 0 and " (® +v) > ¢p > 0, (LK) gives

D2 + VB2 O(t)]|? + [|valt >u2gc/0 Fodz|.

We estimate the last term of ([IR3)) using ([TH2)). First,

(11.55)

2dt

o - /Ooo<f’<¢ +9) — £ (6))6rvdal
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o0 flut oo
< C/ wsbzlvldw:/ +/ =T+ 1. (11.56)
0 0 f

(uy)t

By ¢ < 0, ¢ > 0, Lemma [[TH and the fact |¢(z)| < C(1 +2)~!, we have

, f up)t
L < Csuplo] - {lpulf ™" + / () adr)
R 0

+
Pt gy
< 1/2 1/2 —1/
< Clo@OI o) lI77(1 + 2) ; T+ 2
1 _
< Slloe@I* + C{+6) " og(2 + N2 (lo(0)]* + 1), (11.57)
and -
I < Csuplv] - uy / Gz(w)dz < Cllo(®)][V/2[|o(t)e ]| (1 + 1)~
+ frup)t
1 _
< g\lvz(t)\l2 + O+ (@) +1). (11.58)

Secondly, in a similar fashion to (LX) and (T2,

o~ /Ooo<f'<¢ + ) = f () svdel

Siva(t)H2+C{(1+t)74/3+((1+t)’110g(2+t))4/3}(Hv(t)!!2+1)- (11.59)

' /0 h Yppvde

Substituting ([IH7)- (IZE0) into (THA), we have
d
ZIv@I* + Ve v + —Hvx(t)H2

gC{(1+t)*4/3+((1+t)*11og(2+t))4/3+(1+t)*1*4—1q}(Hv(t)HQH). (11.61)

Thirdly,

< [Pwal[lo(@)]- (11.60)

Then integrating (IIGI) over (0,¢) and using Gronwall inequality, we have

lo@)I” + /H\/ (DI + oz (T)IP)dr < Cllwollf +1).  (11.62)

The estimates of higher order derivatives can be obtained by the similar
fashion to the above and the details is omitted. O
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