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Abstract
Recently, B. Y. Chen and F. Dillen established general

sharp inequalities for multiply warped product submanifolds in
arbitrary Riemannian manifolds. As applications, they obtained
obstructions to minimal isometric immersions of multiply warped
products into Riemannian manifolds.

Later, the authors proved similar inequalities for multiply warped
products isometrically immersed in Sasakian space forms.

In this paper, the authors obtain inequalities for multiply warped
products isometrically immersed in Kenmotsu space forms to-

gether with derivation of some applications.

1. Introduction

Let Ny,..., N be Riemannian manifolds and let N = Ny X --- X Ni be
the Cartesian product of Ny, ..., Ng . For each ¢, denote by m; : N — Nj the
canonical projection of N onto N;. When there is no confusion, we identify
N; with the horizontal lift of IV; in N via ;.

If o9,...,01 : N1 — R4 are positive-valued functions, then
k
< XY >=< 7. X, 7Y > +Z (Ui o 7T1)2 < i X, T Y > (11)
i=2
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defines a Riemannian metric g on N called a multiply warped product metric.
The product manifold N endowed with this metric is denoted by Nj X4, N3 X
e XO'k Nk

For a multiply warped product manifold Ny X4, No X -+ X4, N, let D;
denote the distributions obtained from the vectors tangent to INV; (or more)
precisely, vectors tangent to the horizontal lifts of IV;.

Assume that
T : N X02N2X“‘Xo-ka_>M

is an isometric immersion of a multiply warped product Ni X5, No X+ - - X, Nj,
into a Riemannian manifold M. Denote by h is the second fundamental form
of x. Then the immersion z is called mized totally geodesic if h (D;, D;) = {0}
holds for distinct 4,5 € {1,...,k}.

Let W : Ny X4, Ny X +++ Xg, N — M denote an isometric immersion
of a multiply warped product Ni X4, No X --- X4, N} into an arbitrary

Riemannian manifold M .

Denote by trace h; the trace of h restricted to N;, that is

trace h; = Z h(eq,eq)

a=1

for some orthonormal frame fields ey, ...,e,, of D;.

In 4], B. Y. Chen and F. Dillen established the following general inequal-
ity for arbitrary isometric immersions of multiply warped product manifolds
in arbitrary Riemannian manifolds.

Theorem 1.1. Let x : Ny Xg, N X -+ X, Nj — M™ be an isometric
immersion of a multiply warped product N = N1 X4, No X -+ X4, Nj into
an arbitrary Riemannian m-manifold. Then we have

b Ao n? °
=) < I HI2 — max K = E ; 1.2
JE:an 5 =7 [|H||* 4+ n1(n—ni)max K, n 2 nj, (1.2)

where maxf((p) denotes the mazimum of the sectional curvature function
of M™ restricted to 2-planes sections of the tangent space T,N of N at

p=(P1,--- k)
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The equality of ([(LA) holds identically if and only if the following two

statements hold:

(1) x is a mized totally geodesic immersion satisfying
trace hy = --- = trace h;

(2) at each point p € N, the sectional curvature function K of Mm satisfies
K (u,v) = max K(p) for each unit vector u in Ty, (N1) and each unit

vector v in T(p, 5y (No X -+ X Ni).

We prove a similar inequality for multiply warped product submanifolds

of a Kenmotsu space form.

In the following, a multiply warped product Ny X, No X -+ X5, Ni in a
Kenmotsu space form M (¢) is called a multiply CR-warped product. If N;
is an invariant submanifold and N :=5, Na X --- X4, Nj is an anti-invariant
submanifold of M (c).

In 4], B. Y. Chen and F. Dillen also proved that for any multiply C R-

warped product N; Xz, N X - -+ X4, Niin an arbitrary Kaehler manifold M

the second fundamental form h and the warping functions oo, . .., o) satisfy:
k

1A[> > 2 " n||V (Inay) |, (1.3)
i=2

where n; = dim N; (i =2,...,k) and V (Ino;) is the gradient of Ino; (i =
2,..., k).

The second purpose of this article is to obtain a similar inequality for

multiply C R-warped products in Kenmotsu space forms.

2. Preliminares

In this section, we recall some definitions and basic formulas which we

will use later.

A (2m + 1)-dimensional Riemannian manifold (M , g) is said to be a

Kenmotsu manifold if it admits an endomorphism ¢ of its tangent bundle
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T™ , a vector field £ and a 1-form 7 satisfying:

¢*=—Id+n®E& n(E) =1, ¢¢=0, nod=0,
9(6X.6Y) =g (X.Y) = n(X)n(Y), n(X) =g(X,),  (21)
(Vx0) Y = =g (X.0Y) € = n(Y) 6X, Vx¢ =X —n(X)¢,

for any vector fields X, Y on M , where V denotes the Riemannian connec-

tion with respect to g.

We denote by w the fundamental 2-form of M , 1.e.,
W(X,Y)=g(6X,Y),VX, Y €T (TJTJ) . (2.2)

A plane section 7 in 7, pM is called a ¢-section if it is spanned by X and

¢ X, where X is a unit tangent vector orthogonal to £&. The sectional curva-
ture of a ¢-section is called a ¢-sectional curvature. A Kenmotsu manifold
with constant ¢-holomorphic sectional curvature c is said to be a Kenmotsu

space form and is denoted by M (c).
The curvature tensor R of a Kenmotsu space form is given by 5]

R(X.Y)Z = C;?’{g(Y,Z)X—g(X,Z)Y}

c+1

+—— A X)Y —=n(Y)X]n(2)
+g(X,Z)n(Y) —g(Y, Z)n(X)]€
+w (Y, 2) X —w (X, Z) ¢Y — 2w (X,Y) ¢Z}. (2.3)

Let M be a Kenmotsu manifold and M an n-dimensional submanifold

tangent to £. For any vector field X tangent to M, we put
pX = PX + FX,

where PX (resp. FX) denotes the tangential (resp. normal) component of
¢X. Then P is an endomorphism of tangent bundle T'M and F is a normal
bundle valued 1-form on T'M.
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The equation of Gauss is given by

(2.4)
for any vectors X, Y, Z, W tangent to M.

Let p € M and {e1,...,en,€n41,...,€2m+1} an orthonormal basis of
the tangent space TPM, such that ej,...,e, are tangents to M at p. We

denote by H the mean curvature vector, that is
1 n
H(p) =~ Z;h(ezaei)- (2.5)
1=

As is known, M is said to be minimal if H vanishes identically.

Also, we set

hi; =g (h(ei,e5),er), 4,5 €{l,....,n},re{n+1,....2m+1} (2.6

the coefficients of the second fundamental form h with respect to {e, ..., ey,
€nt1y--- 762m+1}7 and
n
1BI* =" g(h(eie;) b (eie))). (2.7)
ij=1

By analogy with submanifolds in a Kaehler manifold, different classes
of submanifolds in a Kenmotsu manifold were considered (see, for example
12)).

A submanifold M tangent to & is called an invariant (resp. anti-
invariant) submanifold if ¢ (T,M) C T,M, ¥V p € M (resp. ¢(T,M) C
T M,V pe M)

A warped product immersion is defined as follows: Let M x,, My x

- Xp. My, be a warped product and let ¥; : N; — M;, i = 1,...,k, be
isometric immersions, and define g; = p; o W1 : Ny — Ry for i = 2,... k.

Then the map

U Ny Xgy No X oo+ Xgp Nip— My X, My X -+ X, M,
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given by
() = (U () U ()
is an isometric immersion, which is called a warped product immersion [10].

Let n be a natural number > 2 and let nq,...,n; be k natural numbers.

If ny 4+ -+ ng =mn, then (nq,...,nk) is called a partition of n.

We recall the following general algebraic lemma from [3] for later use.

Lemma 2.1. Let ay,...,a, be n real numbers and let k be an integer
in [2,n — 1]. Then, for any partition (ni,...,nx) of n, we have
Z @iy @jy + Z Aip @y + -+ + E : Qqp, Ay,
1<ii<ji<m n1+1<iz<ja<ni+nz nitetng_1+1<i1<ji<n

1
> %[(al+~--+an)2—k(a%+---+ai)},

with the equality holding if and only if

a1+...+an1:...:an1+...+nk_l+1+...+an_

3. Anti-invariant Multiply Warped Product Submanifolds

in Kenmotsu Space Forms

Recently, Bang-Yen Chen and Franki Dillen established a sharp relation-
ship between the warping functions o9, ..., o} of a multiply warped product
Ny Xgy No X -+ Xq, Nj isometrically immersed in an arbitrary Riemannian

manifold and the squared mean curvature ||H||? (see [4], []).

Following that, the present author obtained a similar relationship for
doubly warped products isometrically immersed in arbitrary Riemannian

manifolds (see []]).

We prove a similar inequality for multiply warped product submanifolds

of a Kenmotsu space form.

In this section, we investigate anti-invariant multiply warped product

submanifolds in a Kenmotsu space form M (c).
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Theorem 3.1. Let x be an anti-invariant isometric tmmersion of an n-
dimensional multiply warped product N1 Xz, NaX - -+ X 5, Nj, into an (2m + 1)-

dimensional Kenmotsu space form M (c). Then:

n

"L Ao n? c—3
, -
jz2nja—jjgz||ﬂ|| +m1 (n =) =, n:;nj. (3.1)

The equality sign of [El) holds identically if and only if x is a mized totally

geodesic immersion and
trace hy = --- = trace hy, (3.2)

holds, where trace h; denotes the trace of h restricted to Nj.
Proof. Let N = N1 X4, N3 X -+ X5, Ni be the Riemannian product of
the Riemannian manifolds Ny, ..., Ng.

We know (see [4]) that the sectional curvature function of the multiply
warped product N1 Xq, No X -+ X4, N}, satisfies

1

K(X1AnX;) = — ((Vx,X1)oi — X{o4) (3.3)

K(X;NX;) = —M,i,j:Q,...,k, (3.4)
O'Z'O'j

for each unit vector X; tangent to IN;, where Vo denotes the gradient of o.

In particular, (B3)) implies that, for each i = 2,...,k, we have

ni
Ao; :UiZK(ej /\Xi)7 (3.5)
j=1
for any unit vector X; tangent to N;, where {ej,...,e,,} is an orthormal

basis of Ty, () V1.
From the equation of Gauss, we have

c—3

27 = n?||H|* = [|h]* 4+ n (n - 1) ——,

(3.6)

where n; = dim N;, n = ny + --- 4+ ng, 7 is the scalar curvature, H is the

mean curvature and & is the second fundamental form of N in M (c).
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Let us put

-3 1
7]:2T—n(n—1)c4 (1——>HHH2. (3.7)
Then it follows from (BH) and B) that

n?||H|[* =k (n + ||A?) (3.8)
Let us also put

Al:{1,...,n1},...,Ak:{n1—|—---—i—nk,1—|—1,...,n1—|—---—|—nk}.

For a given point p € N we choose an orthonormal basis ey, . .., €a,41 at
p such that, for each j € A;, e; is tangent to N; for i = 1,..., k. Moreover,
we choose the normal vector e,4; in the direction of the mean curvature
vector at p (when the mean curvature vanishes at p, e,41 can be chosen to

be any unit normal vector at p) and egy, 1 = &.
Then we get from (BF) that
(S ) —kZaA = K[+ 32 ()’ o 1) |, (39)
A=1 A#B r=n+2 A,B=1

where ay = h%gl and hyz =< h(es,ep),e, > with 1 < A,B < n and
n+1<r<2m.

Because (nq,...,ng) is a partition of n, we may apply Lemma 2.1 to

B3). From this we obtain

Z (B, + Z Aoy @By + -0 F Z Aoy, Ay,

a1<B az<B2 ap <Pk
n n+1 1
R IR E S b SRS
A<B r=n+2 A,B=1

where oy, B; € A, i =1,... k.
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On the other hand, from the equation of Gauss and (BH), we find

k Ao;
Z S=3" ) K(ejnep)

JEAL BEAU---UAL

= 7= Z K(ejl/\ejQ)— Z K(ea/\eﬁ)

1<j1<j2<n n1+1<a<f<n

—-1)
= T — i (nl Z Z (hgl.]l h§2]2 - (h§1]2) >

r=n+11<j1<j2<ni

_m(n= ”1‘ Z S (M- (hs)?) -(3:11)

r=n+1n;+1<a<f<n

Therefore, by combining ([B7), (BI0) and BII), we obtain

Zn'Aai<7__n(n—1)(c—3) ni(n—ni)(c=3) n
Yoy T 8 4 2
=2
1 2m n 9
2
5 > - 3 (m)
r=n+2 A,B=1 1<5<n1
ni+1<a<n
2m
3 () = )
r=n+21<j1<j2<ni
2m )
2 > (W) Paass)
r=n+2ni;+1<a<pf<n
_ n(n—1)(c—3) +n1(n—n1)(c—3) n
8 4 2
2m )
-2 2 > (M)
r=n+11<j<n; ni+1<a<n
2m 2m
1 2 1 2
ISy )yl (x )
r=n+2 1<j<ny r=n+2 ni+1<a<n
< r_ n(n—1)(c—3) +n1(n—n1)(c—3) n
8 4 2

2 _ —
= S+ 2 n Zl)(c 3, (3.12)
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which proves the inequality B]).

If the equality sign of (BJJ) holds, then all of inequalities in (BI0) and
(BI2) become equalities. Hence, by applying Lemma 2.1, we know that the
equality sign of (BI) holds if and only if the immersion is mixed totally
geodesic and trace h; = --- = trace hy hold identically.

The converse statement is straightforward. O

As applications, we derive certain obstructions to the existence of mini-
mal anti-invariant multiply warped product submanifolds in Kenmotsu space

forms.
Corollary 3.2. Ifos,...,0 are harmonic functions on Ny, then Ny X4,
Ny x -+ Xg, N admits no minimal anti-invariant immersion into a Ken-

motsu space form M(c) with ¢ < 3.

Proof. Assume o9, ..., 0 are harmonic functions on Ny and Nj X4, Na X
-+ +Xg, Nj; admits a minimal anti-invariant immersion into a Kenmotsu space
form M (c).

Then, the inequality (BJ]) becomes ¢ > 3. O
Corollary 3.3. If 0o,...,0k are eigenfunctions of the Laplacian A on
N1 with nonnegative eigenvalues, then Ni X5, No X -+ X4, N admits no

minimal anti-invariant immersion into a Kenmotsu space form M (c) with
c < 3.

4. An inequality for the squared norm of the second fundamental

form

Recently, Bang-Yen Chen and Franki Dillen established a sharp relation-
ship between the warping functions o9, ..., o} of a multiply warped product
N; X5y No X --+ X5, Nj and the squared norm of the second fundamental
form ||R||? (see [4]).

Following that, the author obtained a similar inequality for doubly C'R-
warped products isometrically immersed in Kenmotsu space forms (see [9]).

In the present section, we will give an intersting inequality for the

squared norm of the second fundamental form (an extrinsic invariant) in
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terms of the warping functions (intrinsic invariants) for multiply C'R-warped
products isometrically immersed in Kenmotsu manifolds.

Theorem 4.1. Let N = N; X5, No X -+ Xo, Ni be an n-dimensional
multiply CR-warped product in a Kenmotsu manifold M, such that Ny is
tangent to £. Then the second fundamental form h and the warping functions

09, ...,0k satisfy

k

18> =2 0|V (now) |1 - 1, (4.1)
1=2

wheren; = dim N; (i = 2,...,k) and V (Ino;) is the gradient oflno; (i =2, ...

The equality sign of [-1) holds identically if and only if the following
statements hold:

1. Ny is a totally geodesic submanifold of M;
2. For each i €{2,...,k}, Nj is a totally umbilical submanifold of M;

3. N| =5, No X -+ Xq, Ni 1s immersed as mized totally geodesic sub-
manifold in M ;

4. For each p € N, the first normal space Imhy, is a subspace of ¢ (I,N);

5. N is a minimal submanifold of M.

Proof. Let N = N; Xg, Na X -+ X4, Nj be an n-dimensional multiply
C R-warped product of a Sasakian manifold M , such that N; is an invariant
submanifold tangent to { and N :=5, No X -+ X5, Nj is an anti-invariant
submanifold of M.

Let D1, Do, ..., Dy, D) denote the distributions obtained from vectors
tangent to N, Na,..., Ny, N, respectively.

Let @, V denote the Levi-Civita connections of the Riemannian product
N;x N x---xNp and of the multiply warped product Ny X, No X« -+ X5, Np.

If we put H; = —V((Ino;) o m1), then we have (cf. [10])

k
VxY = VxY =Y (g (X" Y) H; — g (H;, X)Y' — g(H;,Y) X"), (4.2)
=2
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where X? denotes the N;-component of X.
Since N3 Xy No X - - - X5, Ny, is a multiply warped product, (E22) implies
that IV} is totally geodesic in N. Thus we have

for any vector fields X, Y in Dy and Z in D, .
(E2) also implies that

k
VxZ =Y (X (o)) Z", (4.3)

1=2

for any vector fields X in D; and Z in D,, where Z' denotes the Nj-

component of Z.

By applying ([3)) we find

9(h(6X,2),6W) =g (V20X,0W) =g (6V2 X, 0W) = (44)
k
=g (V2X.W) = g(V2X.W) = 3 (X (nay)) (2", W),
=2

for any vector fields X in D; and Z, W in D, .

On the other hand, since the ambient manifold M is Kenmotsu, it is

easily seen that

h(€,Z) =0. (4.5)

For a given point p € N we may choose an orthonormal basis ey, ..., e,
at p such that e, is tangent to N; for each o € A;, i = 2,...,k. For each
i€ {2,...,k}, (ED) implies that

k
> g(h(X,ea), pea) =n; Y _ X (Inoy). (4.6)

aEA; =2

Now, inequality (1) follows from (X)) and (E6]).
It follows from (EH]) that the equality sign of () holds identically if
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and only if we have
h (D, D7) = {0}, h (D1, D1)={0}, h(D;,D1) C ¢D;. (4.7)

Because N; is totally geodesic in N = N; X4, No X -+ X5, Nj the
first condition in () implies that Ny is totally geodesic in M. This gives
statement 1.

From (EE2) we know that, for any 2 < i # j < k, and any vector field Z;
in D; and Z; in Dj we have V7 Z; = 0. This yields

g (inWi’ Zj) =0.

Thus, if fALZ denotes the second fundamental form of IV; in N we have

~

From ([EZ) and () we find

~

hi (Zi, Wi) = — (X (Ino;)) g (Z;, i),

for Z;, W; tangent to N;. Therefore, by combining the first condition in ()
and (X)) is obtained statement 2.

Statement 3 follows immediately from (Z2)) and the second condition in
ED).

Statement 4 follows from (E).

Moreover, by (), it follows that N is a minimal submanifold of M. O

Corollary 4.2. Let M(c) be a (2m + 1)-dimensional Kenmotsu space
form of constant ¢-sectional curvature ¢ and N = N; X5, No X -+ Xq, Ny,
an n-dimensional non-trivial multiply warped product submanifold, such that
Ny is an invariant submanifold tangent to & and N =5, No X -+ X4, N
is an anti-invariant submanifold of M (c) satisfying

k

182 =2 nlllV (lnoy) |[* - 1].

1=2

Then, we have:
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1. Ny is a totally geodesic invariant submanifold ofM(c). Hence Ny is a
Kenmotsu space form of constant ¢-sectional curvature c.

2. Ny =4, NoX---Xq, Ny is a totally umbilical anti-invariant submanifold
of M (¢). Hence N, is a real space form of sectional curvature e > %.

Proof. Statement 1 follows from Theorem 4.1.

Also, we know that N is a totally umbilical submanifold of M (c).
Gauss equation implies that N is a real space form of constant sectional
curvature ¢ > 0%43. O
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