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Abstract

In this paper we have proved some theorems on weighted
mean summability method by using analytical and summability
techniques, which also extends the well known result of Hardy on

the Cesaro summability.

1. Introduction

Let > x, be a given infinite series of complex number with s = (s,,)
as the sequence its n-th partial sum and let (p,) be a sequence of positive

numbers where for n =0,1,2,....
Po=po+pi+--+py,—00 as n—o00, Pi=p =0

The sequence-to-sequence transformation
1 n
Tn:P—n§pvsv, n=0,1,2,... (1)

defines the sequence (T},) of (N, p,,) means of the sequence (s,,), generated by
the sequence of coefficients (py,) [2]. The series > zy, is said to be summable
(N,pn) to a number A if

T, — X as n — oo.
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It is well known that (N, p,) summability method is regular if and only if
P, — 0o as n — oo. In the special case where p, = 1 for v =0,1,2,..., it

reduces to the Cesaro summability (C,1).

In [1] Hardy proved the following theorem on Cesaro summability.

Theorem 1.1. The series > x, is summable (C,1) to a finite number

A if and only if Y b, converges to A, where

[e.9]

Ly
b”:Zv+1’ n=0,1,....

v=n

We need the following lemma to prove the main theorems.

Lemma 1.2. An infinite matric B = (byy) regular if and only if (see

12])

(a) supz |bpy| < 00, (b) limby, =0 (v=0,1,...), (c) limme, =1
" v=0 " " v=0

2. The Main Results

In this section we have proved the following theorems on weighted mean
summability method using analytical and summability techniques, which

also extend the well known result of Hardy on the Cesaro summability.

Theorem 2.1. Let (p,) and (g,) be two sequences of positive numbers

satisfying the following conditions:
P, — 00, Qp— 00 as n— 0. (2)

Then the series Y x, is summable (N, p,) to X whenever > b, converges to

a finite number A if and only if

n

2.

v=1

PvaH . pvlevfl _ O(Pn) (3)
quv+1 Qv
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where

o
x
V=N v

Theorem 2.2. Let (p,) and (g,) be two sequences of positive numbers
satisfying the following conditions:

(a) P, = (pnQn) and (b) P, — 00, @, — 00 as n — oo. (5)

Then the series Y _ by, converges to X\ whenever the series Y x, is summable
(N,pp) to a finite number X if and only if

(3] P,
2.2

+1

Qv+1  Gu42 _
pUQv pv+1QU+2 O(l/Qn)’ (6)

where by, is defined by {@).

It is noticed that, if take p, = ¢, = 1 for v = 0,1, ... in Theorem 2.1
and Theorem 2.2, then we obtain Theorem 1.1.

Proof of Theorem 2.1. Let B,, = >_ b, — A. It follows from (@) that

v=0
b bn+1
Q(—— > n=0,1,... and — —
" dn dn+1 qn Z
and so
< by b b
+1 +1
Sm:ZQU<_v_ - >: Qmm
=0 Qv Qu+1 qm+1
Since the series Z — is convergent, we have — Z — — 0asn— oo,
v=n v Qn

which implies
Sm_ & _ berl

Qm Qm dm+1
by virtue of ). Hence, for n > 0,

— 0 as n — oo,

o m
LTy . Sy — Sp—1
b, = ¢ E — =limg g — (s-1=0
" nv:nQv m nv:n Qv )
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_ i - 1 - Sp—1
B hmqn{@m * Z <Qv Qv+1>8v Qn }

v=n
dnSn—1 1 1
= — +q CySy, Where ¢, = — — .
Qn n; o ? QU QU+1

On the other hand, using Abel’s summation by parts gives us

[March

B, = qu ZQvawn =t (= +chsv)

U

v=n
o o
Bn Bn—H
=Q CyS :>—: CySy = CpSp = — — , (n=0,1,...).
n;vv Qn ;UU nen Qn Q,',H{L

By the last equality, we write

1 & Byi1
- g Yo g St (- 52)
B SRS zpv o -

—1
1 { po — 1 (pv pvl) Pn }
= —¢—DBy+ — | = - B, — B
Pn{COQO ;Qv Cy Cy—1 ! CnQn+1 nr
0
= Zcm)va
v=0

where the matrix C' = (¢p,) is defined by

1P v=0

P, coQo’

1 _ 1

L pey 1o,

Cny = Pn &) Cy—1 Qv

I pn

—— , v=n+1
PnCnQn-‘rl

0, v > n.

Now, it is clear that ¢,, — 0 as n — oo and

n
bo 1 (ps DPv—1 DPn
E Cnp = — + E — | — — — =1.
" {COQO =1 Qv <Cv Cy—1 > CnQnJrl }

By Lemma 1.2, T;, — A as n — oo if and only if the matrix C' is regular, or
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equivalently

Z\Cm;\ PCOQO P, Z Qv

pv pv—l
Cy Cy—1

DPn
Pnchn—H

=0(1) as n — 0.
(7)

Because of that the boundedness of the middle term implies the other term,

(@ is equivalent to (B)), whence the result.

Proof of Theorem 2.2. Suppose that if T, — X\ as n — oo, then > b,

converges to A. Then, by (1), since
1
so =To, sn= _(PnTn_Pn—lTn—1)7 n=12...,
n

we have

Sm
— — 0 as m — oo,

Qm
by virtue of (5a) and (5b). Hence, for n > 0,

o0 m
Ty . Sy — Sp—1
b, = q — =limg — (521 =0
n TL’I;Q’U m TL; Qv ( )

. Sm el 1 Sn—1
- lﬁnq”{@ " Z:: (@ B QM)S” T Qn }
L _ 1
Qv Qerl.

[o¢]
nSn—1

= — "Q" + qn g CySy, Wwhere ¢, =

n

v=n
On the other hand, it follows from Abel’s summation by parts that

n

Bn = Z _ZQUQU n = Sp— 1+Qn< Qn +chsv>

v=0 v v=n

= ancvsv:thgancvSv thmzcv PT Py 1T, 1)
v=n

P
- inigln{cmp—me— Fra n_1+ZP( C”“)Tv}. (8)
m

Pn —n Pv  DPuv+1
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Now define

N = {(xk):ixk is summable (W,pn)}

k=0

5 = {0 (l;)bk> s convergent .

These are BK-spaces (i.e., Banach spaces with continuous coordinates) with

and

respect to the norms

1 n
|zl = sup|T,| = sup P—Zkak 9)
and
n n o0 T
v
lzl[5 = sup|>  bx| = sup Z%ZQ—, (10)
" k=0 " lk=0 wv=k Y

respectively. By the Banach-Steinhaus theorem, there exists a constant M >

0 such that

lzllp < M|y (11)

for all z € N. Applying ) and (I0) to the special sequence

1, n==%k
Tp=1 —1, n=k+1, k=0,1,2,...
0, otherwise
we have
Pk
lzlly =5 and |lzllp = Qrep-
k

It follows from ([[II) that for £ =0,1,2,...

Pk Py 1
Ore SM—@C-—ZO(—), 12
kCh P o O (12)
which implies
P,
em— — 0 as m — oo, (13)

Pm
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by virtue of (5b). Thus, considering ) we write

P [e.e]
B, = _@nenPr g, T, 1+QHZP( - c”“)ﬂ,:me,Tv, (14)
v=0

Pn —n Py D+l

where the matrix B = (b,,,) is defined by

0, 0<v<n—1,
_annpn—l v=mn—1
by = 0 =n-—1, (15)
QTLPQ)(C_v_ Cv+1>) Uzn-
Py Puv+1

By hypothesis, the matrix B is regular. Now it is clear that lim b,,, = 0 and
n

o
>~ bpy = 1. Therefore it follows from Lemma 1.2 that B is regular if and
v=0

only if

Z‘bnv‘—ann n— 1+anp

By considering ([3) we obtain

_ Cut1
Pv  Pov+1

=0(1) as n—o0. (16)

Cv—l—l ‘

C
Qn n— 1 . < anp
v—=n Pov Pu+1

and so (@) is equivalent to

QnZP

Thus, the condition (@) is necessary.

C’U+1 |

=0(1) as n — oo.
Pv  Pvt1

Conversely, if the condition (@) is satisfied, then the series
Z P, (CU _ Cv+1>
v=0 Pv Pov+1

Cn+1
Pn+1

converges. Hence it follows that the sequence (Pn ) converges, which
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implies that

Cn
— —0 as n— o
Pn

P.c
" L 0asn — 00

by virtue of (5b). By considering () again, we have

Pn
and so () is valid. Therefore the result is seen by the regularity of the
matrix B, and completes the proof. O
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