Bulletin of the Institute of Mathematics
Academia Sinica (New Series)
Vol. 5 (2010), No. 1, pp. 55-68

EIGENVALUE INTERVALS FOR TWO-POINT
GENERAL THIRD ORDER DIFFERENTIAL EQUATION
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Abstract

Values of the parameter \ are determined for which there
exist positive solutions to the third order eigenvalue problem sat-
isfying general two-point boundary conditions. We establish the
results by applying cone theory and the Krasnosel’skii fixed point

theorem.

1. Introduction

We are concerned with determining eigenvalues, A, for which there exist
positive solutions with respect to the cone, of the general nonlinear two-point

boundary value problem

y"(6) + A f(t oy, v y") = 0, t€ab], (1.1)
ar1y(a) + a2y(b) = 0

a1y’ (a) + axny'(b) = 0 (1.2)
az1y”(a) + azy”(b) = 0

where the coefficients aq1, a2, a1, o, a1, ags are real constants. The
BVPs of this form arise in the modeling of nonlinear diffusions generated

by nonlinear sources, in thermal ignition of gases, and in concentration in
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chemical or biological problems. In these applied settings, only positive

solutions are meaningful.

The study of determining the values of the parameter, A, for which there
exist positive solutions was first employed by Erbe and Wang [4] when they
worked to establish the existence of positive solutions in a cone for bound-
ary value problems (BVPs) for second order ordinary differential equations.
Continuing in a similar manner, Erbe, Hu and Wang [€] along with Eloe
and Henderson [4], Henderson and Wang [d] obtained further results. In ad-
dition, the work done by Erbe and Wang [1], the extensions can be viewed
in the following studies [2, 3, [10, [12, [15]. Sun and Wen [16] extended the

results to third order eigenvalue problem,
u"'(t) = Xa(t) f(u(t), 0<t<1

subject to the two-point boundary conditions

and establish multiple positive solutions by utilizing Krasnosel’skii fixed
point theorem. We extend these results to general two-point boundary value
problems in the interval [a, b], where b > a > 0, and also involving the deriva-
tives of  in f. Some of the previous results will be subcases of our problem.

We use the following notation for simplicity,
Y =1 +aze, 1=1,2,3 and 3; = aayy + bags, i=1,2.

Throughout this paper we assume the following;:

(A1) f:[a,b] x RY* — RT is continuous, where R is the set of nonnegative
real numbers.

(A2) 011>0, a12<0, a1 >0, <0, a3 <0, az>0, 7>0, 72>0,
v3>0.

(A3) 2 — 221 (h _¢) <gand £ 4+ 2288 ()—q) <a.

72 3272 3172

—Qd1 Q21 _ @31 Q12 Q22 Q32
(A4) s T o T oy <0, 52— 22452 0.
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We define the nonnegative extended real numbers fo, f°, foo and f> by

fty, v y")

fo= lim min )
(w,y',y")—(0F,0%,07) t€[a,b] Y
1= lim X M7
(y,y',y")—(0F,0%,07) t€[a,b] Y
foo = lim min M7
(4:9',y"")—(00,00,00) t€[a,b] Y
[ = lim max M7
(y:9',y"")—(00,00,00) t€[a,b] Y

and assume that they will exist.

The rest of the paper is organized as follows. In Section 2, as a funda-
mental importance, we estimate the bounds for the Green’s function. In Sec-
tion 3, we present some fundamental lemmas which are needed in the main
result as well as establish the existence of eigenvalue intervals for which the
two point BVP ([[CIl)—([C2) has a positive solution, by using Krasnosel’skii
fixed point Theorem. Finally, we give an example to demonstrate our result

as an application.

2. Green’s Function and Bounds

In this section, we estimate the bounds of the Green’s function for the
homogeneous two-point BVP corresponding to (ILII)—(T2).

The Green’s function for the homogeneous problem —y”" = 0, satisfying

the boundary conditions (LZ) can be constructed after computation and is

given by
G(t,s)
127273 (b—5)2+2a22v3(—B14t71) (b—s)+az2 (A—2t71 B2 +1%7172) a<t<s<b
2717273 - = =
- (2.1)
—a117273(s—a)?+202173 (= B1+t71) (s—a) —as1 (A—2ty1 Ba+t37172) a<s<t<b
2717273 - ==

where A = 28312 — Y2(a?a11 + b?a12). We now state two Lemmas for mini-

mum and maximum values of Green’s function.
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Lemma 2.1. Fort <s, G(t,s) attains minimum value at

a3yl — bansannyeys — a3yy3f + bansasayeys d
B 04120432722 - 04%27173 o
. _ 29039712 — badeY173 - 042220632’7251 + ba12a32722.
Q1203275 — Q997173

t

And also, for s <t, G(t,s) attains minimum value at

ooy — aania9172y3 — 0517301 + a3
- 041106317% - 04%171’73

. _ 210317102 — aa; 7173 — ao1as12f + aariasiva
Q1103173 — Q317173 .

t , and

Lemma 2.2. Assume that the condition (A4) holds, then G(s,s) has a

mazximum value at

o ba12y2y3 — baoay17y3 — 2y3 51 + 327152
Q1272773 — 2002717Y3 + 32717Y2

Theorem 2.1. Let G(t,s) be the Green’s function for the homogeneous
BVP corresponding to ([LI)—([T2), then

mG(s,s) < G(t,s) < G(s,s), forall (t,s) € [a,b] X [a,b] (2.2)
where 0 < m = min{my, my} < 1.

Proof. The Green’s function G(t,s) for the homogeneous problem of

the BVP (1) —(C2) is given in (T]). Clearly
G(t,s) >0 on [a,b] x [a,b]. (2.3)

First we establish the right side inequality by assuming the conditions given

by (A2)—(A3). For t < s,

— A
G(tvs)Sg%(b—Sy-i-% (’Y—l+8> (b—S)—F% <——28@—|—82>
1 2 1

= G(s,s),



2010] EIGENVALUE INTERVALS FOR TWO-POINT BVPS 59

and for s < t,
- A
6it.5) < 2 o=+ 22 (L) oo g2 (a2 g 2)
2m 72 \m 2y3 \ M2 V2
= G(s, s).

Thus we have established the right hand side inequality of ({ZZ). By assum-
ing the conditions given by (A2)—(A4), we establish the other inequality.

For t < s, from Lemma 2.1 and Lemma 2.2, we have

G(t,s) _ minG(t,s)
> =m

G(s,s) ~ maxG(s,s)
and for s < t, we have

G(t,s) > min G(t, s) -

G(s,s) — maxG(s,s)
Therefore,

mG(s,s) < G(t,s), for all (¢,s) € [a,b] X [a,b],

where 0 < m = min{m;, mo} < 1. O

3. Existence of Positive Solutions

In this section, first we prove some fundamental lemmas which are
needed in main result and then, establish a criteria to determine the value

of A for the existence of at least one positive solution of the BVP given by
(CD)—[T2).
Let y(t) be the solution of a two-point BVP (ILl)—(LZ), and is given by

b
y(t) = )\/ G(t,s)f(s,9(s),y (s),y"(s))ds, for all t € [a,b]. (3.1)

Define

X:{u|u603[a,b]},
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with

= t) |-
= mas | u(r) |

Now (X, . ||) is a Banach space. Define a set k by

K= {u €X:u(t) >0 onla,b] and H%irll)]u(t) >m| u H} . (3.2)
te|a,

Definition 3.1. Let X be a Banach space. A nonempty closed convex set
k is called cone of X, if it satisfies the following conditions:
(1) cqu+agv € kK for all u,v € kK and g,y > 0;

(2) If u € Kk and —u € K, then u = 0.

Definition 3.2. Let X and Y be Banach spacesand T : X — Y. T is
said to be completely continuous, if T" is continuous, and for each bounded

sequence {z,} C X, {Tx,} has a convergent subsequence.
Lemma 3.1. k is a cone in X, where k is defined by the equation [B2).

Proof. Let {u,} € k be such that || u, —up [|[— 0 as n — oo, where
up € X. Then wu,(t) > 0 on [a,b], and min{u,(t)} > m || u, ||, for all
n. Thus, given € > 0, there exists N € N such that —e < u,(t) — ug(t) <
e, t € [a,b], n > N and so 0 < w,(t) < ug(t) + ¢ t € [a,b], n > N.
Hence ug(t) > 0 on [a,b], then lim,, o min{u,(¢)} > mlim, . || uy, || and
minug(t) > m || uo ||, t € [a,b], implies uy € k and & is closed.

Now let u,v € k and aj,ay > 0. Then aju(t) + agv(t) > 0, t € [a,b],
and

min{aju(t) + agv(t)} > a3 min{u(t)} + e min{v(t)}
> aqm ||| +agm || v ||

>m || cqu+ agu || .

Therefore, aju 4+ agv € k. Finally, if u € k and —u € &k then u(t) = 0 for all
t € [a,b]. Hence the proof. O

Define the operator T : k — X by

b
(Ty)(t) = )\/ G(t,s)f(s,y(s),y' (s),y"(s))ds, forallte [a,b]. (3.3)
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If y € K is a fixed point of T', then y satisfies (B]) and hence y is a positive
solution of the BVP (IIl)— (C2). We seek the fixed point of the operator T

in the cone k.
Lemma 3.2. The operator T is defined in [B3) is self map on k.

Proof. Let y € k. From (Z3)), we have (Ty)(t) > 0 for all ¢ € [a,b].
Then

> [ max G(t,5) (s, y(5), ¥/ (s), " (5))ds

o t€lab]
>mma)§])\/ G(t,8)f(s,y(s),y'(s),y"(s))ds
tela
=m| Tyl .
Therefore,
min (Ty)(t) =m || Ty || .
tela,b]
Hence the proof. O

Lemma 3.3. The operator T 1is completely continuous, where T is
defined in B3).

Proof. Let y € x and € > 0 be given. By the continuity of f, there
exists § > 0 such that

| f(ty. 9 y") — [t w,w' w”) [<e,

whenever |y —w |[< 0, | ¢y —w' |< d, and | ¢ —w” |< 0.

b
| (Ty)(®) = (Tw)(®) | = /\/ G(t,s) | f(s,y,9"9") = f(s,w,w',0") | ds

IN

b
e)\/ G(t,s)ds, t € [a,b].
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Thus,
b
| (Ty)(®) — (Tw)(t) < ex / G(t, 5)ds
a

and T is continuous. Now, let {y,} be a bounded sequence in k. Since f is
continuous, there exists N > 0, such that | f(¢,y(t),y'(t),y"(t)) |[< N for all
y with 0 <y < oo then, for each t € [a,b] and for each n,

b
@O 1 =13 [ G751/ |
b
<316 11 £t | ds
¢ b
SN)\/ G(s,s)ds

By choosing successive subsequences, there exists a subsequence {Tynj}

which converges uniformly on [a,b]. Hence T is completely continuous. [

Theorem 3.1. (Krasnosel’skii) [13] Let X be a Banach space, K C
X be a cone, and suppose that 1, are open subsets of X with 0 €
and Q1 C Qo. Suppose further that T : K N (Q2\Q1) — K is completely

continuous operator such that either

Q) | Tul|[<[[u], ue KNI and || Tul|>||u], ue KNIQ, or
(i) [Tu||>|ul, ve KNoQ and || Tu ||<||ul], uve KNoQ

holds. Then T has a fized point in K N (Q2\Q1).

Theorem 3.2. Assuming the conditions (A1l)—(A4) hold and if

1 1
<A

b < b )
[m? fa G(s,8)ds] fo [fa G(s, s)ds] f0

then the two-point BVP ([LI)—([C2) has at least one positive solution in k.

(3.4)

Proof. Let A be given as in (B4 and let ¢ > 0 be such that

1 1
[m? [, G(s,5)ds](foo — €) [Jo G(s,5)ds|(f° +€)

Let T be the cone preserving, completely continuous operator defined as in
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E3). By the definition of £, there exists H} > 0 such that

t ! /! .
max LEYYY) 0L 0 g 0< @ < HL = 0,1,2,
t€la,b] Yy

Let H' = min{H} : i = 0,1,2}. Tt follows that
Fty, v y") < (fO+e)y, for 0<y <Hi=0,1,2

Let us choose y € k with || y ||= H'. Then, from Z3J),

b
IO = [ 6.9 (5,05 ,0/)ds

b

< A/ G(s,8)f(s,9,y,y")ds
ab

<2 [ Gl s) (0 + uts)ds
ab

< [ Gls s+ 9yl ds

<lyl, telab.

Therefore, || Ty ||<|| v ||. Hence, if we set
Y ={ueX:|u|<HY}

then

I Ty <y |, for y €rNI.

By the definition of f,, there exists Ff > 0 such that

. Y,y
mm —
t€la,b] Yy

> (foo —€), for y@ >H:,i=0,1,2.
Let A = max{ﬁ? 11 =0,1,2}. It follows that
Fty ' y") 2> (foo — Oy, for 4O >Ti=0,1,2.

Let
1
H? = max {21{1, —HQ} ,
m

63

(3.5)
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and define

Qy={ueX:|ul< H}.
If y€ kMO, so that ||y ||= H?, then

min y(t) >m ||y |> H".
t€la,b]

Consider,
b
O = [ 6.9 (5.5 )ds
b
zy/nﬂwﬁv&%ywww
¢ b
> m)\/ G(s,8)(foo — €)y(s)ds

b
zma/awm&—mwws

>yl

Thus, || Ty [[>][ y ||, and so
| Ty ||>] y ||, for y € rNoNs. (3.6)

An application of Theorem [BII) to BX) and BH) yields a fixed point of
T that lies in £ N (Q22\Q1). This fixed point is the positive solution of the

two-point BVP (L)) — (IC2). O
Theorem 3.3. Assuming the conditions (A1)—(A4) hold and if

1 1
<A

b < b )
[m? fa G(s, s)ds]fo [fa G(s,s)ds|f>®

(3.7)

then the two-point BVP ([LI)—([C2) has at least one positive solution in k.

Proof. Let A be given as in (B) and let ¢ > 0 be such that

1 1
; <A< -
2 [T G )dsl(fo—0) L[ Gl s)ds(7 + )

Let T be the cone preserving, completely continuous operator defined as in
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E3). By the definition of fy, there exists J! > 0 such that

.ty Y,y
mm —

> fo—¢, for 0< y(i) < Jl-l,i =0,1,2.
t€[a,b] Yy

Let J! =min{J}! : i =0,1,2}. Tt follows that
Flty, v y") > (fo— ey, for 0<y® < J'i=0,1,2.

In this case, define Q1 = {u € X :|| u ||< J'}. Then, for y € KNIy, we have
f(s,9.9/,9") = (fo—€)y, s € [a,b], and moreover, y(t) = m | y ||, t € [a,b],

and we have

b
IO =X [ Glt.9)f(s,0.5/,5)ds
ab
> A/ mG(s,s)f(s,y,y',y")ds
b
> m)\/ G(s,8)(fo—€)y(s)ds

b
zm%/G@mh—dMHﬁ

Zly -

Thus, || Ty =]l y ||, and so
[Ty =zl y |, for yerno. (3.8)

It remains for us to consider f*°. By the definition of f°°, there exists 7? >0

such that

1o
max Ity 9y ) < (f®+e), for y(z) 2712’1 =0,1,2.
t€la,b] Y

Let J° = max{jl2 11 =0,1,2}. It follows that
Jty.y/ ") < (P2 4y, for y@ 2T i=0,1,2.

There are two cases.

Case(i). [ is bounded. Suppose L > 0 is such that max,c(q ) f(t,v,9',9") <
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L forall 0 <y <o0,0<y <oo,0<y” <oo. Let
b
J? :maX{QJl,L)\/ G(s,s)ds},
a

Qo ={ueX:|u|<J?.

and let

Then, for y € kK N 9y, we have
b
) =2 [ Glt.s) (5.0

<)\/Gssf(syy y")ds

<)\L/Gss

<[yl te&lab].

and so

| Ty [|<||y ||, for y € xNINa. (3.9

Case(ii). f is unbounded. Let J? >max{2J}, T ;} be such that f (¢, u,u,u )
< ft,J3, T3, J3), for 0 < u® < J2 i = 0,1,2. Let J?> = max{J? : i =
0,1,2}, and let

Qo ={ueX:|u|<J?.

Choosing y € kN 099,

b
(Ty)(t) = A / Gt 5)f (5,9, 9/ y")ds
ab
< /\/ G(s,8)f(s,y.y,y")ds
ab
< )\/ G(s,s)f(s,J2,J2, J3)ds
ab
<A / (5,8)(F + e)y(s)ds
b
<A / Gls,8) (/= +¢) ||y || ds
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<yl te€lab].

And so
[Ty <]y, for y€rnoQe. (3.10)

An application of Theorem (BI) to (BF), (BH) and BI0) yields a fixed point
of T that lies in N (Q2\21). This fixed point is the positive solution of the

two-point BVP (1) — ([C2). O

4. Example

Now, we give an example to illustrate the above results. Consider the
following two-point eigenvalue problem

y" 4+ Ay(20 — 19.5e ) (25 — 247V ) (72 — Tle™') = 0, € [0,1]  (4.1)

with the boundary conditions

5y(0) — (1)
3/(0) ~ 24/(1)

y"(0) = 2y"(1)

(4.2)

I
o o o

We found that m = 0.1757, fo = 18000, and f° = 1. Employing Theorem
3.2, we get the optimal eigenvalue interval 0.0000493 < A < 0.02739, for
which ([Jl)—E2) has a positive solution.
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