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Abstract

The main aim of this paper is to use the concept of finite
Blaschke product to prove sharpness of some of the known results.
Geometric properties of a class of functions U(A) were discussed
in [8, 11, 12]. Also, starlikeness of U(\, u) N Ay for p < n was
obtained in [9, 10]. In this paper, we prove the sharpness of those
results using the technique of R. Fournier [3] which was later re-

vised by R. Fournier and S. Ponnusamy [5].

1. Introduction

Let A := {z € C : |z|] < 1} be the open unit disk in the complex
plane C and A be the set of all functions analytic in A with the usual
normalization f(0) = 0 = f/(0) — 1, and let Ay = {f(2)/z : f € A}. Also,
we let S = {f € A: fis univalent in A}. If f € S maps A onto a starlike
domain (with respect to the origin), i.e. tw € f(A) whenever ¢t € [0,1] and
w € f(A), then we say that f is a starlike function. The class of all starlike
functions is denoted by &*. For 0 < o < 1, a function f € § is starlike of
order «, denoted by S*(«), if f satisfies the inequality

Re(széi';)) >, z€A. (1.1)
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12 P. VASUNDHRA [March

It is well known that S*(0) = S§*. A function f € A is said to be strongly
starlike of order a, 0 < a < 1 if and only if f satisfies the analytic condition

2f'(2) 1+2
f(z) = (1—,2

where < denotes the usual subordination (see eg. [2]). The class of all

)a, z €A,

functions which are strongly starlike of order « is denoted by S,. Clearly,
S1 = S8*. Let R, be the set of all functions in A such that

1+ 2z
1—=z2

f(z) < ( )a, z € A.

It is well-known that Ry = R C S. For p <n,n >1and XA > 0, let U, (A, )
denote the class of all functions f € A,, satisfying

f(z)

z

#0 and

f'(z)( Z)>M+1—1‘ <)\ zeEA.

f(z
Also, let Uy (A, p) := U\, ). Geometric properties of the class U(\, ) has
been studied in detail in [4]. As usual, we set U(\, 1) =U(N) and U(1) = U.
It is well-known that U(X\) CU C S (see [, [4]). We also introduce

B, ={weHA): |wz)| <1 and w®(0)=0for k=0,1,2,...,n—1}.

By the Schwarz lemma, one has |w(z)| < |z|". Here H(A) denotes the class

of functions analytic in A.

In [§, [11), [12], certain sufficient conditions in terms of A (> 0), o and n
(> 1) were obtained, so that U(\) N A, is a subset of S*(«) or S, or R.
Similarly, certain sufficiency conditions for functions in U(A, u) N.A, to be
in S*(a) or S, were obtained by S. Ponnusamy and P. Sahoo in [9, [L(]. In
all these cases the sharpness of the results were left open. Now using the
technique of R. Fournier and a recently revised version of R. Fournier and

S. Ponnusamy [], we prove the sharpness part.
The proofs mainly rely on the following Lemmas.
Lemmma 1.2. Given ¢ and v in R, there exists a sequence {b,} of

finite Blaschke products such that b,(1) = €%, b,(0) = 0 and b,(z) — ¥z

in the sense of convergence in H(A).
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Here a finite Blaschke product is a function of the type

m
; z—a
b(z) = e H T = {a;}is C A, yeR
P

This result is due to R. Fournier [3]. A slightly extended version of the
above lemma was proved in [13]. We also have a stronger version of the
above lemma which is obtained from a result due to W. B. Jones and St.
Ruscheweyh [6].

Lemma 1.3. There exists an infinite sequence {wy,} of finite Blaschke
products with the following property: given a function w € H(A) with w(A)C
A and two sets of nodes {pr} ', and {1}, in R where ¢} ’s are assumed
to be pairwise distinct (mod 27), there exists a subsequence {wy,} of {wn}

such that
wnj(ei‘pk) =W 1<k<m, j>1
and

lim w,;, = w in H(A).

J—00

We also require the following

Lemma 1.4. [4] Let 0 € R and Re(c) < n. Then the functional

[e.9]

I(w) = ak(w)e’ke, w(z) = Zak(w)zk € By,
k=n

N k—c
k=n

is well defined and continuous over B,.

2. Sharpness results

In this chapter, we restate the sharp version of the theorems stated in

I8, 9, 110, 11, 12] and prove the sharpness part.

Theorem 2.1.[8, Theorem 3.1] Let f € U(N), 0 <X <1 and vy € (0,1].
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Define

|/"(0)| cos(my/4) + sin(my/4) /16 cos?(m7/4) — [ /"(0)[?
2 cos(my/4)

=

and )\5 s given by the inequality

sin(my/2)v/4 = A2 > (|f"(0)] + M) v/4 = (1f7(0)] + A)? + Acos(m7/2).
Then
(i) feUN) = feS, ifand only if 0 <A< AL/2,

(ii) feUN) = f € Ry if and only if 0 <X < NF/2.

In [8], the sharpness part of the last theorem remained unanswered. Now
we are in a position to show that each of the bounds A /2 and )\§ /2 cannot

be replaced by a larger number without violating the conclusion.

Proof. Case (i): Let f € U(\). Then, as usual, we have the following

2f'(2) _ 1+ )\w(lz) _ 1+ dw(z) (2.2)
f(z) | —apr— )\/ w(gz)dt 1 —agz — Aw(z) * F1(2)
0

where w € B, and

o0 n

Fi(z)=Y nz_ - = —zLog(1 - 2)

n=2

Thus, from (Z2), Lemma 1.4 and maximum modulus principle, we see that
for every f € U(N) and z € A, there exists a 1 and ¢ in R such that

Arg (foéi’;)> < Arg(%) . (2.3)

Here, we observe that the above relation is possible due to of the fact that

I(w) is continuous on By (from Lemma 1.4). Indeed, By Lemma 1.2, given

a 1, ¢ in R, there exists a sequence of finite Blaschke products such that

wy,(1) = e and wy(z) — €22 in H(A).



2010] SHARPNESS RESULTS OF CERTAIN CLASS OF ANALYTIC FUNCTIONS 15

Define f,,’s in U(\) such that

. ) 1+ e
lim = —
n—00 fn(l) 1—ag — e

In fact, from the above equation, we have equality in [Z3) for some f € U(\).
Thus we have obtianed sharpness of the result. Now, since |az|+A < 1, taking

o = Argas we have

14 Ae¥
Arg(%) < arcsin(\) + arcsin(|az| + A) < g
From the above relation, we get the required sharpened condition for func-
tions in U(A) to be in S,.

Case (ii): Since f € U(\) and for some w € Bs, we have the following

£(2) = 1+ Aw(z) _ 1+ dw(z) .
(1-az - 1 W]~ =z = Xy < RGP

Repeating the steps as in Case (i), it follows easily that

14+ et >

Argf'(z) < Arg((l WP (2.4)

Here, we observe that the above relation is possible because of the fact that

I(w) is continuous on By (from Lemma 1.4). Defining f,,’s in U (\) with

. 1+ \e®?
n]li%Q frlz(l) = (1— as — Aei®)2

we have equality in ZZ)) for some f € U(X). Now, since |az| + A < 1, we

have

1 (&
Arg((1 — a—;_ ie)\eiw)2> < arcsin(A) + 2arcsin(|ag| + ) < ’Y?”

From the above relation, we get the required sharp result for functions to be
in R,. ]

Using the above arguments, we can also prove that the following result
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Theorem 2.5. [10, Theorem 3.1] Let v € (0,1], n > 1, and

X(,m) = { = n(n+ cos(ny/2))lan | +sin(y7/2)

xx/1+n2ﬂf—Mﬂ+1P)+2ncoﬂvm/2)}/[1+2ncmﬂ7w/2}+nﬂ.

If f € Un(N\,n), then f €S, if and only if 0 < X < X*(v,n).

Now, let us prove the sharpness of the result for functions having missing

Taylor coefficients to be in the class S, and R,.

Theorem 2.6. [L1] Let v € (0,1] and n > 2 be fized. Let f(z) =
Z4 ap1 2"+ e UN),

(n —1)sin(7y/2)
\/n2 —4(n — 1) sin?(ry/4)

N(y,n) =

and N\*(7y,n) be the largest positive X > 0 satisfying the equation

V1= Asin(ny/2) = 2(%) 1-— (%)2 + Acos(my/2).
Then

(i) feUN) = feS8y for 0 <A< N (v,n).
(i) feUN) = fER, for 0< X< AR(y,n).

The above bounds for N*(y,n) and A%(v,n) are sharp.

Proof. Case (i): Since f € U(N\) N Ay, we have the following

zf'(2) _ 1+ dw(z) _ 1+ dw(z)
f(z) Law(tz) 1 - w(z) * Fi(z)
1—AA 7t

for some w € B,. Thus, from the above representation for functions in
U(N) with missing Taylor’s coefficients, Lemma 1.4 and maximum modulus

principle, we see that for all f € U(X) N A,, there exists a ¥, ¢ € R such
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that

2f'(z e
Arg( J{(i))) < Arg<1 — i\e—;)/\(n — 1)) (2.7)

Here, we observe that the above relation is possible because of the fact that
I(w) is continuous on B,, (from Lemma 1.4). By Lemma 1.2, given a 1, ¢ in

R, there exists a sequence of finite Blaschke products such that
wp(1) = e and wi(z) — €¥2" in H(A).

Defining fx’s in U(A) such that

. £ 1+ Xt
Fvos fe(l)  1T—=Xe®/(n—1)

In fact, from the above equation, we have equality in ([ZZ) for some f €
U(N) N A,. Thus the result is sharp. Indeed, for each k, fixing § = 0 in
definition of I,

1
wi(2) * F1(z) = /0 wkt(2tz) dt — I(wg) as z— 1.

Since [ is continuous in B,,, we see that
I(wy) — €% /(n—1) as wy(z) — 2",

Now, since A < 1, we have

1+ de®¥
Arg<1 — )\e‘:@/?n — 1)> < arcsin(A) + arcsin(A/(n — 1)) < %

From the above relation, we get the required result for S,,.

Case (ii): Since f € U(X) N A, we have the following

f’(z) B 1+ Aw(z) B 1+ dw(z)
B Dw(tz) N2 (1= w(z) = Fi(2))?
(1 “A /O E dt)

where w € B,,. By Lemma 1.2, given a 9, ¢ in R, there exists a sequence of
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finite Blaschke products such that
wp(1) =¥ and wi(z) — €%2" in H(A).

Thus, from the above representation for U()\), Lemma 1.4 and maximum

modulus principle, we see that

1+ At > (2.8)

Arg(f'(z)) < Arg<(1 —Xet¥/(n —1))2

Here, we observe that the above relation is possible because of the fact that

I(w) is continuous on B, (from Lemma 1.4). Defining f;’s in U(\) such that

. , B 1+ \e®?
dm i) = TS/ e

In fact, from the above equation, we have equality in Z¥ Now, since A < 1,

we have

i W
Arg((1 — )\1@;/)\(71 — 1))2> < arcsin()\) + 2arcsin(A/(n — 1)) < 77

From the above relation, we get the required sharp result for functions to be

inR,. 0

Repeating the above proof for f € U, (A, 1), we have the sharpness of
the following

Theorem 2.9.|9, Theorem 3.1] Let v € (0,1], n > 1, p € (0,n) and

(v, pyn) = \/ (n — p)sin(ymr/2) |

(n—p)? + p? + 2u(n — p) cos(ym/2)

If f € Un(\, 1), then f €S, for 0 <X < Ai(y,p,n). This result is sharp.

Our next result is to find sharpness of the result for functions in U, (A, n)

to be starlike of order §.

Theorem 2.10.[10, Theorem 5.1] If f(z) € Up(A\,n) and b = |ap41]| <
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1/n, then f € 8*(0) if and only if 0 < X < \g(d), where

— 2(1—925—b2)) —n2b(1 —
vV (1—=20)(1+n2(1-26—b2)) —n?b(1—26) for 0<5 < n(b+1)
Mo(6) 1+n2(1-20) n(b+2)+1
0 =
1 — (1 + nb) n(b+1)
7 for —————<d<1.
1+nd n(b+2)+1
Proof. Since we know that
z2f'(z) 14+ \w(z)
f(z Yw(tz)
(2) 1—napt12z — n)\/o tT(LH) dt
where w € B,,11, we can easily see that
Aw(z) no n Law(tz)
1 (zf’(z) —6> = T 1—5[%“2 “/0 {1 dt]
1-o\ f(») - . L w(tz)
1 —napp12" — n)\/o il dt

2f'(2)

Now, we have to show that Re( ) > 0. To do this, according to a

f(2)
well-known result [14] and the last equation, it suffices to show that
A 5 Lw(t
1+ w(z) + 10 [anﬂz” —i—)\/ wl zl)dt]
1-6 1-9 o .
T # —iT, TeR,
1 w2y,
—Nap4+12" —N ) T
which is easily seen to be equivalent to
1
, w(tz)
A w(z) +n(d—i(1— 5)T)/O ) dt Corem
A= 00 +i0) Fname —ira—oy |7 & Tek
If we let
1
, w(tz)
w(z) +n(0 —i(l — 5)T)/ ] dt
M = sup - 0
e weBuprTek | (1= 8)(1+1T) + nany12(0 —iT(1 - 9))
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then, in view of the rotation invariance property of the space By, 1, we obtain
that

Re<2;(,(zz))> >3 if AM <1

This observation shows that it suffices to find M. First we notice that

2 —_ S5\272
Mgsup{ 1+ny/62 + (1 - 02T }
Ter L[(1 = 8)V1+ T2 —nb\/62 + (1 — §)2T72|

where, for convenience, we use the notation b = |a,1|. In fact, in the sequel,

we prove that equality holds in the above relation, hence the sharpness is
exhibited.

From Lemma 1.3, for ¥, ¢ in R, there exists a sequence of finite Blaschke

products {wy} such that
wp(e?) = e and wy(z) — €%2" in H(A).

Here
0 = —Arg[(d — (1 — 0)iT)an+1] + Arg(l +4T).

Therefore, as in the proof of the previous theorem, we have the following

relation for each T € R

1 wltz
w(z) + (8 — i(1 — O)T) /0 ﬁgig dt
wgg;l (1= 0)(1 +4T) + nans12(6 —iT(1 - 9))

eV +ny/02 + (1 — 6)2T 2wt (nt1)0+01)
su
ok (L 0)VIT T2 — nby/0? 1 (18217

where 61 = Arg(d — (1 —6)iT). Fixing ¢ and choosing ¥ = ¢+ (n+1)0+ 61,
we get the required equality. Thus the bound for M is sharp as a function
of T. Bound for M is then obtained as in [10, Theorem 5.1]. O

Taking n = 1 in the above theorem, we have the following

Theorem 2.11.[12, Theorem 1.2] If f € U(X) and a = |f"(0)|/2 < 1,
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then f € 8*(0) if and only if 0 < X\ < A(), where

_ _ 02 _ _ _
V(1 2&@28_Sﬂ a(l — 26) ﬁ0§5<;13
A(0) =
1-9(1+a) > 1+a§5< 1 .
1+6 3+a 1+a

Finally we prove the sharpness result for functions with missing Taylor

coefficients to be starlike of order «.

Theorem 2.12.[9, Theorem 3.3] Let o € [0,1), n > 1 and p € (0,n).
If f(z) € Up(A ), then f e S*(a) for 0 < X < XN (o, p,n), where

—wV1-=2
(n 'l;) 21a2 for 0 <a < i
_ — n
(e ) = V(n = p)? + p2(1 - 2a) p
_ 1—
n—pu+ po n—+u

The bounds for \*(a, p,n) is the best possible. That is, we cannot improve

the bound for \*(«, p,n) without violating the hypothesis.

Proof. Suppose that f(z) = z + an1 12" + -+ € U (N, ). Then, it is

a simple exercise to see that

) 14 w()
f(2) )\fl w( tl/Hz
and therefore,
w / z
1 Zf/(z)_a _1+1(a)+1 1 (ttu)dt
11—« f(z) - 1—)\flw(t/#z)dt )

We need to show that f € S*(«).

1
+1—0z 1—«a t2

)\fl w( tl/“z

Aw(z) n a\ /1 w(tl/"z)dt
0 + —iT, TeR,
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which is equivalent to

L l/uz
w(z)—l—(oz—i(l—a)T)/O %dt
A[ (=) +iT) ]#_1’ rek

If we let
1 /p
t
w(z) + (@ —i(1 - a)T)/ U)(Tz)dt
M = sup 2
2€AweB,,TeR (1 —a)(1+4T)

then, in view of the rotation invariance property of the space B,,, we obtain

that
Re<z}c£z)) Sa if AM<1.

This observation shows that it suffices to find M. First we notice that

(n—p) + py/a? + (1 — a)*T?
MS:SFZ%{ (n—pu)(1—a)V1+T2 }

Here we prove that this inequality is sharp, in particular, the bound for M

is the best possible.

From Lemma 1.2, ¥, ¢ in R, there exists a sequence of finite Blaschke
products {wy} such that wy(1) = ¥ and wy(z) — 2" in H(A). There-

fore, we have the following relation for each T' € R

1’[1) 1/uz
w(z)+(a—i(1—a)T)/ wit1'2)

0 t2

sup .
wEBp 11 (1 —a)(1 +4T)
zZEA
e + L\/OP + (1 — a)2T2e/ (9 H00)
n—p
< sup

¥,pER (1—a)V1+4+T7?

where 01 = Arg(a — (1 — «)iT'). Fixing ¢ and choosing 1) = ¢ + 01, we get
the required relation. Thus the bound for M is sharp as a function of T'. [J

Taking p = 1 in the above theorem, we have the following



2010] SHARPNESS RESULTS OF CERTAIN CLASS OF ANALYTIC FUNCTIONS 23

Theorem 2.13.[11] If f(2) = 2z + apy12" + -+ belongs to U(N) for
some n > 2, then f € 8*(a) if and only if 0 < X\ < Ao, n), where

(n—1)y/(1 —2a)[(n —1)2+ 1 —2q]
(n—12+1-2a
(n—1)(1-a)
n+a-—1

if 0<a<1/(n+1)
AMa,n) =

if 1/(n+1)<a<1.

3. Conclusion

Geometric properties of a class of functions U (\) were discussed in [8,
11, 12] where the question of sharpness of the result was left open. Also,
sufficient conditions for starlikeness of U(\, u) N A, for u < n obtained in
[9, [10] where the not sharp. In this paper, sharpness of those results are

proved using finite Blaschke product.

In conclusion, we have the following

Remark.

(1) In all the above discussions on Uy, (A, i), 1 is considered to be real. Similar
results on sharpness of the bounds can be obtained when p is complex.
For example, when n = 1 and p a complex number in U, (\, i), we have
the following interesting lemma by R. Fournier and S. Ponnusamy [5] in

which the sharpness for this special case is obtained.

Lemma 3.1. Let p € C with Rep < 1. Then

11— p

VIL=pP+uP?

Further, from the above lemma, it is clear that (1, ) C S* if and only
if u=0.

UM p)CS* ifand only if 0 <A<

(2) Moreover, from the discussion on sufficient conditions for starlikeness of
U (A, 1) for u < n in the previous section (Theorems 2.10 and 2.12),
we can observe that A as a function of p is discontinuous at the point
u = n. More precisely, we can see that in Theorem 2.12 taking o = 0,

(e, pyn) — 0 as u — n whereas in Theorem 2.10 taking § = 0, we see
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that A\o(6) = (V1 + n2 —n2b2 — n?b)/(1 + n?) which is nonzero unless
b=1/n.
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