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Abstract

The Mixture Lemma plays a central role in the study of
the singularity of solutions of the Boltzmann equation. We offer
a detailed proof of the lemma. The proof depends on the proper
switching of the differentiations with respect to the space variables
to those of the microscopic velocities, and depends on the precise

regularity properties of the collision operator.

1. Introduction

Consider the Boltzmann equation
Fi+¢-V,F=Q(F,F), F=F(x,1,) >0, z,£€R® teRy,

for the hard sphere model

Q(F, /R 3 /S [FE)GE) + FEIGE) - FOGE)

In this paper we offer a detailed proof of the Mixture Lemma of [5], [].
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The Lemma is to study the singularity of the solutions for the Boltzmann
equation and is essential for the construction of the Green’s function for
the linearized Boltzmann equation. The Green’s function approach, e.g. [4],
[7], [8], 9], [10], offers more quantitative informations for the solutions of
the Boltzmann equation and is useful for the studies of interesting physical
phenomena. There is the celebrated Velocity Averaging Lemma, 3], which
is often used for the study of the combined effect of transport and collision.
It serves a different purpose of gaining space compactness for macroscopic
quantities, e.g. [2]. The Boltzmann equation for the hard sphere models is
semilinear hyperbolic and therefore the propagation of the singularities of
the solution can be studied on the level of linearized Boltzmann equation.
Consider the linearization about the normalized Maxwellian

F=M++VMg,

M = (27‘1’)_3/26—‘5‘2/2.
and the resulting linearized Boltzmann equation
Og+&-Vag = Lg. (1.1)

For the hard sphere model under consideration, the linearized collision op-
erator

Lg = QJLMQ(M’ \/Mg)

has explicit form consisting of a multiplicative operator v(§) and an integral
operator K, [1]:

Lg(&) = —v(£)g(&) + Kg($),

Ko(©) = [ K(&60(6)de.,

2 (€2 = 62 J€ — &P
K(f’f*):mwg—f*\exp{_ Be—&l> 8 }
= (€2 + &%)

T eXp{_ 4 }

2 €l 2
v(§) = \/%[2e£2+(|§|+%)/0 edeu].
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Rewrite the linearized Boltzmann equation as follows:
g +&-Vag+v()g = Ky,

and view this as the coupling of the integral operator K with the damped
transport equation

Oh+§&-Veh+v(€h =0,

(1.2)
h(.%', 0, 5) - hO(xv 5)
The damped transport equation has the solution operator S’:
Stho(z, &) = e " Olhg(x — &, €). (1.3)

The above coupling leads to the Mixture operators M',;, kEk=1,2,...,
when the Picard-type iterations are used in extracting parts of a Boltzmann
solution with varying degree of regularity, [5] and [d]:

t rsi1 S2k—1
Mg = / / e / SUTSIKSSITS2 - §82k—1 752k S5k o disor - - - dsy.
0 JO 0

The function v(§) behaves like 1+ [£|. Let vy be a positive lower bound
of v(§):
V(g) > 10, 5 € R3-

The main theorem as stated in 6] is the following:

Theorem 1.1. For each given k > 0, there exists a positive constant Cy,
such that, for any

BeN], |8 =p"+5*+ 3=k,

—vgt
HDEMZQOHLg(Lg) < Cke 2 Z ||D290HL§(L§)-
YENGAI<B

The details of its proof for k = 1 has been carried out in |3, Ifl] using the
combination of Fourier transform and characteristic method. In this paper,
we make use of switching the differentiations along the characteristic curves
to prove the Mixture Lemma using characteristic method only. Shih-Hsien
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Yu has recently told us that he has also carried out the proof for the case of
k = 1 using characteristic method only.

There is a delicate regularity property for the kernel K(&,&,) that we
need in order for the switching of differentiations method to work. This is
done in Section 2, Lemma The proof of the Mixture Lemma is done
in Section 3 and Section 4. For easier reading, in Section 2 and Section 3,
we present the proofs for the case of one space dimension, and in Section 4
indicate the generalization to the case of three space dimensions.

2. Regularity of Collision Kernels

In this and next sections we consider the case of one space dimention
x € R!; the microscopic velocity is still of three dimensions ¢ € R3. The
linearized Boltzmann equation becomes

g +&'0,9 = Lg. (2.1)

The Mixture Lemma takes the following form:

Theorem 2.1. For each given k > 0, there exists a positive constant Cl,
such that

k
k —t !
10z M goll 3 22y < Cre™ 2 ZHaglgoHL;(Lg)-
1=0

In preparation for its proof, we now study the regularity property of the
functions v(&) and K (&, ).

Lemma 2.1. For any | > 1, I-th derivatives of v(§) is bounded, i.e., for

some constant Cf,

(82;/(5)( <C, i=1,2, and3. (2.2)

u2
Proof. 1t suffices to consider the term % fga e 2du for 0 < |§] < 1. We

have by Taylor expansion

2

1 el e 1 21w
e du = — 2 (—%yng
al e 2 )
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1 1 rlkl 2
:EZH/ (% )du

|é—|2n+1

|§| Z n'2” 2n+1

o0

_ Z n |£|2n
n'Q” 2n +1

which is absolutely convergent as the function of |£|? and therefore is analytic
in (¢,€2,€3%). This completes the proof.

Unlike v(&), the differentiations of the kernel K (¢, £, ) are not all smooth,
even integrable. However, it is the smoothness of certain combinations of
the differentiations of K (&, &) that are needed. To express this, we have the
following notations:

(1) A= {a € Ngk‘a = (a1, q9,...,a9) ag; = 0, a%jfl =0,1, agjfl =

ag’jfl =0, for j = 1,...,k:}

(2) H(E,E) = |K(6,26.)| + |06 K (=€, 6., for any fixed < 1.

(3) using the change of variables 7 : E = (§1,&2,...,&%) = V = (W1, Va,. ..,
Vo) where V1 =& — &, V; = &1 — & for i = 2,3,...,2k, to rewrite the

kernel:
(4) Ki = K(§ =350 Vi€ = 350 Vi), Hi = H(E = 350 Vi€ = 354, V))-
Lemma 2.2. For 1 <l <2k and o € A, we have, for some constant Cy,

DS K| < CoH,.

Proof. We focus only on the most interesting term in Kj:

g1 Xp{_ug—zgﬁvw? -5 R

l:— = -
Vil Vil Vil?

Note that we can find m such that o; = 0 for i > m and o}, = 1 for the
given ain A, a # 0. And it is easy to see that Dy K; = 0 in case of m > [,

so we consider the following two cases.
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Case A (m < 1) Note that

_9(l6— l‘:l V'Q_ o l‘, V'2 _2vl
o6 _ -SR-Sl VP _og o

ovV! V|2 avlla
el ViIN? 892G,

Fviavt — \11) =amme | dng<landl>2 2.4
OV, OV, <My> oLy O M ARG et andt = S (24)

we obtain multi index o’ by replacing «,,, with 0. Direct calculation then

gives us
/ G
DyFi = DY (Fi- 5p)
o 3 o -3 9G]
-3 () w5

[lal/2] 2
oG la]=2n /9 G; \n
nF} o7 15
: Zl (avll) (a[vllp)
VANE “%2} 4lle - S Vil - |5—z§1vj|2|)a|—2n
4 Vil '

A
Q

IN

P (
n=1
Here we have used the fact that the third derivatives of G; vanishes, [Z3)
and (). Tt is easy to see that, for any fixed £ < 1,, there is a constant C,,
such that |D{; Fj| is bounded by
1

Dy F| < Cmm exp{ —€

(€= S5 Vil — =505 VW}
Vil? '
Case B (m =) In this case, we observe that
-1 l
Ok = —0e K(E =) Vi.6= D V)),
j=1 j=1

and use the same argument as in Case A to complete the proof.

3. One Space Dimension

Equipped with the above lemmas, we are now ready to prove the Mixture
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Lemma.
The Proof of Theorem 11

With the explicit form of the solution operator (L3 for the damped

transport equation, the Mixture operator ngo is

2k
Mgy = // e V(€ (t—s1) [He*”(ii)(Si*SiH)K(fiil’Si)
T JRSk A
xgo(z — Zg — 5i11), Eox )dZdS,

where we have set §g =&, ,s0 =1, , Sop+1 = 0 and used the notations
S = (51’82)- . 782k)’ T= [Oat] X [0’ 81] X X [0’ SQk—l]-

We now change variables 7 as introduced in previous section, put & as V4.
The key observation is that one should do integrate by parts with respect to
V instead of with respect to &. This way the differentiations can be evenly

distributed to the differentiation with respect to the components of V:
8I;M290
2k
— —v(€)(t—s1) { —v(E)(si=sit) (€ £ ]
/[5‘/]%61% € 1_[6 (5171551)

x Ok go(x — Zgz — 5i41), &1 )dEdS

_ *V( ( S f Z V)(Sz Si )
_//Resk e 1|:He = +1K}81 83+ S2k—1
k
< > Daafk'“‘ x—ZVisi,f—ZVi)dVdS
2
=0 =1

|a|=0,a€A

_ 1)l / » Da o)t sn“—[ Uiy Vi) (si—si41) KH

|a|=0 aE.A

x; k=led g szl,g ZV )dvds.  (3.1)

8183 °82k—1 §2k
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With (Z2) and Lemma EZ2 we can easily see that

Da{ —v(§)(t—s1 [HQ—VE S Vi) (si— 5’“)[(}}

2k

< Ck@ﬁot[HHi] X [H(Si_SiJrl)k]a
i=1 i=1
where Cy, is a generic constant depending only on k. Thus from the Holder
inequality,
|0 M go
< Cpe ™! Z // HH [TiZo(si 5”1)% dVdS)é
N ROk 8183 S2k—1

a€A,|a|=0 i=1
k—|a | - S
H} o (=) Visi,&=> Vi)
//R% 8183 Sk 1“_I | ; : ; !

dVdS)

2k 2k

uot Zi| el

S (f [T S e S
=0 i=1

*S
o] =0 2k—1

S

IN

dVdS) : (3.2)

Here we have used the integrability of kernel K and 0¢K and the fact that
the time integral is of the polynomial order. We now integrate the square of

B3 over R x R3 to get

k
L —vat k—
HazMi;gOHLg(Lg) < Cge 2 Z Hag mQOHLg(Lgy

m=0

This completes the proof of Theorem Bl O

Remark 3.1. This result can be generalized to the function space Lg(L’g)

for 1 <p < 0.

For the case of 1 < p < oo, we apply Holder inequality to (Bl with



2010] MIXTURE LEMMA 9
Holder conjugate (%,p) to yield

1

k vot i 0 (5i — 3i+1)2k =3
95 ML go| < Cpe™™ § : HH — dVdS)
193"

e 0 ©82k—1
et S S
R6k S1 83 S2k—1 i=0 o i=1 Z

(3.3)

We can then apply the same argument as in the above proof with the ex-
ponent p to establish the same estimate as in Theorem Bl for the spaces
Lg(LE) for 1 < p < o0.

For the case of p = o0, it is easy to see that

ok
|0FMgo| < Cre ™" // HH [TZo(s: — S“Ll) dVdS)

S S *S9L_
aeA\a|0 183 S2k—1

o
X (|01 QOHLg°(Lg°)-

4. Three Space Dimensions

For the three dimensional space case, the distribution of space differ-
entiations to that of microscopic differentiations is also done evenly and we
have the corresponding notations: For any 3 € N3 with |3| = k, one can
decompose 3 into 8 = Zf;l B; so that 3; € N3 and |3;| = 1. Define the set

AP = {aeNgk:a:(al,ag,...,agk), agj =0, agj_1 = fj or 0,

forjzl,...,k:}

and for o € A%, denote a = Zle Qo1 € Ng.

A direct computation yields

Dfgo(w — Zf — Siv1),&2k)

1 o a
= P — Z Dy, Dﬁ 90 x—ZVsl,g ZV

Sok—
k=1 |a|=0,a€.A8
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Then we can apply the same argument as for the one space dimensional case
to establish

—wgt
||D£M}igo||Lg(Lg) <Cre2 Y 1D¢ goll 2 (r2)-
YENS i< B

As for the one space dimensional case, the estimate also hold for LP
spaces.
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