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GENERALIZATIONS OF CHUNG-FELLER THEOREMS
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Abstract

In this paper, we develop a method to find Chung-Feller
extensions for three kinds of different rooted lattice paths and
prove Chung-Feller theorems for such lattice paths. In particu-
lar, we compute a generating function S(z) of a sequence formed
by rooted lattice paths. We give combinatorial interpretations to
the function of Chung-Feller type %”ys(yz) for the generating
function S(z). Using our method, we first prove Chung-Feller the-
orems of up-down type for three kinds of rooted lattice paths. Our
results are generalizations of the classical Chung-Feller theorem of
up-down type for Dyck paths. We also find Motzkin paths have
Chung-Feller properties of up-down type. Then we prove Chung-
Feller theorems of left-right type for two among three kinds of
rooted lattice paths. Chung-Feller theorem of left-right type for
Motzkin paths is a special case of our theorems. We also show that
Dyck paths have Chung-Feller phenomenons of left-right type. By
the main theorems in this paper, many new Chung-Feller theorems

for rooted lattice paths are derived.

1. Introduction

Let Z denote the set of integers and [m] := {1,2,...,m}. An m-Dyck
path D in the plane Z xZ is a sequence of vectors (x1,y1)(x2,y2) -+ * (X2m, Y2m)
in the set {(1,—1),(1,1)} such that Zf;”l y; = 0. We call vectors (1,1) and
(1,—1) up- and down-steps respectively. Then the path D has 2m steps.
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Clearly, Zf;”l x; = 2m. We say that the semilength of the path D is m.
Let ap = 0, by = 0, a; = Z;Zl xzj and b; = 2221 y; for every i € [2m)].
Then the m-Dyck path D is a sequence of points (ag, bp)(a1,b1) - - - (a2m, bam)
in the plane Z x Z. For every ¢ € [2m|, we say that a step (z;,y;) in
the path D is nonpositive if b; < 0. A Catalan path of semilength m is
an m-Dyck path which has no nonpositive up-steps. The number of such
paths is the m-th Catalan number ¢, = #ﬂ (2;?) The generating function
C(2) := 3,50 cm2™ satisfies the functional equation C(z) = 1+2C(z)? and

CO(z) = 142 3;42 explicitly. We state the classical Chung-Feller theorem [2]
as follows.

For every 0 < r < m, the number of m-Dyck paths with r nonpositive
up-steps is equal to c,, and independent on r.

Since the line y = 0 partitions a Dyck path into two parts of up and
down, we say that the classical Chung-Feller theorem is of up-down type. The
classical Chung-Feller Theorem was proved by MacMahon [§]. Chung and
Feller reproved this theorem by using analytic method in |2]. Narayana [10]
showed the Chung-Feller Theorem by combinatorial methods. Mohanty’s
book [d] devotes an entire section to exploring the Chung-Feller theorem.
Eu, Liu and Yeh [3] proved the Chung-Feller Theorem by using the Taylor
expansions of generating functions and gave a refinement of this theorem. In
M], Eu, Fu and Yeh gave a strengthening of the Chung-Feller Theorem and
a weighted version for Schroder paths. Chen [l revisited the Chung-Feller
Theorem by establishing a bijection.

An m-Motzkin path M is a sequence of vectors (z1, y1)(z2,y2) -+ (Tm+1,
Ym41) in the set {(1,—1),(1,1),(1,0)} such that 37!y, = 1. We call the
vector (1,0) level-step. Thus, the path M has m+1 steps. We also call m+1
the length of M since Z:rjl x; = m+ 1. Let ag = 0, bg = 0, We view the
m-Motzkin path M as a sequence of points (ag, by)(a1,b1) -+ (@m+1, bmy1) in
the plane Z x Z, where a; = Z;Zl xj and b; = 2221 y; for every i € [m+1].
A minimum point (a;, b;) is a point in the path M such that b; < b; for all
J # 4. A rightmost minimum point (a;, b;) is a minimum point such that i > j
if (a;, ;) also is a minimum point and j # 7. We suppose that the rightmost
minimum point of the Motzkin path M is (a;,b;) for some i € {0,1,...,m}.
We say that a step (xj,y;) in the path M is left if j <4. An m-Motzkin path
M is called a positive-Motzkin path of length m + 1 if it has no left steps.



2009] GENERALIZATIONS OF CHUNG-FELLER THEOREMS 301

The number of positive-Motzkin paths of lenth m + 1 is the m-th Motzkin
number, denoted by €,,,. The generating function — M(z) :=3_, ~gem2z™

satisfies M (z) = 1+2M (2)+22M(2)? and explicitly M(z) = 1-2—/1-2:-32%

222
Shapiro [12] found the following Chung-Feller theorem for Motzkin paths.
For every 0 < r < m, the number of m-Motzkin paths M with r left
steps is equal to e, and independent on r.

The Chung-Feller theorem for Motzkin paths was investigated in [3].
For an m-Motzkin path, its rightmost minimum point partitions itself into
two parts of left and right. Hence, We say that the Chung-Feller theorem
for Motakin paths is of left-right type.

1.1. Chung-Feller theorems of up-down type and left-right type

There are the following two interesting problems.

e Is there a Chung-Feller theorem of left-right type for Dyck paths?
e Is there a Chung-Feller theorem of up-down type for Motzkin paths?

Let us check the following two examples.

Example 1.1. Given an m-Dyck path D = (z1,y1)(x2,y2) - - (2m, Y2m),
we note that the m-Dyck path can be viewed a sequence of points (ag, by)(a1,
b1) - -+ (agm, bam) in the plane Z x Z where ag = 0, bg = 0, a; = 2221 x; and
b, = Zé-:l y; for every i € [2m]. We can define the rightmost minimum

r 3-Dyck paths D
0

Figure 1. All the 3-Dyck paths.
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point and left steps of a Dyck path as those for Motzkin paths. We draw all
the 3-Dyck paths with r left up-steps in Figure 1.

We observe that the number of 3-Dyck paths D with r left up-steps is
5 and independent on r for r =0, 1,2, 3.

Example 1.2. Given an m-Motzkin path M = (z1,y1)(z2,92) - - (Tm+t1s Ym+1),
we can define nonpositive steps of a Motzkin path as those for Dyck paths.
We draw all the 3-Motzkin paths with r nonpositive steps as follows.

r 3-Motzkin paths M

NN D N e
N ST T NN
I S S

Figure 2. All the 3-Motzkin paths

We observe that the number of 3-Motzkin paths M with r nonpositive steps
is 4 and independent on r for r =0, 1,2, 3.

In this paper, we focus on three kinds of different rooted lattice paths. In
the Section 3, we prove the Chung-Feller theorems of not only up-down type
but also left-right type for the first kind of rooted lattice paths. The results
about schroder paths in 4] is a special case of our theorems. As applications
of our main theorems in this section, we reprove the classical Chung-Feller
theorem of up-down type for Dyck paths. We also find a Chung-Feller theo-
rem of left-right type for Dyck paths. In the Section 4, we prove Chung-Feller
theorems of not only up-down type but also left-right type for the second
kind of rooted lattice paths. As applications of our main results in this sec-
tion, we reprove the Chung-Feller theorem of left-right type for Motzking
paths. We also find a Chung-Feller theorem of up-down type for Motzkin
paths. Since it is tedious to state Chung-Feller theorems of left-right type
for the third kind of lattice paths, we only prove Chung-Feller theorems of
up-down type for the third kind of lattice paths in the Section 5.
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1.2. Chung-Feller extension

In general, let . be a set of some combinatorial structures S. We call
the set . a combinatorial model. Let 6 be a mapping from the set .% to the
set N, where N is the set of nonnegative integers. Let . be a combinatorial
model as well. Let § and A\ be two mappings from the set . to the set N
such that 0 < A\(S) < 6(S) for every S € ..

Definition 1.3. (.,0,)) is a Chung-Feller extension for (., ) if the
number of combinatorial structures S in the combinatorial model .# such
that 6(S) = m and A(S) = r is equal to the number of combinatorial struc-
tures S in the combinatorial model .# such that 6(S) = m and independent
on r for all r = 0,1,...,m. We say that ) is a Chung-Feller parameter for
(7.8).

We give some examples for Chung-Feller extensions.

Example 1.4. Let . be the set of all the Catalan paths in the plane
Z x 7. For every S € .#, let 6(S) be the semi-length of the catalan path S.
Define D,, as the set of all the m-Dyck paths. Let . = Us>0 Pm- For every
S € .7, let 0(S) be the semi-length of a Dyck path S and_S\(S) denote the
number of nonpositive up-steps in a Dyck path S. By the classical Chung-
Feller theorem of up-down type for Dyck paths, (#,0,\) is a Chung-Feller
extension of up-down type for (., 6).

Example 1.5. Let . be the set of all the positive-Motzkin paths in
the plane Z x Z. For every S € .7, let 6(S) be the length of S. Define B,, as
the set of all the m-Motzkin paths. Let . = UmZO B,,. For every S € .7,

let (S) be the length of a Motzkin path S and A(S) denote the number of
left steps in a Motzkin path S. By the Chung-Feller theorem of left-right
for Motzkin paths, (.7, 8, \) is a Chung-Feller extension of left-right type for
(,0).

Example 1.6. There are m drivers which are labeled by {1,2,... ,m}
and m + 1 parking spaces which are arranged in a cycle and labeled by
{0,1,...,m} clockwise. Each driver 7 has an initial parking preference a;.
We call such a sequence S = (ay,...,a,) a preference function of length
m. Driver enter the parking area in the order in which they are labeled.
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Each driver proceeds to his preferential parking space and parks there if it
is free, or moves clockwise to the next unoccupied parking space and parks
there. Every preference function S leaves one parking space unoccupied. We

denote this unoccupied parking space by A(S).

A preference functions S of length m is a parking function of length m
if A(S) = 0. Let .%, be the set of parking functions of length m and let
S = UpmsoSm- Let § be a mapping from . to N such that 6(S) is the
length of I_)arking function S.

Let .7, be the set of preference functions of length m and let . =
UinsoZm- For every S € .7, let 6(S) be the length of S. Riordan [11]
pro;ed that the number of preference functions S in . with 6(S) = m and
A(S) = r is equal to the number of parking functions S of length m in . and
independent on r. Hence, (-, 0, \) is a Chung-Feller extension of (., ).

Example 1.7. Let S = {(1,1),(1,-1),(5,—1)} be a set of vectors,
n and m two positive integers. An (S,m,n)-lattice path is a sequence of
vectors (x1,y1)(x2,y2) - (n,yn) in the set S such that > " ;y; = 0 and
Yo x; =2m. We call m the semi-length of this lattice path. An (S, m,n)-
nonnegative lattice path is an (S, m,n)-lattice path such that 23:1 y; >0
for all ¢ € [n]. Define .75, , as the set of all the (S,m,n)-nonnegative
lattice paths. We consider the set . = s =50, 50 75,mm- For every
lattice path L € ., let 6(L) be the semi-length of L. There are exactly 6
lattice paths with semi-length 3 in the set .. We draw them as follows.

—

Figure 3. All the lattice paths with semi-length 3 in the set ..

Define jgymyn as the set of all the (S, m,n)-lattice paths. Let .# =
S5 = Unm>0.n>0 Fs.mmn- For every lattice path L € ., let O(L) be the
semi—length_ of L. There are exactly 22 lattice paths with semi-length 3 in
the set .. We draw them in Figure 4.

Clearly, there are no mappings A from .# to N such that (.7, 0, 5\) is a
Chung-Feller extension for (., ) since 22 can not be divided by 6. What
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Figure 4. All the lattice paths with semi-length 3 in the set .7.

are Chung-Feller extensions for (., 0)? In the Section 3, we will give Chung-
Feller extensions of not only up-down type but also left-right type for (.7, 6).

We are given a combinatorial model .# and a mapping 0 from . to N.
Some natural problems arise.

e Is there a Chung-Feller extension (.7, 8, \) for (., 0)?

e How to find it if there is a Chung-Feller extesion (.%,0, \) for (., 0)?

e Suppose (.7,0, ) is a Chung-Feller extension for (.#,6). Fix . and 6.
How many Chung-Feller parameters are there for (.7, ) ?

Given a combinatorial model . and a mapping 6 from . to N, we
define a generating function S(z) = Y g, 2%, For any m > 0, let sy,
be the number of combinatorial structures S in . with 6(S) = m. Then

5(=)=y5W2) fom
1-y

S(z) =) ,,505mz"™. We easily obtain a bivariate function
S(z). Given a combinatorial model .7 , two mappings # and X\ from .7 to
N, we define a generating function S(y,z) = Y gcs Y NS00 Let Sm.r
be the number of combinatorial structures S in . with 6(S) = m and
A(S) = r. Then S(y,2) = 3,50 >orto Smsy"2™. It is easy to see that a
necessary condition for (., 0, X)_to be a Chung-Feller extension for (.7, 0)
is S(y,2) = %y?f(yz) In [5], Liu, Wang and Yeh gave the notion of the

function of Chung-Feller type for a generating function S(z).

Definition 1.8. Let S(z) be a generating function of a sequence (s, s1,. . .).
We call the following bivariate function

S(z) —yS(y2)
I-y

)
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denoted by C'S(y, z), the function of Chung-Feller type for S(z).

Example 1.9. We consider lattice paths in Example 1.7. Let . and 6
be defined as those in Example 1.7. Let s, be the number of lattice paths
of length 2m in .. Define a generating function S(z) =), <~ sm2™. Sim-
ple computations tell us that S(z) satisfies the functional eq:lation S(z) =
1+ (2 + 2%)[S(2)]? and S(z) = ;W. We easily obtain the bivari-
ate function of Chung-Feller type C'S(y, z) = %yys’(yz) for the generating
function S(z).

The function of Chung-Feller type CS(y,z) for S(z) implies us that it
is possible to find a Chung-Feller extension (.#,0,\) for (.7, 0). The key is
to give a combinatorial interpretation for the function C'S(y, z). Liu, Wang
and Yeh [4] attempted to do this for some functions of Chung-Feller type.
In the sections 3,4 and 5, we focus on three different combinatorial models
& formed by combinatorial structures “lattice paths”. By the function
of Chung-Feller type for a generating function, we develope a method to
find Chung-Feller extesions for (.7, 0). Particularly, we consider a mapping
6 from . to N. Define a generating function S(z) = > gc o 2209, We
first find a functional equation which S(z) satisfies. Then we study the
function of Chung-Feller type C'S(y, z) for S(z) and give it a combinatorial
interpretation. Thus, we can find a Chung-Feller extension (7,8, \) for
(#,0) and prove a Chung-Feller theorem for (., 0, \).

1.3. New Chung-Feller theorems

Narayana [10] related cycle permutations of lattice paths to the Chung-
Feller theorem. Mohanty’s book [9] devotes an entire section to exploring the
Chung-Feller theorem. We are interested in the Theorem 2 in the page 70 of
the book. Many Chung-Feller theorems are consequences of this theorem. In
Section 6, we investigate relations between our main results and this theorem.
We find that the main results of this paper can not be derived directly as
special cases of this theorem. Hence, by the main theorems of this paper,

many new Chung-Feller theorems for rooted lattice paths are derived. We
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also mention the notion of incomplete Chung-Feller phenomenents and give

some examples.

2. Rooted Lattice Paths

In this section, we introduce the notion of rooted lattice paths. Let S
be a set of vectors in Z x Z \ {(0,0)}. Let k, n and m be three integers with
n >1and m > 1. An (S,m,k,n)-lattice path L is a sequence of vectors

(21,91)(x2,y2) - -+ (Tn,Yn) such that :
o (z;,9i) €S;

© D1 T =m.

S is called the step set and each vector in § is called a step. Then the
lattice path L contains n steps. We say that the path L is of order n and
size m. Let ZLs y kn be the set of all the (S, m, k,n)-lattice paths and let
D%S,k = UmEO,HZO D%S,m,k,n-

Let w and [ be two mappings from S to R, where R is the set of real
numbers. We say that w and [ are the weight function and the length
function of S, respectively. For any (z,y) € S, w(z,y) and l(x,y) are
called the weight and the length of the step (z,y), respectively. For any
L = (z1,y1)(x2,92) - (Tn,Yn) € L5 m.kn, define the weight of the path L,
denoted by w(L), as w(L) = [, w(z;,y;); define the length of the path L,
denoted by 0(L), as 0(L) = > 1 l(x;, ;)

We can view the lattice path L as the sequence of points in the plane
Z X 7

(0, 0) = (ao, bo), (al, bl), (CLQ, bz), ey (an, bn),

where a; = Zgzl z; and b; = Zgzl y; for any ¢ € [n]. For any a step
(xj,y5) in the path L, we define the height of the step (zj,¥;), denoted
by h(xj,y;), as h(zj,y;) = bj. Let NP(L) be a subset of [n] such that
NP(L) = {j | bj < 0}. Define the non-positive length of L, denoted by
npl(L), as npl(L) = 3 ;e np(r) Uzj,Yj)-

A minimum point is a point (a;,b;) in the path L such that b; < b,
for all j # 4. A rightmost minimum point is a minimum point (a;, b;) such
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that j < i if (aj,b;) also is a minimum point in the path L and j # i.
Finally, suppose (a;, b;) is the rightmost minimum point of the path L. We
define the rightmost minimum length of the path L, denoted by rmli(L), as

rml(L) = Z1§jgil(xj7yj)-

Example 2.1. Let S = {(1,1),(1,0),(5,—1),(1,-1)}, m =16, k = 0,
n =238, 1(1,1) =1, I(1,-1) =1, I(1,0) = 1 and I(5,—1) = 5. Let L =
(1,0)(1,—1)(1,1)(5,—1)(1,1)(1,0)(1,1)(5,—1). We draw the (S,16,0,8)-
lattice path L as follows,

s /T
TN T N

Figure 5. A (S, m, k,n)-lattice path L.

It is easy to see that the length of the path L is 16, i.e., (L) = 16. We
have NP(L) = {1,2,3,4,5,6,8}. Hence, the non-positive length of the path
L is 15, i.e., npl(L) = 15. The points (2, —1) and (8, —1) are the minimum
points of the path L. The point (8, —1) is the rightmost minimum point of
the path L. Thus, the rightmost minimum length of the path L is 8, i.e.,
rml(L) = 8.

An (S, m, k,n)-nonnegative path is an (S, m,k,n)-lattice path which
never goes below the line y = k. Let A5 1, 1 », be the set of all the (S, m, k, n)-
nonnegative paths and A5, = U,,>0.n>0 4S,m.kn-

We define rooted lattice paths as follows.

Definition 2.2. Let k be an integer. Let n and m be two positive inte-
gers. Let S be a set of vectors in Z x Z\ {(0,0)}. Let [ be the length function
of §. A rooted (S, m, k,n)-lattice path is a pair [L; j] such that:

(a) L= (x1,y1) " (n,yn) is a (S, m, k,n)-lattice path;
(b) 0<;5< l(xnayn) -1

We let the point (m — 7,0) the root of L. Given a L = [L; j] € Ls, we
define the non-positive root length of L, denoted by npri(L), as npri(L) =
npl(L)+ 7 and the rightmost minimum root length of L, denoted by rmrl(L),
as rmrl(L) = rml(L) + j.
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Example 2.3. We consider the lattice path L given in Example 2.1.
We draw a rooted (S, 16,0, 8)-lattice path L = [L;2] as follows,

A

Figure 6. A rooted (S, m, k,n)-lattice path L.

where the point (14,0) is the root of L since m = 16 and j = 2, denoted by
the notation “e”. It is easy to see that npri(L) = 17 and rmri(L) = 10.

We use j‘g,m,k,n to denote the set of rooted (S,m,k,n)-lattice paths
and ZLs ), = UmZO,nZO Zsm e

We define rooted (S, m, k,n)-nonnegative paths as follows.

Definition 2.4. A rooted (S,m,k,n)-nonnegative path is a rooted

(S, m, k,n)-lattice path which never goes below the line y = k.

Let J@mkn be the set of all the rooted (S, m, k,n)-nonnegative paths
and JI{S,k = UmZO,nZO JI{S,m,k,n-

3. Chung-Feller Extensions of Two Types for (s, 0,6)

Throughout the paper, we always let A and B be two finite subsets of
the set P, where IP is the set of positive integers. For any i € A (resp. j € B),
let a; (resp. b;) be a real number. In this section, we consider rooted lattice
paths with the step set, the weight function and the length function in the

following case.

Let S = SaUSpU{(1,1)}, where S4 = {(2¢ —1,—-1) | i € A} and
Sp = {(2i,0) | i € BY.

For any step (z,y) € Sy, let
P (o) = (20,0)
Lz,y) = i—1if (z,y) = (2i — 1,—-1),
1 if (z,y)=(1,1),
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by if (z,y)=(2i,0),

wi(z,y) = < @ if (z,y) =(2i—1,-1),
1 if (z,y) = (1,1).

Recall that A5, o = Um>0’n>0 NS1,m,0,n, Where A5, m 0, denotes the set
of all the (Sy,m, O,n)—nonne_gati:fe paths. For every L € A5, 0, 0(L) denote
the length of L. Note that ¢ can be viewed as a mapping from 45, o to N.
Our goal is to find Chung-Feller extensions of not only up-down type but
also left-right type for (A5, o,6).

3.1. The generating function S;(z)

Define a generating function S;(z) as follows:

LEJKSLO

Let s1., be the sum of weights of lattice paths in the set .45, o with length
m for m > 1 and s1;,0 = 1. It is easy to see that S1(2) =), 50 S1:m2™.

Lemma 3.1. 51(z) =1+ (X ,cpbi2") S1(2) + (e @iz?) [S1(2)]?

Proof. Given a path L € A5, o and L # (), we suppose that (z,y) € S;
is the first step of L and discuss the following two cases:

Case I. (z,y) = (2i,0) for some i € B. We can decompose the path L into
(z,y)R, where R € A5, 9. Note that [;(z,y) = i and w;i(x,y) = b;. This
provides the second term (3.5 biz") S1(2).

Case II. (z,y) = (1,1). Let (2/,4') be the first step returning to the z-axis in
L. We can decompose the path L into (z,y)R(z',y")Q, where R,Q € A5, o
and (2/,y') = (2¢ — 1,—1) for some i € A. Note that l1(z,y) = 1 and
wi(z,y) =1, 1(2/,y') =i —1 and wy(2',y’) = a;. This provides the third
term (3,04 aiz') [S1(2)]?. O
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3.2. A Chung-Feller extension (s, 1,0, nprl) of up-down type for
(JKSlaO’ 0)

Recall that .,?73171 = Um>0,n>0 jgl,m,lyn, where jgl,m,lyn denotes the
set of all the rooted (Sl,m,l_,n)jlattice paths. For every L € ,2231,1, let
0 : %s,1 — N be a mapping such that §(L) = (L) — 1; nprl(L) denotes
the non-positive root length of L. In this subsection, we will show that

(Zs,.1,0,nprl) is a Chung-Feller extension for (A5 ,6).

First, we investigate the function of Chung-Feller type CSi(y,z) for
S1(z). By Lemma 3.1, we have S1(yz) = 1+ (3 ,cp biv'2") S1(y2) + (Xieca
a;y'2)[S1(y2)]%. Hence,

CSi(y,2) = Sl(Z)l—_ysl(yZ)
1+ (Tien i Doy ) S16) + (Tieaair Ty ) [S1(2)1
1= epbiyizi - (ZieA aiy'z') Si(yz) — (Xiea aiy'~12") Si(2)

So, let

i1
Pi(y,z) =1+ ZbiziZyj Si(z Zaz Zy [S1(z

i€B §=0 i€A §=0

and

1
1= iepbiy's' = (Lica aiy'?) S1(y2) = (Xica aiy'™'2%) S1(z)

We need to give combinatorial interpretations for Pi(y,z), Gi(y,z) and

Gl(ya Z) =

CSi(y, z), respectively.

Recall that C/Ifgl,o = Um>0,n>0 e/fgl,myo,n, where c/fgl,mp,n is the set of
all the rooted (S1,m,0,n)-nonnegative paths. Define a generating function

Pi(y, z) as follows:

Pi(y,z)= Y w(Ly'2"®.

[L;jlets, 0

Lemma 3.2. P(y,z) =1+ (ZZeBb 2 Z] Oyj) Si(z) + (ZieA a;z
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Sy ) SR

Proof. Given a rooted lattice path L = [L,j] € A5, 0 and L # 0, we
suppose that the final step of L is (z,y). Note that 0 < j < l;(z,y) — 1. We
discuss the following two cases:

Case I. (z,y) = (2i,0) for some i € B. We can decompose the path L into
R(z,y), where R € A5, 0. Note that ly(z,y) =i, wi(z,y) = b; and j €
{0,1,...,7—1}. This provides the second term (ZZEB b2t Z;;B yj) S1(z).

Case II. (z,y) = (2i — 1,—1) for some i € A and i > 2. Let (2/,7)
be the right-most step leaving the z-axis. We can decompose the path
L into Q(2',y)R(x,y), where R,QQ € A5, 0 and (2/,y') = (1,1). Note
that l1(2,y") = 1, wi(2,y) = 1, lL(z,y) = i — 1, wi(x,y) = a; and
j € {0,1,...,i — 2}. This provides the third term (ZiGA a;z Z;;% yj>
[S1(2))*. 0

Lemma 3.2 tells us that Py (y, z) = Z[L;j}EJVsl . w(L)y 2?1 is a combi-
natorial interpretation for P (y, z).

Now, recall that Zs, o = Um>0,n>0 Z5,,m,0n, Where Zs, 1,0, denotes
the set of all the (S1,m,0,n)-lattice paths. Define a generating function

G1(y, z) as follows:

Gily,2) = Y w(L)y™P0).
LGggl’o

Lemma 3.3.

Cily,2) = 1+ (Z bzyizi> Gi(y,2) + (Z azyizi> S1(y2)Gi(y, 2)

i€B i€A
+ (Z aiyi_12i> S1(2)G1(y, 2),
€A
FEquivalently,
1

él(yv Z) =

1= Yiep btz = (Ciea aiy'#) S1(y2) = (iea aiy™'2") S1(2)

Proof. Since the second identity is equivalent to the first identity, we
just prove the first identity. Given a path L € Zs and L # (), we suppose
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that (x,y) is the first step of L. We discuss the following three cases:

Case I. (xz,y) = (2i,0) for some i € B. We can decompose the path L
into (z,y)R, where R € Zs, o. Note that l;(z,y) =i, wi(x,y) = b; and
h(z,y) = 0. This provides the second term (3,5 biy'z") Gi(y, 2).

Case II. (z,y) = (2i — 1,—1) for some i € A. Let (2/,y) = (1,1) be
the first step returning to the z-axis. We can decompose the path L into
(z,y)Q(«',y')R. Clearly, R € Ls, o. For any a lattice path P = (x1,y1) -
(Tn, yn), we define P" as P' = (zp,Yn)(Tn-1,Yn-1) - (r1,y1). Then Q" €
A5, 0. Note that i (2',y') =1, wi (2, y) = 1, li(z,y) =i — 1, wi(z,y) = a;,
h(z,y) = —1 and h(2’,y’) = 0. This provides the third term (},. 4 aiy’z")
x 81 (y2)G1(y, 2).

Case III. (z,y) = (1,1). Let (2/,y') = (2i—1,—1) be the first step returning
to the z-axis. We can decompose the path L into (z,y)Q(z',y")R, where
R € ZLs, o and Q € A5, 0. Note that l1(2/,y) =i — 1, wi(2',y) = a;,
lhi(z,y) =1, wi(z,y) =1, h(z,y) = 1 and h(2’,y") = 0. This provides the
fourth term (3,4 a;y''2") S1(2)G1(y, 2). O

Hence, G4 (y,z) = ZL@%LO w(L)y™! ) 20(L) is a combinatorial inter-
pretation for G (y, z).
Now, we give a combinatorial interpretation for the function C'S1(y, z)

of Chung-Feller type for Si(z). Define a generating function Di(y,z) as
follows:

Di(y,z) = > w(Ly"riBHE),
Eejsl,l

Let 51, be the sum of weights of rooted lattice paths in the set .,?731,1
with length m + 1 and non-positive root length r for (m,r) # (0,0) and let
51,00 = 1. It is easy to see that Di(y,2) = Y ,,50 Dm0 Stimsy 2"

Lemma 3.4. D(y,z) = G1(y,2)P1(y, 2).

Proof. Let L € Zs, 1. Let (z,y) be the right-most step (1,1) leaving
x-axis and reaching the line y = 1. We can decompose the path L into
R(7,y)Q, where R € %5, o and Q € A5, 0. Hence, D1(y,2) = G1(y,2)P1(y,
z). O
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Hence, D1(y,2) = 3,50 2oreo St:m,ry" 2™ is a combinatorial interpre-
tation for C'S1(y, 2).

Theorem 3.5. (s, 1,0,nprl) is a Chung-Feller extension for (As o, ).

Theorem 3.6. Let 51, be the sum of weights of rooted lattice paths
in the set Ls, 1 which

(a) have length m + 1,

(b) have non-positive root length r.

Let s1.y be the sum of weights of lattice paths in the set As, o with length

m. Then 51.m,r = S1.m and 81,m, 1S independent on r.

The classical Chung-Feller theorem can be derived as a special case of
Theorem 3.6.

Corollary 3.7. (Chung-Feller [2]) For every 0 < r < m, the number of
m-Dyck paths with v nonpositive up-steps is equal to ¢, and independent on

r.

Proof. Let S = {(1,1),(1,-1)}, w(z,y) = 1 for any (z,y) € S, I(1,1) =
1 and I(1,—1) = 0. Suppose L = [L;j] € Ls1. Since [(1,1) = 1 and
I(1,—1) = 0, the final step of L must be (1,1) and j = 0. Deleting the root
and the final step of L, we obtain a lattice path in Zs . This implies that
the number of rooted lattice paths L in Zs; with length §(L) = m and
npri(L) = r is equal to the number of lattice paths L in Zs o with (L) = m
and npl(L) = r. It is easy to see that Zs g is the set of Dyck paths. For
every L € Zs o, the number of nonpositive up-steps and the semilength of
the path L are npl(L) and 0(L) respectively.

By Theorem 3.6, the number of rooted lattice paths L in .,?7371 with
length 6(L) = m and npri(L) = r is equal to the number of lattice paths L
in A5, with (L) = m. By Lemma 3.1, we have S1(z) = 1+ 2[S1(2)]? since
S={(1,1),(1,-1)}, w(s) =1 for any s € S, I(1,1) =1 and {(1,—1) = 0.
Hence, the number of the lattice paths L in A5, o with (L) = m is the m-th
Catalan number. Thus, the number of m-Dyck paths D with r nonpositive

up-steps is equal to ¢, and independent on r. O
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3.3. A Chung-Feller extension (Zs, 1,0,rmrl) of left-right type for
(%1,0)‘9)

For every L € Zs, 1, rmrl(L) denotes the rightmost minimum root
length of L. We will show that (Zs, 1,6, rmrl) is a Chung-Feller extension
for (A45,,0,0). Note that

S1(2) —ySi(yz) _ Pi(y, 2)51(y2)
1-y 1= [Yieaaiy' ™2 [S1(y2)Si(2)]

CSl(y’ Z) =

where Pi(y,2) = 3 Xiep b2 Y0709 ) S1(H{(Lieaais’ SiTh v ) [S1())%
We give a new combinatorial interpretation for C'Si(y, 2).

Let k > 0. Recall that A5, 1 = Umzo,nzo NS m,—kn, Where A5, m g p
denotes the set of all the (S1,m, —k,n)-nonnegative paths. Define a gener-

ating function

Hau() = Y w(L)!®.

LEJKgl,fk

Lemma 3.8. Hy(z) = [S1(z)]F+! [ZieA aizi—l]k,

Proof. For any a path L € A5, _ and L # 0, we consider the first
step with height —m in L, denoted by (z,,ym), where 1 < m < k. Thus
we can decompose the path L into Lo(x1,y1)L1(x2,y2) -+ Lr—1(zk, yx) L,
where L, € A5 for all 0 < r < k and (xj,y;) € Sa for all j. Thus,

Hyo(2) = [S1(2)F ! [Cieq aiz " 0

Define a generating function M (y, z) as follows:

Mi(y,2) = Z w(L)yrmrl(IZ)zé(L).
EGgglJ

Let g1.m, be the sum of weights of rooted lattice paths in the set gghl with
length m + 1 and rightmost minimum root length r for (m,r) # (0,0) and

G100 = 1. It is easy to see that Mi(y,2) =D, 50 2oreo Jiimry 2™

Pi(y, 2)S1(y2)
1= [Yicaaiy =127 [Si(y2)S1(2)]

Lemma 3.9. M(y,z) =
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Proof. Given a rooted lattice path L € jshl we suppose the rightmost
minimum point of L is (a, —k), where k > 0. Furthermore, suppose the first
step at the right of the point (a,—k) in L is (z,y). Then (z,y) = (1,1).
Using this step, we can decompose L into R(1,1)T, where R € A5, _j. For
the path T, we denote the rightmost step (1,1) with height —m in the path
T as (Tpmi1,Yme1) , where —1 < m < k — 1. Thus we can decompose the
path T into Ly _1(x, yk)Lk72(x_]gfl’ yk,l) oo L()(.%'(), yo)Q, where L; € N300
forall0 <j <k—1and Q€ A5, 0. Hence, by Lemmas 3.1, 3.2 and 3.8, we
get Mi(y,2) =D >0 Hy.1(yz)[S1(2)]* 2% Pi(y, 2). Hence,

k
Mi(y,2z) = Pi(y,2)81(y2) Y _[S1(y2)]* [Zaw“zill [S1(2))F2F

k>0 icA
Py(y, 2)S1(yz)
1= [Yicaaiyi=127] [S1(y2)S1(2)]

O

Hence, Mi(y,2) = > ;e Ts, w(L)y™™ ML) 0(L) is a combinatorial inter-
pretation for C'S1(y, z)

Theorem 3.10. (Zs, 1,0,7mrl) is a Chung-Feller extension for (s, o,0).
Theorem 3.11. Let g1, be the sum of weights of rooted lattice paths
in Ls, 1 which:

(a) have length m + 1,

(b) have rightmost minimum root length .

Let s1.m be the sum of weights of lattice paths in A5, o with length m. Then
Jl:m,r = St;m and Gi.m,r 45 independent on 7.

By Theorem 3.11, we derive Chung-Feller Theorem of left-right type for
Dyck paths. See also Example 1.1.

Corollary 3.12. For every 0 < r < m, the number of m-Dyck paths
with r left up-steps is equal to ¢, and independent on 7.

Proof. Let S = {(1,1),(1,-1)}, w(z,y) = 1 for any (z,y) € S, I(1,1) =
1 and [(1,—1) = 0. Suppose L = [L;j] € Zs1. Since I(1,1) = 1 and
I(1,—1) = 0, the final step of L must be (1,1) and j = 0. Deleting the
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root and the final step of L, we obtain a lattice path in Zs,. This implies
that the number of rooted lattice paths L in .,?7371 with length é(i) = m and
rmrl(L) = r is equal to the number of lattice paths L in Zs o with (L) = m
and rml(L) = r. It is easy to see that Zs is the set of Dyck paths. For
every L € Zs, the number of left up-steps and the semilength of the path
L are rml(L) and 0(L) respectively.

By Theorem 3.11, the number of rooted lattice paths L in ,22371 with
length #(L) = m and rmrl(L) = r is equal to the number of lattice paths
L in A5 with 6(L) = m. Hence, the number of m-Dyck paths with r left

up-steps is equal to ¢,;, and independent on 7. O

By Theorems 3.6 and 3.11, we can derive many new Chung-Feller The-
orems for rooted lattice paths. As example, we give the following corollary.

This corollary answers the problem in Example 1.7.

Corollary 3.13. Let S = {(1,1),(5,—1),(1,-1)}, w(z,y) =1 for any
(x,y) €S,1(1,1) =1,1(5,—-1) =2 and I(1,—1) = 0. Then

(1) the number of lattice paths in ZLs, 1 with length m + 1 and non-positive
root length r equal to the number of lattice paths in A5, o with length m

and independent on r;

(2) the number of lattice paths in jsl,l with length m + 1 and rightmost
minimum root length r equal to the number of lattice paths in s, o with

length m and independent on r.

Example 3.14. Let m = 3. Let the step set S, the weight function w
and the length function [ be given as those in Corollary 3.13. We draw all
the lattice paths L in A5, o with (L) = 3 as follows:

AT TIAGAET
NN SN

Figure 7. All the lattice paths in A3, o with 0(L) = 3.
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We draw rooted lattice paths L in .Zs, 1 with 6(L) = 3 and npri(L) = r

as follows:

Figure 8. Rooted lattice paths L in Zs, 1 with (L) = 3 and npri(L) = r.

“

where the notation “e” denotes the root of the corresponding path. We
draw rooted lattice paths L in Zs, 1 with 0(L) = 3 and rmrl(L) = r as

follows:

Figure 9. Rooted lattice paths L in Zs, 1 with (L) = 3 and rmrl(L) = r.

13

where the notation “e” denotes the root of the corresponding path.

4. Chung-Feller Extensions of Two Types for (.4s,,0,0)

In this section, we give another example of Chung-Feller extensions ob-
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tained by the function of Chung-Feller type for a generating function. Since
we use similar methods to those used in Section 3, we don’t give the detail
of the proofs for lemmas and theorems in this section and only list them.
In this subsection, we consider rooted lattice paths with the step set, the
weight function and the length function in the following case.

Let So = S4USpU{(1,1)}, where S4 = {(i,—1) | i € A} and Sp =
{(,0) | i € B}.

For any step (z,y) € S, let

b(.y) = i if (x,y) = (4,0) and (i, —1),
S 1if (z,y) = (1,1),
b it (2,1) = (i,0),
wa(w,y) = a;i if (z,y) = (i,—1),
1 if (z,y) = (1,1).

Recall that .,?73271 = Um>0’n>0 D?SQ,W,LW where .,?7327,,%1,” denotes the set
of all the rooted (Sz,m, i, n)_—lattice paths. For every L € 9?3271, let 0 :
Zs,1 — N be a mapping such that §(L) = (L) — 1; npri(L) denotes the
non-positive root length of L. We first show that (Zs, 1,0, nprl) is a Chung-
Feller extension for (.43, 0,60).

4.1. A Chung-Feller extension (s, 1,0,nprl) of up-down type for
(%270"9)

Define a generating function So(z) as Sa(z) = ZLG:/KSQ . w(L)2'") . Let
s2.m be the sum of weights of lattice paths in the set 45, o with length m
for m > 1 and sg,0 = 1. It is easy to see that Sa(z) = ZmZO Som 2™

Lemma 4.1. S3(z) =1+ (X ,cpbiz") S2(2) + (Xie4 @iz™) [S2(2)])2.

We consider the function of Chung-Feller type CSa(y, z) for Sa(z) as
follows.

S2(2) — ySa(y2)

-y

1 I AREETVARS R AN ARES 2
B + (Xie iz 2050y’ ) S2(2) + ( Xiea aiz™ 2509 ) [52(2)]
1= Yiepbiye = (Ciea a2 Sa(y) — (Liea a2 1) Sa(2)”

CSs(y,z) =
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Hence, let

i—1
Py(y,z) =1+ ZbiziZyj Sa( Za zHlZy Sa(

i€B j=0 i€A

and

1
GZ(y7 Z) -

1= iep biy'a — (X aiy 127 Sa(yz) — (e n aiy'z'H1) Sa(2)
We give combinatorial interpretations for Ps(y, z), Ga(y, z) and CSa(y, 2).

Define a generating function Py(y, z) as Py(y, z) = Z[L;j]€</%2 Ow(L)ysz(L).
Lemma 4.2. Py(y,z) =1+ (ZZEB bzt Y yj) Fy(2)
+ (Sieaas Dby ) B2

Hence, Py(y, z) = D ILlEAs, o w(L)y’ 2(F) is a combinatorial interpre-
’ 2
tation for Py (y, z).

Define a generating functions Go (y,2) as Go (y,2)=> LeZs, 0 w(L)ynpl(L)
0(L)
PAR

Lemma 4.3.

Ga(y,2) =1+ (Z biy'z > Ga(y, 2 (Za iyt ”1) 2(y2)Gal(y, 2)

1€B i€A
(Z aiy'z ’“) (2)Ga(y, 2).
€A
FEquivalently,
1
GZ(y7 Z) =

1=22iepbiy' 2’ = (Licatiy™ 12741) 82 (y2) — (Licatiy' 2 1)S(2)

Hence, Ga(y,2) = ZLG_%Q . w(L)y"™! () 2(L) is a combinatorial inter-
pretation for Ga(y, z).

Define a generating functions D(y, 2) as Da(y,2) = Y jcgp, , w(L)
2,

xy”prl(i)zé(L). Let 59,5, » be the sum of weights of rooted lattice paths in the

set .Zs, 1 with length m -+ 1 and non-positive root length r for (m,r) # (0,0)
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and 3,00 = 1. It is easy to see that Da(y,2) =3, 5 oo Samary 2™
Lemma 4.4. Ds(y, z) = Ga(y, 2) P2 (y, 2).

Hence, Da(y,2) = > ic Tsyn w(L)y"U(L) 2P(L) g a combinatorial inter-
pretation for C'Sa(y, 2).

Theorem 4.5. (Ls, 1,0, nprl) is a Chung-Feller extension for (As, o,0).

Theorem 4.6. Let 53, , be the sum of weights of rooted lattice paths
in the set Ls,1 which

(a) have length m + 1,

(b) have non-positive root length r.

Let so.,, be the sum of weights of lattice paths in the set As, o with length
m. Then 52.n, = S2.m and 52,y 15 independent on r.

By Theorem 4.6, we derive a Chung-Feller Theorem of up-down type for
Motzkin paths. See also Example 1.2.

Corollary 4.7. For every 0 < r < m, the number of m-Motzkin paths
with r nonpositive steps is equal to the m-th Motzkin number and independent

onr.

Proof. Let S = {(1,1),(1,-1),(1,0)}, w(z,y) = 1 and l(x,y) = 1 for
any (z,y) € S. Suppose L = [L;j] € Zs,1. Since l(z,y) = 1 for any
(z,y) € S, we have j = 0. Deleting the root from the rooted lattice path
L, we obtain a lattice path in Zs,1. This implies that the number of rooted
lattice paths L in %5, 1 with §(L) = m and npri(L) = r is equal to the
number of lattice paths L in Zs; with length 0(L) = m and npl(L) = r. It
is easy to see that Zs 1 is the set of Motzkin paths. For every L € Zs 1, the
number of nonpositive steps and the length of the path L are npl(L) and
0(L) respectively.

By Theorem 4.6, the number of rooted lattice paths L in gghl with
0(L) = m and nprl(L) = r is equal to the number of lattice paths L in A, ¢
with §(L) = m. By Lemma 4.1, we have So(2) = 1+255(2)+22[S2(2)]? since
S={(1,1),(1,-1),(1,0)}, w(z,y) =1 and l(x,y) = 1 for any (z,y) € S.
Hence, the number of lattice paths L in .45, o with (L) = m is the m-th
Motzkin number. Thus the number of m-Motzkin paths with r nonpositive
steps is equal to the m-th Motzkin number and independent on 7. O
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4.2. A Chung-Feller extension (Zs, 1,0,rmrl) of left-right type for
(‘/1@2,0’ 9)

For every L € %s,1, rmrl(L) denotes the rightmost minimum root
length of L. We will show that (Zs, 1,0, rmrl) also is a Chung-Feller exten-
sion for (A5, .0,6).

It is easy to see that

Sa(2) —ySa(yz) _ Ps(y, 2)S2(y2)
1-y 1= [Yienaiy'z ] [Sa(y2)Sa(2)]

We will give a new combinatorial interpretation for C'Sy(y, z).

CSy(y,z) =

Let k > 0. Define a generating function Ha x(2) = > rc 4o w(L)2),
Ny —

Lemma 4.8. Hyj(2) = [S2(2)]" ™ [Zca aizi]k

Define a generating function My (y,z) as Ma(y,z) = ZE@%Q Lw(L)

xmi”(E)zé(L). Let g2.m » be the sum of weights of rooted lattice paths in the
set Ls, 1 with length m+1 and rightmost minimum root length r for (m, ) #

(0,0) and g2,0,0 = 1. It is easy to see that Ma(y, 2) = 3,50 > 7l G2mry 2™

Py (y, )52 (yz) .
1= [iea aiy'z 1] [Sa(y2) Sa(2)]

Hence, Ms(y,2) = Y ic Tsy w(L)y™™ ML) (L) is a combinatorial inter-

Lemma 4.9. Ms(y,z) =

pretation for C'Sa(y, z)
Theorem 4.10. (Zs, 1,0,m7mrl) is a Chung-Feller extension for (ANs, 0,0).

Theorem 4.11. Let g, be the sum of weights of rooted lattice paths
in Ls,1 which:
(a) have length m + 1,

(b) have rightmost minimum root length r.

Let s9., be the sum of weights of lattice paths in As, o with length m. Then

G2:m,r = S2;m and Go.m r 15 independent on 7.

The result which Shapiro [12] found is a corollary of Theorem 4.11.
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Corollary 4.12. (Shapiro [12]) For every 0 < r < n, the number of
m-Motzkin paths with r left steps is equal to the m-th Motzkin number and

independent on r.

Proof. Let S = {(1,1),(1,-1),(1,0)}, w(z,y) = 1 and l(x,y) = 1 for
any (z,y) € S. Suppose L = [L;j] € Zs,1. Since l(z,y) = 1 for any
(z,y) € S, we have j = 0. Deleting the root from the rooted lattice path
L, we obtain a lattice path in Zs,1. This implies that the number of rooted
lattice paths L in s, 1 with §(L) = m and rmri(L) = r is equal to the
number of lattice paths L in Zs; with (L) = m and rmi(L) = r. It is easy
to see that Zs 1 is the set of Motzkin paths. For every L € Zs 1, the number
of left steps and the length of the path L are (L) = m and rml(L) = r

respectively.

By Theorem 4.11, the number of rooted lattice paths L in jghl with
O(L) = m and rmrl(L) = r is equal to the number of lattice paths L in
N5, 0 with (L) = m. Hence, the number of m-Motzkin paths with r left

steps is equal to the m-th Motzkin number and independent on r. ]

By Theorem 4.6 and 4.11, we can derive many new Chung-Feller Theo-

rems for lattice paths. As example, we give the following corollary.

Corollary 4.13. Let S = {(1,1),(3,-1),(1,-1)}, w(z,y) =1 for any
(r,y) € S, 1(1,1)=1,13,-1) =3 and I(1,—1) = 1. Then

(1) the number of lattice paths in jsl,l with length m 4+ 1 and non-positive
root length r equal to the number of lattice paths in A5, o with length m

and independent on r;

(2) the number of lattice paths in ZLs, 1 with length m + 1 and rightmost
minimum root length r equal to the number of lattice paths in s, o with

length m and independent on r.

Example 4.14. Let m = 4. Let the step set S, the weight function w
and the length function [ be given as those in Corollary 4.13. We draw all
the lattice paths L in A5, o with 8(L) = 4 as follows:

/T

Figure 10. All the lattice paths in A5, o with §(L) = 4.




324 JUN MA AND YEONG-NAN YEH [September

We draw rooted lattice paths L in .Zs, 1 with §(L) = 4 and npri(L) = r
as follows:

T T
0 1
~. T~
2 ~, | 3
L d \\
4
\\

Figure 11. Rooted lattice paths L in Zs, 1 with 0(L) = 4 and npri(L) = r.

where the notation “e” denotes the root of the corresponding path. We

draw rooted lattice paths L in Zs, 1 (L) = 4 and rmrl(L) = r as follows:

T T
0 1 ~,
\\
2 - |3
~, i
4
~

Figure 12. Rooted lattice paths L in Zs, ; with §(L) = 4 and rmri(L) = r.

113

where the notation “e” denotes the root of the corresponding path.

5. A Chung-Feller extension of up-down type for (.45, 0, 6)

In this section, we give the third example of Chung-Feller extensions
obtained by the function of Chung-Feller type for a generating function.
Since we use similar methods to those used in Section 3, we don’t give the
detail of the proofs for lemmas and theorems in this section and only list
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them. In this subsection, we consider rooted lattice paths with the step set,
the weight function and the length function in the following case.

Let S3 = S4USpU{(1,1)}, where Sq4 = {(1,—-2i +1) | i € A} and
5 = {(2i,0) | i € B).

For any step (z,y) € Ss, let

i i (z,y) = (21,0),
l3(z,y) = f(zy)=01 —22+1)
1if (2,y) = (1,1),
b if (z,y) = (2270),
wa(x,y) = ¢ a; if (x,y)=(1,-2i + 1),
(1 if (2,9) = (1L, 1).

Define a generating function S3(2) as S3(2) = > e 40 w(L)z%), Let
N,
53.m be the sum of the weights of lattice paths in the set .45, o with length
m for m > 1 and s3,0 = 1. It is easy to see that S3(z) = >, < s3:m2™-

Lemma 5.1. S3(z) =1+ (ZiEB bizi) S3(z) + (ZiGA az‘zi) [S3(2)]"H1.

By Lemma 5.1, we have

CSsly, 2) = S3(2) 1—_3/53(?/2)

L+ (Lien b’ Simo ) Sa(2)
1= iep i — Ciea ai' Xymg ¥ S3(y2) I [Sa(2)

Hence, let
Ps( =1+ Z bz Z y | Ss(z
1€B
and
1
G3(?/, Z) =

L= Y iep b2’ — Y e q @iz’ 3oy I[Ss(yz))i~7 [Sa(2))9

We give combinatorial interpretations for Ps(y, z), Gs(y, z) and CSs(y, ).
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Define a generating function Ps(y, z) as P3(y,z) = o ILfeA s 0 w(L)y’
) o 3,
o(L)
29,

Lemma 5.2. P3(y,z) =1+ (ZieB bz Z;;t yj) S3(z).

Hence, Ps(y, z) = Z[L;j}e/%g,o w(L)y 2% is a combinatorial interpre-
tation for Ps(y, z).
Define a generating function G3(y, 2) as G3(y, 2) = ZLe.ng,o w(L)y™PHE)
o(L)
2,

Lemma 5.3.

Gs(y,2) = 1+ | Yz’ > v [Ss(y2)) [Ss(2)) | Gsly,2)

icA §=0
+ (Z biyizi> Gs(y, 2).
i€B
FEquivalently,
~ 1
Gg(y,Z) =

L= Yiep bz = Yien @izt 350y I1S3(y2)] - [S3 ()}

Hence, G3(y,z) = > Les. o w(L)y™" ) 2(L) is a combinatorial inter-
3,
pretation for G3(y, z).

Define a generating function Ds3(y, z) as D3(y, z) = Zie_?53 ) w(L)y"Pri(L)

ZL)=1 Let 53.m,r be the sum of weights of rooted lattice paths in the set
Zs,1 with length m + 1 and non-positive root length r for (m,r) # (0,0)
and 53,00 = 1. It is easy to see that D3(y,2) = >, >0 2 reo 53m,ry 2™

Lemma 5.4. Ds(y, z) = G3(y, 2)P3(y, 2).

Hence, D3(y,2) = > rco,. , w(L)y™U(E) (L)~ is 4 combinatorial in-
3,
terpretation for C'S3(y, 2).

Theorem 5.5. (Zs, 0,0, nprl) is a Chung-Feller extension for (A, 0,0).

Theorem 5.6. Let 53, , be the sum of weights of rooted lattice paths
in the set Ls,1 which



2009] GENERALIZATIONS OF CHUNG-FELLER THEOREMS 327

(a) have length m + 1,

(b) have non-positive root length r.

Let s3., be the sum of the weights of the lattice paths in the set s, o with
length m. Then 53, = 53.m and 53., , s independent on r.

By Theorem 5.6, we can derive many new Chung-Feller Theorems for
lattice paths. As example, we give the following corollary.

Corollary 5.7. Let S = {(1,1),(1,-3),(2,0),(4,0)}, w(z,y) =1 for
any (z,y) € S, 1(1,1) =1, I(1,-3) =0, I(4,0) = 2 and 1(2,0) = 1. Then
the number of lattice paths in jgl’l with length m + 1 and non-positive root
length v equal to the number of lattice paths in A5, o with length m and

independent on r.

Example 5.8. Let m = 3. Let the step set S, the weight function w
and the length function | be given as those in Corollary 5.7. We draw all
the lattice paths L in A5, o with (L) = 3 as follows:

Figure 13. All the lattice paths in A, o with §(L) = 3.

We draw rooted lattice paths L in Zs, 1 with (L) = 3 and npri(L) = r
as follows:

r r

0| A 1A

AN e NA T /
29l B 3

A T T P

Figure 14. Rooted lattice paths L in Zs, ; with 0(L) = 3 and npri(L) = r.

“

where the notation “e” denotes the root of the corresponding path.
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6. Remarks

In this section, we give some observations and Remarks.

6.1. New Chung-Feller theorems

Narayana [1(] related cycle permutations of lattice paths to the Chung-
Feller theorem. Mohanty’s book [d] devotes an entire section to exploring
Chung-Feller theorem. We are interested in the Theorem 2 in the page 70
of the book. We state the Theorem as the following lemma.

Lemma 6.1. ([9]) Given a positive integer n, let Y = (y1,...,Yn+1)
be a sequence of integers with 1 —n < y; < 1 for all i € [n + 1] such that
Z?:Jrll y; = 1. Furthermore, let E(Y) = |{i | 23'»:1 y; < 0}|. LetY; be the i-th
cyclic permutation of Y (i.e., Yi = (YisYit1s- - Yn+it1) With Ynirs1 = Yr).
Then there exists a permutation iy,...,in+1 on the set [n + 1] such that

E(Yi) > E(Yi,) > - > E(Y

n+1)'

Many Chung-Feller theorems are consequences of Lemma 6.1. First,
let ¢ be a mapping from Z to P, where P is the set of all the positive
integers. For any a sequence Y = (y1,...,Yn+1), we can obtain a sequence of
vectors (&(y1),y1)(P(y2), y2) -+ (P(Yn+1)s Yn+1). The sequence can be viewed
as a lattice path in the plane Z x Z that goes from the origin to the point
(S (i), S0 yi). We use P(Y) to denote this path.

For example, let ¢p(y) = 1 for all y € Z. Let Y = (y1,...,Yn+1) be a
sequence of integers with y; € {—1,1} for all i € [n+ 1] such that Z?jll Yi =
1. Then P(Y) is the famous Dyck path that goes from the origin to the
point (n + 1,1). Using Lemma 6.1, we derive a Chung-Feller theorem for
Dyck paths.

If let ¢p(y) =1 for all y € Z and let Y = (y1,...,Yns+1) be a sequence of
integers with y; € {—1,0,1} for all 4 € [n + 1] such that 71" y; = 1, then
P(Y) is the famous Motzkin path that goes from the origin to the point
(n+1,1). Using Lemma 6.1, we derive a Chung-Feller theorem for Motzkin
paths.
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If let $(0) = 2, ¢(y) = 1 for all y # 0 and let Y = (y1,...,Yns1)
be a sequence of integers with y; € {—1,0,1} for all i € [n + 1] such that
Z?;Lll y; = 1, then P(Y") is the Schréder path. Using Lemma 6.1, we derive
a Chung-Feller theorem for Schroder paths.

On the other hand, as an example, Corollary 3.13 cannot be derived
directly as a special case of Lemma 6.1 since there is no mapping ¢ such
that ¢(—1) = 1 and ¢(—1) = 5. See Corollaries 4.13 and 5.7 for more
examples. Hence, by the main theorems in this paper, many new Chung-

Feller theorems for rooted lattice paths are derived.

6.2. Incomplete Chung-Feller phenomenents

We are given a combinatorial model .7, two mappings 0 and \, where
0 < A(S) < 0(S) for every S € .. For any m > 0, let A,, be a subset
of {0,1,...,m}. We say that (.#,0,\) has incomplete Chung-Feller phe-
nomenents if the number of combinatorial structures S in the set . with
0(S) = m and \(S) = r is a constant and independent on r for all r € A,,.
Chung-Feller theorems which we discuss in the foregoing sections are the
case Ay, ={0,1,...,m} for all m > 0.

Example 6.2. There is an example for incomplete Chung-Feller the-
orems. Let D = (x1,y1) - (Tam,Y2m) be a sequence of vectors in the set
{(1,1),(1,-1)} such that 37" 5 = 0. Then D is an m-Dyck path in the
plane Z x Z. The semi-length of D is m. For every i € [2m — 1], we say that
a subsequence of length 2 (z;, y;) (i1, yi+1) in D is a peak of D if y; = 1 and
Yi+1 = —1. We use p(D) to denote the number of peaks in a m-Dyck path D.
Let s, 1 be the number of m-Dyck paths with r nonpositive up-steps such
that p(D) = k or m — k. By datas obtained by computer searchs, we observe
that s, , 1 is independent on r for all r € [m—1]. In [fl], we proved this propo-
sition by using the ideal of the function of Chung-Feller type. In particular,
we define generating functions S(z,y,2) =3, 5 Zf:ll Z};’L:_ll S k@Y 2™

and a(z,2) =3, <o 05! $m.1x2¥2™. By simple computations, we can get
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formulars for S(x,y, z) and «o(z,z). Note that

yo(r, 2) — a(z,yz)
1—y ’

S(x,y,2) =

Hence, the proposition holds. For r = 1,2,3, and k£ = 1,2 we draw all the
4-Dyck paths with r nonpositive up-steps which have k£ or m — k peaks as

follows.
r=1
\// \// /\\
//
/ avs N\
r=2
NN\ /\\
/N
/ \// NS
r=3| /N
N\ N\
N\ A /N
N // /\\
e

Figure 15. All the 4-Dyck paths with non-positive r which have k or m — k
peaks for r = 1,2,3 and k =1, 2.

Example 6.3. Fix two positive integers m and n. Let jmm be a
set of sequences of vectors (x1,y1) " (Tnt1,Ynt+1) such that Z?Ill yi = 1,
1—-n <y <1, Z?Ill x; = m and x; > 1. Each element in fm,n can
be viewed as a lattice path in the plane Z x Z. For every S € jmm, let
NP(S) = {i| Z;Zl y; < 0}. Define the non-positive length of .S, denoted
by npl(S), as npl(S) = > icnp(s)Ti- Let smn, be the number of lattice
paths S in .7, , with npl(S) = r. By bijection method, we proved that
Smn,r 18 a constant and independent on r for all » € [m — 1] in [7]. For
r=20,1,2,3, we draw 18 lattice paths in 52472 with non-positive length r as

follows.
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N

Figure 16. All the lattice paths in 5242 with non-positive length r for r =
0,1,2,3.

Let S = (z1,%1) ** (Tnt1,Yn+1) € Fmm- Let ag = 0, by = 0, a; =
Z;Zl xj and b; = 23:1 y;j for every i € [n + 1]. We suppose that (a;,b;) is
the rightmost minimum point of S. Define the rightmost minimum length
of S, denoted by rml(S), as rmi(S) = a;. Let 5, ,, be the number of
lattice paths S in ., , with rml(S) = r. By bijection method, we proved
that S, is a constant and independent on r for all » € [m — 1] in [4].
For »r =10,1,2,3, we draw 18 lattice paths in 5242 with rightmost minimum

length r as follows.

Figure 17. All the lattice paths in 5242 with non-positive length r for r =
0,1,2,3.
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