Bulletin of the Institute of Mathematics
Academia Sinica (New Series)
Vol. 4 (2009), No. 2, pp. 219-234

EXP-FUNCTION METHOD FOR SOLVING
HIGHER-ORDER BOUNDARY VALUE PROBLEMS

BY

SYED TAUSEEF MOHYUD-DIN, MUHAMMAD ASLAM NOOR
AND KHALIDA INAYAT NOOR

Abstract

In this paper, we apply a relatively new technique which
is called the exp-function method for solving higher order bound-
ary value problems which arise in various physical phenomena of
applied and engineering sciences. The proposed method proves to

be very accurate and efficient for solving such problems.

1. Introduction

This paper is devoted to the study of higher-order boundary value prob-
lem which are known to arise in the study of astrophysics, hydrodynamic
and hydro magnetic stability, fluid dynamics, astronomy, beam and long
wave theory , engineering and applied physics, see [2]-[€], [14]-[19], [22], [24]-
[26]. If a uniform magnetic field is applied across the fluid in the same
direction as that of gravity, then the instability may sets in as over stability
which can be modeled by a twelfth or eighth-order boundary value problem;
whereas the instability which occur as ordinary convection can be modeled
by a tenth-order boundary value problem. We would like to point out that
the eighth-order boundary value problems arise in the torsinal vibration of
uniform beam, see [2]-[6], [14]-[19], [22], [24]-[2€] and the references therein.

The boundary value problems of higher order have been investigated due
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to their mathematical importance and the potential for applications in di-
versified applied sciences. Several techniques including the finite-difference,
polynomial, non-polynomial spline and decomposition have been developed
for solving such type of problems, see [1]-[29]. Most of these techniques have
their inbuilt deficiencies, like divergence of the results at the points adjacent
to the boundary and calculation of the so-called Adomian’s polynomials. To
rectify these difficulties, He and Wu [9] developed another method, which
is called the exp-function method, to find solitary, periodic and compacton
like solutions of nonlinear differential equations, see [1], [4]-[10], [12], [13],
[20], [21], [23], [27]-[29]. The exp-function method has been applied for solv-
ing KdV, high-dimensional nonlinear evolution equation, Burgers equations,
combined KdV, mKdV and various other physical problems, see [1], [4]-[10],
2], [13], [20], [21], [23], [27]-]29]. The basic motivation of this paper is to
extend the applications of this powerful technique for solving higher-order
nonlinear boundary value problems. Several examples are given to verify the
efficiency and accuracy of the proposed algorithm. It is worth mentioning
that we obtained exact solutions for all the higher-order nonlinear boundary
value problems. We have also obtained the soliton solutions for a reaction
diffusion problem. The numerical results are very encouraging. We have
demonstrated that the exp-function method can be viewed as an alternative
method to variational iteration, homotopy perturbation and decomposition

methods for the implementation and efficiency.

2. Exp-function Method

To convey an idea of the exp-function method, we consider the general

nth-order boundary value problem of the type

y™ () = flz,y), (1)

with boundary conditions

WD (@)= Ay i=1,2...,5, 40D,

BZ', j:2,4,...,n

[\

The exp-function method, developed by He and Wu [9], is based on the
assumption that solution of nonlinear ordinary differential equations an be
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expressed in the following form

Zizfc an explnz]

= _p bm exp[mz]’

y(z) = (2)
where p, q, ¢ and d are positive integers which are known to be further
determined, a, and b, are unknown constants. Equation (2) can be re-

written as the following alternate and useful form

(2) = acexplex] + - + a_gexp[—dz]
Y= bpexplpz] + - - - + b_gexp[—qx]’

(3)

To determine the values of ¢ and p, we balance the linear terms of higher
order of the equation with the highest order nonlinear terms.

3. Numerical Applications

In this section, we apply the exp-function method, as developed in Sec-
tion 3, for solving the higher-order boundary value problems. Numerical
results are very encouraging showing the complete reliability and efficiency
of the proposed method.

Example 3.1.([16, [17, 26]) Consider the nonlinear boundary value
problem of eighth-order

y O (@) = e P (z), 0<z <1, (4)
with boundary conditions
y(0)=y"(0)=y™ (0) =y (0)=1, y(1)=y"(1)=y" (1)=y")(1)=e.

The exact solution for this problem is

y(x) = e”. (5)

We suppose that the solution of the boundary value problem can be ex-
pressed in the following form

acexplex] + -+ + a_gexp[—dz]
y(z) = :
by exp[px] + - - - + b_q exp[—qz]
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The appropriate simplification would yield

yviid) — 1 exp[(255p + c)a] + - - - (6)
coexp[256pzx] + -+
and
9 C3 exp[2cz| + - - - 3 exp[(254p + 2¢)x] + - - - )
S exp[2pz] 4+ -+ cyexp[256px] + -0

where ¢; are determined coefficients only for simplicity. Balancing the highest

order of exp-function in (6) and (7), we have
955p + ¢ = 254p + 2, (8)

which in turn gives
p=c. (9)

The values of d and ¢ can also be determined by balancing the linear term

of the lowest order

Vi R + d ex _255 - d X
-+ + dg exp[—256qz]

and

o - +dgexp[—2dx]  ---+dzexp|(—254q — 2d)x] (11)
- . +dgexp[-2qxr] .- +dsexp[—256qz]

Y

where d; are determined coefficients only for simplicity. Now, balancing the

lowest order of exp-function in (10) and (11), we have
_955¢ — d = —254q — 2d, (12)
which in turn gives

qg=d. (13)

Case 3.1.1. p=c=1, and ¢ = d = 1. Equation (3) reduces to

_ayexplx] +ag + a_y exp[—1]
by exp(x] + by + b_1 exp[—x]

y(x (14)
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Substituting (14) into (4), we have

% cs exp(8z) + c7 exp(7z) + cg exp(6x) + c5 exp(5x) + ¢4 exp(4x)
+c3 exp(3x) + c2 exp(2x) + ¢1 exp(x) + ¢o + c—1 exp(—x)
+c_gexp(—2x) + c_zexp(—3x) + c_4 exp(—4x) + c_5 exp(—bx)
+c_gexp(—6x) + c_7exp(—Tx) + c_g exp(—8zx) + c_g exp(—9z)
Yl exp(—le)] —0, (15)

where A = (by exp(x) + b + b_1 exp(—2))?, C; (i = —10,-9,-8,...,6,7,8)
are constants obtained by Maple 7.

Equating the coefficients of exp(nx) to be zero, we obtain

{0710 = Oa C9 = 0) C-8 = Oa C_7= 0) C—6 = Oa C_5 = 0) C—q4 = Oa
C_3=0, C_QZO, C_1=0, CQZO, 0120, 0220, 0320,
cs4 =0, c5=0, c¢ =0, c; =0, 08:0.} (16)
Solution of (15) will yield
{CL,1 = 0) bl = 0) ag = Oa bO = aq, b*l = Oa a1 = al'} (17)
x

Consequently, the exact solution is obtained y(z) = €.

Case 3.1.2. p=c=2, and ¢ = d = 1. Equation (3) reduces to

ag exp[2z] + a explx] + ap + a—_1 exp[—z]

= . 18
yl by exp[2x] + by exp[x] + by + b_1 exp[—z] (18)
Proceeding as before, we obtain
{afl =0, ao=0, ai1=by, az=as,
b_1 = 0, b() = bo, b1 = ay, b2 = 0.} (19)
() 1 poel@) () @) 4 p
y(z) = ae” Fhoe _ ¢ (ae™® + O), where (aze® + by) # 0.

age(“) + bo (age(x) + bo)

Consequently, the exact solution is obtained as y(z) = e”.
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Example 3.2.([16, 17, 24]) Consider the following nonlinear boundary

value problem of tenth-order
Yy (z) =e TP (x), O<z<1 (20)

with boundary conditions

y(z) = €”. (21)
We suppose that the solution of the boundary value problem can be ex-
pressed in the following form

acexplex] + -+ + a_gexp|—dz]
bp exp[px] + - - - + b_g exp[—qx]

y(z) =
Proceeding as before, we obtain p = ¢, ¢ = d.

Case 3.2.1. p=c=1, and ¢ = d = 1. Equation (3) reduces to

_ayexplz] + ap + a_y exp[—1]
by explz] + bo + b_1 exp[—x]

Substituting (22) into (20), we have

% [010 exp(10z)+cg exp(9x)+cg exp(8z) +cr exp(Tx)+cp exp(6z) +c5 exp(bx)
+cqexp(4x) + c3 exp(3x) + c2 exp(2x) + ¢1 exp(x) + ¢o + c_1 exp(—x)
+c_gexp(—2x) + c_z exp(—3x) + c_4 exp(—4x) + c_5 exp(—5bx)
+c_gexp(—6x) + c_7exp(—T7x) + c_gexp(—8x) + c_g exp(—9z)

(=

+c_10exp(—10z) + c_11 exp(—11z) + c_12 exp(—12 )] 0, (23)

where A = (by exp(x) +bg+b_1 exp(—2))t, C; (i = —12,-11,-10,...,8, 9,
10) are constants obtained by Maple 7. Equating the coefficients of exp(nx)
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to be zero, we obtain

{6_12 = 0, C_11 = 0, C_10 = 0, C_9g = 0, c_g = 0, C_7 = 0, C_¢g = 0,
C_5 :07 C_4 20,0_3 :0’ C_9 :0’ C_1 :07 Co :07 C1 :07 C9 :07
c5=0, c4=0, c5=0, cg=0, cr=0, cs =0, co =0, 010:0.} (24)
Solution of (23) will yield
{afl = Oa bl = Oa ap = Oa bO = bO) b*l = Oa ay = bO} (25)
i

Consequently, the exact solution is obtained as y(z) = e*.

Case 3.2.2. For p=c¢ =2, and ¢ = d = 1, equation (3) reduces to

ag exp[2x| + a1 exp[z] + ag + a—1 exp[—x]
y(x) =

= . 26
by exp[2x] 4 by exp[z] + by + b_1 exp[—z] (26)

Proceeding as before, we obtain

{a—Z =0, a1=a-1, a=0, a1=0, ay=0,
b,Q = 0, bo = 0, bo =a-1, bg = 0}
T

Consequently, the exact solution is obtained as y(z) = e*.

Example 3.3.([16, 117, 1§, 26]) Consider the following nonlinear bound-

ary value problem of twelfth-order
Y@ = 26%2(z) + 4" (x), O<z<1 (26)
with boundary conditions

y"(0) = y™)(0) = y)(0) = y y
y(1) =3 (1) = g™ (1) =y (1) =y (1) =y (1) = 7.

The exact solution for this problem is

y(x) =e " (27)

We assume that the solution of the above boundary value problem can
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be expressed in the form

acexplex] + - -+ + a_g exp[—dzx]
y(o) = :
bp exp[px] + - - - + b_q exp[—qx]

(28)
Proceeding as before, we obtain p = ¢, ¢ = d.

Case 3.3.1. For p=c=1, and ¢ = d = 1, equation (3) reduces to

ay explz] + ap + a—1 exp[—z]
(x) = —
by explz] + by + b_1 exp|—x]

(29)

Substituting (29) into (26), we have

1

7| exp(l4x)+c13 exp(13x)+c12 exp(122) +c11 exp(11x) +c10 exp(102)
+eg exp(9z) +cg exp(8x) +c7 exp(7z) +cg exp(6x) +c5 exp(bz) + ¢4 exp(4x)
+c3exp(3z) + ca exp(2x) + ¢1 exp(x) + ¢o + c—1 exp(—x) + c_2 exp(—2z)
+c_3exp(—3z) + c_g exp(—4x) + c_5 exp(—5bx) + c_¢ exp(—6x)

+c_7exp(—Tx) + c_gexp(—8x) + c_g exp(—9x) + c_19 exp(—10x)
+c_q1exp(—11z) + c_19 exp(—12:c)] =0, (30)

where A = (by exp(z) + by + b_1 exp(—2))'3, C; (i = —12,-11,-10,...,12
13, 14) are constants obtained by Maple 7. Equating the coefficients of

)

exp(nx) to be zero, we obtain

{6—12:07 C—_11 :07 C—10:07 0—9:07 C—8:07 0—7:07 C—6:07
C_5=07 C_4=0,C_3=0, C_QZO, C_1=0, CQZO, 0120, 0220,
c3=0,¢c4=0,¢5=0,¢6=0, c7=0, cg =0, cg=0, c10=0, ¢11 =0,

c12=0, c13=0, c14 = 0-}

Solution of (30) will yield
{a_1 =0, bi=ap, a=ayp, bp=0, b1=0 a =0}

Consequently, the exact solution is obtained as y(z) = e™7.
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Case 3.3.2. For p=c=2, and ¢ = d = 1, equation (3) reduces to

(z) = ag exp[2z] + aj explx] + ap + a—_1 exp[—z]
Y be exp[2x] + by explx] + by + b_1 exp[—z]

(31)
Proceeding as before, we obtain

{afl =0, ap=ap, a1=0, ax=0,
b,1 :O, bOZO, b1 = ao, b2:0}

Consequently, the exact solution is obtained as y(z) = e *.

Example 3.4.([16, [17, 18, 2€]) Consider the nonlinear boundary value
problem of twelfth-order

y @) = %e_ny(x), 0<zx<l, (32)
with boundary conditions
y(0) = y"(0) =4 (0) = y*)(0) =y (0) = ¢y (0) = 2,
y(1) =y"(1) =y (1) =y (1) =y (1) =y (1) = 2e.
The exact solution for this problem is

y(x) = 2€". (33)

We assume that the solution of the above boundary value problem can be

expressed in the form

_acexplex] + -+ + a_gexp|—dz]

T) = . 34
Y byexp[px] + - - - + b_g exp[—qz] (34)
Proceeding as before, we obtain p = ¢, ¢ = d.
Case 3.4.1. For p=c =1, and ¢ = d = 1 equation (3) reduces to
aj exp|xr| + ag + a_1 exXp|—x

" b explx] + by + b_1 exp[—x]
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Substituting (35) into (32), we have

1

5 |c12 exp(12x)+c11 exp(11z)+c10 exp(10x) +cg exp(9x) +cg exp(8z)
+e7 exp(Tz) +c6 exp(6x) +c5 exp(5z) +cq exp(4x) +c3 exp(3z) +c2 exp(2x)
+c1 exp(z) + co + c—1 exp(—x) + c_g exp(—2x) + c_3 exp(—3x)
+c_gexp(—4x) + c_5 exp(—5x) + c_¢ exp(—6x) + c_7 exp(—Tx)
+c_gexp(—8z) + c_g exp(—9x) + c_19 exp(—10zx) + c_11 exp(—11z)
+c_12exp(—12x) + c_13exp(—13z) + c_14 exp(—14x)] =0, (36)

where A = (by exp(z) + by + b_1 exp(—2))'3, C; (i = —14,-13,-12,...,10,
11, 12) are constants obtained by Maple 7.

Equating the coefficients of exp(nx) to be zero, we obtain

{6714 =0, c13=0, cc12=0, cc11 =0, c_10=0, c9 =0, cg =0,
C_7=07 C_¢g :0’ C_5 :07 C_4 20,0_3 :07 C_9 :0’ C_1 :07 Co :07
6120, CQZO, 6320,0420, C5=0, 06:07 C7=07 CgZO, CQZO,

cio=0, c11 =0, ci2 = 0.}
Solution of (36) will yield

{a,l —0, by=0, ap=0, bo=by, by=0, a= QbO.}
Consequently, the exact solution is obtained as y(z) = 2e”.

Case 3.4.2. For p=c=2, and ¢ = d = 1, equation (3) reduces to

as exp[2x] + a1 exp[z] + ag + a—1 exp[—x]
y(@) = :
by exp|[2x] 4 by exp[z] + by + b_1 exp[—x]

Proceeding as before, we obtain

{a—l =0, ap=2b_1, a1 =2by, az=2b,

bi=b1, bo=bo, bL—=b1, by— o.} (37)
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Equation (37) leads to the following solution

(1‘) . 2b16(21) + 2boe“ +2b_4
y N bie® 4+ by + b_1e7

,  where bie® +byg+b_1e77 #£0.

Consequently, the exact solution is obtained as y(z) = 2e”.

Example 3.5.([L1]) Consider the following reaction diffusion equation
1]

y'(x)+y" () =0, 0<z<L. (38)

with boundary conditions y(0) = y(L) = 0.

Equation (38) can be re-written in the following equivalent form:
y" (@) + ny" " (2)y (x) = 0, (39)

with boundary conditions y(0) = 0, ¥'(0) = «, y(L) = 0, where is arbitrary

constant.
Case 3.1. For p=c =1, and ¢ = d = 1, equation (39) reduces to

ay explx| + ag + a—1 exp|—x]

= . 40
by exp[z] + by + b_1 exp[—x] (40)
Substituting (40) into (39) with , we have
1
1 Csexp(3z) + Coexp(2z) + Crexp(x) + Cy + C_1 exp(—2x)
+C_gexp(—2x) + C_gexp(—3zx)| =0, (41)

where A = (byexp(x) + by + b_1exp(—2z))*, C; (i = —3,-2,...,2,3) are
constants obtained by Maple 7.

Equating the coefficients of exp(nx) to zero, we obtain
{cs=0, Ch=0, Ci=0, G=0, C1=0, =0, C3=0}

Solving the system, we obtain

1 1 b3 5 1 b3
{a—1 =—=b_1, by = 15 0 0= §b0, bp = by, b1 =b_1, a1 = _gb—'}
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Live
Live
Figure 3.5.1.
The soliton solutions of equation (39) are given as:
1 b} 5 1
=" 4 Thy— b je "
8b_1 2 2
o) = 2 . 42)
0 —x
—— bo + b—
10, e’ +bp+0_1€

Figure 3.5.1 depicts the soliton solutions of equation (39).

Case 3.2. For p = c =2, and ¢ = d = 2, the trial function of equation

(39) becomes

_agexp[2z] + ay exp[z] + ag + a_1 exp[—z]
by exp|2x] + by exp[z] + by + b_1 exp[—x]

y(z
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Live
Live
Figure 3.5.2.
Proceeding as before, we obtain
5 167
1=0, by=b = by, by=--1,
{a 1 y 01 L, a1 51 0=7 by
163
b_1 = 0, apg = —=7, b2 = bg, ag = ——b2 (44)
8 by

Equation (44) gives the following solution

1 5 102
——bge®® + Shre” — — L
2 2 8 by
y(x) = 3

b 62:1: + b e® + lﬁ
2 1 1D,

Figure 3.5.2 depicts the soliton solutions of equation (39).
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Remark 3.1. It is worth mentioning that exact solutions are obtained
for all the higher-order non-linear boundary value problems, where as soliton
solutions are calculated in case of reaction-diffusion equation.

4. Conclusion

In this paper, we applied the exp-function method for solving the higher-
order nonlinear boundary value problems. The proposed method was applied
for finding the exact solution of the higher-order boundary value problems.
We have also considered an example for the reaction diffusion equation and
obtained soliton solutions. The results are very promising.
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